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Abstract

Given any closed Riemannian manifold (M, g) we use the Lyapunov-Schmidt finite di-
mensional reduction method to prove multiplicity results for positive solutions of a subcritical
Yamabe type equation on (M, g). If (IV, h) is a closed Riemannian manifold of constant posi-
tive scalar curvature, our result gives multiplicity of solutions for the Yamabe equation on the

Riemannian product (M x N, g + €2h), for £ > 0 small.
— minDgpeont+ (Sg+72,) u = uPmh, (0.0.1)

We restrict our study of solutions to functions that only depend on M, u : M — R. Normalizing

h, such that S, = a,,,+,, we have that u solves the Yamabe equation if and only if

—?Agu+ (iez + 1) u = uPmrnl (0.0.2)

am+n

We define a functional J. on a space of Sobolev H., such that its critical points, are positive
solutions to our equation The method of Lyapunov-Schmidt will allow us to reduce our
poblem to one of finite dimension. Also in this process we will obtain a function function C?,
W : M — H.. We conclude our problem, proving that the critical points of the function
F. : M — R, defined by F. = J. o W, induces critical points to the functional .J., that is,
solutions to the equation

We have that the critical points of the map [ give solutions to This allows to apply
classical results of Lusternik-Schnirelmann category of M . We obtain the following result.

There is €, > 0 such that for ¢ € (0, ¢,) the Yamabe equation on the Riemannian product
(M x N, g+ £2h) has at least Cat(M) ( Lusternick-Schnirelmann category) solutions which
depend only on M.

Applying Morse theory, we have that if ¢ € (0, &,) all the critical points of the function F :
M — R are non-degenerate, then the Yamabe equation on the Riemannian product (M x N, g+
£2h) has at least b( M) solutions which depend only on M, where b;(M) = dim(H,;(M,R)) and
b(M)=b;(M)+ -+ b,(M).
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Introduction

How long will it take me

solve my problem?

Not a minute more of what you
need to understanding this, said the

master.

In [37] H. Yamabe considered the following question: Let (M, g) be a closed Riemannian
manifold of dimension n > 3. Is there a metric & which is conformal to ¢ and has constant
scalar curvature? If we express the conformal metric h as h = u»—2 g for a positive function u,

the scalar curvature .S, of h is related to the scalar curvature of g by

—a,Agu+ Syu = SpuP !,

4(n—1)
(n—2)

5 It follows that the metric i has constant scalar curvature A € R if and only if u is a

where A, is the Laplacian operator associated with the metric g, a,, = and p, =

2n

/,’L J—
positive solution of the Yamabe equation:

— a,Agu+ Syu = """, The Yamabe Equation (1.0.1)

It is easy to check that Eq. is the Euler-Lagrange equation of the Yamabe functional,
Y,, defined by:

i (an|Vu]2 - Sgu2>d,ug i (an\VuF + Sgu2>d,ug
M M
Yy(u) = e = 5 . (1.0.2)
(fup" dug)T [[ull7,
M




If € denotes the normalized Hilbert-Einstein functional
f Sgdpg
M

8 I ——
9 = g

it follows that Y (u) = S(uﬁ q9).

The Yamabe constant of g is defined as the infimum of the Yamabe functional Y, :

Y(M,[g]) = ueHli(IJ\l/If)—{O} Y, (u). Yamabe Constant (1.0.3)

A minimizer for the Yamabe constant is therefore a solution of (1.0.I) and, moreover it
follows elliptic theory that it must be strictly positive and smooth. H. Yamabe presented a
proof that a minimizer always exists, but his argument contained an error which was pointed
out (and fixed under certain conditions) by N. Triidinger in [35]. Later T. Aubin [2] and R.
Schoen [34] completed the proof that for any metric g the infimum of the Yamabe functional
is achieved. Therefore there is always at least one (positive) solution to the Yamabe equation
(LO.I). If Y'(M, g) < 0 the solution is unique (up to homothecies). In the case of Y (M, g) > 0
uniqueness in general fails. We consider the standard metric g7 in the sphere S*. We now
define the Riemannian metric ¢ = ag? + bg2, with a,b > 0, over S* x S%. It has %)ositib\;e

2(a +

a
- : _ %2, 2 —
scalar curvature, moreover ¢ is conformal to the metric gq, = 390 +g5and Sy, = P

Evaluating g, in the Yamabe functional £ we see that

2(a +b
/ ( >dll'Lgab
S2 xS2 a

0ol (S? X S2, gap)1/?

2
~ —(“; Dvoi(s? x . guy) /2

2(a+ )

= N Vol(SQ, gg)

ab
= 2 <\/§+ \/g) Vol(S?, g2).

b
Note that £(ga,) — oo if either % — oo or — — 0. On the other hand a fundamental

a
result proved by Aubin [2] is that for any closed Riemanniana manifold (M, g) of dimension
n, Y (M, [g]) < Y(S™, [gy]. In particular Y (S? x S?, [gas]) < Y (S?, g3), if% suffiently small or

large.

g(gab)
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Therefore, although g,;, has constant scalar curvature, this metric does not minimize £. How-
ever, by we know that there is a minimizing metric, from which it follows that there must be at

least two metrics with constant scalar curvature in the class [gap, |-

Another very importan example of multiplicity of solutions is the sphere (S, g) with the
canonical metric g;. The case of the sphere is very special because it has a non-compact family
of conformal transformations which induces a noncompact family of solutions to the Yamabe
equation. By a result of Obata [27] each metric of constant scalar curvature which is conformal
to the round metric on S™ is obtained as the pull-back of the round metric under a confor-
mal diffeomorphism. Therefore, if ¢” is the round metric over S™, every solution to (LO.I)) is
minimizing.

Another important example was considered by R. Schoen in [33] (and also by O. Kobayashi
in [18])), the product metric on S"~1 x S'(L) (the circle of radius L). R. Schoen prescribed out
that all solutions to (LLO.I)) are constant along the (n — 1)-spheres and, therefore, the Yamabe
equation reduces to an ordinary differential equation. By a careful analysis of this equation, R.

Schoen proved that there are many non-mimizing solutions if L is large.

In general, for the positive case there will be non-minimizing solutions. For instance, D.
Pollack proved in [30] that every conformal class with positive Yamabe constant can be C°-
approximated by a conformal class with an arbitrary number of (non-isometric) metrics of con-
stant scalar curvature which are not minimizers. M. Berti and A. Malchiodi proved in [6], that
if k > 2 and n > 4k + 3, then exists a family of metrics g. of the clas C* over S, such that
g is close to gi in the norm C*(S™), when ¢ is close to 0, and such that Yamabe equation on

(S", g-) has a non-compact family of solutions.

Also, S. Brendle in [4] proved, using blow-up theory, that if n > 52, then there is a non-
conformaly flat metric g in S™ and a non-compact family of class C'*° solutions, of the Yamabe
problem in (S™, g). S. Brendle and F.C. Marques proved in [5]], an extension of this result for
the case where 25 < n < 51. The previous results show that in general, the solution space is
not compact if n > 25.

Similarly to the case of S"~1 x S*(L), particular interest arises in the study of products of
the form (M x N, g + dh), where the constant 6 > 0 goes to 0 (or co). The Yamabe constants
of such Riemannian products were studied in [[1].

In the case (M,g) = (S™,g%), where gon is the canonical metric on the sphere, radial
solutions of the resulting subcritical equation have been obtained by Qinian Jin, YanYan Li
and Haoyuan Xu in [32]. The authors proved that there is a sequence of positive numbers

0; — 0 such that for 6 < ¢, the Yamabe equation corresponding to gs has at least ¢ different
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solutions, which are radial functions on S™ . The authors obtain this result by showing that the
d;’s are bifurcation instants (local bifurcation) and then using the global bifurcation theory of
Rabinowitz to prove that the branches of solutions appearing at these bifurcation instants persist
to give solutions for every § < d;.

J. Petean proved in [28]] multiplicity of solutions on Riemannian products (N x S™, g + ¢{),
where the scalar curvature of g over N is constant and the solutions depend only on S". In [16]]
G. Henry and J. Petean. obtained multiplicity of solutions over spheres product (S™ x S™, gi +
dgi") using isoparametric functions. The solutions found are non-radial and also depend only
on one of the factors of the product. The authors use local bifurcation theory to proved that
there is an increasing sequence of bifurcation points, where branches of non-trivial solutions
emerge.

L.L De Lima, P. Piccione and M. Zedda [23], proved using bifurcation theory, multiplicity
of solutions on arbitrary products (M x N, g + Ah), where M and N have constant scalar cur-
vature and A > (. The solutions obtained are points of accumulation of solutions to the problem
of Yamabe in the product.

All these multiplicity results for the Yamabe equation were obtained in using bifurcation theory

and assuming that the scalar curvatures of g and A are constant.

In the present thesis we consider the case of Riemannian products where one of the scalar
curvatures is not constant. Let (A", g) be any closed Riemannian manifold and (N™, h) be a
Riemannian manifold of constant positive scalar curvature. The function v : M — Ry is a
solution of the Yamabe equation in (W, g.) = (M x N, g + 2h) if it satisfies

—pmAgu + (sg + 5_25h> u = uPmnL
This is of course equivalent to finding solutions of the equation
— GnpmAgu + (sg4+729) u = e 2SpuPmn, (1.0.4)
Moreover, we can normalize h and assume that S}, = a,,,+,,. Then Eq. (1.0.4) is equivalent to:

—?Agu+ (&52 + 1) u = uPmrnL (1.0.5)
Am+n

We will find solutions of (1.0.3]) using the Lyapunov-Schmidt reduction technique, which

was introduced in 8,12, 20], for instance. The same technique was also used by Micheletti and

Pistoia in [26] to study the sub-critical equation equation —e?A u+u = uP~! on a Riemannian
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manifold. Here we will use a similar approach. We now give a brief description of this method
and state the results we have obtained.

Let H.(M) be the Hilbert space H, (M) equipped with the inner product

1
(u,v). = — <£2/ (Vgu, Vyv) du, +/ uv dug) :
€ M M

and the induced norm
2 - 1 2 2 2
Jull2 = = (& [ 1VguPduy+ [ wdn, ).
M M

Consider the functional J. : H.(M) — R given by

1 Sy€2 + Ay 1
Jz—: U :En/ (—82 \VZY 2_|_ g m nuz_ u+ Pm+4n du .
(w) =7 | GEIVulf + Sl — () ;

where ut = max{u, 0}. The critical points of the functional .J; are the positive solutions of Eq.
(L.0.3). Let us consider the map

S.=VJ.:H, — H..

The Yamabe equation (L.0.3)) is then equivalent to S.(u) = 0.
Note that p,,., < p,. From now on we let ¢ € (2,p,). There exists a unique (up to

translation) positive finite-energy solution U of the equation on R"
—AU+U=U"".
The function U is radial (around some fixed point). We also consider the linear equation
~Ap 4+ =(¢g—1)UT%) inR"

It is well known that all solutions of the above equation are the directional derivatives of U, i.e.,
the solutions are of the form
oU

V(z) = %(2), v e R

The function U.(x) = U((1/e)x) is a solution of
—’AU. +U. = U .
Similarly, we have that )2 (x) = ¢"((1/e)x) solves

_€2A¢8 + 1/& = (q - 1)qu_2¢a-

CIMAT 9



Using the exponential map exp, : B(0,7) — By(x,r), we define

U.(exp, () xr(exp, ' (y) ify € By(x,7),

0 otherwise.

Uee(y) =

We regard U, , as an approximate solution of Eq. (L0.5), and we will try to find an exact
solution of the form u = U, , + ¢, where ¢ is a small perturbation. For that we consider the

following subspace of H.(M):
K., = {W;jx ve R”},

where
P2 (exp, () xr(exp, ' (y)) ify € By(x,7),

0 otherwise.

W2, (y) =

W?, is an approximate solution of the linearized equation S (U, .)(v) = 0, and K., an ap-
proximation to the kernel of S.(U. ).
We are going to solve our equation modulo K. , for ¢ in the orthogonal complement jx

of K., in H.. In other words, for ¢ > 0 small and x € M, we will find ¢, , € K ELz such that

LS. Ve +6.0) } =0

Hence, if for some z, € M we have

e, { S Uer, + 62,) } =0,

then U, ,,, + . ., is a solution of Eq. (L.0.5). In this way, the problem is reduced to a problem
in finite dimensions. This is called the Lyapunov-Schmidt finite-dimensional reduction.

The following theorem is the first main result.

Theorem 1.0.1. There exists £, > 0 such that for ¢ € (0,¢,) and for any x € M there exists a
unique ¢, , € K jx such that

IL S (Ve + 620) } =0,

and ||¢e »||e = O(e?). The map x € M — J(U. . + ¢..) is C% and if z, is a critical point of
this map then U ,,, + ¢. ., is a positive solution of equation (L.0.5).

Therefore, critical points of a C? function on M give solutions to our equation. This allows

to apply classical results about the number of critical points of functions on closed manifolds.

CIMAT 1 0



Recall that the Lusternik-Schnirelmann category of M, Cat(M), is the minimal integer k
such that M can be covered by k subsets, M C M;UMs...UM, with M; closed and contractible
in M. The classical result of Lusternick-Schnirelmann theory says that any C! function on a
closed manifold M has at least C'at(M) critical points. Therefore, from Theorem 1.0.1 (and

the discussion above) we obtain the following result.

Theorem 1.0.2. Let (M,g) be any closed Riemannian manifold and (N, h) be a Riemannian
manifold of constant positive scalar curvature. There exist €, > 0 such that for 0 < € < ¢, the
Yamabe equation on the Riemannian product (M x N, g + €2h) has at least Cat(M) solutions
which depend only on M.

In [29] J. Petean also considered the product (M x N, g + 0h), where the scalar curvature
S}, 1s constant and positive, on the scalar curvature of g, no condition is imposed. Using topo-
logical techniques J. Petean proved that existence of C'at(M) + 1 solutions for 6 small, where
Clat(M) of this solutions have low energy and one of higher energy. The solutions obtained are
functions of M.
The solutions provided in our theorem have low energy and they are close to the explicit approx-
imate solutions. Rey and Ruiz [31] also applied the Lyapunov-Schmidt reduction technique to
construct multipeak high-energy solutions under certain conditions on the scalar curvature of g.

These seem to be the only known results when the scalar curvature of g is not a constant.

We can apply Morse theory as well. Let b;(M) = dim(H;(M,R)) and b(M) = b;(M) +
-+ ++b,(M). Then, if f is a Morse function on M (which means that all of its critical points are

non-degenerate) then f has at least b(M ) critical points [25]. Then, we get the following result.

Theorem 1.0.3. Let (M,g) be any closed Riemannian manifold and (N, h) be a Riemannian
manifold of constant positive scalar curvature. There exist €, > 0 such that if for 0 < ¢ < g,
all the critical points of the function J.(U., + ¢.,) : M — R are non-degenerate, then the
Yamabe equation on the Riemannian product (M x N, g + €%h) has at least b(M) solutions
which depend only on M.

This thesis is organized as follows. In Chapter 2 we introduce a background over the Yamabe
Problem. In Section 2.1 we introduce Yamabe problem and the Yamabe equation is given. In
section 2.2 the Hilbert-Einstein is defined and proved that critical point of the Hilbert-Einstein
restricted to the conformal class of the metric [g], are solutions of the Yamabe Equation. Is
proved the Yamabe functional is bounded from below and we define the Yamabe constant

Y (M, [g]) as the infimum of the Yamabe functional over the conformal class. The section

CIMAT 1 1



2.3 The problem of Yamabe in the sphere (S™, gjj) is analyzed and we describe the solutions of
the Yamabe Problem. In Section 2.4 we work on the problem of uniqueness and multiplicity of
solutions to the Yamabe Problem. We give conditions for uniqueness and we will see examples

of multiplicity solutions of the Yamabe equation.

In chapter 3, we prove the main results of this thesis. Section 3.1 establishes the problem
and theorem of this thesis. Sections 3.2-3.3 we describe the framework to solve the problem.
Finally in sections 3.4-3.5 we use the Lyapunov-Schmidt-reduction technique comprehensively
to prove the problem of this thesis.

Appendix A contains demonstrations of estimates and known results that are used through-

out the present work.
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The Yamabe Problem

2.1 Introduction

Let M be a smooth, connected, oriented closed two-dimensional manifold. We say that a metric
h is conformal to the metric g, if h = f - g with f € CZ3(M). A Riemannian metric g in A/

determines a conformal class
gl ={f-g9:f€CH(M)}.

Let g be a Riemannian metric in M, with Gaussian curvature function K,. If f = ¢** with
u € C°(M) and h = e** - g. Then the curvatures Gaussian, K, and K}, are related by the

so-called Gauss curvature equation
— Agju+ K, = Kpe. (2.1.1)

The classical uniformization Theorem establishes that every conformal class [g] there is a metric
h € [g] with constant Gaussian curvature, that is, existe u € C°°(M) solution to 2. 1.1l with K,

constant.

In an article published in 1960 [37], H. Yamabe considered the case of dimension n > 3.
Let (M, g) be a Riemannian manifold closed of dimension n > 3. Is there a metric i which is

conformal to metric ¢ and has constant scalar curvature .S, € R ?

It is well known that the Yamabe problem is equivalent to solve the following semilinear
elliptical PDE equation If h = uP~2g with u > 0, the scalar curvature S}, is related to
the scalar curvature S, of g by the equation (see [[7]] or [11] pag. 90. for details)

— apAgu+ Syu = Spufr! (2.1.2)

13



4(n —1)
(n—2)

5 The metric h = uP~~2g has constant scalar curvature \ if and only if u is a positive

Here, A, is the Laplacian operator associated with the metric ¢, a, =

2n

n j—
solution of the equation

and p, =

— apAgu+ Syu = APt (2.1.3)

The above equation is known as the Yamabe equation. The Yamabe equation can be seen as a

nonlinear eigenvalue problem

Ly(u) = Pt

where L, := —a,A, + S, is the conformal Laplacian operator with respect to the metric g.

2.2 Hilbert-Einstein & Yamabe Functional

The Yamabe problem admits a variational formulation. We define the normalized Hilbert-

/ Sgdjtg
M

E(g) =M 22.1
(9) Vol g) (2.2.1)

if h = uPr~2g, it follows from 2Z.1.21and dvy, = uP"dp, that

Einstein functional by

Vol(M, h)m (/ ] ) - lull3,
v
" h

We define the Yamabe Functional by

/ (an‘vgu‘i + Sgu2>dug

/ul—PnL(u) dvy, /uL(u) ditg /(an|V9u}z+Sgu2> dptg
£(h) = IM _Ju _Ju

Y, (u) = LM S 2.2.2)
(/ upndug> "
M
Remark 2.2.1. Notice that |Vg\u|‘g = |Vgu|g for almost every point in M, we have that

Y,(lu]) = Y,(Y), so, the functional of Yamabe is defined in C*(M) — {0}. It is possible to
define Y, in space of Sobolev H'(M) — {0}.
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A function u satisfies 2.1.3/for some A € R, if and only if u is a critical point of the Yamabe

functional

Proposition 2.2.2. A function v € C*(M) is a critical point of Yy if and only if u is a solution
Yy (u)

™

to the Yamabe Equation, with constant A\ =

Proof. By definition w is a critical point of Y, if for all ¢ € C*°(M) we have that

0
=Y, t =0.
at g(U/‘f_ QD) =0
Now
0., /M Ly(u+t)(u+to)du,
t = =
ot ? Yy(u+t) t=0 Ot ||u+tg0||§n t=0
developing the Yamabe functional Y; and using that [, L v Lg(u)odpg = [, L v Lg(@)udpgy. (Using
Green formula)
P /M Lg(u)u + 2tLg(u)p + Ly () pdpy
~ o T+ el
So,
9 2 e pn—1 —4
SYiwrto)| = (2l [ LoGwedn, =2l [ v edn, [ Ly(wudp, ) ull;
=0 M M M

2—pn
= 2l | Lotwedny = @b [ o, ) !
M M
= 2( [ Ly, Yyl /M )l

22 [ (Bt = i)

Therefore, u is a critical point of Y, if and only if

= 2full

(G ) pdpg.
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Proposition 2.2.3. The Yamabe functional is bounded below.
Proof. By the Holder inequality, with p% + % = 1 we have
lull3 < llull;, Vol(M, g)*".

Moreover

2
/(an|Vgu|g+Sgu2>d,ug /Sgu2 ]2
)% M M 2

— > > (infs) .
I ul|2, ]2 M) |ul|?

Now if S, > 0, then Y, (u) > 0.
If inf), S, < 0, by [2.2.3] we have that

/Sgu2 9

T lip,

Therefore Y, is bounded below.

> <i]\n4f Sg> Vol(M, g)*".

Definition 2.2.4. The Yamabe constant of (M, g), is defined as:

Y(M,[g]) = inf E(h) = inf Y (u).

helg] ueCH(M)
The metrics that realize the infimum are called Yamabe metric.
By remark 2.2.1]and since C*°(M) is dense in H*(M), we can define

V(M) = inf  Y(u).

u€H(M)—0

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

Note that if h € [g] satisfies F(h) = Y (M, [g]), that is to say, realize the infimum of F, then h

has constant scalar curvature. Now if a function v in H*(M) realize the infimum, then |u| also

realize and is a non-negative solution of the Yamabe equation. By elliptic regularity it follows

that is must be strictly positive and C*. (See [21] and [14] for details).
If f: (M,g) — (N,h) is an isometry, i.e; f*(h) = g and v € C?*(M) then,

S (An(v)) = Ap(v) o f = Ag(vo f) = Apny(f7 ().
(see [10] pag. 27 and [9] pag. 46). Now, we have that

Yi(v) = Yy(vo f)

(2.2.7)

(2.2.8)

CIMAT
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and therefore

Y(M,[g]) = Y(N, [h]). (229

On the other hand, if i € [g] with h = uP~~2g, it follows (see [17])

Yy (v) = Yy (uv) (2.2.10)

So, if f: (M, g) — (N, h) is a conformal diffeomorphism, with f*(h) = uP~2g, we have

Yy(u(vo f)) = Yi(v). (2.2.11)
In this way, from the previous arguments, we obtain the following proposition

Proposition 2.2.5. Let (M, g) and (N, h) be a closed Riemannian manifold. If f : (M, g) —
(N, h) is a conformal diffeomorphism, then

Y (M, [g]) = Y (N, [h]). (2.2.12)
Moreover

Proposition 2.2.6. If v is a solution to the Yamabe equation in (N, h) with constant ), i.e.
Ly(v) = P Yand f: (M,g) — (N, h) is a conformal diffeomorphism. We have that

u-f(v) =u-(vof),

is a solution to the Yamabe equation over (M, g), with the same constant )\, i.e:

pn—1

Ly(u- f*()) = )\<u - f*(v)) . (2.2.13)

Proof. We have

LuPn*Qg(f*(U)) = apAypn—2gf" (v) + Supn*?gf*(w'
ByR27, Aypn-2,f*(v) = Ap(v) o f and f*(Sp) = Supn—24. SO

Lupa—24(f*(v)) = anAn(v) o f+ f*(v) f*(Sh)
= (a,Ap(v) + Spv)o f
= (WP o f
= o) =A@

CIMAT 1 7



Now, by conformal invariance of the Laplacian (see [17]),

Lupn—14(p) = u' 7" Ly (ugp).

It follows

Lypn—4(f"(v)) = ul’p”Lg(u ) = ()P

Therefore

Ly(uf*(v)) = Auf"(v)) .

2.3 The Yamabe Problem in the Sphere (5", ;)

Consider the family of functions

n—2

@) = (s) * = () © Ve e

A2 + |z]?

where ) is a positive number. Note that

AN+ A

n—2

A2 Uy(Az) = Uy (),

n—2

2

where U; = <m>
A direct calculus show that

AUy +n(n—2)U' =0 in R",

and

g IVU,|2dz = n(n — 2)/ Uit de.

n

Therefore, using A"z Uy(Az) = Uy (z) and = = \y

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

/ Up" (x)dw = / Ur(Ay)P X'dy = / (VT 0w)) "y = / UP (y)dy.  (2.3.5)

We observe that the last term is independent on . On the other hand,

CIMAT
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(2.3.6)

Note that
ne 0 asA—0" for 0<qg<p,
/ Ulda = N5 #n—0) / Ud(y)dy — { ¢=Pp 2.3.7)
n n oo asA— 0" for p,<q<oo.

Thus {U,} is bounded in H'(R™) for n > 3.
It follows from[2.3.5] that {U, } does not have a convergent subsequence in L~ (R™).

Proposition 2.3.1. For A\ > 0, the metric 4U 5"72 g2 on R" is isometric to the standard spherical

metric gy on S™ — {e, 41}, where g is the Euclidean metric.

Proof. Consider the stereographic projections

m: 8" —{ep1} — R™

If (2", 241) €S™, 2" = (x1,...,2,), the explicit expression of , is given by
’ .Tl
m(x,xp1) =y where y=-—.
1- Tn+1

while for the inverse map there holds

/ ( 2y r?—1

W_l(y) = (IE 7l'n+1) = m, m) where 7r = |y|

The pull-back (7~1)*(g) = 4UP"2g". Taking the derivative of 7~ we have

_ 2
W*l(el) = m(r2+1 —QQ%,—2y1y2,---a—2?/1yn7291)-
_ 2
Ty 1(62) = m(—leyz, r? +1- 293, —2Y2y3, - - o s —2YoYn, 292)-
_ 2
T e) = m(—%% =2yl 70 A+ 1 = 207 =2y -, —2YiYn, 20;).-

So

o) en)) = T
<7T* (i), . (ej)>—5w<1+r2)2'
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Therefore,

—1\x/ n 1 ? 2 1 WT*2 ﬁ pn—2n
(=)o) =4 1472 dy" =4 (1—1—7’2) e =40;

Similarly, if we consider the function 7' o @, : R* — S" \ {N}, where ®.(z) = ¢ -z and

¢ > 0. We have

1 \2 c =
-1 x/ n * —1\* n * 2 n
(7 0®e)"(g5) = ((‘PC) o(m ))(go)zq)c(‘l(HrQ) dy )) =4[<m) ] ge-
Nowifc:i,
A % n472 n pn_2 n
=1 (Gypp) | e
[l

2c o
Let f.(y) = (m> , by the above arguments, (77! o ®.)*(gf) = frr2g" =

(?) g = g Since f, = 2"2" U and Uy resolve the equation 233} to follow
1

—a,Afy =n(n—1) 7" 1,
4

is solution of the Yamabe equation in R". Moreover the metric (%) " gy 1s isometric to g{,
1

so it has the same scalar curvature n(n — 1). Therefore the functions ;— satisfy the Yamabe
1

equation in (S™, g)

e () n () =0 )

and constitute a non-compact family of solutions, note that if ¢ = then f L =2"U A

Let’s now determine the Yamabe constant of the sphere. If (M, g) is a non-compact Rie-

mannian manifold, we can define the Yamabe constant in the following form

/ an|Vul® + Syu*dp,
Y(MJ [g]) T uecgol(ljl\/f[)f{O} ||u||2n

Given

pr=r"0 (R g0) = (S"\ {ens1} 90)
is a conformal diffeomorphism, by and we have that for every v € C5°(S™ —
{ens1}) — {0}
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[ a9 ) oy
Y (v) = =5
% [Jw- p*()|I2,
n—2
where u = <ﬁ) * . Therefore
Y (S [g]) = inf Y,
(8", [907) uecool(rsln)—{o} g (v)
= inf Yyn(v)

v € C (™) - {0}
supp(v) C S™ — {ep41}

[ a9 @) oy
= inf &

v e C®Em) — {0} - p*(V)I3,
supp(v) C S™ — {ep41}

; f]Rn anlv(w”?}gdvg?
weCge (Rn)—{0} |wl2
an||V(W)[|7, gn
11 5
weCse (RM)—{0} |w]|2

By Sobolev inequality in R", there is a constant o such that

lwlly, < olVwlz Yw e C5°(R)

the smallest of these constants o, is called the best Sobolev constant in R". From the variational

point of view it is characterized by

2
N IVl (2.3.8)

On  weCE®RM—{0} [lwl2,

So, we have

a,
On = Srar -
Y(S", [g5])
T. Aubin and G. Talenti proved that (see [3], [38])

4
 n(n—2)Vol(S", g5)2/m
n x

and the infimum of 2.3.8is reached in the functions U, (z) = A*z" UI(X>’ ie:

On

1L IVUES

= VYA >0
On ||U/\H2n
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Therefore the invariant of Yamabe of the sphere (S", g) is
Y (S, [g2]) = n(n — 1)Vol(SM)¥™. (2.3.9)
By to finalize, we describe the results that solve the problem of Yamabe
T. Aubin proves in [2] that if (M, h) is a closed Riemannian manifold with dim(M) > 3.
Then Y (M, [g]) < Y,,, where Y,, := Y (S", [¢{]) is the Yamabe constant of the sphere. Also T.
Aubin, shows that if the inequality is strict, i.e, Y (M, [g]) < Y,,. Then the constant of Yamabe

Y (M, [g]) is always reached. In [2], T. Aubin proves that if (M, h) it is a Riemannian closed
with dim (M) > 6 and M is non-conformally flat then Y (M, [g]) < Y,,.

Finally, R. Schoen [34] proves that given a (M, h) closed Riemannian manifold, with di-
mension 3,4 or 5, or M is locally conformally flat, then Y (M, [g]) < Y, or (M, g) is conformal

to (S™, g”). Consult [21} [15] to see details of the results mentioned above.

We can summarize the previous results. Theorem, let (M™, h) be a Riemannian closed with
n > 3. The infimum of the Yamabe functional is reached, that is to say, exists h € [g] such that

Y (M, [g]) = E(h). Therefore there is at least one solution to the problem of Yamabe.

2.4 Yamabe Constant Sign and Multiplicity of Solutions

We started the section with the following proposition

Proposition 2.4.1. Two conformal metric, h and g in a manifold closed they can not have scalar

curvatures of different sign.

Proof. Let h = uP»2g with u € C(M) such that
—a,Agu+ Syu = SpuPrL,

Integrating over M

/ anAgudug+/ Sgudug:/Shup"_ld,ug. (2.4.1)
M M

Now by the divergence theorem [, Ajudyi, = 0, therefore

/Sgudp,g:/ SpuPrtdp,.
M M

CIMAT 22



So, if S, > 0 then S}, > 0 orif Sy < 0 then S;, < 0. Now if S, = 0 then

/ SpuPrtdpu, = 0.
M

Therefore S, = 0 or S;, has changes of sign. ]

In the following theorem we will see that the sign of the Yamabe constant determines the

sign of the scalar curvature functions of the conformal class.

Theorem 2.4.2. Let (M.g) be a Riemannian closed with dimension n > 3 then:
1) Y(M,[g]) >0 <= 3h € [g] such that S, > 0.

2) Y(M,[g]) =0 < 3h € [g] such that Sy, = 0.

3) Y(M,[g]) <0 <= 3h € [g] such that Sy, < 0.

Proof. Case 1) . Suppose that Y (M, [g]) > 0. Let h = uP~%g a metric such that realize
Y,
Y (M, [g]),ie., Y,(u) =Y (M,[g]). We know that S}, = %, therefore S;, > 0.

[[ullpr,
Conversely, suppose that there & € [g]| such that S, > 0. We know that there a metric

h € [g] with S}, constant such that realize Y (M, [g]), that is to say,

N fM Srdpg

Y (M, [g]) = E(h) = SpVol(M, h)*™.

T\n—2

 Vol(M, k)=
Now by the previous proposition we have that S; > 0, so, Y (M, [g]) > 0.

The same arguments are used to prove 2) and 3). ]
When Y (M, g) < 0 there is only one metric of constant scalar curvature up to homothecia.

Proposition 2.4.3. Let (M, g) be Riemannian manifold with dimension n > 3 and Y (M, g) <

0. If hy and hy € [g] are metrics with constant scalar curvature then exist ¢ € R such that
hl = ChQ.

Proof. if Y (M, g) = 0, we know by theorem2.4.2]that Sj,, = Sy, = 0. Soif hy = uP»"2hy we

have
0:/ AQUdﬂg:/ |V gul?dpg.
M M

Therefore w is a constant function.
If Y(M,g) < 0, we have by that S, < 0 and Sy, < 0. We know that

n_l
anAp,u + Sp,u = Sp,uf" .
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Multiplying s by a constant ¢ > 0 so that S., = Sp,, (and ¢ - hy = uPr~2h,) it follows that

anp,u = Sy, (uPr™t — ). (2.4.2)
If 2 is a global maximum of « (or global minimum), then

Ap,u(zg) >0, (Ap,u(xg) < 0)
Because Sy, < 0 then u”»~!(zy) — u(zo) < 0. Therefore
u(z) <u(zg) < 1.
Analogously with case of global minimum
u(z) > 1.

Therefore u = 1 and ¢ - hy = hy. [

In the case of Y (M, g) > 0 in general uniqueness fails. There are many known examples
of multiplicity of metric of constant scalar curvature in this case, as was mentioned in the

introduction.
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The Problem by Lyapunov-Schmidt Reduction

We shall consider Riemannian products of closed manifolds (M™, g) and (N™, h), such that
(M™, g) is any closed Riemannian manifold and (N™, h) is a Riemannian manifold of constant

positive scalar curvature. The Yamabe equation in (W, g.) = (M x N, g + &2h) is

_an+mAgeu + (SQ + E_Qsh) u= upm+n_1a

where ¢ > 0 is small enough so that S, 4+ €25}, is positive. This is of course equivalent to

finding solutions of the equation

— GnpmDgt+ (Sy +729) u = e 2SpuPmin (3.0.1)

Moreover, we can normalize h and assume that S, = a,,.,. Then the previous equation is

equivalent to:

S
—?Ayu+ (—952 + 1) uw=uPt. (3.0.2)

&m-l-n

where p = Py in.
In the present work , we consider solutions to the above equation that only depend on the first

component, that is, they will be functions

u: M — Ryy.

Such function is solution of equation if and only if

—*Agu + ( % 2 + 1) u=ul"". (3.0.3)

am+n

Note that the above equation is subcritical since p,, 1., < pp.
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3.1 The Limiting Equation and its Solution on R"

In order to resolve the equation 3.0.3] we use Lyapunov-Schmidt reduction techniques. We

consider the equation in R"

—AU(y) +Uly) = U} (y). (3.1.1)

where 2 < ¢ < 2%, if n > 2. It is well known that there exists a unique (up to translation)
positive finite-energy solution U of the equation on R". Moreover, the function U is radial

around some chosen point, and it is exponentially decreasing at infinity. (see [13]]):
Ulz) < Ce~lZland  |VU(2)|| < Ce il
If we consider the change of variable D, : R" — R" given by
De(x)=~=y y=m/z

we have that the function (U.(z) = U(y) (U. = DZX(U) pullback of U) satisfies the equation

— ?AU.(z) + U(z) = U (2),. (3.1.2)
This is true because
oU. B laU
ox; €0y’
therefore,
282U6 0*U
€ = —
82Ii 82%

From the previous equality we have that
1
e2AU.(x) = AU(y), and dy = —dx. (3.1.3)
gn

Now consider the space H'(R™) with norm

U || 2 ;_/ (VU + U?) dy.
Rn

It follows from that

U |1 = / (|VU|2 + U2>dy - gin/ <€2|VUa|2 + Uf)dm.
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Definition 3.1.1. We define the space H.(R") of functions v : R™ — R with norm

1
Ioll. ;:E_n/ (2190 +0?)d

Remark 3.1.2. By construction, the spaces H, and H' are isometrics with D, as isometry, and
by definition ||U|| g1 = ||Ue]|--

Consider the functional £ : H'(R") — R,
1 1 1
B = [ (§90P+ 52 =200 ds

where fT(x) := max{f(z),0}. The positive solutions to [3.1.1] are the critical points of the

functional E restricted to the corresponding Nehari manifold :

N(EB) = {u € H'(R) — {0} - /R (IVul? +2) do :/ (u)? dac}.

The function U is actually the minimizer of the functional E restricted to NV (E). The minimum

is then

m@%ﬂmﬂEW)mMHWﬂ}:%iaWM. (3.1.4)

For any € > 0, let

and

M&y:heﬂ%wy{m:W@%Mhmﬂmz/}wym}

Let U.(xz) = U ((1)z). Then U. € N(E.), and it is a solution of

)

—&2AU. + U. = US™".

U. is a minimizer of E. restricted to N (E.). By the previous discussion (see Remark [3.1.2)), we
have that the minimum is equal to m(E).
Now, if

S : HY(R™) — H'(R™)
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1S
S() =VE

let us consider the linearized equation of Sy of U. We have that S;(U) (1) = 0 is equivalent to

—AY+p=(p—1U"?*%) inR" (3.1.5)

Is well known that all solutions of the above equation are the directional derivatives of U, i.e.,

the solutions are of the form

v - aU n
(G (Z)—%(Z% veR"
1 . . 1 . aU .
We have that the set {¢)', ..., ¢™} is orthogonal in H'(R"), where ¢'(y) = 5 e
Yi
/ {vwivw + W(z)wj(z)}dz =0, fori#j. (3.1.6)

Proof.
/n {V¢iv¢j+wi(z)wj(z)}dz _ /n(—AW(z)W"(z))W(z)dz
= (0-1) [ UP

- - [ UG5

Since U is radial

S / i [ U022 - / . 0)35( 000 [ UP U )y

But a straightforward calculation show that

/ zi(p,8)z;(p,0)dd = 0.

Sn—1

In a similar way, for the functional

BAf == [ ©/DIVIP+ (12 - (1/a)(f) da,
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the function U is a non-degenerate solution of the equation
— AU +U. = U . (3.1.7)

. aU. ,
i.e, the functions ¢’ (x) = 5, Span the kernel of (VE.) (U.).
2’/’.

For a detailed study of this eqﬁation see [36]], appendix pag. 299.

3.2 The setting on a Riemannian manifold

Let H. be the Hilbert space H, (M) equipped with the inner product

1
(u,v), = — (52/ VuV vdp, —i—/ uvd,ug) , (3.2.1)
€ M M

1
]2 = o (62/M\Vgu|2dug+/Mu2dug>. (3.2.2)

Let L{ be the Banach spaces L (M) with the norm

1 1/q
g = (67/ \u|qdﬂg> . (3.2.3)
M

Remark 3.2.1. Foru € H'(R") we let u.(x) = u(e~'z). For any ¢ > 0 we have

and the induced norm.

luelle = ||ul| g (3.24)

and
|Ue|ge = |u|La. (3.2.5)

Remark 3.2.2. By Sobolev’s embedding theorem we have that for q € [1,2*) ifn > 3 orq > 2
if n = 2, the embedding i. : H. — L% is a continuous map. Moreover, one can easily check

that
lic(u)|ge < c||lulle,  foranyu € H, (3.2.6)

where the constant c is independent of ¢.

Let p’ = -5 Notice that for v € LY, the map

1

e i) =5 [ veinle), pef
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is a continuous functional by the compact embedding 7.

function w is a solution of

—?Agju+u=v

u € Hy(M)
if and only if u € H, (M) and it satisfies

1 1
= (52 / VguVgpdpg + / usodug) =
£ M M g

Recall that the adjoint operator 7}

<i:(v)7 90>€ - <U7 le (90)>u

Observe that

lZ(W)lle < clvly.e,

: H. = LP. Hence, if v € LY, then a

in M
(3.2.7)
—n/U‘ig(QO), VQOGH,@
M
: LY — H. is a continuous map such that
Vve L’ andV ¢ € H..
for any v € LIE’/, (3.2.8)

where the constant ¢ > (0 does not depend on € > 0 (the same constant as in Remark 2.1 works).

If we define u = i*(v), with v € L?', then u is a solution of 3.2.7). So if v € C*(M

u € C*2(M).
Now, let u € H_, then

) then

F@ . =2 [ 1wy Py < [ fupdy < @l

Moreover,

_ » p—1
Sg(x)EQU _ / 1 (525gu) p—1 an, P
Am+n pl e | /M en Qmtn
- 41
_ / 1 (&5, u P
N M en am-{—n
- L1
1 (e85, P
by Jensen’s inequality < / <_ ( u )
M \E™ am+n
[ 1 25 u
B /M 5”(?—1) Armin, dﬂQ]
_ | res,
sincep—l:glso — / p( u) d,ug
L M 87117/ Am+4n
1
1 25 p P
_ L [/ (5 gU> dug]
er M \ Omin
< TV ful,.
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where ¢ > 0 depends only on M. It is easy to see that

n o n 2n
24 ———>0, since 2<p<——=2%
p P n— 2

=

Now, we set p = p,,1n. It follows that if w € H., then
Plu) = (ut ()t — 20 2y 4y € e
Am4n
Consider the functional J. : H.(M) — R given by
1 e?|Vul|?  u?
J(u) = & / <M L F(u)) iy, (3.2.9)
e” Ju 2 2
It is well known that critical points of .J. are positive solutions of Eq. (3.0.2)).
Let VJ. : H. — L(H.,R), the derivative of J., where

1 ) S,e? p—1
V.(u)(v) = =/ e“VuVo + 1+ — Juv = dfig
1 /
= <u,v>, ——/ F (u)vdpg.
e” S

We define the operator S. : H. — H. by ( the Riesz representation theorem).

VJ.(u)(v) = (Se(u),v)., Yve H.. (3.2.10)

Now, we have that
Se(u) =u— i (F(u)). (3.2.11)

The second derivative V2J, : H. — Bil(H_,R) of J_, is given by

V2 (u)(v,w) = gi"/M (52Vva + <1 + Sg('f?) vw — f’(u)vw) dpg

1 1
= (v,w), — —/ F (u)vwdy,.
en M

'Note:
n o on 1 1 1 1 2
2—&————/:2—&—71(7——):2—|—n<f—|—f—1>:2—|—n<7—1).
P p p P p P p

/

Now, 2 <p< 2 then 52 < L < L. So0<2+4n(2-1) <2
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We define the operator S.(u)(v), for all u,v € H., by

(SL(u)(v),w), == V*J.(u)(v,w) forall we H.

Moreover:
SL(u)(®) = 0if — A+ = F'(u)y.
Note also that
! _ _gx o H\Pm4+n—2,, Sg(l') 2
Ss(“)QD_SD Zs (pm-‘rn 1)(“ ) 2 a—€ @, 2 € Ha(M) (3212)
m—+n

In particular, S.(u) = 0 if and only if « is a critical point of the functional J..

Therefore, we can rewrite problem (3.0.2) in the equivalent way

w=i*(F(u)), u€H., (3.2.13)

3.3 Approximate Solutions

Let U be the solution of Eq. (3.1.1)) with p = p,,,,,, and define as in the introduction

. ot , ot if By(x,r),
Uea(y) = Ue(exp, " (y))xr(exp; (y)) ify € By(z,7) G0

0 otherwise.

Since U. solves (3.1.7), we consider U. , as an approximate solution of equation (3.0.2)). In
this section we will prove some estimates related to U, ,. Similar estimates have been obtained
before, see for instance in [26]. We give the proofs of the estimates for completeness and to
point out the necessary adjustments to handle the extra term % in Eq. (3.0.2). Some details
will be given in the appendix A.

The function U, , is an approximate solution in the following sense.

Lemma 3.3.1. There exists an ey > 0 and C' > 0 such that for any x € M and any ¢ € (0, &)

we have

1Se(Ue ) lle < Ce.

Proof. Observe (By Riesz representation theorem)

HSE(Ua,a:)He = Ssup <Sa(Us,z)aU>s-

[[o]le=1
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Now

2
Sge

aern

(S:(Uez),v)e = VI(Usp)(v) = —/ [52(VUM, Vu) + (1 + ) U2V — Ug;lv diig
M

1 [ 8¢
== | (~AU + U = U vdpsy + = | 22

Y €" Jm Omn

U. 2v dpg.

On one hand

gn

1 S,e?
_/ - Uf’xvd:ug
M a

82
S Cl_n/|UE,xv|dﬂg
€M
1 1

= CIE2W”U5,$”LP’MH0HLP
1
= 0152WHUs,me’,s”va,E

IN

Cre?|Ueallyr [0l

n n
Such thatn = — + —.
D p

Using Holder inequality and Remark [3.2.2] because ||v||. = 1,v € LP and U, , € L.
Now, by Lemmal[A.1.4] (in appendix A), we know that

. / / /
i [V = | U do = U0l < oo,

R

Therefore there exists C' > 0 such that

52

gn

< Ce?

S
/ U, yvdp,
M Am4n

On the other hand we have
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1 _ 1 _
—n/ (=AU, + Uno = U2, Judpsy| < —n‘ —2AU,, + Uy — UL ‘ o]l
€ M € Lp
gn/p 9 -1 1
= on —€ AUE,I’ + UE,Z - Ue,m Lo en/p ||U||Lp
gn/p 9 4
S on —& AU57I+U5,1 —ng Lp/HUHE
en/P 2 —1
= En _6 AUE7$ _I_ Ugﬂ; - Ugm Lp,

5"/176”/17/ 9 1
= —||—< AU, + U, — U?,
6” ) p/,E
- H—aQAUM + U, — U
pe
Moreover, by lemma[A.1.2] we have that there is positive constant C' such that
| — 2AU. ; + Uep — UPL Y| < O (3.3.2)

This completes the proof of the lemma.
]

We consider now the kernel of the linearized equation at the approximate solution, {v €
HY (M) : S/(U..)(v) = 0}. In order to have information about the kernel we consider ¢ >
0, x € M, and pick an orthonormal basis of 7, M to identified it with R". Using normal

coordinates we define the following subspace of H'(M):
Koo ={W2, v e R,

where
V(exp,! (exp,? ify € B,(x,r),
W) = Y (exp, ' (y))xr(exp; ' (y)) ify € By(w,7) (3.33)
0 otherwise,

with ¢?(z) = "(Z) (as in the introduction). Note that W7, depends on the election of the
orthonormal basis but the space itself K. , does not. We will also denote by W7 , = W¢i.
It is easy to see from (3.1.6) and Remark 2.1 that
lim (W!

£,x)
e—0 ’

where the constant C' = [, ((Vy*, V') + ") dx > 0,7 = 1,...,n, is independent of i and
x € M. In efect, we have that

W;x)g —C, (W

£,x)

Wi)e—0 ifi#j, ase—0, (3.3.4)

ETL

<Wg,$7 Wej,x>€ = / <€2VW€Z,£E ’ VWg,LU + W;,ng,w>d/Lg =
M
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/B( /e) (ngj(gx)%(wi<x)xr(gx> ))aixl(wj(I)Xr<€$))+(1/11(x)xr(gx) )(W(x)xr(m) )) Ig(ax)ll/de

— [ (FUTu 4 )+ o(1) = O+ of1).

Therefore by remark [3.1.6]the result is followed.

One can also show the following

Proposition 3.3.2.
0
: 2 | v —
llg(l) € H@vwg’”""”g 0. (3.3.5)
and
. 0 v v
ll_{l(l) 5<%(U57z>, Ws,x0>€ = <1/} ,77[) >H1 > 0. (336)

Proof. See [26, Lemmas 6.1 and 6.2].
[

The function W7, is an approximate solution of the linearized equation in the following

sense.

Lemma 3.3.3. For any v € R" there exists an €, > 0 and C' > 0 such that for every x € M
and all ¢ € (0,¢,) we have
ISL(Uea)(W2,)le < CEJo]l.

Proof. It is enough to consider the case v = e¢;. We have

"Sé(Us,x)(Wsi,x)|’€ = sup <Sé(Us,x>(Wsi,x>>U>€-

l[ofle=1

Now, we have that

(SLUe)(WE,),v)e = V2L (Uea)(W.,) =

2

1 . , |
N |:52<VW‘;L$, VU> + (1 + 895 ) W; x”U . (pm+n . 1)(U67x)pm+n—2W€z xvi| d/,l/g —
e Jum ’ Urtn ’ :
1 | | |
o (AW W~ s — DO, Y
M

2
1 84€

en M am+n

W;@vdug.
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Observe that

2
9 S ;
g 7
/ W2 2vdpg
M am—l—n

E’Vl

g2 4
< o5 [ Wl
67’!» M k)

IN

2
€ , :
O IWeall b, Mollsmen < O WLy,
by a similar argument as in (3.3.2).
It follows form the exponential decay of ¢/ and change of variables that lim__,q || ng e =

||1/)i | 1» - We conclude that

62 S . — 9
P / =W dpg| < O (3.3.7)
en M Qm+n ’
Moreover,
1 : . s
en / ( - 52AW;J + W;x — (Pmtn — 1)(U6,z)p 2W€,$> vdig
M
1 i i C9vrr
S €_n/ | B 62AWE"T T WE"T B (pm""” - ]')(U571'>p 2W5,x||v|d:ug
M
1 i i 9y
< = AW, + W, — (Pnn — 1) (Ue )P 2 W2 || o 0] 10
1 i i ot 1
- en/v’ ” o €2AW€,1 + Wz—:,x - (pm+n - 1>(U€,r>pm+n 2W5,:p||L1’/%||UHLP
1 i i —9vrri
< ol = AW+ W — (ren = D(Uea)™ 2 Wl [0

= || - 52AWg,x + WSZ@ - (pm+n - 1)(UE71’)pm+n_2Wg,x||p/,€‘
It is shown in Lemma that
| = AW, + Wy = (s — (U)W [lye < O, (3.3.8)

Estimate (3.3.8)) together with finishes the proof of the lemma.
]

We now solve S.(u) = 0 modulo K. ,. We consider the orthogonal complement K jx of
K., in H, and we find ¢., € K_", such that

H;w{sa (Uew + o) } — 0, Auxiliar Equation (3.3.9)

where Héz  H, — K jz is the orthogonal projection. In the next section we will show that

there exists ¢, = £,(M) > 0, such that for every x € M and ¢ € (0,¢,), there is a unique
bew € K jx that solves Eq. (3.3.9)). It will remain then to find points x € M for which

HW{SE (Uew + ¢ ) } = 0, Bifurcation Equation (3.3.10)

where 11, ,, : H. — K, is the orthogonal projection.
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3.4 The Finite-Dimensional Reduction

This section is devoted to solve Eq. (3.3.9). For z € M, ¢ > 0 we consider the linear operator
L., : K}, — K, defined by

Lea(@) = I, {5 (U-)s ).

where by
/ o -k Pmtn—2 2 Sg
A A 4
Am4n

In the following proposition we show that the bounded operator L. , satisfies a coercivity
estimate for € > 0 small enough, uniformly on M. From this result it follows the invertibility
of L ,.

Proposition 3.4.1. There exists ¢y > 0 and ¢ > 0 such that for any point v € M and for any
e € (0,¢0)
||Ls,x(¢)||€ > cl|¢lle forall ¢ € KeJ,_z

Proof. Assume the proposition is not true. Then there exists a sequence of positive numbers
ei, with lim; o &; = 0, and sequences {z;} C M, {¢;} C K., with ||¢;]|, = 1, such that

that z; — x.

e, — 0. Moreover, since )M is compact we can assume that there exists x € M such

Claim 3.4.1.1. Let w; = L., ,,(¢;) and set
& = S::Z(Ugl’%)gﬁl —w; € thxi. 3.4.1)

Then,
1€

Proof of Claim[5.4.1.1l To prove the claim note that for any v € R",

& — 0, ast— oo.

<§27 Wsli,:p)fz - <SéZ<U5u$'L)¢Z7 W;i,wl>€z - <¢17 SéZ<U€z,fBz)(Wsli,xl>>€z
The claim then follows from Lemma[3.3.3] O

Now, we have

. / - _ S xr
Ui = ¢1 — Wi — él = ¢l - SEZ(U&,%)@ =1 <<pm+n - 1)<U€i7$i)pm+" Q(bi - ﬁ@%z) )

Qm4n
(3.4.2)
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by . It follows from Claim that

|, — 1. (3.4.3)

From Remark 2.2 and Eq. (3.4.2), u; solves

— 2A Ui + Ui = (Pgn — D) (Usy 2P 2 — ——e; b;. (3.4.4)

Let

0= (e = Do) =t i, (2226,
Then v; is supported in B(z;,r) and
Jville, =1 [loi = ¢ille;, = 0. (3.4.5)
Moreover, it solves
— A + v = (Pgn — 1) (Us )P 25 (3.4.6)
Claim 3.4.1.1. Let
i(y) = vi (exp,, (sy)), y € B(0,r/e;) CR™,

Then,
0; — 0 weakly in H'(R™) and strongly in L] _(R"), (3.4.7)

loc

forany q € (2,p,) ifn >3 o0rq> 2ifn=2.
Proof of ClaimB4I1 Let ;. (y) = v;(¢; 'y) = v; (exp,,(y)). Observe that
||;l7z||Hl(Rn) = ||,1\}/Z£1||H61(Rn) < CH?}ZHQ < 07 forall : € N. (3.4.8)

Therefore, by taking a subsequence we can assume that there exists v € H'(R™) such that

v; — U weakly in H'(R"), and strongly in L{ (R"™) for any q € (2,p,) if n > 3 orq > 2 if

loc
n = 2.
Now, observe that by ClaimB3.4.1.1lforj =1,...,n,

(W2, 4y vi)e, = (W

€,xi) 0 €4,%5)

U)o, +0(e) = —(W2 . &)e, +0(e5) = 0, asi— oo, (3.49)
and (by change of variables and the exponential decay of v7)

W2 o vide, = | (VIVD +970) dy, asi — oo. (3.4.10)

€4, Tt
RTL
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We have from (3.4.3)) and (3.4.6)) that ¥ solves
—~ AT+ 0 = (P — D)(U)P™725  in R™ (3.4.11)

Therefore, v € span{?, ... ¥"}. From Eq.’s (3.4.9) and (3.4.10Q)), we have that ¥ is orthogonal
to {¢!,...,¢"}, hence v = 0. O

Multiplying Eq. (3.4.6) by v; € H., we obtain from (3.4.3))

1
i JM

But, by Claim[3.4.1.1] we have

1
- / {(pm+n _ 1)(U€i,xi)pm+"’2}vi 6 = | (Popn — D(U)Pm~22 = 0. (3.4.13)
€ Jm

R

This is a contradiction, thus proving the proposition. [

Now, we write for ¢ € K.,

Se(Us,x + (b) = Ss(Us,x> + Sé(Us,x)(b + Ns,:v(¢)7 (3414)

Now(@) = Se(Uew+ @) — S-(Ue) — SL(Us )9
= —if (U + @) )™t = (Uo7 = (pngn — 1) (Uea)P™7%0) .

Applying II}, to BA.T4 we see that (3.3.9) is equivalent to

Ls,x(¢) = Ne,z(¢) - Hg—,z(‘SE(Ua,x))a (3.4.15)

where

NE,ﬂC((b) = _Hix (NE,UE (¢)) = Hj,x {Z: |:<<U€,x+¢)+)pm+nil - (Us,x)pm+n71 - (pern_l) (Us,x)pm/+n72¢:| } .
We are now ready to prove the main result of this section.

Proposition 3.4.2. There exists an €, > 0 and A > 0 such that for any x € M and for any
e € (0,¢,) there exists a unique ¢. ., = ¢(e,x) € K, that solves Eq. (3.3.9) with ||¢. .|| < A.

s

Moreover, there exists a constant ¢, > (0 independent of € such that

||¢€,IEH€ < 60527

and © — ¢. . is a C* map.
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Proof. In order to solve Eq. (3.3.9), or equivalently Eq. (3.4.13), we have to find a fixed point
of the operator T, : K, — K, given by

Ts,x((b) = L;als (Ne,z<¢> - Héx(SE(U&I))) .
Now, from Proposition [3.4.1] we have that there is a constant C' > 0 such that
IT-a(@)]l: < C (INew (@)l + T2, (S-(Ue))le) » - Vo € K. (3.4.16)

Claim 3.4.2.1. For any b € (0, 1) there exist constants a,c, > 0 such that for any € € (0,¢,),
if 91,02 € K2, |01l with ||l < a, then [N o(¢1) — Noz(¢2) e < bllgr — ¢al|-.

Proof of Claim3.4.2.1]
Ne,x(¢1) - Ne,x(¢2) HL{S (Uaaz + ¢2) (Uaaz + ¢1) ( s,a:)((bQ - ¢1)}

Therefore,

HNE,x((bl) - Ns,x(¢2)”e S HSE(UE,Z‘ + ¢2) - (Usz + ¢1) ( Ez)(¢2 (bl)HE
= [li2 (Ve + ¢1) )71 = (U + 62) )0+ (P — DUZZ (02 — 1)) [le

< C|((U€,r + ¢1)+>an+n_1 - ((Uz-:,x + ¢2)+)p7n+n_1 - (pm—i-n - 1)<Us,x)pm+n_2(¢1 - ¢2)|P’7€

By the Intermediate Value Theorem, there is a A € [0, 1] such that

((Us,x+¢l>+)pm+n_l_((Ue,z+¢2)+>pm+n_1 - (pm+n_1> (Ue,x+¢1+)‘(¢2_¢1))pm+n_2(¢2_¢1)-

Then, we have that

[(Ueie + 1) )P ™ = (Ueo + 02) )P ™ = (D — 1)Uz (1 — 02|y e
[(Prntn — 1) (Ueie + ¢1 + Mz — 61))"" 2 = (P — D(Ue) P 72| (91 — b2) |
c|(Uew + &1+ M2 = 61))P7 7% = (U} 72| 2, (02 = 61) e

| (Uew + G1A(d2 — ¢1))Pr ™2 = (U JPin ™ 2|ﬁ,e||(¢2 = ¢1)|.-

IA I

IN

In order to complete the estimate we need the following elementary observation which ap-
peared in [20, Lemma 2.1]. Let a > 0 and b € R, then
C(B) min{|b?, a®~tp|} if0< B <1.

lla+b]° —d’| < (3.4.17)
CB)(Jal” Mol + [b]")  iff > 1.
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See lemma for details.
Using [3.4.171and setting p := p,,,+n, We see that for all v € H.

C(p)|v|P~2 if 2<p<3.

(Ueiz +0)P 7% = (Ue)P7%| <
Cp) (1Ual? o] + olP2) i p=3,

(3.4.18)

Now

p—2

H(UE’mJFU)H— (Uea)”2|| < C(p) n},_2 </ (UP Slu| + |vfP~ 2) 25 ) p
p—2:€ e’ p M

p—2 p—2

conln {2 )

p—2

1 p(p—3) P 1 _
= c<p>{ ( / (1020l 57" ]2 ) + —=z ]2 }
g r M g r

p—2

1 p(p— B _
ol () )
e p M

otherwise if ¢ = p — 2 and ¢ = g%g, by the Holder’s inequality

p—2 p—2

1 p(p T ]_ p(p— p T
(/ (. ) i (—n/ (10 %—2”\11!”‘2)
e M € JM
1 P 3) % ;Z%g p \P2 P2 %
S En(l/q-i-l/q’) /<|U€(L‘| > /]W<’U|p2>
p=3 % p=2
1 p(p— ﬁ%ﬁ pe 1 p \P2|"" ?
(e L] s ]
1 P
(k] k)
M

pb—
= loes | ol
b,
Therefore
H(U + ,U)IJ*Q _ (U )p72 C@)H””g? if 2 < p < 3.
£,x e,z S L ) .
22 | O) (Ve ol + I0ll2) - itp =3,

(3.4.19)
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Now by we have

|(Ue+ 2+ A1 = 0224 (U2 2y - < C (Il 2+ n — ial22)  if2<p<3

Now if

C(I6allg2 + ll6r = oo l222) <,

with ||¢1 || and ||¢2||. < @ and a sufficiently small such that

b >1/p—2

O (alls + llén — 2 "

and if p > 3, then

pf) <3Ca"?<b, a< (

p, -

1(Ue ot 2t-A(d1—62))"*+(Uea) || 2, 2 < C(\IUW\ bz (102llpetld1=2llpe )+ P2 >+ b1 — o Z,ZQ)-

In the same way

IN

C(I1UeallsUdallpe + 61 = Ballpe) + 611522 + llén - 62ll522)
0(013a 4 3ap*2)

IN

IN

0(013ap‘2 + 3ap—2>
CyaP™?

b

IN

IN

We can see that if a is small enough then
H(Us,:r + o + )\(¢2 _ ¢1))Pm+n—2 _ (U€7x)p7n+n—2”p%7€ < b,

proving the claim.

In similar fashion we can prove the following claim.

Claim 3.4.2.1. For any b € (0,1) there exist constants a > 0 and ¢, > 0 such that for any
e €(0,e0), if |9]l- < athen ||Neo()le < 0l
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Proof of Claim

||Ns,x<¢>|’€ = ’ Ns,ac(¢)”€ = HHL{S€<U€,1 + (/5) - SE(UE,:D) - SQ(UE,H(‘?)} .
= | (FUes) = F(Ue + 6) + F (Ue) ) |
< o|F(U) - P+ 0) + F(U0)9]

2
Sge

a

Apply Remark 4.2.2 and F(U) = f(U) — U defined as in the introduction. Now

F(Ua,m) - ( + ) ( )¢
= f(Ua,x) Sa U7 - f(UE,x + Qb) +
= f(Uep) = f(Uer + ) + f’(UE,xw.

S,e? S,e?

(Ue:c+¢)+f( ax)qb—

—

Therefore

INeo(@)le < ClF(Uei) = F(Uew + 8) + f (Uea)B) e

by mean value theorem, there is some A\ € [0, 1] such that

< CO|[f (Uea + A0) + [ (Ue)| Bl
< CIf'(Uew +20) + [ (Ue)]] 2, < [Dlpe
< Ol (Uea +20) + [ (Ue)]] 2, el @]l
Then, by 3.4.19 we have

Clpllelyz? if2 <p<3.

CO) (IVeallf210lpe + I01527) ifp >3
(3.4.20)

1/ (Uea + A6) = F/(U-)] 2€<{

In this form

Cp)llellL= if2 <p<3.

(3.4.21)
Cw)(lléll-+ lslz2) ifp =3,

1/ (Ve + A0) = 1'(Uea)l 25 <{

So,
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IN-w(@)lle < C (Il + 9112).

Now for a small enough such that, ||¢||. < a and 5 := maz{p — 1,2}
INew()|le < C(a*™" +a®) <2Ca” < b||gll., 2Ca” <b.

]

Now we prove the first statements of the proposition using the claims. Let C' be the constant
in (3:4.16) and take b = 55. Let a be the constant given by Claim 3:4.2.Tland Claim B.:4.2.T] (the
minimum of the two, to be precise). From Lemma and Claim there exists ¢, > 0
such that if ¢ € (0, ¢,) then 7. , sends the ball of radius a in K jgc to itself.

If || 1]|es ||p2]le < a, we have that

||T6,a:(¢1) - Te,m(¢2)||s < CHNa,x(?bl) 83:(4252)”6 = §H¢1 ¢2||6-

We see then that 7 , is a contraction in the ball of radius a. It follows that it has a unique
fixed point there. The fixed point is obtained for instance as the limit ot the sequence a; =
TF,(0). Note that ||a;||. < Ce? by Lemma[3.3.1and then from Claim we have that for
all k, ||ag||. < 2Ce%

It remains to prove that the map = — ¢. ., is C?. In order to show this, we apply the Implicit
Function Theorem to the C%2—function G : M x H, — H. defined by

G(z,u) = Hém{Sg(Uw + Hjxu)} + 11, L u.
Observe that G(x, ¢. ;) = 0, and that the derivative 2¢ ( . ¢er) : H. — H, is given by

oG - , n
%(% Gex)(u) = Ha,w{SE(U‘EJ + gb&x)He,xu} + e u

The proof would be complete if we show the next claim.

Claim 3.4.2.1. For ¢ > 0 small enough, there is C' > 0 such that

|5 2,60 > Ol

for every x € M.
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Proof of Claim We have that for ¢ = \/Lg that

| %% 6.1 w)

2 | U8V + )T ()}

) + CHHa@(U)

)

= | {82V )T () + LU+ 62T () — S )T ()}

. + CHHM(U)

S

> || Moo ()| + €| Lea M) | = e I, { SV + 0oL (0) = SLU-EE, () |
It follows from Proposition 3.4.1] that, for another constant ¢ > 0, ||L. (I, (u))|| >
cHHéx(u) E Then we have that for some constant C' > 0, E
d||Mea)]| + | Leatmi )| = Clul..
Therefore, it only remains to prove that
lim |2, { SL(Ues + 622, () = SLU-ME () | =00

But,
SLUz w0 0) Uz, () = SLU- )Tz, (1) = (Prngn—1)iE(Uzat @ o )P =2 = (Ul )P 210 (u).

Hence, as in the proof of Claim

S (Uit I (1) =SV ()] | < el((Uear e VPo 2= (U P I ()

< c|(Uee + ¢8,x)pm+n_2 - (Ua,x)pm+n_2)|p%7€|Hg—,x(U)|p,8

< C|((U€,x + (Z)E,x)pmﬁiz - (Us,x)pmwd)‘p%ﬁ‘HUHE-

Arguing as in the end of the proof of Claim[3.4.2.1] we can see that
lim |((Us,» + (bs,x)pmMiQ - (Us,x)pm+n72)|i =0,
e—0

p—2’

thus completing the proof of the claim.

This finishes the proof of the proposition.
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3.5 Proof of Theorem 1.0.1

Recall that the critical points of the functional J. : H*(M) — R given by

2
nw) = [ (Gl 4 B )
are the positive solutions of Eq. (3.0.2)).
Proposition 4.2 tells us that there exists £, > 0 such that for ¢ € (0,¢,) and z € M there
exists a uniquely defined ¢., € K jx such that U, , + ¢. . solves Eq. (3.3.9). In order to finish

the proof of Theorem 1.0.1 we have to establish the following result.

Proposition 3.5.1. There exists €, > 0 such that if ¢ € (0,¢,) and x, € M is a critical point of
F.: M — R, where
Fé(x) = Ja(UE,z + gba,z)u (351)

then U, ,, + ¢-.., is a positive solution of Eq. (3.0.2).

Proof. Let x, € M be a critical point of F. where ¢ > 0. We need to show that for each
¢ € H.(M) one has that

(Se(Uezy + P2,)s p)e = 0.

If p € K}, then

(S (Uezy + Peo)s ) = <Hj_,x<SS(U57xo + Pe,)), P)e = 0,

since U, ., + ¢- 4, solves Eq. (3.3.9).

Then it is enough to show that (S.(U. », + ¢cz,), ¢)e = 0if ¢ € K. ,,. On the other hand
we know that (S.(Us ., + @cz,), 9)e = 0if o is tangent to the map = — V(x) = Uy + ¢
at ¥,. And since M and K. ,, have the same dimension it is enough to see that the projection
I, ,, 0D,V :T, M — K., isinjective.

Then to finish the proof it is enough to show that, fixing geodesic coordinates centered at
Z,, for any v € R"

0

<%(U€,x + ¢eu) (o), Wav,xo>8 # 0. (3.5.2)

Note that (¢. ., W?,). = 0. Then

9 . -
<%<¢6,$)7 We,mo>€ - _<¢E,1‘7 %Wzs,:po>5'
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As we pointed out in (3.3.3), we have
0
lim &2 || —WY =0.
El_I}(l) € ||8UW€’IO||E 0

Then, it follows from Cauchy-Schwarz inequality and Proposition that

lim<3(¢€7x), W, )e=0.

e—0 (91}

From (3.3.6)), 5
lim e (o-(Us o), W, )e = (87, 07) > 0.

—0

Then, for € > 0 small enough (3.3.2) holds, and the proposition is proved.
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Basic Lemmas

A.1 known results and details

We consider a function x : R" — [0, 1] defined by

1ot <12,
) = (A.L1)
0 if|z| > 1,

Also x satifies that |[Vx(z)| < 2and |Ax(z)] <2if1/2 < |z| < 1.

Is mentioned in the introduction the nonlinear elliptic equation
~AU+U=U"" onR", (A.12)

has a positive radial smooth solution U € C*°(R™) which vanishes at infinity. It is known that
U is unique up to translation. Since U is radial, we think it as a function U € C*°([0, c0), R).

U(r) is a monotone decreasing as  — oo and satisfies that for some ¢ > 0

Ulr)r"te" — ¢ asr — oo

(A.1.3)
U'(r)yr"te” — —c asr — o0
By these properties of U, we can find €y < 1 such that
U(r)<e™ and |U'(r)| <e " forallr> (A.1.4)

€o
Note that U (r) satisfies the equation
-1
U -+ U=UP"on [0, 00).
T

Now, if € > 0 we define
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Appendix A

on R". We have that U. is a positive radial solution of the equation
—&’AU. + U. = U"' onR".

Then we have that U, (r) satisfies

*(n—1)

—*U! — < U/ +U.=UP"on|0,00).

r

We first give details of the proof of the following elementary estimate

Lemma A.1.1. Foranya > 0andb € R

inf{[b|8. qf-1 ;
b o < JCOmBP ) o< s
CEalP bl + 1) iff = 1.

Proof. Case g > 1:
if b = 0 the inequality is satisfied for any C' > 0. Now consider the function

g(t) = a”

Lt = 1| = o

(1+1)° — 1‘ = aﬁ((l +1)P — 1) on the interval [0, |b/al].

Applying the mean value theorem, there is ¢ € (0, |b/a|) such that

o(|2]) ~o0) = d@ |
= aﬁﬁ(c—i— 1)ﬁ1§
< a1+ ibfa) |
If 3 = 1 then
gﬂﬂ)SaE}:wJacwy:z

If 3—1>0,then
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Appendix A

s o)

= 2" Tmax{1 w
) CLB_I

B—1
i fy,
_ (1+ ﬂ)

Therefore

B—1
aﬂﬁ <1+‘§D b
a

a ‘

B—1
< 257130710 (1 + H ) =278 (|l 1b] + |b]7) .
a

Case 0 < 8 < 1 : Similarly we have for this case that

g(t) = aﬁ]u P - 1( — aﬁ‘(l ) - 1‘ - aﬁ(u )P - 1) on the interval [0, |b/al].

and

Q|

o

)—9(0) = 4
= a%(cﬂ)ﬁ—lg\

B
= Ut
14+c la

b B
Ba’~|b| (1 + ‘—D :
a
Therefore, by previous arguments we have

B B
Ba’1|b| (1+ ’2‘) < 2°BaP1|b| <1+ ‘g‘ )

b
Now if u < 1, then
a

IN

b
2°Ba” 1 |b| (1 + ‘5

B
) < 21 3aP b < 27T aP b,

On the other hand
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Appendix A

Ifl< M, then
a
b b
LU
a a
Therefore
b\ "” b\"” b|?
(1 + U) < (2U> = Qﬂu’
a a aP
SO

o(B) < e

B
B b’ﬂ
< a”2 i

= 2
< 27,

Let C(f8) := 2°*1, then
b
o(") < (8 min {011 17}

Using the previous lemma we get that for all v € H.. (Where f(u) = uP™1)

C(p)|v|p~2 if 2<p<3.

|f/(Us,x+U> _fI(U&I)’ < .
Cp) (10l ol + olP2) i p=3,

(A.1.6)
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Now
p—2

., <Clp) n; (/M (Up Jo| + |v]P~ 2) ) p

p—2 g P

< C(p){gn1 (/ (

= C(p){

/(Ue,a: + 'U) - f,(Us,x)

p=2 p—2

o)) = ()
£ P M
pP—2
p(p P 1 _
(/QmAww|> +Mwww}
M e’ p
p—2

1 p(p o B
:C@{M%/(Mﬁwwvﬁ +w&ﬁ
g p M

otherwise if g = p —2and ¢ = g%g, by the Holder’s inequality

UP
1
By
P

3

p—2

p—2 b=z
1 p(p—3) D P 1 p(p—3) P
W(/MQUWI Ivlpp2> = (g /M<|er| e fo] )
e’ p
T o
1 p(p—3) 5) 273 - p \P—2| "
: (m[/ (C¥Esy [/MO“'”) ] )
p—3 1 p=2
p—=2 | p—2 _o| P2 P
- (| [ (=)= [ (i)
gnd’ M g™ Jus
1 "
e JIm € Jm

»

3=

ol 2
p,E
Therefore
C(p)|v|B2? if2 < p<3.
/<Ug,x + U) - f/<Us,:E) » >~ P -3 '
2t (Clp) (IIUe,m} o ollpe + Hngiﬁ) if p > 3.
(A.1.7)

Lemma A.1.2.

1 9 1 P’ 5

— ( — 2AU, . + Uy — UP; ) dp,| < £2C. (A.1.8)

M

877,
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Proof.

p/

1
< 5_71/ ‘ — 52AU$,€ + Uz — Ug;l djig

1 /
_n/ < - 52AU1’,€ + Uac,e - Uals),gl>p d:ug
M

=— /|—6 (Uex) + Uox — UP" PP /| galda

S— /!—6 (Ux) + Uox — UP PP d
B(0,1)
¢ 1 p—11p -1
= g_" d@/’ _8 A()(UEX) +O(r>8r(UEX)> _'_UEX_ Ug) Xp |p7, dr
Snfl
_c / = & (XU + Uox — 29U - Vx + 00, (Uox) ) + U — U2~ 'x P d
B(O 1)
= — / IX(—€2AgU. + U.) — €2U.Agx + 262VU. - Vx — €20, (U-x)O(r) — UP~ P~ 1P dg
B( 1)
= — / \UP~H(x — xP™Y) — U Agx + 26*VU. - Vyx — 20, (ng)O(r)]p/d:E
B(0,1)
<< / U o= X" da - (A)
3(01)
2pl / /
Lo / U |Agxldz (B)
B(0,1)
2p’
;o / VU, - Vy['de (C)

2p
_ o /|8 UX)O(r)P'dz (D)

Part A: with r = €p. Since % <p< % we have that e~ < e %.
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S [y

B(0,1)

Using the exponential decay of Uy

Part B:
Ce?' , )
= [ v@lanra <
B(0,1)
<
<
<
Part C:
Ce?’
67’1
B(0,1)

now |x' ()| =[x (p)/e] < 2. 50 [ (p)] < 2e.

¢ UP(x)dx
€n
B(0,1)\B(0,1/2)
1
= ¢ d@/ UP(r)r™ tdr
5"5 o 1/2

1/e
= C/ UZ(p)p"dp
1

/2¢

1/e
< C / de e PP " Ldp
Sn—1

1/2¢

1/e
Ce 2 / de " tdp

1/2¢

IN

Sn—1

/ 2p/ / / /
/ VUL - Vx|V dz = ng / de/we(?")x (r)[" " dr
(0,1
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IN

/ 1/6 ’ /
062”/5 d9/ Uy (p)” p"~dp
—1 i

1/e
= cVol(s ) [ e e
/ 1/6 , 2e
Ce? e PP p"tdp

IA IA

Q
o
DO
’.B\
)

H\H

~

™
e}
5
L
.
3

IN

Q

™
¥

!
/ P
Ce?e 2=

o(e?).

IN

At last Part D:

Ce¥ .
/( 0.(U)0() da

ETL

2p’ 2p’ 1 / ’
06 / d@/ |U p = ldT’—l— Ce / d@/ ’UE<7’)X(T)T|I) "L
0

now |x'(r)] =!X'(p)/€! < 2,50 |x (p)] < 2e.

/ 1/6 / / / / 1/6 / ]. /
< Ce” / UZ (p)e? p p"~tdp + O™ / [Uolp)Zepl” " dp
=+ 0
2e

Now by exponential decay of U, we get that

/
P

e
T < Ce? et = o(e?).

1/5
Ce?'e? / P(p)pf pnldp < CePer
1 €

2e

and
/ 1/6 ! 1 /
Ce? / Uy (p)=epl” p"~dp
0 g

/ 1/260 / / / / 1/8 / / /
e [ e e o [ Ul
0 1/2¢9
Similarly by exponential decay of U, .
/ / 1/6 / / / / / 1/5 / / /
= Ce? + Ce* / U ()P p¥ p"dp < Ce® + CeP / e PP ol = o(e?)
1/260 1/250

O
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Lemma A.1.3.

1 A . o
o [1- AW W = WL duy = O
M

Proof. On a normal coordinate system we have that v = u o exp,, SO
() Av = Agu+ (g7 — 65)0iu — gT};Opu.
() |97 () = di5] = O(|z]).
(r %) T (ey) = T5(0) + Ofelyl).-

Then

p/
dpig

/ ‘_€2A9W:€l,x + Wal,x - f/(UI,E)W;,x
M
p/
V 19z |dx
<[ |20 + v - FUu
B(0,1)

_c /
B(0,1)

+ 290k (Vix) + ix — f(Ux)Pix

_C /
B(0,1)

+e2g7TH 0k (Wix) + vix — f'(Usx)ix

_ / ‘—g%g(wix)erix—f’(st) X
B(0,1)

p/
dx

—?A(ix) — €2(g" — 6i5)0i;(Wix)

" dz by (%)

/

p

dx

Since —e2Ay! + 9t = f'(U.)4! then, the last expression is equal to

—e2YAYL — YA — 28 ViV — e%(g"

— 6i;)0i; (VLx)
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‘|,
B(0,1)

/

(f'(Ue) = f/(UX))ix — e2YLAX — 28 VYLV Y — €%(g7 — 05) 03 (WiX) + €297 0k (W2X) " da.

Sgn §U5_2($)<X(m)—x”‘Q(:c))‘pdx (A)
B(O,l)
Ce%' o
5 [ ise @
B(0,1)
2p’
5 / VX Vi (C)
B(0,1)
2p’
Cg /I —0i)05(Wix)Pde (D)
0521”

/ g TR O (i) [P dz (E)

Parte D: If © = ey and r = ep with r = |z|, p = |y|, then

1/e
C€2p i i / O€2p i 1 . ara n n—
/ (g7 () = 6i3) 05 (WX [P de - = /d9/‘ I(ep) — by (gUo(p)x(p)> e"p"tdp
B(0,1) n-1 1/2
1/e
9 mp’ el
= O™ /d0/ (ep)? (p)x(p)> p" " dp
n—1 1/2e
1/e )
< ¥ / dé / ‘ pp’“dp
n—1 1/2e
_ 0(6—1/25)
]

Lemma A.1.4. For1 < p < oo we have

. 1
;grg)HUs,mHé’,pZLg%s—nﬂUe,A”dug=/Ué”dx= 1Toll5-
M R™

Proof. We have

1
g—n/\Uw\Pdug / AN dx—— / de/ U () (1) [P, 0)r™=Ldr
M
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if r = ep,and n = 1 + O(r). over normal coordinate system.

/ do / Uo(p)x(p)[Pn(ep, 0)p" dp
g/w/|% (I (1 +0(0)) o dp
/ d9/ Uo(p)x(p)[Pp" tdp (D)

Sn— 1
/ do / Uo(p)x(p)[Pp"~O(ep)dp (D)

Since that x(p) = 1in [0, 1/2¢) we have that

1/2¢
@ hm d@/ \Uo(p)x(p)|Pp"~ 1alp—hm / dé’/ |Uo(p)Pp"~ 1dp—/|Uo )|Pdy.

R’!L

On the other hand, by exponential decay of U

(IT) / do / Uo(p)x(p)IPp" " O(ep)dp

1/e 00
g&/ WWWWSQ/(WWMFW@-
0 0
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