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160 B. Fernandez et al.

Introduction

The ruin probability of the reserve of an insurance company, in finite and infinite
horizon, when there is the possibility to invest in a risky asset, has recently received
a lot of attention. It is well known that for the classical Cramér—Lundberg process
(where there is no investment and the claims have exponential moments), the ruin
probability decreases exponentially with respect to the initial wealth.

Hipp and Plum (2000), assuming that the price of stock is modeled by the Geometric
Brownian Motion, determined the strategy of investment which minimizes the ruin
probability using the Hamilton—Jacobi—Bellman equation. In Gaier et al. (2003), under
the same hypotheses as Hipp and Plum, obtained an exponential bound with a rate
that improves the classical Lundberg parameter by proposing a trading strategy that
consists in investing in the stock a constant amount of money, independent of the
current level of the reserve. Hipp and Schmidli (2004) showed that this strategy is
asymptotically optimal as the initial capital tends to infinity.

In this paper we study the problem from a different point of view. We follow the
approach introduced by Ferguson (1965) who conjectured that maximizing exponen-
tial utility from terminal wealth is intrinsically related to minimizing the probability
of ruin. Ferguson studied this problem for a discrete time and discrete space investor.
Browne (1995) verified the conjecture in a model without interest rate, where the stock
follows a Geometric Brownian Motion, and the Risk Process is a Brownian Motion
with drift, see Ferguson (1965), Browne (1995), and references therein. We consider
the wealth process of the reserve of an insurance company,

N; ?
X7 =x+ct—ZYj +/(a—n)nrdr
= )

13 t

—i—/andr—i—/amdBr,

0 0

where x is the initial surplus, c is the premium rate, the claims (Y;) ;> have exponential
moments, (7;);>0 is the amount invested at time ¢ in a risky asset that follows a
Geometric Brownian Motion, and the rest of the wealth (X7 — m;),>0 is invested in
a bond (see the complete formulation of the problem in Sect. 1). We first determine
the optimal strategy that maximizes an exponential utility function (— exp~"%) of the
wealth process for a finite horizon of time (7'). As a next step we examine the finite time
ruin probability of the reserve process controlled by the optimal strategy. We obtain an
exponential bound for the ruin probability that, when applied to the Classical Cramér
Risk Process, improves the classical Lundberg parameter for some values of y. If
we take the particular value y = 7, with 7 as in Gaier et al. (2003)—their modified
Lundberg parameter—and with zero interest rate, our strategy is the same as the one
obtained by Gaier, Grandits and Schachermayer, and Hipp and Schmidli. Hence, we
can conclude that there is a deep relationship between maximizing the exponential
utility function and minimizing the probability of ruin.
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Optimal investment strategy with maximal risk aversion 161

There are other works showing the relation between utility maximization and ruin
probability minimization; when the claim process is a pure jump process (not neces-
sarily compound Poisson) it has been studied by Wang (2007), while the case when
the cash flow of the investor follows a jump diffusion process was analyzed in Yang
and Zhang (2005). For the case of the classic Cramér—Lundberg model with different
controls we refer to Guerra and Centeno (2008).

The organization of this paper is as follows. Section 1 is devoted to describe the
problem. In Sect. 2 we prove the verification theorem for the optimization problem,
Theorem 2.1. In Sect. 3 we give a closed form solution for an exponential utility
function and find, explicitly, the optimal strategy in Theorem 3.1. In Sect. 4 we estimate
a bound for the ruin probability in Proposition 4.1 and show that our results include
those of other authors (see, in particular, Remark 4.3). Finally, in the last Section, we
discuss numerical results.

1 Formulation of the problem

In this section we formulate an optimal investment problem for an insurance company
which is allowed to invest in the securities market. Let (€2, F, P) be the underlying
probability space, where a Brownian motion (B;);>0, a Poisson process (N;);>¢ with
constant intensity A, and a sequence of independent non-negative random variables
(Y;)i>1 with identical distribution v are defined. It is assumed that (B;);>0, (N;);>0
and (Y;);>1 are independent, and for each ¢ > 0 the filtration (F;);>0 containing the
information up to time ¢ is defined by

Fr=0{Bs, Ng,Yjll|j<n,, s <t, j=1}.

The market where the insurer can invest is composed by a bank account S” and a risky
asset S;, whose dynamics satisfy

S[O = Sgent, S8 e 1’
dS; :St(adt+0dBt), SO:SO»

where 1, a, and o are constants.

On the other hand the risk process is described by the classical Cramér—Lundberg
model, using a compound Poisson process for the claims. Given the initial surplus x
and the premium rate ¢ > 0, the risk process

Ny
R, :x—i—ct—ZYi,
i=1

where (Y;);>1 model the claim amounts.

We are interested in a finite time horizon problem. Then, at each time ¢ € [0, T],
with T > 0 fixed, the insurer divides his wealth X; between the risky and the riskless
assets and if a claim is received at that time, it is paid immediately. Let ; be the
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162 B. Fernandez et al.

amount of wealth invested in the risky asset at time 7, which takes values in R, while
the rest of his wealth X, — 7, is invested in the bank account. Then, if at time s < T
the surplus of the company is x, the wealth process satisfies the dynamics

N, f
X =x+ct—s) — Z Yj+/(a_n)mdr
N

ijr+1
t t
+ /nXi'X’”dr—i—/anrdBr, (1.1)
s N
with the convention that Z?‘:l = 0. When s = 0, we write X7 .

Definition 1.1 We say that # = (7;);>0 is an admissible strategy if it is a F;-
progressively measurable process such that

Pllm/| <Az, 0<t <T]=1.

Note that the constant A, may depend on the strategy, and Eq. (1.1) has a unique
solution (see Theorem V.7 in Protter 2005). We denote the set of admissible strategies
with A.

A utility function U : R — R is defined as a twice continuously differentiable
function, with the property that U (-) is strictly increasing and strictly concave. We
consider the optimization problem consisting on maximizing the expected utility of
the terminal wealth at time T, i.e. we are interested in the following value function:

W(s,x) = sup E[U (X7"7)]. (1.2)
reA

We say that an admissible strategy 7 * is optimal if W (s, x) = E[U(X?x’”*)].

The main results of this paper can be summarized as follows: when the risk prefe-
rences of the insurer are exponential, the optimal investment problem described above
can be solved explicitly and, for the optimal investment strategy, it is possible to obtain
an estimate of the associated ruin probability.

2 Verification theorem

In order to find a solution to the optimal investment problem formulated in (1.2) we
will use dynamic programming techniques. The dynamic programming approach is
suitable in view of the Markov structure of the stochastic processes involved in the
model. See, for instance, Fleming and Soner (1993) for a general background in the
theory of optimal stochastic control. The Hamilton—Jacobi—Bellman (HJB) equation
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associated with the optimal stochastic control problem is given by

0= +max] Z#28Y )+ Gam )+ 0
= —U, X Xy—n ——=U, X mla — X)— (U, X
Y Ter | 27 ax2 GO

—i—C%(I,x) - A/[V(z,x — ) = V@, 0)]v(dy), @
R

with terminal condition V (T, x) = U (x). Next we establish a verification theorem,
which relates the solution of the HIB equation (when it exists) to the value function
(1.2).

Theorem 2.1 Assume that there exists a classical solution V (¢, x) € C12([0, T]xR)
to the HJB equation (2.3) with boundary condition V (T, x) = U (x). Assume also that
foreachm € A

T
//E|V (s, X7 - y) -V (s, X;T_) Pv(dy)ds < oo 2.4)
0 R

and

A 2
/ |: (s, X7 )i| ds < 0. (2.5)
0

Then, for each s € [0, T], x € R,
Vs, x) > W(s,x).
If, in addition, there exists a bounded measurable function t* : [0, T] x R — R such

that

2 82

0° 507V A%
n°—(t,x) + (m(a —n) + UX)—(t,x)} ,
0x 0x

7*(f, x) € argmax,, . [7

thenm = mw*(t, X f_*) defines an optimal investment strategy in feedback form if (1.1)
admits a unique solution X¥~ and

V(s x) = W(s,0) =EU [ X3,

In order to prove this theorem we need the following lemma. Its proof can be
adapted from Lamberton and Lapeyre (1996, Lemma 7.2.2) and will be omitted.

Lemma 2.1 Let ¢(t, x,y) : Ry x R x R — R be a measurable function such that,
foreach'y € R, the function (t, x) — ¢(t, x, y) is continuous and let (X[ );>0 be the
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right continuous process defined in (1.1) for an admissible strategy w. Assume that
foreveryt € [0, T]

t
E /w/@%kwdwuw < 0.
Then the process (M;):>o defined by

N
Ml‘zzd)(.’:]ax?/a /ds/¢ S, Xg‘ ?y "'(d)’)»
j=1 0 R

where 1, = inf{t > 0, N, = n}, is a square integrable martingale and
—A/ds/¢ SX” v(dy)

Proof of Theorem 2.1 Givent € A,0 < s < T and x € R, Ito’s formula implies
that, forany r € [s, T),

is a martingale.

r

V@X%ﬂ—vun+/

N

v S,X,TT

Ey (6. X707 dt

r
+/2—Z(I sxn){c+(a_n)nt_+nxsxn}d

N

2 a2
o 2°V sxT\ 2
T G X

N
r

b3V ) =Y X [ G (X ona,

<t<
S<t=<r s

,
A%
=V, x)—l—/ a7 (t X&x,n)dt

s

-

aV .

+ / . (1, X;’_x’”) {c+ nX;7"" + (a — mm,-}dt
s

2 2
o 0°V $,X, 2
5 [ G exe

N
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r

[ [V X7 = 9) = v () odyar

t— I

Y / / [V (1 X557 — 3) = V (1, X7 ] w(dy)ds
—{—/B—V(I,XS’X’H)GJdeBt. (2.6)

The last term is a martingale because it is an stochastic integral with respect to Brow-
nian motion and the integrand satisfies (2.5). Moreover, defining

¢, x,y):=V(t,x—y)—V(t, x), 2.7

and the stopping times as (7;) j>1, we have that

Ny
2 ¢(t~”X:X’”’ Yf) =2 (VX)L xpT)

j=Ns+1 ! s<t<r

From the previous lemma, the term

DUV (e xT) =V (. x1)] - x// [V (e, X7 —y) =V (t, X)) ] v(dy)dt

t=r 0 R+

is a martingale. Now, using the hypotheses that V solves the HIB equation (2.3) and
since the probability of a jump at a fixed time ¢ is zero, taking expectations on both
sides of (2.6), it follows that

,
BV (1 X7) = VGs.x) 4 B [ 47V (1.X7"7) ar
s
r

V(s, x) —I—E/ sup ATV (¢, XT) dt
TeR

IA

N

= V(s, x), (2.8)

where A7 is the operator
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. A% v
AT(V(t,x) = 3(&)6) + E(t,X)(CvLm(a — ) +nx)

2 2

0% ,0°V
+ —; —z(t, x) + )»/[V(t, x—y)—V(, x)]vdy). 2.9)
2 0x

R
Letting r = s, we get
Wi, x) < V(s, x).

The assumptions stated in the second part of the Theorem imply that 77 * is an admissible
feedback control. Repeating the above calculations with 7, = 7*(¢, X f_*), it follows
that inequality (2.8) becomes an equality. Hence,

V.0 =E[U (X37)] = W,
and together with the first part implies that
Vs, x) = W(s,x).

When s = T the theorem follows directly from the terminal condition V (T, x) =
U(T, x). O

Remark 2.1 In the next section a closed form solution to the HIB equation (2.3) will

be found if the insurer has an exponential risk preference. Also, an estimate for the
ruin probability when the optimal investment strategy is followed will be obtained.

3 Explicit solutions for exponential utility function

In this section we will obtain an explicit solution to the HIB equation (2.3) when the
utility function is of exponential type, i.e.

Ux) =—e 7%,

Also, using the verification theorem proved in the previous section, an explicit optimal
strategy 7 * will be found.

In view of the form of the utility function and the dynamics of the wealth process
X[, we propose as solution to the HJB equation the function

W(t,x) = —K;exp {—yxe"T 1}, (3.10)
where the function K, will be defined below.
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From the definition of W (¢, x) we have that

ow

= = (=K = Kilyxne" ™y exp {—yxe”T0), (3.11)
aw
i K, exp {(—yxe"T =D}y enT=0, (3.12)
X
3w
- = —K,y?e? T exp{—yxe"T =0} (3.13)
X

and

A / [W(x — y) — W)Iv(dy)
R

= —K;hexp {—yxe"T 71} / lexp {yye"T=D) — 1lu(dy) | . (3.14)
R

Substituting expressions (3.11-3.14) in (2.3), we obtain
—K| — K;yxne™ ™D £ K, (c + nx)ye" T

1
+ max [—5027121(,)/262'7(T_t) + K;y(a — n)ne”(T_t)]
Yy / [exp{yye T} — 1]u(dy)
R
= _Kt/ —+ K,«C)/e"(T_t)
1
+ max [Klen(T—t) [_Eazﬂzyzew—w tyla— n)ﬂ“

Y9 / [explyye T} — 1]v(dy). (3.15)
R

and the maximum in the last expression is attained at

a f—
¥t x) = —zne_”(T_t).
o

Substituting 7 * in (3.15), we obtain the following first order differential equation for
K t-
l(a—n)?

K;—K,[z =

—AB + cye”(T_’):| =0, (3.16)

where

B = / [explyye" ) — 1]v(dy).
R
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168 B. Fernandez et al.

In view of (3.10), the terminal condition W(T, x) = —e V¥ will be satisfied when
K7 = 1. Hence, the solution of the ODE (3.16) is given by

T
1 (a—n)? c
K; = exp —5(0—2”)0 -0+ %[1 —e”(T_”]JrA/ﬁsds
t

Remark 3.1 When the interest rate 1 is zero, B, is independent of ¢. In this case its
constant value is denoted by S.

Theorem 3.1 Assume that

/exp{4yye"r}v(dy) < 0.
R

Then, the value function defined in (1.2) has the form

T
1 2
W(t, x) = —exp —5(“0—2")(T—t)+%[1 —e"<T—f>]+,\/,3sds
t

cexp {—yxe"T D), (3.17)
and

a—
T (t, x) = —znefn(Tft)
yo

is an optimal strategy.
In particular, when n = 0 we have that

W(t, x) = —exp —%5—20 O+ ey(T = +AB(T —1)te’*  (3.18)

and

T, x) = —.
(t, x) v o2

Proof We have checked already that the function W (¢, x) defined in (3.10) solves the
HIJB equation (2.3). Now, we would like to apply Theorem 2.1 and, in order to do
that, we shall verify first that the needed assumptions are satisfied. Let 7 € A be
an admissible strategy. Next we get an estimate which yields the first condition (2.4)
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when n = 0. Observe that substituting the definitions of W (¢, x) and XJ we get
E / W, X — ) = W, XT)Pv(dy) = K/Eexp(—2y X7} / [e” — 11Pv(dy)
R R
- Kf/[eyy — 11%v(dy)Eexp{—2y X™ ) (3.19)
R

= K? / [e"Y — 1]%v(dy)e 2 ¥ FeD

R
t 1 Nr,
-Eexp —Zya/nrdr—2y0/n,dB,+2yZYj
0 0 j=l

(3.20)

Now, define the following exponential martingale

t T

1 2 2 2
L; =exp{—4yo | ndB, — 5(4)/) o wrdr
0 0

Notice that Novikov’s condition is satisfied in view of that strategy 7 is bounded (by
constant A ), according with the definition of admissible strategies. Then, from the
independence of Ny and Y;, j = 1,2, ..., and using Holder’s inequality and the form
of the moment generating function,

t t N[,
Eexp —2ya/n,dr—2yo/n,d3,+2yZYj
0 0 j=l

t

=Eexp / [—2ya7rr + 8)/20271,2] dr

0
N, 1/2
L7 exp {4y DY,
j=1
N, 1/2
< e[2y\a|A,,+8y202A72r]T{ELt}l/Z Eexp {4y ZYJ
j=1

— ([2vlalAz+8y?e? AT T exp %t /e4yyv(dy) —1

R
< Q.
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In order to prove the second condition (2.5), notice that
Elm, Wy (1, X™)? < A2y ?Ee 250 (3.21)

Then, using the same arguments given after (3.19), it follows that the right-hand side
of (3.21) is finite. Now, once we have verified the hypotheses of Theorem 2.1, it can
be applied to derive the results of the theorem.

When the interest rate 7 is non-zero, we apply the following argument. Given X7
the unique solution of (1.1), set

X7 =" T-0XT =" T e,
b(dy x dt) := " T Dudy x dt), § =T,
where v(dy x dt) is the random Poisson measure associated with the Poisson process

(N1)r>0 and the distribution v(dy) of the random variables (¥;) j>1. Then, X 7 solves
the equation

t

t t
X7 =x+ /[(a — )7y + & 1dr +/on,dB, —//yf)(dy x dr),
0 0 0 R

which corresponds to the case when the interest rate is zero, with drift « — n. Hence,
the results can be derived from the first part of the proof. O

4 Ruin probability

In this section we shall estimate the ruin probability when the insurer follows the
optimal strategy obtained in the previous section, and we show our results include
those of Gaier et al. (2003).

Recall that the wealth process associated with the optimal investment strategy 7 *
is given by

Al [ (a—n)>
X = t—>Y; e 1Ty
r =x+c z fi +/ Vol e r
Jj=1 0
t t
+ / nX*dr + / @) @=ngp  forn>0.  (422)
yo
0 0

On the other hand, it is clear that

P[X} <0, forsomes € [0,¢]] = P |: sup —X; > 0:| . (4.23)
s€[0,1]

@ Springer



Optimal investment strategy with maximal risk aversion 171

The upper bound for the ruin probability will be proved with the aid of the following
result, which is a particular case of Lemma 3.1 in Denis et al. (2005).

Lemma 4.1 Let (H;):>0 be the process defined by:

t t

Ny
H =z +/asst +/bsds +> v t=0. (4.24)
0 0 i=1
where
1. (Bt)r>0 is a standard Brownian motion,
2. The process (a;)>o is predictable,
3. (bt)s>0 is adapted,
4. The last term is a compound Poisson process, i.e. (N;);>o is a Poisson process

with intensity . > 0, independent of the jump sizes (Y i/)iZ 1, both are independent
of (By)r=0-

Assume that

(i) E(fyalds) < ooforallt >0,
(1) (b;)r>o is integrable,
(iii) The law of the non-negative, non-degenerate i. i. d. random variables (Y,-/)izl
admits a Laplace transform L(r) for0 <r < K < oo,
(iv) There exist 0 < § < K and a constant M;(8) > 0 such that for all s € [0, t],

N

N
82
S/b,,du + E/aidu + As(L(8) — 1) < M,(8), a.e. (4.25)
0 0

Then, for each § > 0 such that M;(5) > 0 we have

P [sup H, > 0} < ST M) (4.26)

s<t

Proof We have

P (supHs > 0) =P (8supHS > O)
s<t §<t

< P( sup M > exp (—z8 — Mz(5))),

0<s<t

where (M;),>0 is the martingale defined by

N S

N,
t 82
M, = exp |6 /cxudBu +> ¥ | - ?/aﬁdu —as(L@8) — 1)
0 i=1 0
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172 B. Fernandez et al.

(M;);>0 is a martingale since it is the product of a continuous martingale and a pu-
rely discontinuous one. The maximal inequality for exponential martingales gives the
result. O

Observe that inequality (4.26) can be useful if 6z + M; () < 0, as will be the case
when we obtain a bound for the Ruin Probability in the following Proposition.

Proposition 4.1 Assume that

1. The law of the random variables (Y;);>1 admits a Laplace transform L(r) for
0<r <K <o0if K <oo, lim_g L(r) = oo, and the following safety
loading condition is satisfied

_ 2
(c n M) e T 20 >0, ify=0, 4.27)
]/O'

where E[Y1] = 6. Then, the ruin probability satisfies

P |:Sup—X: > O] <7,

s<t

where 8% is the positive root of the equation:

N2 20 N2
hy(8) = =6 (c + (ayTZ)) e M 4 %(ayz—a'?ﬂ” +A(L©S) —1)=0.
(4.28)

2. In addition, if n = 0, and % <y < 91, where 8! is the root of the equation

h'(8) = —8c + AML©G) — 1) =0, (4.29)

then
s < 5% (4.30)

Proof 1. Tt is clear that for > 0, we can not apply Lemma 4.1 to the process
—X7,t > 0. We will use two auxiliary processes Z;, Z,l, t > 0 defined by:

Zi =X, 4.31)

)2 N Fa—
Zl = x+ (c n M) =Sy + / 47N -1Typ,. (4.32)
yo yo
0

i=1
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By the integration by parts formula we have

t < [ pla—n)?
Zi=x+ [ e Tedr — Ze_"ff Yi+ [ e " ———e 1T gy
j=1 yo?
0 =

t t t

a—
+ /ne_”rX;*dr +/e_’7r—ne_"(T_r)dB, — / ne " X dr

yo

0 0 0

t N; t 5
=x+ / e "edr — Ze*’m Y; +/ Me*”dr
0 j=1 0 ve
t
+ / “V;O_”e—"TdB,. (4.33)
0

It follows that
~Z, <=7}, t>0
and since
X7 <0 ifand only if Z; <0,

then

P|sup —X*>0|=P| sup —Z;,=0|<P| sup —Z! >0].
0<s<t 0<s<t O<s=<t
For each § > 0 let M;(§) = th;(§). Note that
lim h,(8) = oo,
ok n(9) =00

since if K < oo by hypothesis lims_, x L(§) = oo, and if K = oo, we have
a positive quadratic term. Then, there exists § > 0 such that M,(§) > 0. Then,
applying Lemma 4.1 to the process —Ztl, we obtain

P |: sup — X7 > 0} <P |: sup —Z} > o} < o Ox M),

0<s<t 0<s<t

The existence of a positive root follows from the continuity of 4, () and the fact
that 11,,(8) < 0 in a neighborhood of 0 since for § > 0,
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@) (C G n)2) T
2

8 yo
2
dla—n" or + AMLEG) — 1)
2 ylo? )

From the safety loading hypothesis (4.27) we have:
hy(8 —n)?
lim h©) =— (0+M)e_'ﬂ+)»6 <0.
§—>0 6 yo

Then, there exists §* > 0 (the root of Eq. 4.28) such that

P| sup —X; < e 0,
0<s<T

If n = 0, we can apply directly Lemma 4.1 to the process X;".

2. Finally, to prove the second part of the Proposition we only need to verify that
st < 5%,
Note that substituting 8! in Eq. (4.28) for n = 0, we obtain:

ho(81) = _51“_2 + ©6h? @
yo? 2 yZo?’

Observing that ho(8') < 0 if and only if % < y, the result follows.
(]

Remark 4.1 Equation (4.29) corresponds to a Cramér Lundberg Process without
investment, 8! is the Classical Lundberg parameter, and (4.30) says we can have a
better exponential rate in the case with investment.

Remark 4.2 The case n = 0 is simpler than n > 0, but it is important in view of
(4.30). Here,
N, t 5 t
N a a
X' =x+ct— Z Yi+ | —dr+ | —dB,, (4.34)
14

i=1

the safety loading condition becomes

2
c+ >0, ifn=0, (4.35)
yo
and
a? 82 a2
ho@8) = =8 e+ ——t + =9 L HLE) -1 =0. (4.36)
yo? 2 y202
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Remark 4.3 For each y > 0, let §(y) the root of ho(8) as in (4.28). (Recall that in
this case n = 0.) If we let M(y) = V“—J, then we have

0 =ho(6(y)) =ho(6(y), M(y))

M §(¥)?
—5(y) (c+ ;”“)+ (g) MO + ALGG)) — 11.

Using the implicit function theorem, it can be shown that §(y) is a maximum when
8(y) = y. In this case we obtained the same upper bound for the Ruin Probability
as in Gaier, Grandits and Schachermayer Gaier et al. (2003), and the asymptotically
optimal strategy obtained by Hipp and Schmidli Hipp and Schmidli (2004).

Proposition 4.2 Assume that the random variables Y;, i > 1 are exponentially dis-
tributed with mean 6 and

e 7
O0<y < 4.37)
Then
la—
W(t, x) = —exp [—-a =0+ Lp— e
o n
A 1—y6
_= I S . _ n(T—1)
;. log (1 — y@e’l(T—’))] exp {—yxe }.
In particular, if n = 0, and
0 1
<y < -,
=9
then
la Y0 —yx
W(t,x) =—expl—=—5(T —t) +cy(T —1t) — X (T —t)pe 7~
202 1—y0

Proof In this case the function B, is given by
o0
B = é/ [eXp {yye" T} — 1] eVidy,
0

Then B; is finite if and only if

e~ (T —1)
O0<y< —g forallt € [0, T],

which is equivalent to expression (4.37).
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Under this condition
1 Oyne"T=0
b= T ayer

1dlog
_ - 1—v0 n(T—t))’
dt ( yoe

and we get

1—vy0
o= 22

In particular if n = 0 we have

y0
B =——,
1—y6
y0
ds = T —1).
/ﬂs § 1 — )/9( )
t
The proof is complete. O

In the exponential case, for n = 0, h(8) becomes

2 2 2 2

a-0 a a a
ho(8) = ———8% — —)o+——1)s s —6r). (438
o® 2y%02 ((C+V02) +2V2<72) +(c+ 202 ) (*39)

For each y € (0, 1/0) we obtain a positive root §(y) of kg of the form

2,2 2,,2 2 2,,2
a)/ 1 cocy 1 2 ((c —AB)o*y
5(y) = +y+%+\/(7+y+%) _g(a—2+1_

5 Numerical examples

In order to illustrate the behavior of the ruin probability for infinite horizon when the
optimal strategy of investment 7, = # is applied, we present some numerical results
for the case where the claims are exponentially distributed, with the parameter values
used by Hipp and Plum (2000), and for different values of y € (0, 5). The parameters
have the following values:a =0 =0 =A=1,c=2,andn = 0.

Graph 1 shows how the root §(y) of ho(§) varies for different values of y. For our
data the Lundberg parameter for the classical case 8! is 0.5. The maximum value of
8* is obtained at 0.640388 and for y € (0.25, 0.9] the root is larger that 0.5.
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Modified Lundberg parameter: 5 (Y)
0.75

0.65 +{——8(Y) —
0.55

0.45 -~
0.35 /

0.25 pre

0.15

Graph 1

Let
N/ t a2 t a
Q=Y —cr—/mdr—/y—adBr, (5.39)
i=1 0 0

denote the surplus; observe that Q; = x — X/. Let t(x) = info<;<ooft > 0|Q; > x},
we are interested in estimating

Plt(x) < o0] = E(]lr(x)<oo)~

We use a Monte Carlo method with importance sampling to estimate the ruin
probability. These problems can be handled if we change the probability measure
to one that increases the probability of occurrence of {t(x) < oo} (via importance
sampling). Asmussen (2000, Chap. XI) used an exponential change of measure for
the classical case. In our case, we propose the probability measure P* obtained from
P by the Radon—-Nykodim derivative

AP 50.w-t@ho()
dp ’

where /¢ (8) is given by (4.38). If we choose as §, the root §* of A, the calculation of
the ruin probability reduces to

E(l{z(x)<o0) = E¥ (€™ C @ I (1)<00])-

With this method we obtain a considerable reduction of the variance (which implies
that fewer paths are needed for the Monte Carlo simulation). The diffusion part of the
process was approximated by the Euler method with N time steps. The very nature
of Euler’s scheme gives lower bounds for the ruin probabilities. When § = §* the
estimation is optimal in an asymptotic sense, and for variance reduction, the variance
is bounded by ¢20"x,

Graph 2 compares the probability of survival, for values of z € [0, 6] for y =
0.640388, y = 0.3 and when there is no investment. Observe that is smaller when
there is no investment.
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Survival Probability
- //»M
0.8

—8—Y=.6404
0.7 / —&—no investment|]|
/ —>—Y =3

0.6

0.5 1 1

Graph 2

In the following table we show the 95% confidence intervals obtained numerically
versus the bound e=%"* (Proposition 4.1), for T = 100, y = 0.640388, n = 0,
and 100,000 paths. As before, the diffusion part of the process was approximated
by the Euler method. Here we used N = 100 and 10,000 time steps. Note that the
numerical scheme used, due to the discretization, can only give lower bounds for the
Ruin Probability.

X N =100 Upper bound N =10, 000

1 [0.1928,0.1947] 0.5270 [0.2374,0.2397]

2 [0.1022,0.1032] 0.2778 [0.1170,0.1182]

3 [0.0541,0.0547] 0.1464 [0.0619,0.0625]

4 [0.0287,0.029] 0.0772 [0.0323,0.0325 ]

5 [0.0151,0.0152] 0.0470 [0.0171,0.0173 ]

6 [0.0079,0.0080] 0.0214 [0.0091,0.0092 ]

7 [0.00418,0.00422] 0.0113 [0.00450,0.00454]
8 [0.00221,0.00223] 0.0057 [0.00253,0.00255]
9 [0.00117,0.00118] 0.0031 [0.00132,0.00133]
10 | [0.00061,0.00062] 0.0016 [0.00071,0.00072]

The table shows that as N is larger the approximation of the Ruin Probability
improves by increasing, and it is always lower than the upper bound, as expected.

6 Concluding remarks

We have presented an explicit solution to the HIB equation associated to the optimal
investment problem of an insurance company when the utility function is of exponen-
tial type with parameter y > 0. An optimal solution was derived from the previous
equation and exponential bounds for the ruin probability were found.

For the case without investment in a bond we can compare our results to other in the
literature: we obtained an optimal value of y that gives us the same upper bound for
the Ruin Probability as in Gaier et al. (2003), and the asymptotically optimal strategy
obtained by Hipp and Schmidli (2004).
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We can conclude that there is a deep relationship between maximizing the
exponential utility function and minimizing the Probability of Ruin, supporting Fer-
guson’s conjecture.

Numerical simulations were used to compare the survival probability for different
values of y. Finally, we compared numerical estimations of the ruin probability with
the upper bound obtained.
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