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Abstract

This note concerns the asymptotic behavior of a Markov process ob-
tained from normalized products of independent and identically distributed
random matrices. The weak convergence of this process is proved, as well as
the law of large numbers and the central limit theorem.

1. Introduction

Motivated by the study of ergodic properties of dynamical systems, the anal-
ysis of the asymptotic behavior of products of random matrices can be traced back,
at least, to the early sixties. Fundamental results were obtained in Furstenberg and
Kesten (1960), Furstenberg (1963) and Oseledec (1968). The first of these papers
considered a process {M,,} taking values in the space of k X k real matrices en-
dowed with an appropriate norm || - || and, assuming that the M,s are independent
and identically distributed (iid), the authors studied the grow rate of the products
M,, --- M, given by

lim || M, M, _y --- M||*/™.
n—oo
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It was proved that such a limit exists, and the law of large numbers as well as
the central limit theorem were established; later on, Fustenberg and Kifer (1983)
studied the asymptotic behavior of the vector norms

H]\4n]\4n—1"'j\4lx||1/n7 XERk.

In the fundamental papers mentioned above, the main issue was to study the asymp-
totic growth of the products M, - - - M7, and the theory of Lyapunov exponents was
developed from logarithmic transformation of the products. In recent years, ap-
plications of products of random matrices in statistical physics, chaotic dynamical
systems, filtering and Schrodinger operators has motivated a deep study of this
theory; see, for instance, Cristiani, Paladin and Valpiani (1993), Atar and Zeitouni
(1997), Bougerol and Lacroix (1985) and Carmona and Lacroix (1990).

On the other hand, the assertion in Furstenberg and Kifer (1983) that ‘there
are simple questions that are unanswered’, can be completed requiring also simple
answers to simple questions. This work deals with some of those problems proving
the central limit theorem and the ergodic theorem for the Markov process explained
below using basic tools of probability and linear algebra. More precisely, the present
note is concerned with the process

MnMn—l "'M1X, (11)

when the matrix valued random variables M, Ms,... are iid and the vector x €
R* has nonnegative components. However, the focus of the paper is not on the
asymptotic growth already studied in the literature, but on the limit properties of
the probability vector X,, obtained by projecting (1.1) over the probability simplex
in R*. The process {X,} obtained in this way is a Markov chain and, under the
mild (communication) conditions in Assumption 2.1 below, the main objective of
the paper is to prove that {X,,} converges weakly and, more remarkably, that the
law of large numbers and the central limit theorem hold; see Theorems 2.1-2.3
in Section 2. Even though some limit theorems have been obtained previously
by Hennion (1997), see also Mukherjea (1987), the techniques used in this paper
are completely different with simple arguments based on fundamental theorems of
probability theory and linear algebra.

The motivation to study the asymptotic behavior of the process { X, } just de-
scribed, comes from the analysis of partially observable Markov chains {5} evolving
over the finite set {1,2,...,k} and endowed with a risk-sensitive performance index.
In such models, the true state of the underlying chain is not directly observed, but
at each time ¢ the analyzer gets a signal Y; and knows the probabilities @, of the
true state S; = z when the observed signal is Y; = y. The vector X; represents the
beliefs about the true unobservable state at time ¢ given the available information
up to time ¢, and the transfer matrix M; is determined by the transition matrix
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of the chain {S;}, the matrix [@, ] relating observable signals and unobservable
states, and the costs incurred while the system is running. In this context, the
specific assumptions made below on the matrices M,, are satisfied when the ma-
trix [Qy ] has positive entries, and the unobservable chain {S;} is communicating;
see Fleming and Herndndez-Herndndez (1999) and Cavazos-Cadena and Herndndez-
Hernéndez (2004) for details. The arguments used to establish the main conclusions
of the paper combine algebraic and probabilistic ideas. The main algebraic tool is
the contraction property of positive matrices with respect to Birkhoff’s distance
(Seneta, 1980, Cavazos-Cadena, 2003). On the other hand, the probabilistic part is
based on the introduction of ‘delayed’ processes which are probabilistic replicas of
{X,}.

The organization of the paper is as follows: In Section 2 the structural As-
sumptions are precisely formulated, the Markov process { X, } is introduced, and the
main results are stated in the form of Theorems 2.1-2.3. Next, the basic technical
preliminaries involving Birkhoff’s distance and the delayed processes are given in
Section 3, and these results are used in Sections 4 and 5 to prove the weak conver-
gence result stated in Theorem 2.1, and the strong law of large numbers in Theorem
2.2, respectively.

On the other hand, the proof of the central limit theorem stated as Theorem
2.3 is substantially more technical, and the necessary preliminary results, concerning
the summations S, = Y., (f(X,) — E[f(X,)]) where f is a Lipchitz continuous
function, are presented in Sections 6-9. In Section 6 it is shown that E[Si] =
O(n?), and in Section 7 it is proved that { E[S2]/n} is a convergent sequence. Next,
these results are used to establish two fundamental properties of the family W of
weak limits of the sequence {S,,/y/n} of normalized averages. Section 8 concerns
a uniform differentiability property of the characteristic functions of the members
of W, and in Section 9 the following divisibility property is established: Given a
positive integer m, each v € W is the distribution of a normalized mean of m iid
random variables whose common distribution also belongs to W.

After these preliminaries, the central limit theorem is finally proved in Sec-
tion 10.

NOTATION. Throughout the remainder N denotes the set of all positive inte-
gers. Given k € N, R¥ is the k-dimensional Euclidean space of column vectors with
real components. If S is a metric space, B(S) denotes the class of Borel subsets
of S, whereas P(S) stands for the space of all probability measures on B(S). On
the other hand, if f:S — R is a given function, ||f|| denotes the corresponding
supremum norm, i.e., || f|| :=sup,cs |f(2)|.
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2. Random probability vectors and main results

Throughout the remainder {M,} is a sequence of k x k random matrices
defined on a probability space (€2, F, P), and the following conditions are supposed
to hold.

ASSUMPTION 2.1.
(i) My, M, ..., are independent and identically distributed (iid);
(ii) all the entries of each matrix M; are nonnegative;
(iii) there exists an integer N as well as By, By > 0 such that

PBlz(MlMQMN) '>B07 iaj:1a27""k =1

1] =

Notice that under this assumption the following statements are always valid:
For different positive integers ni,ns,...,ny

By > (My, My, - Myy),; > By, P-as. (2.1)

and foreachn eNand j =1,2,...k

k
> (M), ; >0, P-as. (2.2)

i=1
Next, let P, C R* be the space of k-dimensional probability vectors, i.e.,

k
Pk:{x:(:cl,...,xk)’mzo, i=1,2,...,k, inzl},

i=1

and denote by 1 the vector in R¥ which has all its components equal to 1. Using
this notation, (2.2) can be written as

U'M,); >0 P-as. forall j=1,2,....,k, neN. (2.3)

DEFINITION 2.1. Let x € Py, be arbitrary but fixed. The sequence {X,,} of
random probability vectors is recursively defined by Xy: = x and

1

Xpyi=——7—
ll/Man—l

M,X,_1, neN; (2.4)

by (2.3), the right-hand side of this equality is well-defined P-almost surely.
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REMARK 2.1. From (2.4) it is not difficult to see that

1

Xy=-—
WM, - M X,

Mn"'MlXo, TLEN, (25)
so that if Xy = e;, the i-th vector in the canonical basis of R¥, then X, is the i-th
column of the product M, - - - M7 normalized in such a way that its components add
up to 1.

From Assumption 2.1 and Definition 2.1 it follows that {X,,} is a Pj-valued
Markov process, and the main objective of this note is to study its asymptotic
behavior. For each n € N, let u,, € P(Py) be the distribution of X,,, i.e.,

pn(A) := P[X, € Al, Ae€B(Py). (2.6)
The main results of this work are stated in the following three theorems.

THEOREM 2.1. There exists ji € P(Py) such that pi, —s . Moreover, p does
not depend on the initial state Xo = x.

It is not difficult to see that € P(Py) in this theorem is the unique invariant
distribution of the Markov process {X,}, and Theorem 2.1 is analogous to the
classical result for discrete-time Markov chains evolving on a finite state space: If
such a chain is communicating and aperiodic, then the rows the n-th power of the
transition matrix T converge pointwise to the unique invariant distribution of 7.

Next, for each y € Py, let 6, € P(Py) be the Dirac measure at y, i.e., for
Ae B(Pk),

1, ifyeA,
by(A4) = {0, otherwise,
and for n € N define the empirical measure fi,, € P(Py) associated to X1, Xo,..., X,
as follows:

fin(A) = % > 6x,(A), A€ B(Py). (2.7)

The following is the ergodic theorem for {X,,}.

THEOREM 2.2. Let i € P(Py) be as in Theorem 2.1. In this case, i, —s i
with probability 1. More precisely, if f:Pr — R is a continuous function, then as
n — oo

P = = 375X — [ feodx) =t (1), Pras.  (28)

P — Pr

The next result is a central limit theorem, and provides conditions under
which the (appropriately) normalized deviations of the time average [, f ()i, (dx)
around the limit value p*(f) in (2.8) approximate a normal distribution.



188 R. CAVAZOS-CADENA and D. HERNANDEZ-HERNANDEZ

THEOREM 2.3. Let 73,_: be the set of all of x = (x1,...,2x) € Py with z; >0
foralli=1,2,... k, and assume that f: P;‘ — R is Lipschitz continuous, i.e., for
some constant Ly

If(x) = fI < Lyllx —yll, xy€P;, (2.9)

where ||v|| denotes the Euclidean norm of v € RE. In this contest, the following
assertions (i) and (ii) hold:
(i) limp—oo ~Var (31, f(X;)) =:v < oo exists and, moreover, v does not depend
on the the initial state Xy = X.
(ii) Asn — o0

Jn M —uw ()] S N(0,0), (2.10)

where N (0,v) is the normal distribution with mean 0 and variance v, and
following the usual convention, if v is null, N (0,v) is interpreted as the unit
of mass at zero.

Before going into the details of the proofs, let w € R* be arbitrary, and notice
that application of Theorem 2.3 to the function f(x) = w’x leads to

"X,
nwl |:Zl;; _:U’*:| i}N(Oavw)a

where

wt= /Pk xpu(dx) (2.11)

is the mean of the invariant distribution g in Theorem 2.1, and vy, =
lim n~'w'V,w where V,, is the variance matrix of X; 4+ --- + X,,. Since this

n—oo

latter limit exists for each w € R”, it follows that {n‘llean} is a convergent
sequence for every wi, wy € RF, so that

lim n~'WVar (X; + -+ X,,) =V (2.12)

n—oo

is well-defined and does not depend on the initial state Xy = x. Therefore, vy, =
w'Vw, and it follows that

nw' [Z:l_anZ — ,u*} LN (0, WTVw).

Since this convergence holds for every w € R*, Cramer’s theorem yields the follow-
ing.
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COROLLARY 2.1. Under Assumption 2.1,
"X
Vi |[EE ] oaiom)
n

where pu* € Py and the k X k matriz V' do not depend on the initial state Xy = x
and are specified in (2.11) and (2.12), respectively.

The proofs of Theorems 2.1 and 2.2, based on the preliminaries contained in
the following section, are presented in Sections 4 and 5, respectively. On the other

hand, the proof of Theorem 2.3 is substantially more technical, and will be given in
Section 10 after the necessary tools are established in Sections 6-9.

3. Basic preliminaries

This section contains the fundamental technical results that will be used to
establish Theorems 2.1-2.3. Firstly, the essential algebraic tool, concerning a con-
traction property of positive matrices, is briefly discussed.

Birkhoff’s Distance. Let Cy, be the positive cone in R*, i.e.,

Cri={xecR:2;>0, i=12,...,k},
so that the set P, of positive probability vectors is given by

Plj = C N Pk.

On Cj, define the Birkhoff (pseudo) metric by

l’i/yz‘
d = 1 C 3.1
s(xy) = max log (zj/y) X,y €Ck (3.1)
so that
dp(cx,dy) = dp(x,y), X,y €Cr, ¢,d>0, (3.2)

and if x,y € P/, then dp(x,y) = 0 leads to x = y. Thus, dg(-,-) induces a
genuine metric on P;", and it is not difficult to verify that this metric is topologically
equivalent to the Euclidean one. The contraction property in the following lemma,
whose proof can be found in Seneta (1980), or in Cavazos-Cadena (2003), will play
a central role in the subsequent development.
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LEMMA 3.1. (i) Let A be a k x k real matriz, and assume that for some
constants By, B1 > 0,

By >A;; > By, 4,7=12,...,k (3.3)
In this case there exists a constant
Bo = Bo(Bo, B1) <1
such that the following Birkhoff’s inequality holds:
dp(Ax, Ay) < Bodp(x,y), X,y € Cy.

(ii) In particular, if each matrizc AV, AP A" satisfies (3.3), then

dB (H A(i)X7 H A(Z)y> < 56(13(’(7 y)7 X,y € Ck
=1 i=1

Support of p,. For each a € (0,1/k], define
Ke:={x€Pp:z; > a}, (3.4)
which is a compact subset of P,j . Observing that
a<uzi/y; <1l/a, i=1,2,....k x,y€eK, (3.5)
it follows from (3.1) that
dp(x,y) <log(1/a®) = —2log(a), x,y € K,. (3.6)
On the other hand, for = € [1, ] where b > 1, the mean value theorem implies that

(x —1)/log(x) = xo for some zy € [1,b], so that x — 1 < blog(x). Given x,y € K,,

select ¢* such that
X

— max e [1,1/a].
Yir =12,k Y;

With this notation, z; —y; = vi(zi/yi — 1) < yi(ziJyir — 1) < (ze Jys» — 1) <
log(zi« /yix)/a < dn(x%,y)/a. Interchanging the roles of x and y it follows that
|7 — yil < dn(x,y)/a, and then

VEk
=yl < —=dp(x,y), xy €K (3.7)

Next, it will be shown that, for n large enough, X, takes values in a set K,.
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LEMMA 3.2. For eachn > N, P[X,, € K,] =1, where o = By/kBi, so that
tn 18 supported on Ky ; see Assumption 2.1, (2.6) and (3.4).

PROOF. Let J be the k x k matrix with all its components equal to 1. Since
X, is a probability vector, it follows that

JX, =1,
whereas (2.1) yields that
B()J S Mn s Mn7N+1 S BlJ P-a.s.,

where the inequalities are componentwise. On the other hand, from Definition 2.1
it is not difficult to see that for n > N

1
B ]l/Mn T ManleanN

Xn Mn to MTL—N-‘,—lXTL—Na

and then, with probability 1,
Boll= BoJX,, n <My M, yp1 Xy Ny < B1JX, y=5Bil

so that WM, --- My, _n+1Xn—n < Bill'll = kB;. Combining this with the last two
displayed equations it follows that X,, > (Bo/kB1)l=oll P-a.s. for n > N.

O
Delayed Processes. For each nonnegative integer n set
Y()I:Xo, Yniz MnMnfl"‘MlXo, (38)
so that 1
X, =—Y, .
Ty, (3.9)
see (2.5). Also, for nonnegative integers n and m define
Yn702: Xy, YnymZ: My, M, _4 "'Mn7m+1X07 n>m>0, (310)
and )
= o In,m, > m; .
Xn.m ]1'Yn,mY , n>m (3.11)
notice that
Xnon=Xn, n=012.... (3.12)

The delayed process starting at time m is defined as {X,44,¢:t = 0,1,2,3,...}.
Using Assumption 2.1 these definitions immediately yield the following.
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LEMMA 3.3. For each nonnegative integer m the following properties are sat-
isfied by the delayed process {X4e,¢ : t=0,1,2,...} at time m:
(1) {Xm+t,e © t =0,1,2,...} and the original process {X; : t = 0,1,2,3,...}
have the same distribution.
Consequently,
(ii) Forn>m, X, m and X,, have the same distribution.
(iil) (X1, Xo,...,Xm) and {Xpm4r,¢ : t € N} are independent.

By convenience, the following convention is enforced throughout the remainder
of the paper: For nonnegative integers n and m,

Xnm=X, n<m (3.13)

The following estimate of the distance between X,, and the delayed vector X, ,,
will be useful.

LEMMA 3.4. (i) Let By, By > 0 and the positive integer N be as in Assumption
2.1(iil), and let By = Bo(Bo, B1) € (0,1) and o > 0 be as in Lemmas 3.1 and 3.2,
respectively. In this case,

dp(Xn, Xn,m) <p"K, n=0,1,2,..., m>2N P-as, (3.14)

where
—2log(a)
BN

B=pYNe(0,1) and K=

(ii) Let {X/} be as in Definition 2.1 with Xq =y. In this case
dp(Xm, X)) <B™K, m>2N.

PROOF. (i) By (3.13), the inequality in (3.14) holds when n < m, so that it
is sufficient to consider the case n > m > 2N. Let m > 2N be fixed and write
m = (s+ 1)N +r, where 0 <r < N and s > 1. Notice that for n > m

dB(XnaXn,m) = dB(anYn,m) (315)

by (3.2) and (3.8)—(3.11), and set

N-1

Aj =[] Mu—gynv—in G=1,2,...,s. (3.16)
=0

Next, observe that (3.8) and (3.10) can be written as

Yn: HAth KL,WL:HA_?ZO’
j=1 j=1
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where

Zl = MansMansfl e M1X7 ZO - MansMansfl e MnferlX
and the right-hand side of these equalities contain, at least, N factors M;. Setting
¢i =1Z; and Z; = (1/¢;)Z;, it follows by Assumption 2.1 and Lemma 3.2 that
Z; € K, P-a.s., and in this case

dg(Zy1, Zy) < —2log(a), P-as., (3.17)

by (3.6), whereas

Y;chll_[AjZAl, Ymm:CQHAjZO
Jj=1 j=1
and (3.2) together imply that
dB (YnaYn,m) :dB HAjzl?HAjZO
j=1 j=1

By the iid part of Assumption 2.1, and observing that each matrix Aj is the product
of N factors M;, it follows that all the entries A; lay in [By, B1] P-a.s., and then

A (Y, Yn.m) < B3dp(Z1, Zy), P-as.,

by Lemma 3.1. Together with (3.15) and (3.17), this implies that

~210g(a)) _ g (~2108(0)

dB(XnaXn,m) < ﬂg(—Qlog(a)) = ﬂN(S+1)+T( /BN-‘rT ﬁ2N

and (3.14) follows, establishing part (i). The proof of part (ii) is similar.

4. Convergence to the invariant distribution

In this section Theorem 2.1 will be proved. To begin with, recall that {z,}
is a sequence of probability measures on the Borel sets of the space Py, which is
compact. Therefore, Prohorov’s theorem yields that there exists a subsequence
{ttn,.} and p € P(Py) such that

P, — 1 as T — 00. (4.1)
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PRrROOF OF THEOREM 2.1. With u € P(Py) as above, it will be proved that
the whole sequence {u,,} converges weakly to u. Recalling that u,, is supported on
the compact set K, C P,j when n > N, by Lemma 3.2, it is sufficient to show that
for every nonempty open set A C 73,':

liminf g, (4) > p(A). (4.2)
Given such a set A, for each € > 0 define

Aci={x€ A:yec Aify € P} satisfies dp(x,y) < e},

and notice that each A. is open, so that

liminf p1,,, (Ae) > p(Ae), (4.3)
by (4.1). Moreover,
A /A as e\ 0. (4.4)

Next, let § > 0 be arbitrary but fixed satisfying As # 0 and, with 3 and K as in
Lemma 3.4, select an integer m > 2N such that

K <6, (4.5)
and for n, > m set
Qyoni=d(Xn, Xn,n,) <B" K], n>n.(>m).
Then, the definition of As and (4.5) together yield
Q. n, N[ X n, € As] C [X,, € 4]
so that
pn(A) = P[X,, € Al > P[Qp n,. N[ Xn,n, € As]] = P[Xn,n, € As], n>n,,

where the equality used that P[Q,, ,,.] = 1, by Lemma 3.4(i). Using now that X, ,,,.
and X,,, have the same distribution, by Lemma 3.3(ii), it follows that P[X,, ,, €
As] = P[X,, € As] = pn,.(A), and the above displayed relation is equivalent to
tn(A) > pn, (As) for n > n,., so that

liminf p1,, (A) > pin, (As).

n—oo

Taking the limit inferior as » — oo it follows that

liminf g, (A) > liminf p, (As) > p(As),

n—oo T—00
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where the second inequality is due to (4.3) and, via (4.4), this implies (4.2). Now
let {X]} be the process corresponding to the initial condition Xy = y. Since
dp(X,, X)) < B"K P-as. when n > 2N, by Lemma 3.4(ii), it follows that
dp(X,,X!) — 0 asn — oo P-a.s.; since X,, and X, belong to K, for n > N, by
Lemma 3.2, using (3.7) it follows that || X, — X/ || — 0 P-a.s., so that X| = X,,+Z,
where Z,, — 0 with probability 1, and Slutsky’s theorem yields that { X/} converges

weakly to u, i.e., the limit distribution p does not depend on the initial state.
O

5. Ergodic theorem

In this section Theorem 2.2 will be established. The argument relies on Lemma
3.4 as well as on the two lemmas stated below. To begin with, let f: P, — R be as
in the statement of Theorem 2.2, and for each integer m > 2NN define

S =) f(Xig—vmtim)s T=23,4... (5.1)

i=1

LEMMA 5.1.
(i) For eachr=2,3,4,...

E[Sr] =mE[f(Xn)] =m » F(x)pm (dx).

(ii) The S,’s have the same distribution.
(iii) Sat, t =1,2,3,... are iid and, similarly, S1yot, t =1,2,3,... are iid.

PRrOOF. (i) By Lemma 3.3(ii), X » and X,, have the same distribution for
t > m, and then the expectation of each term in the summation in (5.1) is E[f(X)];
notice that E[f(X,,)] exists, since the support of u,, is contained in the compact
set K, C ’P,j ,and f is continuous on Pj.

(ii) Recalling that Xy = x is fixed, (3.8) and (3.9) show that for a certain
function F

(X(ms1)ams- - » Xomm) = F(Ma, ..., May,)
and
(X((rfl)m%»l),m» ey er,m) = F<M(r72)m+27 e, Mrm)§ (52)

since the matrices M; are iid, via (5.1) this yields that the variables S, are identically
distributed.

(iii) Using (5.2) it follows that for ¢ > 2,

(X((r+t—1)m+1)7m7 cee aX(T+t)m,m) = F(M(r+t—2)m+27 o 7M(T'+t)m)7
so that S’Ht depends on the matrices M; with ¢ > rm + 1; see (5.1). Since S, is a
function of the matrices M; with j < mr, by (5.1) and (5.2), the independence of

the matrices M, immediately yields part (iii).
O
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LEMMA 5.2. Asn — oo

B G
nli)rr;o P ; Sy = E[f(Xm)] P-as. (5.3)
and N
i LS (X ) = EIf(X0)] Peass (5.4)
t=1

see (3.11) and (3.13).

PROOF. By Lemma 5.1, S, Ss, Se, . .. are iid with mean mE[f(X.)], so that
lim lig =mE[f(X,,)] P-as;
oo 1 s 2r — m Doy

similarly,
1 - -
lim — Y Sopp1 =mE[f(X,,)] P-as..
ngr;on; ori1 = mE[f(X,,)]  P-as

These relations together yield

which is equivalent to (5.3). Observe now that >0 , S, = 77 | f(X¢ ), so
that (5.3) yields

) 1 nm B
HILH;O % t:;_l f(Xt,m) - E[f(Xm)} P—a.s.,

and using that X; ,, belongs to the compact set K, with probability 1 for ¢ > m,

this immediately leads to (5.4).
O

PROOF OF THEOREM 2.2. Given € > 0 let 6 > 0 be such that
|f(x) = f(y)l <e, ifx,y €K, and dp(x,y) <9,

and select an integer m > 2N satisfying ™ K < 8, where § and K are as in Lemma
3.4. In this case, via (3.14) it follows that |f(X;) — f(X¢,m)| < € P-a.s., and then

n

% S ) =Y f(Xem)| <6 Poas.
t=1

t=1
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Therefore, (5.4) implies that

limsup%Zf(Xt) < E[f(Xm)] +e= . f(X)pm (dx) + & P-a.s.

Using that m > 2N is an arbitrary integer satisfying S{" K < ¢, taking the limit as
m goes to oo on the right-hand side of this inequality, the convergence j,, — 1 in
Theorem 2.1 yields

lim sup 1 i f(Xy) < f(x)u(dx) +e  P-as.
[ P

n—oo

so that .
1
limsup — » f(X;) < f(x)p(dx) P-as.,
xrs ],

n—oo N —
since € > 0 is arbitrary. Observing that this inequality also holds with — f instead

of f, Theorem 2.2 follows.
O

6. Fourth moment of normalized means

The remainder of the paper is dedicated to prove Theorem 2.3, which estab-
lishes the asymptotic normality of the sequence {W,, }, where

"X .
e e [BEI) ] o1
and p*(f) is as in (2.8). Instead of studying the limit behavior of {W,} it is
convenient to analyze the sequence {S,,/v/n} where

n

Sy = Z[f(Xt) _E[f(Xt)]L n=123..., (62)

t=1

so that
E[S,]=0, neN. (6.3)

The argument used to establish Theorem 2.3 has been divided into four steps, and
the most basic facts are contained in this and the following section. The present
objective is to show that {W,} and {S,/\/n} have the same limit behavior, and
that the fourth moment of S, /\/n remains bounded as n goes to co. This latter
result implies that the family of distributions of the variables S, /y/n is tight—so
that it has weak limits in P(R), by Prohorov’s theorem-—and is the basis to establish
the uniform differentiability properties in Section 8. Before going any further, it is
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convenient to introduce some notation as well as a simplifying assumption that will
be enforced throughout the remainder of the paper. As in the statement of Theorem
2.3, let f: P;‘ — R be a Lipschitz continuous function. Since the distribution of X,
is concentrated on the compact set K, for n > N (see Lemma 3.2), without loss of
generality it will be assumed that the function f is supported on a compact set K/
with o’ < o. In this case || f|| is finite and, moreover, (2.9) and (3.7) together yield
that, for some constant L,

|f(X) - f(y)| < LdB(X7y)7 X,y € ,Plj (64)

Next, having in mind (3.8)—(3.13), for nonnegative integers ¢ and m define

Zy:= [(Xy) — E[f(X4)], (6.5)
and
Zy,m:= f(Xe,m) = E[f(Xe,m)], (6.6)
so that
\Zi|, | Ze.m| <201 fIl <00, and  E[Z; ] = E[Z] = 0; (6.7)
notice that .
S =71, n=1,23,..., (6.8)
t=1

by (6.2) and (6.5). Observe now that Lemma 3.4 and (6.4) together yield that
for every t € N, |f(X¢) — f(X¢,m)| < KLB™ whenever m > 2N. Setting C =
max{2| f|l, KL}/3?N it follows that

|f(Xy) — f(Xy,m)| <CB™  P-as. (6.9)
and
|E[f(Xe)] — E[f(Xt,m)]| < CB™ (6.10)

are always valid; consequently,
|Zt - Zt,'m| S 2Cﬁm P-a.s.. (611)

The next lemma yields that {W,,} and {S,/v/n} have the same asymptotic distri-
bution.

S’rl

LEMMA 6.1. Asn — oo, W, —
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PROOF. Given an integer m, let ¢ > m be arbitrary.

Since X;,, and X,, have the same distribution, by Lemma 3.3(ii), (6.10)
implies that |E[f(X:)] — E[f(Xm)]| < CB™ for every t > m, and observing that
E[f(X,)] — [p, f(x)u(dx) = p*(f) as t — oo, by Theorem 2.1, it follows that
lw*(f) — Elf(Xm)]| < CB™; via (6.1) and (6.2) this leads to

_|ZL B - (D) CEL 8 C
vn TV T VR-p)

Sn
Wn_%

and the conclusion follows.

The main result of the section can now be stated as follows.
THEOREM 6.1. Let S,, be as in (6.2). Then
1
sup - F [Sﬁ] =: By < 00.
n N
The proof of this result relies on the following two lemmas.

LEMMA 6.2.
(i) For eacht>m >0
|E[Z:Z)| < AC||FlIB™.

(ii) sup, 1E [S%] = By < cc.

PROOF. (i) Let the positive integers ¢ and m be such that ¢ > m, and write
Zy = Zy t—m+(Zi—Z4 1), s0 that E[Z,Zm] = E[Zs.s—mZm|+E((Zi—Zt. 1—m) Zom).
Notice now that Z; ;—,, depends on the matrices My, ..., My,41, so that it is inde-
pendent of Z,, which is a function of My, ..., M,,; see (3.8)-(3.11), (6.5) and (6.6).
Therefore, E[Z; 1—mZy) =0, by (6.7). Finally, (6.7) and (6.11) together imply that
El(Zy = Zyt, t—m)Zm] < AC| f]|37™, and the conclusion follows from this inequality
and the two equations displayed above.

(ii) Notice that E[S2] = Y"1 E[Z2]+2Y,.,, ElZ1Zm]; since E[Z7] < 4]|f|?,
by (6.7), via part (i) it follows that

E[S) < 4lfIP+2 ) 4C|fls™
t=1 n>t>m>1

n—1

= 4n|f|I> +8CIf1 D > g

d=1 (t,m): t—m=d, n>t, m>1

n—1 n—1
= 4n|| fII? + 8CIIf|| D 4% (n — d) < anl|f|* +8C|| f|In ) 5
d=1 d=1

so that E[S7?] < n[4] f||* +8C|| f||/(1 — 8)] and the conclusion follows.

The following simple property will be useful.
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LEMMA 6.3. Let € > 0 be arbitrary. For each a,b € R, the following inequal-
ities hold:

(1—¢)a® + (1 — §>b2 <(a+b)? < (l+¢)a®+ (1 + %)b2 (6.12)

and
1\2
(a+0)* < (1+¢e)%a’ + (1 + g) bt (6.13)

PROOF. Using that 2|ab| < a? + b* always holds, it follows that
2lab| = 2‘@@)1‘ <ot O
- e .

and (6.12) follows combining this with a? + b — 2[ab| < (a + b)? < a? + b? + 2|ab|.
Notice now that the right inequality in (6.12) leads to

(a+b)* < [(1 +€)a® + (1 + %)(Pr

and (6.13) follows applying the right inequality in (6.12) with a and b replaced by
(1+¢)a? and (1 + 1/¢)b?, respectively.

O
PrOOF OF THEOREM 6.1. Given an arbitrary integer n > 2, let {g] be the
integral part of n/2, write n as
n=m+my, m:[ﬁ], mlzn—{ﬁ], (6.14)
2 2
and observe that
my
Sn="S5m+ Y Zmir=Sm+ Sm, + D, (6.15)

r=1

where

B mi mi
Sm1: = Z Zm+r, T D:= Z[Zm+r - Zer'r, r]~
r=1 r=1

Notice now that Lemma 3.3, (6.5), (6.6) and (6.8) together imply that
(a) S, and S,,, are independent, and
(b) S, and S,,, have the same distribution.

Moreover, (6.11) yields
(c) |D| < X, 208" < 20/(1— ) =: C.

Next, let € > 0 be arbitrary and notice that (6.13) and (6.15) yield that

Sp < (1+2)*(Sm + Sy ) + (1+e71)2DY,
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and expanding (S, +S,,,)* and using that E[S,] = E[S,,,] = 0, facts (a)(c) above
lead to

B[S,] < (1+¢)? (E[Sy)

< (14)* (B[S,

< (1+2)* (B[S,

+ B[S} ]+ 6E[S2)E[S% 1) + (1 +e71)*C*
+ E[Sh ]+ 6mmB) + (1 +e1)2C*
+ E[S} ]+ 3n2B2/2) + (1 + e 1)2C*

where Bj is as in Lemma 6.2(ii) and the inequality mm; < n?/4 was used in the
last step; see (6.14). It follows that

) < op (B B g o)
n nz m n?  mj

where R(e): = (1 +e~1)2C* + 3(1 +¢)?>B3/2. Now set
E[S3
Mj: = sup %, k=0,1,2,.... (6.17)
n<2k n
Let k& > 0 be fixed. When n = 2,3,...,2", the positive integers m and m; in (6.14)
do not exceed 2¥~!, so that (6.16) implies that

E[S2 m? m?
7[12 ] <1 +E)2 (nsz_1 + 77;Mk_1) + R(e)
2
:(1+E>2 (1_(77171’”:7111)2) Mk71+R(€)7 n:2a3a"'2k'

Also, from (6.14) it is not difficult to see that 2mm; > n?/2 — 1/2, and then
(1—2mm4 /n?) < 1/2+1/2n? < 5/8 forn > 2, so that E[S2]/n? < 5(1+¢)?Mj_1/8+
R(e) in this case. It follows that
E[S}] - 5(1+¢)?
n? - 8

My_1+ R(e)+ E[S}], n=1,2,...,2%

and then

5(1+ ¢)? 5(1 + ¢)?
8 8

Selecting e > 0 such that 7(g): = 5(1 + ¢)?/8 < 1, this yields that

Mj < (R(e) + | E[S1]) /(1 = r(e)) < 003

M, < M1 + R(e) + E[S}] < My, + R(e) + E[S7].

since this holds for every positive integer k, the conclusion follows from (6.17).
O

7. Variance convergence

As a consequence of Theorem 6.1 (or Lemma 6.2(ii)), the variance of S,,/y/n
stays bounded as n increases. The objective of this section is to establish the second
basic result that will be used in the proof of Theorem 2.3, namely, that the second
moments of the variables S,,/y/n form a convergent sequence.
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THEOREM 7.1.

E[S?
(i) lim [55] =: v exists.
n—oo n
Moreover,

(ii) v does not depend on the initial state Xog = x.

The proof of this theorem uses the following two lemmas. The first one is an
extension of Lemma 6.2(ii).
E [(Sn — Sm)z]

LEMMA 7.1. sup _— = Bé < 0.
n,m: n>m>0 n—m

PROOF. Let m be a fixed positive integer, and select n > m. Observe that
Sn=Sm=> Zmit="5, ,,+D (7.1)
t=1

where
n

Silfm = Z Zm+t,t7 -D - [Zm+t — Zert’t}.

t=1 t=1
By (6.11), |Zmyt — Zmiee] < 2CPB%, so that |D| < 2C/(1 — B) = C, whereas
via Lemma 3.3(i) and (6.5)—(6.8), it follows that S],_,, and S,_,, have the same

distribution, so that E[S/2 ] = E[S2_,,]. Thus, using Lemma 6.3 with e = 1, (7.1)
leads to

E[(Sn — Sm)% < 2E[(S!,_,)%] + 2E[D* < 2E[S?_, |+ 2C*.

Observing that E[S2_, ] < (n — m)Bsy, by Lemma 6.2(ii), it follows that E[(S,, —
Sm)?] < 2(n —m)By + 2C?, so that E[(S, — Sm)?]/(n —m) < 2By + 2C?, and the
conclusion follows, since the positive integers n and m with n > m are arbitrary in

this argument.
O

LEMMA 7.2. Let € > 0 be arbitrary. For positive integers n and m,
. 1 -
|E[S2,.] — mE[S2]| < enmBY +mC? <1 + 6) +2my/nC/BY (7.2)

where
BY = max{By, B}

and By and B are as in Lemmas 6.2(ii) and 7.1, respectively, and, as before, C =

20/(1 - B).
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PROOF. Set Sp: = 0, write Sy, = > g Zt as

Snm = ZSJ’ where Sj = ZZ(jfl)nJri = Sjn — S(jil)m j=1,2,...,m,
j=1 i=1

(7.3)

and notice that .
E[S2,]=> E[S}+2 Y E[SS,], (7.4)

Jj=1 m>t>r>1
and

E[S7] < nBj, (7.5)

by Lemmas 6.2(ii) and 7.1 and the definition of Bj. Next, observe that

$° sy ol 35 8)s) = £[("E 73]
t=r+1 t=r+1 j=1
_ E n'rrin’l“ an+j7 J) ~'r':| + E[DS’I”]
j=1

where D = 33" [Z i j — Zrsj, 5l by (6.11), [D| <2C/(1 - B) = C, and (7.5)
yields

|E[DS,]| < CEJ[|S,]] < CE[SAY? < C\/nBY.
On the other hand, 337" ™"" Z,,.1; ; is a function of the matrices M; with ¢ > nr+1,
whereas S, depends on the matrices M, with ¢ < nr, Thus, Assumption 2.1 and
(6.7) yield that

nm-—nr

B[( ; Zuris,5)5:] = 0.

The last three displays together imply that

t=r+1
so that
N m—1 m o m—1 m o m—1 ~
3 E[5.S,] :‘ 3 EISS]| < ’ 3 EISS] < S CvnBy,
m>t>r>1 r=1 t=r+1 r=1 t=r+41 r=1

and then
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Now define .
Sj:ZZ(j—l)n—i-i,i? Jj=L4L2,....m

i=1
and notice the following properties (a), (b):
(a) From (3.10), (3.11) and (6.6), it follows that S; = F(M,..., M,) for
a certain function F, and, moreover, this function F' also satisfies that S; =
F(M-1yp41s--- Myj), 5 = 2,...,m. Thus, Si,...,S,, are iid, by Assumption
2.1. Also, via (3.12) and (6.6), it follows that S; = S,,, and then all the S; have the
same distribution as S,,.
i (b) Dj = S;=5; = > 1 [Z(—1yn+i—Z(j—1)n+, s) satisfies |D;| < 2C/(1-3) =
C, by (6.11). Now let € > 0 be arbitrary and notice that, since S = S +D;, Lemma
6.3 implies
LY =2 &2 - &2 L\ xo &2
I — R R - .
(1 6)0 +(1-e)52 <82 < (1+ E)C +(1+¢)8
Taking the expectation and using property (a) above, it follows that
1\ ~ ~ 1\ =
(1- g)c‘l +(1-2)E[S2 < BI57) < (1+ g)C2 +(1+¢)E[S2].

Therefore,
m(l - %)02 +(1—e)mE[S2] < i E[$3) < m(1+ )C2+m(1+8) [,
and then
‘ iE[ﬁf] - mE[SZ]‘ <emE[S?] + m(l + 5)62
j=1

< emnDBs —|—m<1 + >C2 < emnBj + m(l + )02
where Lemma 6.2(ii) was used to set the second inequality. Combining this with

(7.6) and (7.4), inequality (7.2) follows.
O

PRrROOF OF THEOREM 7.1. (i) Let ¢ > 0 be arbitrary but fixed. In (7.2)
interchange the roles of n and m to obtain

|E[S2,,] — nE[SE]| < enmBY + nC? (1 + ) + 2ny/mC+/BY
which together with (7.2) yields that for every n,m € N

. 1 .
|mE[S2] — nE[SE]| < e2nmBy + (n + m)C? (1 + g) + 2(ny/m + my/n)C+/BY
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so that
E[S? E[S? 1 1\ = 1 1 1 =~
) [9.]  El m]‘ < 2eBY + (— + 7)02(1 + f) +2(— + —)O@.
n m m n 5 vm o /n
Consequently,
E[S? E[S?
lim sup ’ 1] — [ m]‘ < 2eBY;
n—00, Mm— 00 n m
since € > 0 is arbitrary, this yields that
E[S? E[S?
lim sup ’ [9:] — [Sim] =0,
n—00, M—00 n m

i.e., {E[S2]/n} is a Cauchy sequence, and part (i) follows.

(ii) Let y € Pk be arbitrary but fixed, and let {X] } be the process in Defi-
nition 2.1 corresponding to the initial state Xo = y. By part (i) applied to {X/},
lim,, . E[S/?]/n = v’ exists and is finite, where S/, is given by (6.2) with X/, instead
of X,,, and the conclusion asserts that v = v’. To prove this equality, notice that
Lemma 3.4(ii) and (6.4) together yield that |f(X,) — f(X})| < LK™ for n > 2N
so that |E[f(X,)] — E[f(X])]| < LK™ in this case. It follows that for n > 2N,

10 = Sil = | DU (X) = BIF (X)) = ((X7) = BLF(X)])'}

2N
<N alfl+ Y 2KLB" <SN|f|+2KL/(1~p) =D
t=1 n=2N+1

and then |S,| < S|4+ D. From this point, an application of Lemma 6.3(i) yields
that, for each € > 0,

S2<(1+e)S2+(1+eH)D? n>2N,
and it follows that

1 1
v= lim —E[S2] < (1+¢) lim —E[S?] = (1+¢).

n—oo 1 n—oo 1

Since € > 0 is arbitrary, this yields that v < v/. Via a similar argument it follows

that v’ < v, and then v = v’, completing the proof.
O
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8. Weak limits and uniform differentiability

In this section Theorems 6.1 and 7.1 are used to study the set of weak limits
of the distributions of the normalized averages S,,/v/n. Before going any further, it
is convenient to introduce the following notation.

DEFINITION 8.1.
(i) For each n € N, let v, € P(R) be the distribution of S, /+/n, that is,

vn(A) = P[S,/v/n € 4], A€ B(R).

(ii) The class W consists of all measures v € P(R) such that, for some subsequence

{Vn,\}a

Up, —=v  as T — 0o. (8.1)

Notice that, by Markov’s inequality and Lemma 6.2(ii),

c 1 2 B2
(-a,a]f) < —B[s2] < =2,

a >0,

so that the family {v,} is tight, and then the class W is nonempty, by Prohorov’s
theorem. Before stating the main result of this section, it is convenient to establish
the following properties of the family W.

LEMMA 8.1. For each v € W, the following assertions hold (see Theorems
6.1 and 7.1):
(i) [zz'v(de) < By and [, |z]* v(dz) < (By)%/4;
(i) [pzv(de) =0 and [ 2*v(dx) =v.

PROOF. Let v € W be arbitrary but fixed, and let {a,,} be a sequence of
positive numbers diverging to oo and satisfying v({—am}) = v({am}) = 0 for every
m. Also, let the subsequence {v,, } be such that (8.1) holds, and notice that for
positive integers m and @

lim 2t vy, (dr) = / 2’ v(dz). (8.2)

k—o0
—Qm —am

(i) Since By > [p x* vy, (dzx) > ff;"m z*v,, (dz), by Theorem 6.1, the above
displayed relation with ¢ = 4 yields that ffa r*v(dr) < By, so that letting m go

to 0o, the monotone convergence theorem imglies that fR r*v(dr) < By. From this
point, Holder’s inequality leads to [, [z[* v(dz) < ([; |2|* u(da:))3/4 < B4,

(ii) Via Theorem 6.1 and part (i), it follows that for every integers i,m,k > 0
with ¢ <4,

. 1 By
/ ol i () < — | 7V, (d2) < %
[_a'nn arn]c am [_anu a?n]c am
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and

) 1 B
/ lz|" v(dr) < —= / z* v(dz) < Til',
[—am,am]° am "’ [—am,am]® am *
so that
) ) QAm ) Am . 2B
/ &' vy, (da) — / 't v(de)| < ‘ / &' vy, (dx) — / v (o) + S
R R —am —am m

Taking the limit superior as k goes to oo, (8.2) implies that

. . 2B
lim sup /95Z unk(da?)—/xlu(dm) < T—i;
k—oo R R am
since {a,, } diverges to oo this yields
klim /xl Up, (dz) — / ziv(dr)| =0, i=1,2,
o /R R

and using that [, = v, (dz) = 0 for every n, by (6.3) and Definition 8.1(i), as well as

lim [ z%v,(dz) = v,
n—oo R

by Theorem 7.1, it follows that [, zv(dz) =0 and [ 2* v(dz) = v.

For each v € P(R), let

wu(t) = /eit“C v(dz), teR,

be the characteristic function of v, so that ¢,(0) = 1 and the k-th derivative of
@u(t) equals [ i*2Fe™™ v(dx) if the k-th moment of v is finite. By Lemma 8.1,
©,'(t) =0 and ¢,” (t) = —v for each v € W so that L'Hospital’s rule implies that

_ 2
lim o, (t) — 1+ 0vt?/2 _
t—0 t2/2

The main result of the section is the following theorem, stating that the above
convergence is uniform in v € W.

THEOREM 8.1. For each t € R\ {0}, set

Alt) :== ng% <p,,§2t)/2—1 + . (8.3)

With this notation,

th_r% A(t) =0.
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ProOOF. First, take the second order Taylor expansion of cosy and siny

around 0 to obtain

2 3
cosy =1— % +%siny1
and
Y3
siny =y — Fcosyg

where y; and ys are points between 0 and y. Therefore,

2
e =1+iy— % +y R(y),

where R(y) = [siny;/6 — icosya/6], and then |R(y)| < 2/6 < 1. Thus e* =
cos(tz) +isin(tr) = 1+ite —t?22 /2 + 323 R(tz), where |R(tz)| < 1, so that Lemma

8.1 implies
wu(t) = /RemC v(de) =1—vt?/2+ 3R, (t), veW, teR,
where R, (t) = [, 2®R(tz) v(dz) satisfies
B (1)) < /R|:c\3|R(tx)|z/(dx) < /]R wPu(de) < B, vew, teR,

by Lemma 8.1(i). Since (8.4) yields

@V(t) -1

272 +o=tR,(t), t#0, veEW,

via (8.5) it follows that A(t) < |t|Bi/4, so that A(t) — 0 ast — 0.

9. Divisibility in the family of weak limits

(8.4)

(8.5)

This section is the last step before the proof of the central limit theorem. The
main objective is to show the following divisibility result in the family W: Given
m € N, each v € W can be expressed as the distribution of the normalized sample
mean of m iid variables whose common distribution also belongs to W. The precise

result is now stated.

THEOREM 9.1. Let v € W and the positive integer m be arbitrary but fized.

Then there exists p € W such that

Pu(t) = %(ﬁ)nl-



A CENTRAL LIMIT THEOREM 209

PROOF. Let {ni} be a sequence of positive integers such that ny — oo and
(8.1) holds so that

Snk d

— — . 9.1

S (91)
Setting qr = [nx/m] and nj = mgy, it follows that 0 < ni —nj, < m, |S,, —

Sur | < 2(nk — ny )| fI| and nj/ny — 1, so that, by Slutsky’s theorem, (9.1) yields

Sy [/ ~4, V. Therefore, without loss of generality, assume that

nE = Mqx
and notice that
Tk m - 4k m gk
Sni, = Z Zy = ZZ Z(i-1)arti = Sq + Z Z ZGi—1)qu+j -
t=1 i=1 j=1 i=2 j=1
Next, define
) qk qk
Sé? - Z Z(i-1)au+d. i Di = Z[Z(i—l)qk+j — Zi-V)gutj, I 1=2,3,...,m,
Jj=1 j=1
so that .
S "\ D 1 [S LAy
U, =" _ ! :[ i Qk:|. 9.9
<= ViV vl T v ©:2)

Now observe the following facts:
(a) By Lemma 3.3, (6.5) and (6.6), S, S\, ..., S are iid.
(b) By (6.11), 1Ds] € X%, [Z1ymss — Zs—1yms, 5| < X%, 2087 < 20/(1- )
P-a.s., so that

m

D;
— 0 P-a.s.

Now let ¢ € R be arbitrary but fixed. Combining this latter convergence with (9.1)
and (9.2) it follows that U, Ly ask — 00, so that, for each ¢t € R

E[e™Un] — o, (t) as k — oo.

On the other hand, recalling that the distribution of Sy, /\/qx is vg,, property (a)
above and (9.2) together imply that

E[eitU

"] = gy, (#)
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Selecting a subsequence if necessary, it can be assumed that v, Lp e W as
k — o0, by Prohorov’s theorem, so that

t t
Pray (\/m) - %(m)'
The last three displays together yield that
t m
(1) = (—) . teR,
ou(t) Pp \/E

completing the proof.

10. Proof of the central limit theorem

In this section Theorem 2.3 is finally proved. The argument relies on the uni-
form differentiability and divisibility results in Theorems 8.1 and 9.1, respectively.

PrROOF OF THEOREM 2.3. (i) Using (6.3), this part follows directly from
Theorem 7.1.

(ii) It will be shown that each member of the family W in Definition 8.1
coincides with the distribution N (0,v), or equivalently, that if v € W, then

pult) = 2
for each t € R; since this latter equality always holds for ¢ = 0, it is sufficient to

verify the above equation for arbitrary but fixed t € R\ {0} and v € W. Given a
positive integer m, use Theorem 9.1 to find a distribution p,, € W such that

t m
ou(t) = ¢ (ﬁ) , (10.1)
and define
am(t) = Ppm (t/ym) —1
T e/em)
s0 that 14 ap(t) L = @, (t/v/m), and (10.1) yields
Pu(t) = (1 + am(t)gfm)m. (10.2)

Notice now that
Ppu (t/y/m) —1 ‘
m(l = ‘— <A(t )
on(®) 0] = [P =E o] < Age/vim)
(see (8.3)), and then lim,, oo |am (t) + v| = 0, by Theorem 8.1, i.e.,

lim ap,(t) = —v.

Combining this convergence with (10.2), it follows that
2

t m 2
L) = 1 (1 mt—) = e /2
pu(t) = lim (1+am(t)s~ e
so that each v € W is the distribution A (0, v).
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