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Abstract

Singular vector and matrix extended skew-elliptical distributions are studied in this work. Based on the vectorial case, two
alternatives for singular matrix variate extended skew-elliptical distribution are also proposed. In addition, the distributions of a
general linear transformation for extended skew-elliptical vectors and matrices are derived along with the corresponding density
functions. These results are applied in the distribution of the residuals for a general linear model with extended skew-elliptical
errors.
© 2008 The Korean Statistical Society. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In the last two decades, several research areas of univariate and multivariate statistics have replaced the hypothesis
with classical normal assumptions by elliptical distribution conditions. Two summaries of those advances are given in
the books by Fang and Zhang (1990) and Gupta and Varga (1993).

Some authors have studied a new family of distributions by introducing skewness in univariate and multivariate
elliptical distributions, see Aigner, Lovell, and Schmidt (1977), Azzalini and Capitanio (1999), Azzalini and Dalla
Valle (1996), Azzalini and Capitanio (2003) Sahu, Dey, and Branco (2003) and Genton (2004). This set of distributions
contains several standard families, including multivariate skew normal and skew t distributions. In the normal
case, different approaches have generated many of the multivariate skew-normal family of distributions, see for
example, Branco and Dey (2001) and Gonzélez-Farias, Dominguez, and Gupta (2004).

Simultaneously, many authors have studied the singular problem for normal distribution, and the vector and matrix
elliptical families. Also, some related singular distributions have been proposed: the Wishart distribution, the matrix
variate T, the matrix variate beta type I and II, among many others, see Diaz-Garcia and Gonzélez-Farias (2005a,b),
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Diaz-Garcia and Gutiérrez-Jaimez (1997), Diaz-Garcia and Gutiérrez-Jaimez (2006), Diaz-Garcia, Gutiérrez-Jaimez,
and Mardia (1997), Ip, Wong, and Liu (2007) and Uhlig (1994).

In the present work, we extend the results of Gonzdalez-Farias et al. (2004) by deriving the density function of
a singular vector extended skew-elliptical distribution. Then, in Section 4, the vectorial case is also generalised, by
proposing two expressions for a singular matrix variate extended skew-elliptical distribution. Finally, in Section 5, we
consider the distribution of a general linear transformation for extended skew-elliptical vectors and matrices. These
results are applied in the distribution of residuals for a general multivariate linear model when errors have a singular
matrix variate extended skew-elliptical distribution.

2. Notations and preliminaries

Let h : R — [0,00) be a function such that fooo uNm/2=lpndu < co. We say that a random matrix
Y € RV has an elliptical distribution with location parameter matrix g € SY*” and scale parameter matrix
O ® E € RVmxNm if its density function is given by

F(Y) = B[V [ (7Y - wTO7 (Y - )], (1)

where £ > 0and ® > 0 for E € "> and @ € RV >V and ® is the usual Kronecker product. The function £V ™)
is called the density generator and the elliptical distribution of Y is denoted by Y ~ Enxm (i, @ ® E, AV *™) If the
rank r of E is less than m and/or the rank k of © is less than N, this is, if E > 0 and/or @ > 0, then, the distribution
rank of Y is kr, i.e. Y has a singular distribution, see Cramér (1999, p. 297). In this case, we say that Y has a singular
matrix-variate elliptical distribution, which is denoted by

Y~ &, (neesE nlm).

The superscript (in Sllf;;m) or the subscript (in h,(xxm)) will be omitted when r = m and k = N. Subscript and
superscript in £ indicate explicitly that this function depends on them.

So, we have:
Lemma 2.1 (Singular Matrix Variate Elliptical Distribution). Suppose that Y ~ gkr

N xm

(,U«, 0ORE, h,({/’\ixm)> and let

E~ and O be some symmetric generalised inverses of E and ©, respectively. Then the density function of Y with
respect to the Hausdorff measure (dY) is

1
(f17) (7°)

where A; and §j are nonzero eigenvalues of E and ©, respectively, see also Diaz-Garcia et al. (1997), Diaz-Garcia
and Gonzdlez-Fartas (2005b), Cramér (1999, p. 297) and Billingsley (1986, p. 247).

dFy(Y) = pN > (tr =Y — )T (Y — [L)) dY), )

If ¢ = min(r, k), explicit expressions for (dY) can be given as functions of the QR, Polar, Singular value and QR
modified decompositions, see Diaz-Garcia and Gonzalez-Farias (2005a).

Now, Khatri (1968) shows that the density function (2) is not unique, see also Diaz-Garcia and Gonzélez-Farias
(2005b); however, it is important to note that once a distribution expression (2) is found, the results do not depend on
the selected density, see Rao (1973).

As it was highlighted, interest in skew elliptical distributions comes from both theoretical and applied directions.
On the theoretical side it enjoys of a number of formal properties which resemble those of the elliptical distributions
given, for example, in Gupta and Varga (1993). From the applied viewpoint, these densities are unimodal empirical
distributions with the presence of skewness and possible heavy tails. In the non-singular case, as we shall see, the
term skew-elliptical comes from the parametric class of multivariate probability distributions determined by the vector
Y = [Z|W > 0], where Z ~ &,(t1, 11, hP)and W ~ &, (12, T, hP)). This definition for p = 1, under the elliptical
model, is given in Branco and Dey (2001), and the general normal case, for arbitrary p, is studied by Gonzalez-Farias
et al. (2004).
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3. Singular vector-variate skew-elliptical distribution

In this section we propose an expression for vector singular extended skew-elliptical density, extending the normal
case derived by Gonzalez-Farias et al. (2004).
Assume that

_ (Ei ([0 (2 0\ o+
b= ()~ ((0) (5 8)-4%).

where E; : p x 1, X > Ohasrankr < p,E> : ¢ x 1, A > Ohasrank k < g and Cov(E, E;) =0: p x ¢. Note that
E; and E, are dependent; which is the opposite situation in the normal case.
Let

(I, 0\ (E; oy n+E (W
U= (II)) Iq) <E2> + <—v> B (—v + DE, +E2) o (—Z) ’ 3

where D : ¢ x p is an arbitrary matrix of constants, and, p : p x 1 and v : g x 1, are vectors of constants. Then

Uz (WY < grtta (1 z D" )
Z pta \\—v )\ DX A+DEDT) "rtk )’

where k; is the rank of A + DEDT. If G(-) is the distribution function of g(+), then

dGw(w)
dG Z>0=—"—P(Z>0W=w), 4
wiz=0}(W|Z > 0) P(Z3>0) (Z > 0 w) “4)
with

W~5;<u,,)3,h£p)) and ZNE(];‘ (—v,A—i—DZDT,h,((‘I’)).

For the random s-dimensional vector we will denote this fact by g$ ) (v; ru, X, hﬁs) ) or ng) (v; X, hﬁs));
where r is the rank of the distribution; i.e. the rank of the matrix X, see Cramér (1999, p. 297). Then, given that
Y = XY X, thereis
L —(w (@)
ZIW =w~ &k (< +DEE"(w - w, A B, L ).

with §(w) = (W — w)TE~(w — ) (see Theorem 2.6.4, pp. 62—65 of Gupta and Varga (1993)), where

p@ I'(k1/2) h@w)+7.p+q)

T) = , o>0,
s (0 = 77 S V927 h(a + v, p + g)dv

and h(-, -) is a decreasing function, & : BT — M, such that
/ h(a, b)a®*'da < oo.
m+
Then,
P2z 0) =F (0:k1,v. A+ DED", 4?),

and

P(Z>0W=w)=F?

(220} W=w (DZZ‘(W W)k, v, A, BD ) _

S(w),k

Thus, the density (4) can be expressed as

(q) - . (q)
Fy=opw=w (DZZ ¥ =ik, v, A, By ¢

dGw|(z=0/(W|Z > 0) = ) 4G\ (wir m E0).

Fg? (0:k1,v, A+ DEDT, 1)

In conclusion:
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Definition 3.1 (Singular Vector-Variate Extended Skew-Elliptical Distribution). A random vector Y has a p-
dimensional singular extended skew-elliptical distribution, with rank r and parameters ¢, ki, u, X, k, D, v, A
previously given in Lemma 2.1, if its density function is given by

dGY (vir.q. ki, 1 2,60, v, A, P)

@) - : o
— oy 90y (y;r’”’z’h’ ) ”
Ry (0; ki,v, A+DZD", h! )

and it is denoted by

Y ~ SESEW) (q, ki, 2. k.D, v, A, h£P>) .

Some important particular cases of this family are the following: (a)If A > 0, then k = g = k1, and the parameters
k and k are excluded in the density (5), (b) if ¥ > 0, then r = p and the parameter r is excluded in Definition 3.1, (c)
if A > 0and ¥ > 0 then non-singular extended skew-elliptical distribution is obtained; in that case the parameters r,
k and k in Definition 3.1 are excluded, see Gonzdlez-Farias et al. (2004). Finally, note that the distribution SESE is
not unique, since the singular elliptical distribution exhibits this characteristic.

4. Singular matrix variate extended skew-elliptical distribution

In this section we study singular extended skew-elliptical distribution for the matrix case. We shall see that the
matrix distribution can be obtained as an extension of the vector distribution described in Section 3. Note that the
matrix extension of the vectorial case is not unique, in fact, we can follow essentially four techniques very similar to
the classical extension of the vectorial elliptical distribution, see Fang and Zhang (1990, Lemma 3.3.2). Even more,
an alternative generalisation for the matrix version can be proposed, and this is given at the end of the section.

First, observe that Y ~ Enxpm (i, ® ® E, h) is equivalent to

vecY ~ Eym(vecu, ® ® E, h),
see Muirhead (1982, p. 79) and Gupta and Varga (1993, pp. 26-27). Then, by assuming

vecE - = (0 O X 0
(VeoE;) ~ Erzrerars ((0) : ( 0 e A) ,hﬁg’:’gr”grs), (6)

where E; : p x m and E; : ¢ x n are matrices; X : p x phasrankry < p, X > 0; ©® : m x m hasrank re@ < m,

©®>0;A:qg xghasrankrp <g,A >0and E : n x n hasrankrg <n, E ; 0. Then the matrix version of the
model (3) is given by

_ I 0\ (vecE; vec i
veeU = ((Dg ® D)) I) <Vec Ez) + <—Vec v) ’ @
where D1 : g x p; Do :m xn;p: p x mandv : g x n are arbitrary matrices of constants. Explicitly,
veeU — vec W) vec i + vec Eq
“\vecZ ) \—vecv+ (Dg®D1)vecE1 +vecEy )

Proceeding as in Section 3 (after the model (3)), we have the following:

Definition 4.1 (Singular Matrix-Variate Extended Skew-Elliptical Distribution I). It is said that a random matrix Y
has a singular matrix variate extended skew-elliptical p x m-dimensional distribution, of rank ryre and parameters
qg,n, ki, n, X,0,k=rarz, Dy, Dy, v, A, E, previously defined, if its density function is given by

dG Ly (Vec Y:rsre,q,n ki, vecpn, ® @ £, k, Dy ® Dy, vecv, E ® A, hﬁé’?g)

vec'Y
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vecY

pam (DE@@* ®D T vec (Y — p): k. vecv, E ® A, hihy k)

F&3 (0 k1. vee,  ® A+ DIOD, @ D =T, 47"

vecY

vecY

% dGP™ (VCC Y;rsre,vec i, @ @ X, hﬁgg) ,
where §(W) = vec T(W — p)(® ® X) vec (W — ). Under matrix notation,

dGm (Y; rere.q.n. ki, i, @@ .k, DI @Dy, v, E® A, h(f””))

rsre

(g xn) ( - - . - (gxn)
F DX (XY —-—wO 06Dy k,v, EQ AL )
Y (W), k
= W ng,pxm) (Y;r):r(a,u, 0® Z,hgrxem)),

K" (0:k1,v, 2 @ A+ DIOD; @ D D], 1"

where §(W) = tr 2= (W — u)TO ™ (W — p); k; is the rank of (E ® A + D] ©D, ® D;ZD]). We denote this fact by

Y~ SeSERr” (¢.n. k1 1, @@ T, kDI @D1, v, E@ A KL").

Now observe that Cov(vec E1) = ® ® X; this structure of the covariance matrix through the Kronecker product is
a consequence of linear transformation acting on a matrix. For example, in the same context of Definition 4.1, if

V-~ gr); Xre <0a Ir(.) ® Irz s h(r):xr@)) >
where 0 is a matrix of zeros of order ry X rg, then E; = MVN, and

E ~ &0 (0.0 @3, mlm),

pxXm ryre

with ¥ = MM" and ® = N'N.

The disadvantages of this approach — which uses the transformation of a matrix — are the restrictions on elements
of the covariance matrix, @ ® X, see Press (1982, p. 253).

An alternative approach considers vectorization of the matrix to perform the linear procedure. It avoids functions
of Kronecker products in the linear transformation. For the example, we know that:

veeV ~ & xreo (VCC 0,5,®L,, h(rzxre)) = &g xre <Vec 0,Lgs, h(’zxre)> .
Then we define vec E; = Avec 'V, with A : pm X ryre such that A = AAT. So

vecE| ~ 5[’,’,3,,’9 (Vec 0,A, h(NX”’)) .

rsre

Using this observation instead of (6) we have

vecE| ~ ETATR 0 A O h(pmqn)
vec Ep pmgn \\Q )\ 0 Q) "TATe ’

where A : pm x pm of rank rp < pm, A > 0 and R : gn x gn of rank rg@ < gn, € > 0. Now, an alternative
definition of model (7) is

(T 0\ [vecE; vec |
vecU = (D I) (VCC Ez) + <—Vec v) ’
where D : ng x mp; u: p x m and v : g X n are arbitrary matrices of constants. Explicitly,

veeU — vecW) vec i + vec Eg
P =\vecz ) = —vecv +DvecE| +vecE; )

Then, we propose the following generalisation of Definitions 3.1 and 4.1, which holds for the vector and matrix case.
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Definition 4.2 (Singular Matrix Variate Extended Skew-Elliptical Distribution II). A random matrix Y has a pm-
dimensional singular matrix variate extended skew-elliptical distribution, with rank r and parameters g, n, k1, ., A,
k, D, v, R, previously defined, if its density function is given by

dG(pm) (VGC Y;ra,q, ki, m, Ak, D, v, R, h&im))

vecY
(gn) — . (gn)
Fiecy (DAA vec (Y — p); k, veew, @, ha(vecka) (pm) (pm)
_ dG ..y (vecY; ra,vec i, A, by, ),

F (0: ki, veew, @ + DADT, ™)

vecY

where k; is the rank of & + DADT and §(vec W) = vec T(W — n)A " vec (W — u). We denote this by

Y ~ sese2™ (. ki vee . A, k. D, veew, A HT™).

5. General linear transformation

The first result of this section finds the distribution of the general linear transformation AY + b, when Y ~
85855‘") (q, ki,m, X, k,D,v, A, hﬁp)), b is a vector of constants and A is any matrix of constants. This problem has

been studied by Gonzalez-Farfas et al. (2004) in the skew-normal distribution case and under different conditions on
the rank of the matrix A. Specifically, they considered A, as a non-singular matrix; Y, with a non-singular distribution;
and A, of rank m < n.

At the end of the section we apply these results finding the distribution of residuals for a multivariate linear model.

Theorem 5.1. Assume that Y ~ 8585'5”) (q, ki,m, 2, k,D,v, A, hﬁf’)). Let A be an s x p matrix of constants of
rank s1 < min(s, p) and let b be a constant s x 1 vector. And also consider a; € Im(AZAT) forallj=1,...,q,
where aj are the columns of the matrix AXDT and ITm(N) denotes the image of the matrix N. Then,

AY +b ~ SESEY (. k1, Am +b, Ea, k2, Da, v, Ax. 1Y),
where

Ta=AZAT,

Da = DIATX,

Ar=A+D(X-3ZATZAZD,

o is the rank of (AZAT),

ky is the rank of (As +DAXAD}) (= to rank of (A +DZD")),

ko is the rank of Aa.

Proof. Define V= AU + by, with

A0 W b
s=(p 7). v=(3). wa wm=(p).

where

EV) = E (AWZ+ b) _ (A[L_—‘i,- b)y

and

T T
Cov(V) = BCov(V)BT <AEA AXD )

DxAT A +DxDT
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Then
stk ((Ar+Db) (AZAT  AZD! (s+q)
V ~ 8Y+ ) T T h k )
s+q —v DXA" A +DXD s2tky
where s; is the rank of (AZAT) and, as before, k; is the rank of (A + DXDT). But observe that

ATAT  AZDT \ [ Za AD}
DXAT A+ DIDT) T \DAZs A +DaZaAD})’

where X5 = AXAT and Dy = DZATEX, for which
ZaD, = ZAZ AZD' = AZD".

The last equation is valid when a; € Im(AZAT) for all j = 1,...,q, where the a j are the columns of the
matrix matrix AXDT, noting that X AX, is the projector of the image of XA. Now, observing that, if Ay =
AA +D(Z — TATZ AZ)DT, then

T Ty— - T Ty — T
DAZAD} =DEATE 2,2, AEDT = DEATZ AZD,

we have Ax + DAZADT = A + DD Finally, if Y W|{Z > 0}, then AY + b AW + b|{Z > 0}, where <
denotes equality distributed.The expected result is reached by applying a similar procedure in the proof of (4). H

Observe thatif ¥ > 0, A > 0and s = s < p, then sy = s, k; = g and k» = ¢, and, in the notation of Gonzalez-
Farias et al. (2004),

AY +b ~ ESES,,, (A +b, XA, DA, v, Ap h).

Similar results to Theorem 5.1 can be derived in the matrix case by using Definitions 4.1 and 4.2.

Corollary 5.1. Consider the general multivariate linear model Y = X + & where Y : N x m, X : N x [, of rank
T<I<N,B:lxmand

£~ SESENN™ (g, k1,0, Iy © T, kDY @ D1 v, T @ A AL
If R: N x m denotes the residual matrix, then

R~ SESEN™ (g.m. k1,0, Ay ® E)a,k, (DF @ D, v, (B ® A)a, hIN™),

where A = 1QP), P = (I — XX™T) with C" is the Moore-Penrose inverse of the matrix C, and

(Iy ® 2)aA = (Iy ® PXP),

57 is the rank of (Iy ® X)a,

(D] ®D))a = (D] ® D, ZP(PEP)”) and

(E®AA=E®A+[D; D)y ® T — Iy ® TP(PEP) PI)(D; ® D).

Proof. Recalltht R=Y-Y=Y-XB =Y — XXTY = (I - XX")Y = PY, where P = (I - XX*) and B is any
solution of the system of normal matrix equations (XTX) B = XTY, see Rao (1973) or Muirhead (1982).

Now observe that, the linear model Y = X + £ is a linear transformation of the matrix &, and vecY =
(I ® X)vec B + vec &, thus by Theorem 5.1 we obtain

Y ~ SESERN™ (q.n, k1, XB. Iy @ 2.k, DI @ D1, v, 2@ A KN 3").

Now, applying Theorem 5.1 and observing that vec R = (I ® P)vecY, then the proof is complete. W
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6. Conclusions

It is easy to check that all univariate and multivariate nonsingular extended skew elliptically contoured distributions
can be obtained as particular cases of the results given in this work. In the same way, distributions of any kind of
general linear transformation Y = AX + b of a nonsingular extended skew elliptical distribution with all their variants
(dimension of A and/or ranks of A and X)), also can be derived as corollaries of Section 5. Many interesting applications
are generated by this result. Unfortunately, at present, some expressions can only be seen as theoretical results, because
even in the univariate case there are important problems for classical estimation of parameters, see Azzalini (2005).
In fact, some theoretical results for singular distributions of different kind of residuals (normalized, standardized,
internally or externally studentized residual) cannot be established because the jacobians with respect to the Hausdorff
measure are unknown; for example, no expressions for the simplest jacobian related with a linear transformation
is given in literature, see Diaz-Garcia (2007). In addition, from a Bayesian point of view we propose the a-priori
parameter distributions of the corresponding matrix variate extended skew elliptically distribution and by using
Definition 4.2 we avoid the parameter restrictions of Definition 4.1, see Press (1982, p. 253).
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