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Both direct and reverse log-Sobolev inequalities, relating the Shannon entropy with a p-
deformed energy, are shown to hold in a family of u-deformed Segal-Bargmann spaces.
This shows that the p-deformed energy of a state is finite if and only if its Shannon
entropy is finite. The direct inequality is a new result, while the reverse inequality has
already been shown by the authors but using different methods. Next the p-deformed
energy of a state is shown to be finite if and only if its Dirichlet form energy is finite.
This leads to both direct and reverse log-Sobolev inequalities that relate the Shannon
entropy with the Dirichlet energy. We obtain that the Dirichlet energy of a state is finite
if and only if its Shannon entropy is finite. The main method used here is based on
a study of the reproducing kernel function of these spaces and the associated integral
kernel transform.
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1. Definitions and Notation

We begin with some definitions and notation. We start with an introduction to
u-deformed Segal-Bargmann analysis (which is itself a realization of p-deformed
quantum mechanics, though we will not go into that here). For background on
these subjects, see Refs. 20 and 25. For recent related work, see Refs. 2, 21-23, 31
and 32. The introductions of Refs. 21 and 22 provide more motivation for studying
this topic.
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First, we take u > —1/2 to be a fixed parameter throughout this paper.
Definition 1.1. Say A > 0. We define measures in the complex plane C by
AVe,u(2) = Ve (2)dzdy

Avo u 2 (2) = Vo ua(2)dzdy ,

whose densities are defined by

Ve (2) == A K, 1(A22?) A2 2210 (1.1)

Voun(2) i= K, 1 (A7) a5 221 (1.2)

SYPEEy
for 0 # z € C, where I" (the Euler gamma function) and K, (the MacDonald
function of order «) are defined in Ref. 19. Moreover, dxdy is Lebesgue measure
in C.

The function K, is also known as the modified Bessel function of the third kind
or Basset’s function (see p. 5 Ref. 8). But it is also simply known as a modified
Bessel function (see p. 961 of Ref. 11, and p. 374 of Ref. 1). One way to identify
the MacDonald function is to note the following useful property:

K (2) :/0 due™® "% cosh(au) , (1.3)

for x > 0 and any a € R (see p. 119 of Ref. 19). An explanation of how the
MacDonald functions come into this theory in a natural way is given in Ref. 36.

From the formulas (1.1) and (1.2), one can see why the case p = —1/2 has
not been included. One should refer to the discussion of the Bose-like oscillator in
Ref. 25 (especially, note Theorem 5.7) for motivation for the condition p > —1/2.

Let H(C) be the space of all holomorphic functions f : C — C. We note that
fe = (f + Jf)/2 (respectively, fo := (f — Jf)/2) defines the even (respectively,
odd) part of f, where Jf(z) := f(—=z) is the parity operator. So, f = fec + fo.

We use throughout the paper the standard notations for LP spaces and their
norms without further comment. All LP spaces in this paper are complex. However,
the ambiguous notation || - ||,—q is used to denote the operator norm from some
LP space to some L? space without specifying the measure spaces involved. The
context will indicate which measures spaces are meant.

Definition 1.2. The \-dilated, p-deformed Segal-Bargmann space defined for 0 <
p<ooand A>0is

B) :=H(C)N{f:C —Clfe € LP(C,ve,u,») and fo € LP(C, Vo) }

o
where f = fo 4+ f, is the decomposition of a function into its even and odd parts.
Next we define

1z, o= el + Mol a7
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for all f € B, ,. We also define the even subspace of Bj, \ by
Bf’#’/\ = BZ’)\ N{f:f=/f}

and the odd subspace of BZ,)\ by
Bg,u,,\ = BZ,)\ N{f:f=fo}.

In these definitions we do not write the subscript A when A\ = 1.

As far as we know, the two Definitions 1.1 and 1.2 are due to us but first appeared
in print in joint work of the second author with Pita in Ref. 21. Behind these
definitions there is a lot of history which we will relate to the best of our knowledge.
As is customary, we do offer our sincere apologies to those researchers whose work
we have not mentioned merely due to our own ignorance. These definitions are due
to the present authors in Ref. 2 in 2006 in the case when 0 < p < co and A =1
and g > —1/2 and to Marron?® in 1994 in the case when p = 2 and A > 0 and
u > —1/2. However, Marron’s work closely follows Rosenblum’s in Ref. 26 (also in
1994) where the case p = 2 and A = 1 and g > —1/2 is presented. The works of
Rosenblum and Marron were most influential for our work on this topic. However,
in Sharma et al®® formula (2.58) gives the inner product in Eq. (1.4) below up
to a multiplicative constant. So these authors already had in 1981 the case p = 2
and A =1 and g > —1/2. This is the earliest reference that we are aware of. But
slightly later in 1984 Cholewinski in Ref. 7 has the case p =2, A =1 and p > 0,
but only for the even subspace. Next Sifi and Soltani in Ref. 31 in 2002 have the
case p =2, A = 1 and p > 0. Finally, we note that Ben Said and Orsted in Ref. 4 in
2006 present in detail the case p =2 and A = 1 and g > 0 in Example 4.17, though
they are aware of the case when p is negative.

The next known result is elementary. We include it here since it seems not to
have been proved in the literature before.

Proposition 1.1. For p > 1 and A > 0 we have that || - ||g» is a norm and that
"y

BZ y 18 a Banach space which is the (internal) direct sum of the Banach subspaces

BS,M,A and BIO),M,A'

Proof. The proofs that || - HBﬁ_A is a norm and that we have a direct sum are
straightforward and left to the reader. It remains for us here to show that this
space is complete. This argument is well known (for example, see Ref. 15), and we
give a sketch of it.

We first note that by definition f € Bz’ , is equivalent to these conditions:

(1) fe and f, are holomorphic in C.
(2) fo € LP(C,ve,pu,n) and fo € LP(C, 1o, 0)-

Since f, is holomorphic, we have by the theory of a complex variable that

1
folz) = /B ) fw)

w2
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for any z € C and any r > 0, where uy, is Lebesgue measure and B,.(z) is the ball
of radius r and center z. So, using the fact that v, , x has no zeros,

e R N (xwmm) fuluw).

w2

where xg denotes the characteristic function of a set S. Applying Holder’s inequal-
ity, we get for all z € C that

|fe(2)| < Ce(Z)erHLP(Ve,M,)\) )

where

Colz) = —

mr2

XB.,(z)

Ve, u,A

LP/(Ve,u,A)

is a finite real number that depends continuously on z. Here p’ is the usual dual
Lebesgue index. Similarly, we get

[fo(2)| < Co(2) [ foll Lo(ve 0

where C,(z) depends continuously on z. To show that Bﬁy 5 is complete, we take
a Cauchy sequence f,, in that space and show that it converges to an element of
the space. But f,, Cauchy in BfM implies that the sequence of even parts (f)e
is Cauchy in LP(ve, 2) and that the sequence of odd parts (f,), is Cauchy in
LP(vg,,0). Since p > 1, these two Lebesgue spaces are complete and so (fn)e — g
and (fn)o — h as n — oo, where g € LP(ve ,.2) and h € LP(v, ,,5). Clearly, g is
even and h is odd. Now by a standard argument, the above two inequalities imply
that (fn)e — g and (f)o — h uniformly on compact subsets of C, and so g and h
are holomorphic. This implies that g + h € BZJ\ and that f, — ¢ + h in the norm
of th \- QED

Moreover, for p = 2 we have that Bi’ y is a Hilbert space (see Ref. 20) with inner
product defined by

<fv g>8i,x = <feage>L2(Ve,u,A) + <f0,go>L2(l/o,u,A) : (1'4)

Of course, f = fo + fo and g = g + go are the representations of f and g as the
sums of their even and odd parts. (We will often use such representations without
explicit comment, letting the notation carry the burden of explanation.) In this
case, BfM is the Hilbert space (internal) direct sum of the subspaces Bg%A and
Bg%/\. i)\, Bg’ﬂ’/\ and Bg%/\ is a
reproducing kernel Hilbert space. When g = 0 and A = 1, this reduces to the
usual Segal-Bargmann space, denoted here by B2. (See Refs. 3 and 28.) Further
motivation for the nomenclature in Definition 1.2 is given in Ref. 36.

Note that ve ,x(2) = MWe ,(A\/22) and v, 1 (2) = Ao, (AY/22), so that A is a
dilation parameter. Or, in other words, the dilation operator T defined by

Taf(2) = f(A/22) (1.5)

As we shall see in Sec. 3, each of the spaces B



Infin. Dimens. Anal. Quantum. Probab. Relat. Top. 2007.10:539-571. Downloaded from www.worldscientific.com

by CENTRE FOR MATHEMATICAL RESEARCH (CIMAT) on 10/03/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

Direct and Reverse Log-Sobolev Inequalities 543

for f € Bﬁ and z € C is a unitary transformation from 837 ., onto Bg’ s and from
B2, onto Bg,u,A' Therefore, T} is also a unitary map from B onto Bi)\.

One can relate the parameter A to Planck’s constant % by considering the case
= 0. We first observe that for z € C, z # 0 and p = 0 we have that

21/2 A 2
Ve,O,)\(Z) = VO,O,A(Z) = AWK1/2(|A1/2Z|2) . ‘)\1/2Z| = ;6 Alz| s
which is a normalized Gaussian, using K1 /o(z) = K_; jo(z) = (/(2z))"/2e~*. (see
pp. 110 and 112 of Ref. 19). This should be compared with the Gaussian

1 e
VGauss,h(Z) = ﬁe =] /h, (16)

which is the density for the measure of the Segal-Bargmann space for any A > 0.
(See pp. 9 and 21 of Ref. 15. Note that the identification ¢ = /i was made in Ref. 15.)
So it turns out that A = 1/A. (For those who are confused by the fact that h and |z|?
have the same dimensions, let us note that there is a normalized harmonic oscillator
Hamiltonian implicitly used here. So there is both a mass and a frequency which
have been taken equal to the dimensionless constant 1.)

Definition 1.3. Let (2,v) be a measure space with finite measure (meaning that
0 < () < 00). Define the entropy of any f in L?(£2,v) to be

Spzu (f) = /Qdu(w)|f(w)|2log|f(w)|2 - ||f||2L2(Q,u) log ||f||2L2(Q,u) ) (1.7)

where || - || 12(q,,) means the norm in the Hilbert space L*(€,v), log is the natural
logarithm, and 0log0 := 0 (to make the function 0 < r — rlogr continuous from
the right at r = 0).

This definition is due to Shannon?? in his theory of communication. The require-
ment that the measure be finite is not necessary, but is imposed to avoid technical
details which are not important for us, since all the measure spaces in this paper
have finite measure. (See Ref. 17 for an example where v(§2) = cc.) For a finite mea-
sure space we have that Sp2q,)(f) is defined for all f € L?(Q,v) and moreover
that

(= log W)l fl1 720,y < Sr2)(f) 5

where W = v(), by applying Jensen’s inequality to the probability space (€2, v/W)
and the convex function r +— rlogr for r > 0. It follows that Sp2(q,.)(f) > —oo,
though Sr2(q ) (f) = +oo could occur.

Definition 1.4. If there is a distinguished quadratic form Q(f) defined for all
f € X, a closed subspace of L?(,v) where (£, v) is a measure space, we say that
an inequality holding for all f € X of the form

Sr2un (f) < CLQ(f) + Coll fIIZ2 0.0
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for constants C; > 0 and Cy > 0 is a (direct) log-Sobolev inequality in X. Similarly,
an inequality holding for all f € X of the form

Q(f) < D181z, (f) + D2l f 720 -
for constants D1 > 0 and Dy > 0 is a reverse log-Sobolev inequality in X.

Usually, Q(f) in this definition is a Dirichlet form, but this is not so in the main
results given in Sec. 4. We understand @ : X — [0, 00| as a sort of energy. If Q(f)
is only densely defined, we put Q(f) = +oo for f not in the original domain of
Q. Also, the entropy in this definition can be equal to +00. So, one way to think
about a direct log-Sobolev inequality is that it tells us that finite energy implies
finite entropy. It can also be thought of as a type of coercivity inequality. Similar
comments apply to reverse log-Sobolev inequalities. There is an extensive literature
on log-Sobolev inequalities, starting with the articles of Federbush? and of Gross.!?
For more recent references, see Ref. 14 and references therein. The first reverse
log-Sobolev inequality appeared in Ref. 34. Further studies of such inequalities can
be found in Refs. 2, 6, 10, 13 and 35.

We use the standard convention in analysis that C' represents a positive, finite
constant (i.e. a quantity not depending on the variable of interest in the context)
which may change value with each usage.

The organization of the article is as follows. In Sec. 2, we review some basic
properties of the measures introduced above. In Sec. 3 we analyze each reproducing
kernel function of the various Hilbert spaces studied here as the kernel function
of an integral transform. In Sec. 4, we present our main result, an energy-entropy
inequality which in special cases is a direct log-Sobolev inequality and in other cases
is a reverse log-Sobolev inequality. All of this is in terms of a quadratic form called
the p-deformed energy and introduced by the authors in Ref. 2. Then in Sec. 5
we present relations between the p-deformed energy and the Dirichlet form energy.
This allows us to prove all of our main inequalities in terms of the Dirichlet form
energy as well as in terms of the py-deformed energy.

2. Properties of the Measures

We note the following results (see p. 136 of Ref. 19) for the asymptotic behavior of
the MacDonald function K,(z) for & € R and = > 0:

glel=ip
Ka(x)%ﬁ asz — 0T if a#0,
xa
2
Ko(z) = log - as x — 0T,

Ko(z) (%

Here f(z) & g(x) as x — a means lim,_,, f(z)/g(z) = 1, where a is a limit point
of a common domain of definition of the positive functions f and g. While the

1/2
) e ™ asx— +oo foralla e R.
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usual definition of K, (see Ref. 19, pp. 108-109) gives an analytic function defined
on C\(—o00,0], we are only interested in its values for real > 0. Notice that the
asymptotic behavior of K, (z) as x — +00 does not depend on « to first order. But
the next order term does depend on a.

Written in polar coordinates dv, , » has density (with respect to drdf)

231

At -
' (p+ 3)

2y 2042
Ko (Wro)r ptz
So, the behavior of the density of dv, , x near zero (r — 07) is asymptotic to

1 2
pt2 _
)+ Cr
for all 4 > —1/2. On the other hand, dve , x has density
23—
T (u+ 3)
in polar coordinates (again with respect to drdf), whose asymptotic behavior as
|z] = r — 07 is given by the following three cases:

3
A2 Kﬂ_%()\ﬁ)?ﬁ’”z

(a) For —1/2 < p < 1/2, we have v, (z) &2 Cr2it2 /(p2)(5=1) = Opdntl,

(b) For = 1/2, we have ve , 1(2) 2 C(|logr?|)r® = Cr3|logr|. Note that this is
not the limit when p 7T 1/2 of the previous case.

(c) For > 1/2, we have v, (2) = Cr2+2 /(r2)(h=32) = O3, So for this range of
values of p, the functional form of the asymptotic dependence on r (for r near
zero) is independent of y, namely 72, though the constant does depend on .
Also, this functional form is the limit when p 1 1/2 of the first case.

Note that in all cases the singularity of the MacDonald function at zero in
formulas (1.1) and (1.2) has been regularized into a locally integrable function of

Zut2 2ut1 given in the

r near r = 0 by the factor r , which comes from a factor of r
definition of the densities of the measures and another factor of r that comes from
the change of variables dxdy = rdrd#.

Using (1.3) we see immediately that || < |3| implies that K. (x) < Kg(z) for
all z > 0. In particular, we have K,,_1/2(z) < K, 11/2(x) for all z > 0 provided
that |4 —1/2| < |+ 1/2|. But this last condition is equivalent to y > 0. So, for all

u >0 and all z € C with z # 0 we have that

Ve,ua(2) < Vo ua(2) . (2.1)

In the case 1 = 0, we have already seen that veox(z) = Vo0x(2). Finally, in
the case —1/2 < p < 0 we have K, 1/5(x) < K,_1/2(z) for all 2 > 0 since
|+ 1/2] < | —1/2|, and so it follows for 0 # z € C that

Vo,ur(2) < Veun(2) - (2.2)

Since ve ,, 2 (2) and v, , A(2) are integrable near zero, continuous in C\{0} and
N7 N7 8 )
decay as r = |z| — +o0 as Cr?#Tle=?"" (density with respect to drdf), it follows
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that the measures dve ;.2 (2) and dv, 2 (2) are finite. It turns out that dve , x(2) is
a probability measure. To show this we will use the identity

d
9 Ka(w)) = —2Kaa(2)
for x > 0 (see p. 110 of Ref. 19). So we now evaluate that
25— 2042\t 2
Ve ( dye%b A2) =27 dr g 1/2) MNTEK y72(Ar?)
25~k
— d pt B
Mt 1/ )y @ Kl
25K .
T 1/2) / ds =" 2K p1/2(s))
25 ; -
F(/J-’-]./Q)(_S ,u+1/2( )) .
_2h 23T (p+1/2) =1
— 2 =
T(u+1/2) a ’

where we used the definition of the measure dve , 1(2), a change of variables, the
above quoted identity, the fundamental theorem of calculus and the asymptotic
behavior of K/, at zero and at infinity. (Another way of thinking about this
fact is given in Ref. 36.) It now follows from (2.1) or (2.2) that dv, . A(2) is not a
probability measure when p # 0.

The results of this paper hold for every value of the scaling parameter A > 0.
However, to keep the notation manageable, we will usually put A = 1 hereafter. Of
course, the case of general A is implied by the case A = 1 by applying a dilation.

3. The Reproducing Kernel and Its Associated Integral Transform

There is a reproducing kernel function K for Bi (see Refs. 20 and 4), which satisfies
the usual reproducing property, namely, (K (-, w)*, f>Bﬁ = f(w) for all f € Bi and
w € C. In fact, K(z,w) = exp,(z*w) for all z, w € C, where the y-deformed
exponential function (see Ref. 25) is defined by exp,,(2) := >~ 2" /7, (k) and the
u-deformed factorial is defined recursively for all integers k > 0 by

Yu(0) :=1 and 7y, (k) := (k + 2ux0(k))yu(k —1) if k>1. (3.1)

Finally, xo(k) = 0 for k even and x,(k) = 1 for k odd, that is, x, is nothing but
the characteristic function of odd integers. Other conventions in force here are that
z* is the complex conjugate of z € C and that all inner products are anti-linear in
the first argument and linear in the second.

Notice that for the case ;1 = 0 we have 79(k) = k! and so expy(z) = €*. In

general, the idea is that for u = 0 we recover familiar objects and relations, while



Infin. Dimens. Anal. Quantum. Probab. Relat. Top. 2007.10:539-571. Downloaded from www.worldscientific.com

by CENTRE FOR MATHEMATICAL RESEARCH (CIMAT) on 10/03/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

Direct and Reverse Log-Sobolev Inequalities 547

for u # 0 we obtain a deformation of the standard theory. But it can happen that
the deformed theory p # 0 has properties identical to those in the case u = 0. For
example, we have that 7,(0) = 1 = 0! and exp,(0) =1 = €%, See Ref. 36 for more
details about this point of view.

The results of the following lemma are immediate consequences of these defini-
tions. The proofs can be found in Ref. 20.

Lemma 3.1. The function exp,(z) satisfies the following properties:

(a) Forall p > —1/2 the p-deformed exponential exp ,(z) is a holomorphic function
whose domain is the entire complex plane C, i.e. it is an entire function.

(b) For any p > —1/2 and all z € C we have |exp,(z)| < exp,(|z]).

(c) If 4 = 0, then we have |exp,(2)| < el for every z € C.

(d) If =1/2 < p <0, there is a Cy, > 0 so that |exp,(2)] < Cp(1 + |z|lHel=l for
every z € C.

Definition 3.1. For a measurable function f = f. + f, : C — C we now define an
integral kernel transform, denoted K f, that is associated to the reproducing kernel
function K for Bi as follows:

K f(w) ::/(Cdl/e,u(z)Ke(z,w)fe(z)—|—/Cd1/0,u(z)Ko(z,w)fo(z), (3.2)

provided both integrals converge absolutely, this being a restriction on f as well as
onw € C.

Here, of course, K(z,w) and K,(z, w) refer to the even and odd parts of K (z,w)
with respect to the first variable z, and each is a kernel function for an integral kernel
transform that enters in the definition (3.2) as well as in the subsequent definition
(3.5). Notice that the first integral in (3.2), if it exists, gives an even function in
w, while the second integral in (3.2), if it exists, gives an odd function in w. This
property depends on the explicit form of K (z, w).

If f € B?, the right-hand side of definition (3.2) reduces to (K(w)*, gz =
f(w), that is, K f = f in this case. Of course, this remark is the motivation for this
definition.

The kernel function K (z,w) appears in Ref. 20, while all three kernel functions
K(z,w), K¢(z,w) and K,(z,w) appear in Ref. 4. (Note that explicit formulas for
these reproducing kernels are given in Example 4.17 in Ref. 4, and they appear to
disagree with our formulas given below. But they are indeed equal to ours, as they
must be.)

Notice that Ke(z,w) = exp, .(z*w) and that Ko(z,w) = exp, ,(2*w), where
exp,. and exp,, are the even and odd parts, respectively, of exp,. Since
exp,, .(z*w) (resp., exp, ,(2*w)) as a function of z is in LI(ve,,) (vesp., LI(vo,,))
for 1 < g < oo and any fixed w € C, (which is a consequence of Lemma 3.1 and the
previously cited asymptotic behavior of the MacDonald function near infinity), it
follows by Holder’s inequality that K f(w) is well defined for every w € C provided
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that fo € LP(C, v,,,) and f, € LP?(C, v,,,,) for some 1 < p; < 0o and 1 < pa < oo.
One can use Morera’s Theorem to show that the resulting function w — K f(w) is
holomorphic for all w € C.

When p = 2 the spaces BY , and B}  introduced in Definition 1.2 become
Hilbert spaces of holomorphic functions with reproducing kernel functions given

by Ke(z,w) = exp, .(z*w) for BZ , and K(z,w) = exp, ,(z*w) for B? ,, where z,
w € C. These kernels then have associated integral transforms, given by

Kof(w) = [ dve (2 Koz ) (33)
and

Kof(w) = [ v (2) ol 1) (34)

for measurable f : C — C, provided the integrals converge absolutely. These two
integral kernel transforms will be basic for our analysis.

Notice that we follow here the very common convention of using the same symbol
to denote both a kernel function as well as its associated integral kernel transform.
We have already done this before in equation (3.2).

We also consider K, ® K, which is defined for w € C as

(Ke @ Ko)(f @ g)(w) := Kef(w) + Kog(w) (3.5)

where f, g : C — C are measurable functions, provided that both integrals in (3.3)
and (3.4) converge absolutely. Again, suitable integrability conditions on f and g
guarantee that the integrals exist for all w € C and, in that case, the resulting
functions K,f and K,f are holomorphic in the entire complex plane. Moreover,
note that Ko & Ko : L2(ve,) @ L*(Vo ) — Béﬂ &) Bgyu = Bi is the orthogonal
projection in the Hilbert space of the domain onto the codomain, where the latter,
Bi, is included in the former, L?(ve,,) ® L?(vo 1), by the map f = fo+ fo = fo® fo.
Notice that L?(ve ) ® L*(vo,,) is an external direct sum of Hilbert spaces, while
B2, ® B2, is an internal direct sum of Hilbert spaces.

For all w € C we have the identity

Kf(w) = (Ke D KO)(fe S5 fO)(w) = KE(fE)(w) + KO(fO)(w) :

So the study of K, @& K, and of K reduces to the study of K, and K.

Let us note in passing that, while the transforms defined in (3.2) and (3.5)
can be viewed as the sum of two integral transforms (each with respect to its own
measure space), one can easily rewrite these as one integral transform with respect
to the measure space (C X Zg,v,,), where Zy = {—1,+1} is a multiplicative group,
Vulex {41} := Veu and vy|cx -1} := Vo,u- The group Zy can be identified with the
Coxeter group (see Refs. 4 and 27) of this formalism.

Now a natural problem is to identify all quadruples p1, g1, p2, g2 of Lebesgue
indices such that

Ke® Ko 0 L' (Vo) © LP*(vo,) — BE, © BE, (3.6)

e,
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is bounded, i.e. the operator norm with respect to the indicated domain and
codomain is finite. And given that this operator is bounded, another problem is
to ascertain if it is compact. For example, if p; = ¢ = 2 and p2 = g2 = 2, then
K.® K, is bounded (since it is an orthogonal projection), but is not compact (since
it is an orthogonal projection with infinite dimensional range).

For the purposes of the present exposition it is better to start with the more
general problem of identifying those quadruples p1, 1, p2, g2 for which K, @ K, is
a bounded (or compact) transformation of LP*(ve,,) @ LP2 (v, ) to B, , & BE,

e, p,a1
for some reals a1 and as. So we wish to study when

Ke® Ko : LP*(ve,,) & LP? (vo,,) — BL, .. & B

e,p,a1 o, ;a2 (37)
is bounded or compact.
Here we are using a weighted modification of the previously defined spaces.

Specifically,
B,,=HOC)N{f:C—-C|f=f.€ LYC,vepa)},

e, p,a

B, ., =HOC)N{f:C—C|f=foe L C,voua)},

0,1,

where a € R and
Ve p.a(2) == e*alzlrzdye,u(z) and dvg u.q(2) = e*alzlrzdz/o’#(z) . (3.8)

Notice that here we allow a to be negative. When a = 0, we recover the spaces of
Definition 1.2 for the case A = 1. Strictly speaking, the notation for the measures
defined in (3.8) conflicts with the notation of Definition 1.1, but we use it to avoid
even more complicated notation. The point is that in the notation of the measures
dve ;2 (2) and dv, 2 (%) in Definition 1.1 the variable A > 0 could be interpreted as
the variable a € R in the measures in (3.8). However, the measures in Definition 1.1
are dilations of the measures dve . 1(2) = dve . (2) and dvg (%) = dvo, u(2) (as we
noted earlier), while the measures in (3.8) are given by a simple weight function
(depending on the parameter a) times the measures dve ,(z) and dv, ,(z), which do
not depend on a. It follows that the measures in (3.8) are not those of Definition 1.1
when p # 0. However, for 1 = 0 the measures in (3.8) are related to those of
Definition 1.1 by e’“‘z‘zdl/e’o(z) = A 'dve0.(2), where A = 1 + a provided that
a # —1. (In our applications we always have a > —1. See for example Theorem 3.1
below.)

Of course, this problem naturally splits into two problems, since the first (resp.,
second) summand on the left of (3.7) maps to the first (resp., second) summand on
the right of (3.7). An answer is given in the following theorem.

Theorem 3.1. Let 1 <p < oo and 1 < g < co. Then for any a > p'q/4 — 1, the
integral kernel transform K, (respectively, K,) is a compact (and, hence, bounded)
operator from LP(ve ) to BE , , (respectively, from LP(v, ) to B, ).

Consequently, for 1 < p; < oo and 1 < q; < oo and a; > p;.qj/ll — 1 for
Jj = 1,2 we have that K. ® K, is a compact (and hence, bounded) operator from
Lp (l/e,p) @ LP2 (l/o’#) to B4t @ B9z

e,,a1 o,,a2°
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Here, p’ is the usual index conjugate to p, namely, p’ = p/(p—1) for 1 < p < o
and oo’ =1 and 1’ = .

Proof. The proof is given for the case of K, since the other case of K, has a quite
similar proof. (However, occasional parenthetical comments are given about the
latter case.) The tool to prove this result is the Hille-Tamarkin norm (see Refs. 16
and 18). For the Lebesgue indices 1 < p < oo and 1 < g < oo and the kernel
function K, this norm is given by

1/q

ne = (/C dvnat) [ due,u<z>|Ke<z,w>|p/)q/p/) T

(For K,, one has to use the measures dv, ;. and dv, ,.)

I |

In the following we continue to use the same symbol K, to represent the kernel
function as well as the operator defined by that kernel function. The main property
of the Hille-Tamarkin norm that will be used here is given next (see Refs. 16 and
18).

If [|[ K|
transform K. is a compact operator and, hence, bounded from LP(v,) to
B, .- Moreover, the operator norm from LP(ve,,) to BZ , , is bounded above

by the Hille-Tamarkin norm, namely, || Ke|[p—q < |[|[Kelllp.q-

p.q as given in (3.9) is finite, then the corresponding integral kernel

We remark that the notation ||| Kel||p,4 has the same ambiguity as does || Kel|p—q;
namely that the relevant measures are omitted from the notation. But again context
will clarify this.

So, the first step is to estimate the inner integral [ dve ,(2)|Ke(z, w)[?’ in
Eq. (3.9) in order to determine its dependence on w. To do this, note that we
have the following estimate, which follows from the definition of the even part of a
function and from Lemma 3.1:

1 * *
[Ke(z,w)| = 5] exp, ("w) + exp,, (—27[w)
< exp,(J2ljwl) < Cp(L + |2 ¥ Jw] el (3.10)

We can take C), as in part (d) of Lemma 3.1 for —1/2 < px < 0 and C}, = 1 for
i > 0. (The same estimate holds for K,). In the following estimates, the reader
should not confuse the kernel function K. with the MacDonald function K,_; /5.
Also, in agreement with our convention mentioned earlier, the symbol C in the
following is a positive finite constant (i.e. independent of w, but not necessarily of
w or p) which can change with each occurrence.

Using the estimate (3.10), the definition of the measure dv. ,, the asymptotics
of the MacDonald function near +o0o and a completion of the square, we have
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/ dve u(2) | Ke(w, )P < C e,y (2) (1 + |2 Mo )P P41
|=|2M |2I>M

oo
= C/ d?“Kufl/Q(rz)rzﬁ”rz(l + el ‘w‘lul)P'ep'rlwl
M
o 2
< C/ dre”" r?HHL(1 +7~\ﬂ\|w|\m)p'€p'r\w\
M

- Cep'2|w|2/4/°° dre (TP 1W1/2% 201 (1 g il 0P
M
(3.11)

For our present purposes the particular value of 0 < M < oo is not relevant. To
estimate the integral in (3.11), we first note that for any o > 0 we have the estimate

ef(mfoz)2 < e%eaefx

for all x > 0, which can be shown by calculus. Also for any r > 0 we have the
elementary inequality

14+a)" <Cl+a") (3.12)

for all @ > 0, where C' depends only on r, and not on a. Applying these two
inequalities to the integral in (3.11), we have that

oo
/ dre—(r=p'1w1/2)% 20041 (1 gyl g1
M

(o)
< Cep’\w\/2/ dre™ PR (1 4 P Il P10y < CeP' 1172 (1 4 Pl
M
Substituting this into (3.11) we have that

’ /2 ’ ’
/ Ve 1 (2)| Ke(w, )P < CeP [wl*/4epTwl/2(1 4 |y’ lul)
|2]>M
Now we consider the case |z| < M, for which we see that

/ e, (2)|Ke(w, )] < © e, (2)(1 + |2 M| 1) ¥ 17111
|z|<M [z|<M

<@ e (2)(1 + M gyl 2 Ml
j2l<

<C( +M\u\‘w‘lul)p’ep’lel
<Cc(1+ |w|p'|u|)ep’M|w| ,

where we first used the estimate (3.10), applied |z| < M to the integrand, estimated
the integral by a constant, and finally used (3.12) and then made an elementary
estimate.
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Putting all this together we have that
/ e (2)| Ko, 2)|P
C

/ ’ 12 p ’ /
< C((1 + w[PH)er Mlwl o o™ lwl/4gplwl/2(1 4 P’ lulyy - (3.13)

But now each of the terms on the right (3.13) can obviously be bounded by
Cexp(ﬁp’2|w|2) for any 8 > 1/4 and all w € C, where now the constant C' can
depend on (3 (as well as on p, p and M), but not on w. So, the final estimate on
the inner integral in (3.9) is

’ /2
/dVe,u(Z)|Ke(w,z)|P < O lwl?
C

for any B > 1/4 and all w € C. Continuing with the computation of the Hille—
Tamarkin norm of K, in Eq. (3.9), we have to take the last expression to the power
q/p" and then integrate with respect to the measure dve ;o (w). (Using dvg, . q(w)
for K, gives the same results.) But this gives us the estimate

q/p’
Il = [ vl ( / due,u<z>|Ke<w,z>|P)

oo -
< C/ Ve pu,a(w)eP qlwl® _ C/ drKu—l/z(Tz)r2“+2e*”26ﬁp ar?
C 0

Now this last integral converges if and only if it converges near infinity. But there
it has the upper bound

oo
C dre="" p2ntlg—ar’  Bp'ar® ,
M/
for some M’ > 0, which converges if and only if —1 —a+ 3p’q < 0. This condition in
turn is equivalent to a > Gp’q—1. However, we have by hypothesis that a > p’q/4—1,
which implies that we can pick some 3 > 1/4 such that

a>pp'qg—1>pq/a—1.

Using this value of 3 in the above argument shows that ||| Ke|||lp,q < co. The remain-
ing assertions of the theorem now follow directly. QED

Remark. The argument in this proof can be refined in the case u > 0 with the
aim of getting an improved estimate for the Hille-Tamarkin norm and, hence, for
the operator norm. Clearly, one can use part (c) of Lemma 3.1 (instead of part (d))
in this case. But we can use an even better estimate, that follows directly from
(2.3.5) in Ref. 25. This says that for all z € C and p > 0 we have that [exp ,(z)| <
exp,, (Re(z)). However, we are not trying to find optimal constants, nor do we believe
it to be likely that the Hille-Tamarkin norm will produce them.
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Corollary 3.1. Let 1 < p < oo and 1 < ¢ < oo be given with p'q < 4. Then the
integral kernel transform K. (respectively, K,) is a compact (and hence bounded)
operator from LP(ve ) to BE , (respectively, from LP(vo ) to BE ).

Proof. This is the special case a = 0 of the theorem. One only has to note that
Bi, .= BZ,and that B =B  when a=0. QED

Theorem 3.1 and its corollary generalize results proved in Ref. 33 for the case
1 = 0. Notice that the relations a > p’q/4 — 1 of the theorem and p’q < 4 of the
corollary do not depend on the parameter u, and so are identical with the relations
already found in Ref. 33. However, the Hille-Tamarkin and operator norms most
likely do depend on p, though only an analysis which calculates good lower bounds
for these norms (or the norms themselves) can settle this question. Here we have
presented only upper bounds. Also, notice that for the case p = 0 it is proved in
Ref. 33 that the integral kernel transform K is unbounded if p’q > 4. It is reasonable
to conjecture that this also holds for the case u # 0.

4. The Main Results

To obtain the main results of this paper we will use an interpolation theorem due
to Stein (see Ref. 37 or Theorem 3.6 in Ref. 5). This theorem is a generalization
of the well-known interpolation theorem of Riesz—Thorin (see Ref. 38). The reason
interpolation theory is used here is to obtain operator norm estimates that vary
smoothly as the pair of Lebesgue indices varies. This will allow us to take a deriva-
tive with respect to the interpolation parameter ¢ as the reader will shortly see.
This derivative is central to the argument that we use.

Since the Stein theorem is not so widely known, we now quote it. But first, let
us recall that a simple function is a measurable function f having a finite range
R C C such that f~!(z) is a set of finite measure for every z € R, z # 0.

Theorem 4.1. (Stein®") Let (Q;,v;) for j = 1,2 be o-finite measure spaces. Let
T be a linear transformation which takes simple complex-valued functions on Q4 to
measurable complez-valued functions on Qs. Let po, p1, qo, (1 be in [1,00]. Then,
for 0 <t <1, define p; and q; by

prt = —0pyt +tprt and gt = (1—1)gg ! + gy

Suppose that ug, u1: Q1 — [0,00) and ko, k1: Q2 — [0,00) are measurable functions
such that for all simple f:Qq — C we have

1(T'f ) kol

L9 (Qa,05) < Aol fuollLro (9, 1) 5

and

”(Tf)kl”lﬂl (Q2,v2) < AleulHLm(Ql,Vl)



Infin. Dimens. Anal. Quantum. Probab. Relat. Top. 2007.10:539-571. Downloaded from www.worldscientific.com

by CENTRE FOR MATHEMATICAL RESEARCH (CIMAT) on 10/03/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

554 C. E. Angulo Aguila & S. B. Sontz

for some finite constants Ao > 0 and A; > 0. (Note that for some simple f the right
side of these inequalities can be equal to +00.) For 0 <t < 1, define functions u; :=
up "'l 0 Q — [0,00) and ky = ky 'kt 0 Qo — [0,00). Then the transformation
T can be extended uniquely to a linear transformation defined on the space of all
[+ — C that satisfy || futllLre 9, ,0) < 00 in such a way that for all such f we
have

T Ll Lo (@,00) < Ao~ Alll FuellLre (@)

Now we will apply Stein’s Theorem in the context of Theorem 3.1. The next
result, including its proof using Stein’s Theorem, follows the presentation in Ref. 33
for the case . = 0. Moreover, the next result and its proof are valid for K, provided
that we change the subscript “e” “0” throughout.

Theorem 4.2. Let 1 < p < 00,1 < q < 00 and a > p'q/4 — 1. Then we have
1 Kellp—g < [[[Kelllp,g < 00 and also that for all 0 <t < 1, K. is a bounded linear
map from LP*(C,v,,,) to LY (C,v. , ), where

'y Pe,pu,a

t
dué%a(z) = exp (—%a|z|2> dve, (%) (4.1)

forp;t =1 —t)27 4 tp~! and qt_1 = (1—-t)271 +tq=t. Moreover, the operator
norm from LP*(C, v, ,,) to L%(C,v¢ , ) satisfies

[ Kellp,—gq. < ([ Kellp—q)" < 00,

or equivalently,

I(Ee kel zar ) < Al FllLoeve,) » (4.2)

for all f € LP*(C,ve,,), where Ae = Ac(p,q,a, ) 1= || Kellp—q < 00 is the operator
norm from LP(C,ve ) to LY(C, Ve ) and where

ku(2) = exp(—at]2[*/q) (4.3)
forall z€ C and 0 <t <1.

Proof. In the context of Stein’s theorem, we take (Qq,11) = (C,ve,) and
(Q2,12) = (C, Ve ) Also take po = go = 2, p1 = p, ¢1 = ¢ and ko(z) = uo(z) =
u1(z) = 1 for all z € C. Finally, put k1(2) = exp(—alz|?/q). Note that

”(Kef)ktHth(Ve w) HK f”L‘H vt

eua)'

Here k;(z) = kg '(2)k(2) comes from the statement of Stein’s Theorem. Us-
ing the definitions for ko(z) and k1(z) just given, we get that ki(z) = ki(z) =
exp(—at|z|?/q), which is just Eq. (4.3). Note that k; also depends on a and g,
although this is suppressed from the notation. For t = 0, we have

[(Kef)kollL2(ve.,) < I fuollz2(ve,)
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for all f € L?(v,,,), since K, is an orthogonal projection when considered as an
operator with domain L?(v, ). For ¢ = 1, we can apply Theorem 3.1 because of
our hypotheses on p, ¢ and a and so we have that

[(Kef)kil
(Recall that Ae = || Ke||p—q-) So, Stein’s Theorem allow us to conclude that

I(Eef)kell Lo v,y < VT Al fell e ) = Al F Lo (o)

or, equivalently,

La(ve,) < AellfutllLe(e,,.) -

”Kef”th(V;,m) < A«terHL”t(Ve,u)

for all f € LPt(v,,,). Here we have used u; = ug ‘uf = 1. QED

In the next theorem and its discussion we will see three expressions arising quite
naturally. These have been basically identified by us in Ref. 2 and are given next.
We give these definitions for the measures introduced in Definition 1.1.

Definition 4.1. Let A > 0 be a given value throughout of the dilation parameter.
For every g € B2, define its u-deformed energy by

[SNTIDN
Fepalg) = /C e (2) A2 g (2) 2 (4.4)

Similarly, for every h € B? define its p-deformed energy by
SN

Foyunt) = [ v r (DA=PIA)
Finally, for every f € B;QM define its p-deformed energy by
E,u,,)\(f) = Ee,p,/\(fe) + Eo,,u,,)\(fo) 5 (45)

where f = f. + fo is the representation of f as the sum of its even and odd parts.

See Ref. 2 for the case A = 1 of this definition. With the normalization we have
chosen, we have that E,1(f) = E,(Taf) for all f € B2, where T is defined in
Eq. (1.5). Having made this comment, we now revert to the situation where X\ = 1
and )\ is suppressed from the notation.

We note that all of these u-deformed energies are non-negative quantities, al-
though they can be equal to +0o. We have given in Ref. 2 explicit formulas for
these p-deformed energies in terms of the coefficients of the Taylor series (centered
in the origin) of the function. Unfortunately, those formulas are rather unenlight-
ening and do not show an immediate relation with the Dirichlet form energy, which
we introduce in the next section. Note that in the case y = 0 these p-deformed
energies are related to the Dirichlet energy in the Segal-Bargmann space B2 via an
identity of Bargmann that is proved in Ref. 3 [Eq. (3.17)], namely, for all f € B?
we have that

/@ Weass ()21 F ()2 = [ F13 + (. N F)se
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where dvgauss(= dve,o = dio o) is a Gaussian measure [cf. Eq. (1.6)] and N is the
number operator which is associated with the Dirichlet form. See Ref. 3 for more
details. In the next section we will discuss a y-deformed number operator IV, acting
in be and its associated Dirichlet form as well as its relation with the pu-deformed
energies of Definition 4.1.

We now continue with the main results of this paper.

Theorem 4.3. Suppose that 1 < p < oo, 1 <qg< oo and a > p'q/4—1. Then the
energy-entropy inequality

(0" = a )12 (f) < (0 A fll30s ) + gEe,u(f) (4.6)

holds, where Ac = Ac(p, q, a, 1) is the operator norm of K. acting from LP(v, ) to

B, .. provided that one of the following hypotheses is satisfied:

Hypothesis 1: f € Bgtf for some € > 0.

Hypothesis 2 : f € ng 1<p<2,1<¢g<2and SLz(,,e,“)(f) < 00.

Moreover, for the coefficients of the principle terms in (4.6), namely the energy
term Fe ,(f) and the entropy term Spa(,, ,)(f), we have the following cases:

Case 1: p~1 > q1. This implies that p'q/4 —1 > 0 and so a > 0. Thus the
coefficients of both Siz(,, ) (f) and E. . (f) are positive and consequently (4.6)
is a direct log-Sobolev inequality in Bg’ . With respect to the u-deformed energy
Ecp.
Case 2: p~1 < q7! and p'q/4 —1 > 0. Again a > 0 follows so that the coefficient
of Ee . (f) is positive, but now the coefficient of the entropy is non-positive. Since
dve . (2) is a probability measure, Sr2(,, ,)(f) > 0 and so (4.6) is trivially true.
Case 3: p'q/4 — 1 < 0. This implies that p~* < q~, namely, that the coefficient
of the entropy is negative. Moreover, we choose a such that 0 > a > p’q/4 — 1,
which means that the energy term also has a negative coefficient. (Of course, we
can also choose a > 0 in this case. But then (4.6) becomes trivial.) In this case
by putting the energy term on the left and the entropy term on the right, (4.6)
gives us a reverse log-Sobolev inequality in Bé . with respect to the p-deformed
energy E. .

Since K1 = 1 (where 1 is the constant function, which is holomorphic and
even), we have that Ae > 1 and so the coefficient of the norm term in (4.6) is
non-negative. Here, we use that a < 0 implies |||z, , > 1.

Remark. The corresponding inequality holds for odd functions. One merely has

(AN

to change the subscript “e” to “0” throughout. We simply note the result here. So,
with the same hypotheses as in Theorem 4.3, we have that

(0™ = )12 (f) < (08 A)If 22(r ) + gEmf), (4.7)

Vo,pu
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where A, = Ao(p, ¢, a, ) is the operator norm of K, acting from L (v, ) to BE , .
However, the comments about the three cases need some modification. In Case 2 we
remark that for u > 0 we can have negative entropies and (4.7) could be nontrivial

for some choices of f. Also, the second paragraph of Case 3 does not apply.

The proof (in either the even or odd case) is essentially identical to that given
in Ref. 34, except for some notational changes some of which are due to the absence
of a Bargmann identity for E. ,(f) and some to a difference in the normalization
of the measures. Since the proof in Ref. 34 is rather long and technical, it will not
be repeated in detail here. However, we now present a sketch of the main ideas of
the proof.

We start with the formula (4.2), which we repeat here:

I(Eefktll o ey < Al FllLoe o) - (4.2)

This is valid with A, finite because of the assumptions imposed on p, ¢ and a. We
have proved this formula for f € L?*(v,,) and hence for f € LP*(v,,,) N B2 ,. But
we will now use it for f € Bi .- In the rest of this sketch, such technical details
about domain issues and their ensuing complications will be omitted. The idea is
that (4.2) is an equality when t = 0, since pg = qo = 2, ko = 1, A = 1 and K.f = f
because f € Bi .- S0, using a technique that dates back at least to Hirschman in
Ref. 17 but that is also important in Ref. 12, we take f, p and ¢ fixed and regard
each side of (4.2) as a real-valued function of the real variable ¢ € [0,1]. The fact
that equality obtains at ¢ = 0 implies that we can take the derivative (from the
right) at ¢ = 0 on both sides of (4.2) and thereby get another valid inequality,
namely

d

(V7

t=0*t

(Ai||f||m(ue,u))a

t=0+t

Lot (ve,)) <

=

which simplifies to

d

d
o Lar(e,)) < (log A fllL2(ve,) + =

(15 =

t=0+

I fllerewe,y) - (4:8)

t=0+

Note that derivation in general is not an order-preserving operator, but that in this
particular instance, the operator d/dt|;—o+ is. Using elementary calculus, a differ-
entiation under the integral sign (which we do not justify here) and the definition
in Eq. (1.7) of entropy, we find that

d

dt

27 =P S, (f)

| (19)
HfHLz(Ve,u)

Ul zeewe,y) =

t=0*t

provided that [|f[/z2(,, ) # 0. But (4.6) is trivially true if f = 0, so hereafter we
exclude that case. Similarly, we find that
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d 27— ¢ "Sr2w. 0 (f)
| bl = e
=0+ L2(Ve,u)
1 a
o [ (2R ) IF@R, (@1o)
||f||L2(Ve,u) C q
using the following immediate consequence of Eq. (4.3):
dky = 22,
t=0+ 4

Substituting (4.9) and (4.10) into (4.8) and using the definition in Eq. (4.4) of the
p-deformed energy Ee ,(f), we obtain

27" = ¢ "S20. ) (f) _ 1 a5 )
£l 22, Ifllcee,n g "
(27t —P_l)SLZ(ue,u)(f)

< (logAe)”f”LZ(l/e,u) + ||f||L2( )
Ve,u

Then, multiplying by [|f||z2(s, ), putting the two entropy terms on the left and

the energy term on the right, we obtain (4.6). This concludes the sketch of the
proof. QED

As noted before, the missing details of the proof, which amount to some ten
pages, can be found in Ref. 34. It is in those details that Hypotheses 1 and 2 play
a role in justifying the differentiation under the integral sign, as mentioned earlier.

Now we state a corollary of a part of the proof that we have not presented here.
Again, refer to Ref. 34 for details. Notice that this is not a consequence of the
conclusion of the previous theorem.

Corollary 4.1. The following relations between entropies and p-deformed energies
hold:

(a) Forall f, € Bg’u we have that the Shannon entropy Spa(,, ) (fe) is finite if and
only if the u-deformed energy Ee ,,(fe) is finite.

(b) Forall f, € Bg’# we have that the Shannon entropy Sz, ,)(fo) is finite if and
only if the p-deformed energy E, ,(fo) is finite.

(¢) For all f € be we have that the p-deformed entropy S, (f) (see Definition 4.2
below) is finite if and only if the u-deformed energy E, (f) is finite.

By adding the inequalities (4.6) and (4.7) for the even and odd cases, we get
the next result.

Corollary 4.2. Let 1 < po < 00, 1 < g < 00, e > Phge/4—1, 1 < po < 00,
1 <qo <00 and ao > plqo/4 — 1. Then we have the energy-entropy inequality

(pe' = 4a " )SLoq,) (o) + (05" = 45 )SL2(w,,) (fo)

Qe Qo
< (log Ao) || fellF2(u,. .y + (108 Ao)[I foll T2,y + q_Ee,/t(fe) + q—Eo,u(fo),
e o
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where [ = fo + fo is the representation of f as the sum of its even and odd parts,
provided that fo (resp., fo) satisfies one of the two Hypotheses of Theorem 4.3 (resp.,
one of the two Hypotheses of Theorem 4.3 with “0” instead of “€”).

Remark. We now will make a comparison of the present results with our previous
results in Ref. 2. Note that Theorem 4.3, Case 3, gives

q, _ _
Ee,,u,(fe) < E(p ! —q 1)SL2(,,€1H)(fe)+Ue(p»%a’ﬂ)“feH%%ye,u)
for some constant o.(p, ¢, a, 1). It is shown by the second author in Ref. 34 that the

coefficient of the entropy term can achieve any number ¢ > 1. So we have:

Theorem 4.4. (Reverse log-Sobolev inequalities in Bg’u and Bg’u for the p-
deformed energy) For every f. € Bg’ . we have that

Eeu(fe) < CSL?(Ve,H)(fe) + Te(c, N)HfEH;(ye,u) (4.11)

for any ¢ > 1, where 7o(c, 1) is some finite constant.
For every f, € Bg’u we have that

Eou(fo) < eS12u, ) (fo) + 7ol )| foll 72, (4.12)

for any ¢ > 1, where 1o(c, ) is some finite constant.

The inequality (4.11) (resp., (4.12)) holds for all elements in BZ , (resp., B2 ,)
due to an argument based on Corollary 4.1. Again, see Ref. 34 for more details.
Similar reasoning justifies the subsequent results which, at first glance, appear to
hold only in a certain dense subspace of the relevant Hilbert space, but actually
hold in all of that Hilbert space.

The inequality (4.11) should be compared with Theorem 5.1 in Ref. 2, which
says in our notation that

Eeu(fe) < eSt2, ) (fe) + ke(c, U)”fe”%Z(ye,u) .

We have shown in Ref. 2 that for each ¢ > 1 we can take
Kel(e, 1) = clog/ dye#(z)e‘z‘z/c < 00.
C

So we have proved the same type of reverse log-Sobolev inequality in Bé ., though
with a possibly different coefficient for the norm term. Similarly, our result (4.12)
in the odd case corresponds to Theorem 5.2 in Ref. 2 with the same caveats. The
method of Ref. 2 is based on the Young inequality and is due to Gross (see Refs. 10
and 35). One advantage of the results in Ref. 2 is that formulas are produced for
the coefficients of the norm terms. Our analysis here is incomplete in that regard.
It remains an open problem to identify the optimal constants of the norm terms.
They may even be equal to zero as far as we currently know.
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Finally, Corollary 4.2 in the particular case that pe = po, ge = ¢o and a, = a,
with plge/4 — 1 < ae < 0 reduces to

E.(f) < c(St2q,)(fe) + Sr2(u,,)(fo))

+ 7e(c, M)||fe||2Lz(ue,,b) + 7o(c, M)HfoH%%uo,u) .

for any ¢ > 1, using the definition of E,,(f) in Eq. (4.5). This is the first inequality
in Theorem 5.3 in Ref. 2, modulo the coefficient of the norm term. By taking
7(c, 1) := max(7e(c, 1), To(c, 1)), we get the next result.

Theorem 4.5. (Reverse log-Sobolev inequality in BZ for p-deformed energy) For
every [ = fo+ fo € be we have that

Bu(f) < {82, (fe) + Sraq,, (fo)} + 7(c w)ll £z (4.13)
for any ¢ > 1, where 7(c, ) is a finite constant.

This is the second inequality in Theorem 5.3 of Ref. 2, again modulo the coeffi-
cient of the norm term. Note that this does not appear to be a reverse log-Sobolev
inequality in the sense of Definition 1.4 given that the expression in brackets on the
right of (4.13) may not be immediately seen to be a Shannon entropy. In fact, it is
not a Shannon entropy of f € Bﬁ,
space. And we stated just this in Ref. 2, but it turns out that there is another way
of viewing this. Note that the isometry f — (fe, fo) maps

Bi — L2((C, Ve,u) @ LQ(C, Vo,u) = Lz((C X Lo, V)

since BZ is not defined as a subspace of an L?

as we remarked in Sec. 3 and so this canonically identifies Bi with a closed subspace
of L*(C x Zsa,v,,), which is an L? space. We use this fact in the next definition.

Definition 4.2. (see Ref. 2) For f = fo+ f, € be we define its p-deformed entropy
by

Su(f) = SL2((C><Z2,V“)(fea fo) .

Then we immediately calculate S, (f) = Sr2(y, ,)(fe) + Sr2u,,)(fo), which
agrees with the definition in Ref. 2. Now this allows us to write (4.13) as follows:

B, () < ¢Su(f) + 7e )| F I -

In summary, we have another method of proving the reverse log-Sobolev in-
equalities in Ref. 2. However, the coefficients of the norm terms that we obtain here
are most likely different (they are different in the case p = 0. See Ref. 35).

An important point is that the reproducing kernel method also produces direct
log-Sobolev inequalities in Bg’ , and in Bg’ i
the next result, which is a restatement of Case 1 of Theorem 4.3.

and these are new results. So, we have

Theorem 4.6. (Log-Sobolev inequalities in B2 , and BZ , for the p-deformed en-
ergy) For all f. € Biu we have
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aeSL2(ue,#)(fe) < beEe,u(fe) + Ce”fe”%,z(ye,“) ,

where ae > 0, be > 0 and ce > 0 are finite constants.
For all f, € Bg’# we have

aOSLz(Vo,;L)(fO) S bOEO;H(fO) + COHfOH%g(VO,H) 9
where a, > 0, b, > 0 and ¢, > 0 are finite constants.

Obviously, one can divide both sides of the previous inequalities by the coeffi-
cient of the entropy term without changing the sense of the inequality. Then one
would try to find the optimal constant for the norm term, given a fixed value for
the coefficient of the energy term.

Next by summing these two direct log-Sobolev inequalities, we obtain an energy-
entropy inequality in Bﬁ with two entropy terms of the form:

aeSLZ(Ve,u)(fe) + GOSLZ(VS,“)(fo) < beEe,u(fe) + bOEo,u(fo)
+Ce||fe||%2(ye,u) + COHfOH%Z(VO,H) )

where f = fo + f, € Bﬁ. By taking a := min(ae, a,), b := max(be,b,) and ¢ :=
max(ce, ¢o), we get for all f = fo+ f, € B}, that

a{Sr2w,,)(fe) + St2w,) (fo)} < VEL(f) +clflIs -

We can apply Definition 4.2 to the term in brackets on the left and obtain the next
result.

Theorem 4.7. (Log-Sobolev inequality for BZ for the u-deformed energy) For all
fe BZ we have that

aSu(f) < bEL(f) + CHf”?s‘i )
where a > 0, b > 0 and ¢ > 0 are finite constants.

As a closing comment to this section, we note that some other rather strange
looking inequalities can be obtained from these results. For example, we can add
a direct log-Sobolev inequality for Bg’ , With a reverse log-Sobolev inequality for
Bg’#. (Similarly, we can do this for Bg’#.) We can also add a direct log-Sobolev
inequality for Bg’ ., With a reverse log-Sobolev inequality for Bg’ ., and, vice versa, a
direct log-Sobolev inequality for Bg’ . With a reverse log-Sobolev inequality for Bg’ r
Of course, none of these inequalities is more fundamental than their antecedents,
and they seem to be mere curiosities as far as we can tell.

5. Dirichlet and p-Deformed Energies

The p-deformed energies introduced by us in Ref. 2 can be related to a Dirichlet
form energy in BZ. So we proceed to a discussion that will lead us to a definition
of this latter concept.
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We first note that one can introduce creation and annihilation operators, A7,
and A, respectively, which act in be. In terms of the standard orthonormal basis
{Wh} >0 of B2, where Wh(z) = 2" /(7,(n))}? (see Ref. 20), the definitions are:

A TH .= M i PH (5.1)
H=n ’Yu(n_ 1) n—1>
1/2
* ’Yﬂ(n + 1)) 13
Agh = (e g 5.2
g ( () “ >

for every integer n > 0, where U, = 0. Then, one can extend the definitions (5.1)
and (5.2) linearly to the dense subspace D7 of B, where D7 is defined to be the
set of all finite linear combinations of the W%. While we have given these definitions
explicitly in Ref. 2, one can find them discussed in a quite general situation in Sec 5
of Rosenblum’s article?® and, in a form isomorphic to that given here, in formulas

(3.7.1) and (3.7.2) of Ref. 25. Moreover, it can be easily checked that
Auf(2) = Duf(2) = 1'(2) + L) - (=), (5.3)
A f(z) = (M f)(2) = 2f(2), (5-4)

for all f € D2 and all z € C. Here f'(z) is the complex derivative of f(z). (We
thank C. Pita for bringing formula (5.3) to our attention.) Of course, the formulas
(5.3) and (5.4) can be used to define D,, and M, and hence A, and A% as well, on
much larger space than DZ. For example, we will use these formulas for definitions
on BZ with the warning that the range will not then be a subspace of Bi. We also
use these formulas for definitions on H(C), the space of all holomorphic functions
on C, which is a domain invariant under the actions of D, and M,. (Note that the
singularity at z = 0 in the second term of (5.3) is removable since f is holomorphic.)
The operators D, and M, already appear on p. 373 of Ref. 25. Moreover, D,, is
well known to be a special case of a Dunkl operator. (See Ref. 27 and references
therein.) From Eqs. (5.3) and (5.4) one sees immediately that

(A, A% =1+ 20 (5.5)

on H(C). Of course, [A,, Ay] = A, A}, — A}, A, is the usual commutator of the two
operators A, and Ay, I is the identity operator, and J is the parity operator as
introduced earlier. The commutation relation (5.5), which differs from the canonical
commutation relation in the second term on the right, was essentially introduced by
Wigner in Ref. 39 in order to answer negatively the question whether the standard
quantum mechanical equations of motion determine the canonical commutation re-
lations. Actually, Wigner presented a commutation relation for p-deformed position
and momentum operators (@, and P,) that is equivalent to (5.5). The paper®® by
Wigner is the starting point of all further research concerning operators like @,
P, A, and A}, and the spaces on which they act.
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Up to this point in the discussion, 4, and A}, are two operators, each with its
own definition. More than anything else, the notation indicates a wish that A, and
A7, should be adjoints of each other. But to define adjoints, one needs an inner
product, and such a structure is not available in H(C). However, we can realize A,
and Aj, as densely defined, closed unbounded operators in the Hilbert space be.
Then we do have the adjointness relation

(ALl 982 = (f, Aug)s:
for all f in the domain of A}, and for all g in the domain of A,. As discussed further
in Ref. 36, this relation can be taken as the motivation for the definition of the inner
product for B2.
The p-deformed number operator (see Ref. 2) is defined by

Ny = A, A, =M,D,,
and its associated quadratic form is then
(f, Nuf>8ﬁ =(/, A;AuﬁBﬁ = (A, Auf>B‘j = HDufH?sﬁ (5.6)

This last expression justifies our calling this a Dirichlet form.

While the left of (5.6) has a natural domain given by the domain of N, the
right has a natural domain given by the domain of D,, which is strictly larger.
Specifically we have

Domain(N,) = {f € be:Nuf € be},
Domain(D,) = {f € be:Dﬂf € Bi}

Definition 5.1. The Dirichlet form energy (or the Dirichlet energy) is defined as
|D,.f||%. for all f in Domain(D,,) and as +oc otherwise.
w

We avoid the standard convention of writing (f, N, f) B2 for the Dirichlet energy.
In fact, the operator N, does not enter the discussion here in any essential way,
and we will not make any further explicit reference to it.

Note that we can use the commutation relation (5.5) to obtain, at least formally,

1Duf 3 = (Auts A f)ie = F A5 A f) 52
— (A AL — T =200 s

= 4515 = If Nz — 26(f, T sz -

To make this rigorous, we will use the next result, whose proof is elementary. (See
Ref. 3 for a proof in the case u = 0.)

Proposition 5.1. Suppose g(z) = > re, brz" for by, € C is an entire function, that
18, it is holomorphic for all z € C. Then,

lgllgs =D 1bel* (k) , (5.7)
k=0
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where both sides are defined to be elements in [0,00]. In particular, g € Bﬁ if and
only if the series on the right of (5.7) is convergent.

We now prove the result which we derived formally above.
Proposition 5.2. Forall f € be we have that
1D, Iy = A5 sl — 17113 — 200F. 7 F1Dss - (5.8)

In particular, || D, flgz < oo if and only if | A}, f||lgz < oo.

Proof. First we write f(z) = Y ;o axz", and we then calculate that

D,.f(2) Zak (k + 2uxo0 (k)" 1,

k=0
oo
= Z akzkH
k=0
oo
Z akz
k=0

where X, is the characteristic function of the odd integers. It then follows that

1D fllEe = > lawl*(k + 2px0 (k)7 (k = 1),

k=0
1451 =3l Pl 1),
171 = 3 lowl2 &
T hs = S (=D larlr ().

=~
Il
=]

Here we use the convention that «,(—1) = 0. So (5.8) is a direct consequence of

(k + 2ux0 (k)9 (k = 1) = 3 (k + 1) — (k) — (20) (= 1)y, (k)

for all integers & > 0, which in turn follows from the definition (3.1) of the u-
deformed factorial ,,. Note that we have proved (5.8) for all f € Bi in the sense
that one side is finite if and only if the other side is finite. Since the last two terms
on the right of (5.8) are finite for all f € Bi, the last assertion of the theorem
follows directly. QED

The previous two propositions also appear in Ref. 31.



Infin. Dimens. Anal. Quantum. Probab. Relat. Top. 2007.10:539-571. Downloaded from www.worldscientific.com

by CENTRE FOR MATHEMATICAL RESEARCH (CIMAT) on 10/03/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

Direct and Reverse Log-Sobolev Inequalities 565

Notice that
45018 = 100, f I = [ e PP + [ duEPIRGR. (659

since (2f(2))e = 2fo(2) and (2f(2))o = 2zfe(z). While the last two integrals in (5.9)
are reminiscent of the y-deformed energies, E, ,,(fe) and E, ,,(f5), they are in fact
new quantities. One way to think of this is that the integrals in (5.9) are “mixed”
in terms of parity in the sense that the expression involving f, in the first integral
is integrated with respect to dv. , and, vice versa, the expression involving f. in
the second integral is integrated with respect to dv, . However, in E, ,(fe) an even
function fe is integrated with respect to dve ,, and in E, ,(f,) an odd function f,
is integrated with respect to dv, .

The question now is how to relate the p-deformed energies to these new quanti-
ties on the right of (5.9), and hence to the Dirichlet energy. First consider the case
p > 0. The inequality ve ,(2) < vo,.(2) of densities for 0 # z € C given in (2.1)
allows us to write for 0 # f. € Bé ., that

Eo,(fe) = /@ e ()21 o () < /@ Ao (2) 221 fo(2)]2 (5.10)

Similarly, for 0 # f, € Bg’ , We have that

[ s PP < [ dnp@PIAGE = Banlf). (1)
C C

However, for u > 0, we do not have an inequality v, ,,(2) < Cre ,.(2) as we can see
from the asymptotic behavior near zero of each side. Nonetheless, we claim that
reverse inequalities corresponding to (5.10) and (5.11) can be proved. The complete
result for all the possible cases for pu is as follows.

Theorem 5.1. For every pu > 0 there exists positive constants C,,, > 1 and C, ;, <
1 such that

Eopfe) < /@ o (2221 fe(2) 2 < CopFop(fe) (5.12)

for all0 #£ f, € ng and

CopEop(fo) < /C e ()21 fo (2) 2 < Bop(fo)

forall0 # f, € Bg’#.
For the case = 0, we have that

Eeolfe) = /C Ao 0(2)|2 21 o)
and

Eoolfo) = /@ oo ()1 fol2)I2
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Finally, for the case —1/2 < u < 0 we have
Ee,u(fe) > /Cdl/o,u(z)|zl2‘fe(z)|2 > Ce,uEe,u(fe)

for all 0 # f, € Bg’u and

CopEoplfo) /@ ()22 o () > Bop(fo)

for all 0 # f, € Bg’u, where 0 < Ce, <1 and Cy p, > 1.
Proof. Assume that f. € BZ,. We claim that E.,(f.) < oo if and only if
Jo o u(2)| 22| fe(2)]? < oo. Actually, Ee ,(fe) < oo if and only if

/dﬂcdyldm‘+3 exp(—[z[*)|fe(2)]* < o0 (5.13)
C

by the asymptotic behavior of the MacDonald function K,_;/, near infinity. The
point here is that f. has no local singularities, being holomorphic, and so only
its behavior near infinity matters for the convergence of the integral that defines
Eeu(fe). But [odvou(2)|z[?|fe(2)]? < oo if and only if (5.13) holds, since again
only the asymptotic behavior near infinity matters, and the behavior of K, /5 to
first order near infinity is the same as that of K, _; 5 near infinity. This establishes
the claim. (Actually, in this part of the proof only the continuity of f. plays a role.)
The expressions

(1fell? + Eeu(fe))'/?

and

<||fe||2+ / duo,u<z>|z|2fe<z>|2)l/2

define Hilbert norms in Bg’ o
they define the same finite norm subspace, say F, of 337 .- Moreover, this subspace
F is closed in the corresponding entire L? space with respect to either one of these
norms, and so F is a Hilbert space with respect to either one of these norms. (It is at
this point that the holomorphicity of the functions is used in a standard argument
already seen in Proposition 1.1.) We now consider the case ¢ > 0. But then the open
mapping theorem (see p. 82 of Ref. 24) together with the first inequality in (5.12),
which we proved just before stating this theorem, implies the second inequality in
(5.12) for all f € F. But (5.12) is trivially true for all f € BZ ,\F, since all three
expressions are then equal to +oc.

The case when —1/2 < p < 0 follows by similar arguments. Finally, the case
i = 0 follows from the fact that dveo = dv,,0, something that we have already
noted. QED

and the result of the previous paragraph says that
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Remark. It would be desirable to give a constructive proof of this theorem for
the case p # 0 with explicit formulas for C. , and C, . It also remains an open
problem to identify the optimal values for the constants Cs , and C, , when p # 0.

Though we will not use the next result in the form stated, we feel that it is
worthwhile to include it here since it is the idea behind the remaining results in
this section. It is an immediate consequence of (5.8), (5.9) and Theorem 5.1.

Corollary 5.1. We have the following equivalences of p-deformed and Dirichlet
energies:

(1) For all g € Bg’# we have that the p-deformed energy E. ,(g) is finite if and

only if the Dirichlet energy || D,.g||%. is finite.
m

(2) For all h € Bgyu we have that the p-deformed energy E, ,(h) is finite if and
only if the Dirichlet energy | D,h|%. is finite.

(3) Forall f € Bi we have that the p-deformed energy E,,(f) is finite if and only
if the Dirichlet energy || D, f||%. is finite.

m

We can now put together the results of Sec. 4 and Theorem 5.1 to get direct
and reverse inequalities for the Dirichlet energy ||D,,f||%. and Shannon entropy.
We continue using the notation from Sec. 4 and Theorem 5.1. We only state the
case i > 0. The case —1/2 < p < 0 is quite similar.

Theorem 5.2. (Reverse log-Sobolev inequalities in Bg’# and Bg’# for Dirichlet
energy) Suppose that i > 0 and that ¢ > 1. For every fo € Bg’# we have that

”Duf&*H?sﬁ < CCe,;LSL"’(ue,H)(fe) + (Ce,uTelc) = (1 + 2#))”106“%2(%,“) .

For every f, € Biu we have that

HDufOH%i < CSL2(VO,M)(f0) + (TO(C) - (1~ 2#))||foHi2(uo,u) :
For every f = fo+ fo € Bi we have that

HDufH?Sﬁ < CCB’#SL"’(Ve,H)(fe) + CSLQ(VO,H)(fO)
+ (Ceutelc) = (L+ 2 fell72 ) + (To(e) = (1 =2)) [ foll7 2o, -

Proof. The first two inequalities follow immediately from Theorems 4.5 and 5.1 as
well as the identities (5.8) and (5.9). The last inequality is the sum of the previous
two inequalities. It can be simplified slightly by estimating the sum of the norm
terms. QED

Theorem 5.3. (Log-Sobolev inequalities in Biu and Bg,u for Dirichlet energy)
Suppose that ;> 0. Then there are real constants ae > 0, by > 0 and ¢, > 0 such
that for all fo € B2, we have

e,

aeSLZ(Ve,u)(fe) < be”DufeH?s‘fL + (be (1 +2p) + Ce)erHi%ue,u) :
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Also there are real constants a, > 0, by > 0 and ¢, > 0 such that for all f, € B,iu
we have

a0Sr2(v,.,) (fo) < baCoplDufollis + (baCop (1 = 2u) + co)ll foll 2o, ) -
Finally, for every f = fo+ fo € Bi we have that
aeSL"’(Ve,u)(fe) + GOSL2(VO,M)(f0) < be”Dufe”?Sﬁ + bOC,;;

‘Dufo”%’i

+ (be(1+ 21) + co) || fell72

(Ve,n)

+ (06Cop(1 = 2p) + co)l fol T2, ) -

Proof. The first two inequalities follow immediately from Theorems 4.6 and 5.1
as well as the identities (5.8) and (5.9). The last inequality is the sum of the previ-
ous two inequalities. It can also be simplified in form by using appropriate trivial
estimates. QED

It seems reasonable to conjecture that the inequalities in Theorem 5.3 hold
without the norm term, since this is known to be true in the case y = 0. However,
the situation is not as clear for Theorem 5.2. It remains an open problem to de-
termine the optimal coefficient of the norm term for each of these inequalities in
Theorems 5.2 and 5.3, given that the other coefficients are fixed.

Just as in the previous section, we obtain the next immediate but important
consequence.

Corollary 5.2. We have these equivalences of entropies and Dirichlet energies:

(1) For all g € Bg’u we have that the Shannon entropy Srz2(,, ,)(g) is finite if and

only if the Dirichlet energy | D,g||%. is finite.
m

(2) For all h € B3, we have that the Shannon entropy Sty ,)(h) is finite if and
only if the Dirichlet energy | D,h|%. is finite.

(3) Fordll f € BZ we have that the p-deformed entropy S, (f) is finite if and only
if the Dirichlet energy || D, f||%2 is finite.

m

In Ref. 21 another quadratic form, called the dilation energy, is introduced in
the p-deformed Segal-Bargmann space. It is shown there that this dilation energy
is comparable to the p-deformed energy. So it is straightforward to obtain results
analogous to those in this section with the dilation energy replacing the p-deformed
energy. The details are left to the interested reader. Actually, the log-Sobolev in-
equality proved in Theorem 6.3 of Ref. 21 can be used to prove a log-Sobolev
inequality in the Segal-Bargmann space, though those authors did not state this
explicitly. Nor did we realize this until we concluded this paper. It turns out that
the log-Sobolev inequality proved in Ref. 21 has a very different flavor to it, since in
general it relates entropies in two different spaces to each other much in the manner
of a Hirschman inequality.
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6. Concluding Remarks

Besides the problem of determining the best constants for all the inequalities proved
here, another open problem is to establish a hypercontractivity result for this scale
of p-deformed Segal-Bargmann spaces. Note that in Ref. 2 we have shown reverse
hypercontractivity in this scale of spaces.

We can consider formulating this theory in terms of holomorphic functions de-
fined on C" instead of on C. This can be done where one replaces the Coxeter group
Zs = {I,J} used here with the Coxeter group (Z2)™ generated by the reflections Ji
in C" given by Ji (21, 2ky- -y 2n) = (21, -y —2ky...,2n) for k. =1,...,n. We
thank C. Pita for telling us about this formulation, which is also discussed in Ref. 4.
However, the resulting theory is in some sense trivial in that everything factorizes
as an n-fold product of the structures discussed here. It may be the case that with
other choices of Coxeter group the theory in dimension n could be nontrivial. Refer
to Ref. 4 for more details. Of course, there is also the possibility of doing this sort
of theory in infinite dimension.

Finally, there is a “configuration” space L?(R, |z|**dz) associated with Bi via a
p-deformed Segal-Bargmann transform. (See Ref. 36 or Ref. 20 for more details.) In
this space there is a naturally defined number operator and its associated quadratic
form. It seems reasonable to conjecture that there is a log-Sobolev inequality in
this space as well as a hypercontractivity result on the scale of Banach spaces
LP(R, |z|**dz) for p > 1. Moreover, we conjecture that neither a reverse log-Sobolev
inequality nor a reverse hypercontractivity result holds in this context.

Dedication

This work owes much to Marvin Rosenblum at a purely scientific level. (See Ref. 25,
a work chock full of interesting results.) But Marvin was also a wonderful teacher,
from whom the second author learned a lot of analysis and operator theory, in-
cluding his first ever introduction to the Segal-Bargmann space. References 33-36
indicate just how important that introduction was for the second author. And our
work in Ref. 2 owes much to Ref. 25. The news of Marvin’s death saddened us
greatly. As a friend has remarked, “He was one of the good guys.” He certainly
was. That alone is more than reason enough to dedicate this paper to his memory.
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