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Introduction

Systems of coupled partial differential equations (PDEs) and stochastic partial differential
equations (SPDEs) can be used as models to describe the distribution of heat in mixtures of
components that can burn, turbulence phenomenon, population dynamics, neurophysiology,
reaction-diffusion processes, branching diffusions, hydrodynamic limit of particles, among

others (see E. Pardoux [37]).

Some of the classical problems arising from the study of PDEs and SPDEs include existence
and uniqueness of solutions. Consequently, a natural question to ask is whether a solution
exists globally in time or it explodes (or blows up) at some finite time. The study of globability
and blowup in finite time of systems of PDEs and SPDEs has been intensively studied during
the last decades, starting with the pioneering works of S. Kaplan [28] and H. Fujita [20] (see
H. A. Levine [31], K. Deng and H. A. Levine [12], V. A. Galaktionov et al. [2I], V. A.
Galaktionov [22] and P. Quittner and Ph. Souplet [42] for reviews).

One of the earliest studies of explosion in finite time is due to H. Fujita [20], who considered

the parabolic equation

?:—Au—i-uprﬁ, t>0, xz€D, (1)

u(0,z) =a(z), z€D,

u(t,z) =0, x€ 9D,

where D C R? is a domain with smooth boundary 9D, 8 > 0 and a : D — [0,00) is a
given bounded and uniformly continuous function. Solutions of this equation are considered
in the mild sense. As is mentioned in [20], in the hole space (D = R?) the dimension plays
an important role in determining the existence of explosive or global positive solutions: if
0 < dB < 2 and a(zg) > 0 for some xg € R, then every nontrivial positive solution of
blows up in finite time; if d5 > 2, then admits a global solution for sufficiently small initial

value, which means that 0 < a(z) < se=l2* for some constants 8, x > 0.

When D is bounded, in [20] it is considered the smallest eigenvalue A > 0 of —A, with
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corresponding eigenfunction ¢ > 0 in D, namely

—A¢(z) = A\o(z), =z €D, (2)
¢(x) =0, xz€dD.

Since ¢ € L*(D), ¢ can be normalized as [}, ¢(x)dz = 1. In this setting, any positive solution
of blows up in finite time if

/ a(z)p(z)dx > N5,
D

In contrast to this result, if we replaced the nonlinear term u'*# in equation by any
continuous function f : R — R such that |f(r)] < Alr| and |a(z)| < M¢(x), for some

constants A\, M > 0, but ¢ normalized as max,cp ¢(x) = 1, then any solution of is global.

Now consider the coupled system of PDEs

0

a—?:Au+v”, t>0, zeR%

1%}

8—::Av+uq, t>0, zeR% (3)

U(O,JT) = UO(x)v T € Rda

v(0,2) = vo(z), x€RY

where p,q > 0, d € N and ug,vg are nonnegative, continuous and bounded functions. M.
Escobedo and M. Herrero [I8] showed that if 0 < pg < 1, then every solution of is global.

Note that this criterion for globability does not depend on the dimension d. However, in

max{p,q}+1 < d

pg—1 2
ug € L®(R%) N L¥(R?) and vy € L>®(RY) N L2 (RY) with a; = (d/2)((pg — 1)/(q + 1)),

az = (d/2)((pg—1)/(p+1)), then there exists € > 0 such that if [|uo|| e, ga) + V0l oz ra) < €,

then every solution of (3| is global. In contrast, if pg > 1, % < g and ug(x) > Ceklal?

the case pq > 1 several behaviours can appear. For instance, if pg > 1,

for some constants C' > 0 and k > 0 (or similarly vo(z) > Ce *l7* for some constants C' > 0
and k > 0), then the solution of (3) blows up in finite time.

Conditions on existence of explosive solutions of change significantly when we restrict the
system to a bounded domain D C R¢, with Dirichlet condition on the boundary. This
case was considered by K. Deng [11] and L. Wang [49].

In the case of a bounded domain D C R, if 0 < pg < 1 then every solution of remains

global for any bounded initial conditions (as in the case D = ]Rd), but if pg > 1 and for some
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6 €(0,1), Aug + (1 — §)vf) > 0 and Avg + (1 — §)ud > 0, then every solution of (3 blows up

in finite time.

Consider a random perturbation in a PDE, driven by a real-valued standard Brownian motion
{W¢;t > 0}, defined in some probability space (€2, F,P). For instance, consider the nonlinear
SPDE

du(t,x) = (Au + uHﬁ(t,aﬁ)) dt + ku(t,x)dWy, t>0, z€D, (4)
u(0,z) = f(z) >0, z€D,

u(t,z) =0, t>0, ze€dD,

which is Fujita’s equation but with a linear multiplicative noise. We assume that D C R?
is a bounded domain, 3 > 0, kK € R and f : D — Ry is a C?(D) function not identically
zero. Blowup in finite time for that kind of equations was proved by M. Dozzi and J. A.
Lépez-Mimbela [I5]. They proved the probabilistic counterpart of Fujita’s result: if 7 is the
explosion time of , then there exist random times 7, and 7" such that 7, < 7 < 7* and,
moreover

t -1
rmint{z0: [femmsontong > (s 102) "]

0

¢ g\ !
" =inf<t>0: / " BWr=BO+R[2)r gy > <BLﬁ </ ¢2(x)da:> > ,
0 D

where ¢ and X\ are as in and the initial condition is taken of the form f = L¢, for some
constant L > 0. Note that these bounds allow to determine a nontrivial interval for the

probability of explosion in finite time of system . As it is shown in [15],

) -8
]P’(T* <o) =P (/ eHﬁWr—ﬁ(Aﬁ-n?/?)rdr > B_l’%_ﬁ </ ¢2(.%')d1'> ) and
0 D

P(r, < 00) =P ( / AW =BOERE 21 g > p=1y=0 ||¢||of) :
0

and therefore P(7 < 00) € [P(7* < 00),P(7% < 00)]. A random variable of the form
o0
Z = / eTWrtBr gy,
0

where o, 4 € R, is called a Dufresne’s functional, and the distribution of such a random quan-
tity was explicitly obtained by D. Dufresne [16]. He showed by means of weak convergence of

random walks that if 4 > 0 then Z = oo a.s., and if u < 0 then Z~! 4 ['(—2u/0?%, 02/2), where

X



a.a—1

['(a,m) is a Gamma-distributed variable with density function f(z) = I'(a) " 'm =% e~ m,

for x > 0, and a,m > 0.

Now consider the coupled system of nonlinear SPDEs

dui(t,z) = [(A+WV)u (t,z) +ub (¢, 2)]dt + kiug (E,2)dWy, >0, z€D,
dus(t,z) = [(A+Va)ug (t,x) +uf (¢, x)]dt + koua (t, ) dWy, t>0, z €D, (5)
u;(0,x) = fi(x) >0, z€D,
ui(t,z) = 0, t>0, ze€dD, i=1,2,

where V; = A + H%/Q, i = 1,2, A > 0 is the first eigenvalue of the Laplacian on a smooth
bounded domain D C R% and p > ¢ > 1. This kind of systems were studied by M. Dozzi, E.
T. Kolkovska and J. A. Lépez-Mimbela [14]. Considering subsolutions and supersolutions of a
related system of PDEs, in [14] it is shown that the blowup time 7 of the above system is lower
and upper bounded by random times g.. and ¢**, respectively, which depend respectively on
functionals of the form
¢ t

/0 (e v e"rydr  and /0 (e A eWryar, (6)
for some positive constants a,b. In this case, using the Feynamn-Kac approach given in M.
Jeanblanc, J. Pitman and M. Yor [26], in [I4] a lower bound for P (7 > 6y) is obtained, where

0y is an exponential random variable, independent of {Wy;t > 0}, with positive parameter k.

As we can see, there are several conditions for explosion in finite time of different systems of
PDEs and SPDEs, and these form the subject of this dissertation. Throughout the present
work we consider systems of PDEs and systems of SPDEs, and the main results we present
are focused on existence of mild solutions, as well as on finding lower and upper bounds for
the explosion times of these systems. We start in Chapter [1| with a brief review of background
results that we need to develop this work. Proofs are omitted, but we provide references

where they can be found.

The first system of PDEs is analysed in Chapter We consider the semilinear system of

partial differential equations

Qur(t,z)  10%u (t,x) @) (x) O (¢, ) 148

% — 2 0.2 +901(96) e +u (t,z), t>0, zeR,
Oua(t,r) 1 0%us (t, ) b (x) Jug (t,x) 148,

ot 2 022 oe(w) 02 T (t,z), t>0, zekR, (7)



with initial values of the form w; (0,x) = h; (x)/¢; (x), where
0< ;€ L*(R,dr)NC? (R),

and 0 < h; € L? (R, dx), 3; > 0 for i = 1,2. As is mentioned in Section operators of the

form
1&g d
2dz? = p(x) dx’

are infinitesimal generators of one-dimensional recurrent diffusion processes with invariant

©

r € R,

measure u(dz) = p?(x)dz.

The main result on existence and uniqueness of local mild solutions of system is Theorem
To prove an existence and uniqueness theorem we use the classical Banach fixed-point
theorem. A criterion for explosion in finite time for that kind of systems is given in Theorem
which we consider is the main result of Chapter 2l We distinguish two cases: if 81 = [,
then any non-trivial positive mild solution explodes in finite time, and we give an upper bound
T* for the explosion time. In the case of 81 > P2, we found a condition on the sizes of the
initial conditions that ensures explosion in finite time of positive nontrivial solutions. In the
later case, we were also able to find and upper bound 7™ for the blowup time of that system
which depends both on the initial values fi, fo and the measures y;(dr) = p?(x)dx, i = 1,2.
Chapter [2| corresponds to the accepted paper [24].

Chapter [3| focuses on the study of existence of positive mild solutions and the explosion in

finite time of systems of SPDEs of the form

duy (t,x) = [Aaul (t,z) + uéHBl (¢, 1:)} dt + kiuy (t,x)dWy, t>0, xe€D,
dug(t,x) = [AauQ (t,z) + uﬁBQ (t, x)} dt + koug (t,x)dWy, t>0, xze€D, (8)
u;(0,2) = fi(x) >0, =xz€D,
ui(t,z) = 0, t>0, zeR\D, i=12,

where A, is the fractional Laplacian and 81 > (2 > 0. We extend the results given in
[30] on existence of solution of system (f]), for the case V; = 0 and a € (0,2). A criterion
for existence of explosive solutions is also given. We start by establishing the equivalence
between weak solutions of system and weak solutions of a related system of random PDEs
(see Section expression ) This result is based on the Doss-Sussman transformation,
which basically works for SPDEs with linear multiplicative noise. We use results due to J.

M. Ball [I] and M. Juzyniec [27] on equivalence of weak and mild solutions for the system of

X1



random PDEs obtained by means of Doss-Sussman transformation (see Theorem .

Assuming the existence of a weak solution of the related system of PDEs, the first difficulty is
to find an appropriate explosive subsolution whose explosion time can be explicitly computed.
We were able to solve a non-homogeneous random Bernoulli equation by means of a change
of variables, and the subsolution we found is given in Theorem [3.3.1] which is one of the main
results of Chapter [3| We again distinguish two cases: if 1 = 2 we find an upper bound 7*
for the explosion time 7 of the system ; if 51 > B2 we find an upper bound 7** for 7. Both

random times 7% and 7** depend on functionals of the form
¢
/ (eWr A PWr)e T dr, 9)
0

for some positive constants a, b and u. Note that functionals of the form @ are special cases
of the functionals in @D In this sense, our results can be considered as an extension of those
results given in [30]. The second challenge is to obtain information on the distribution of
the functionals in @D, and on the explosion times of in Theorem we find random
times 7/ and 7" for the cases 31 = 2 and 31 > f32, respectively, satisfying 7 < 7* < 7/ and

7 < 7* < 7”. The new random times 7" and 7" depend on integral functionals of the form

t
/ 6_(UW9_uS)1{UWS_“820}dS, (10)
0

where o > 0 and u > 0 are constants. The distribution of the perpetual version of is
found by a direct computation of the potential measure of the Brownian motion with drift,

{oW; — ut;t > 0}, leading to an integral equation for the function

H(z,z):=E [exp <—z/ e(“WS“HI)]I{UWS“Sﬂzo}ds)] , x>0 zeC,
0

which is solved by Banach fixed-point iterations, (see expressions and ) Using
analytic continuation we finally find the Laplace transform of the functional . We invert
this Laplace transform using a result due to A. Erdélyi [19]. Our findings are included in
Theorem

To show the existence of a mild solution of the related system of random PDEs , we use
the iterated Galerkin method in Theorem which allows us to construct a supersolution
for this system. This supersolution explodes at a random time 7., which is a lower bound
for 7. It is not easy to manipulate this bound because it depends on the semigroup of the
a-stable process killed in D€, but if we take the initial values as f; = L;v, i = 1,2, where

1) is the first eigenvalue of —A, on D, then we can find another lower bound 7y, such that
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Tex < Tx. The random time 7y, depends on functionals of the form
t
/ (eaWT vV ebWT)e*‘“"dr, (11)
0

where a, b and p are positive constants. Even though we were unable to obtain explicitly the
distribution of the functional in , we found another random time 7, which depends upon
Dufresne’s functional. In summary, we found an interval for [r,,7”] for 7. Finally, taking
the initial conditions of the form f; = L;¥, i = 1,2, we construct in Section the interval

[P (7" < o0),P (1 < 00)] for P (7 < o0). Chapter [3| corresponds to the accepted paper [25].

In the final Chapter [4 we consider a system of SPDEs of the form

duy(t,z) = [Aalul (t,x) + ué+51 (t,m)} dt + kiuy (t,2)dWy, t>0, x€ D,
dus(t,z) = [Aam (t,2) + ul TP (t,x)} dt + kous (t,2)dWs, t>0, zeD, (12)
ui(0,z) = fi(x) >0, =z€D,
wi(t,r) = 0, t>0, zeRI\D, i=1,2,

where a1,a9 € (0,2] and, in general, a; # ag. As before, D is a bounded domain. We
introduce a different notion of blowup of an SPDE, namely, explosion in the LP(D)-norm, for
p € [1,00).

This notion of explosion has been investigated recently by several authors, including [8], [9]
and [32], initially for a single equation and with a space-time noise. In the special case of
a1 = ag we give a condition on the initial values of that ensures finite-time blowup in
the LP(D)-norm of any positive solutions of , as well as an explicit upper bound for the
explosion time in the LP(D)-norm sense (see Theorem [4.3.1).

Next, we deal with the more general case of a; # as. Here we have to assume that D is a
ball of radius r > 0, centred at 0. This assumption allow us to use nice estimates of the first
eigenfunction ¢ of —A, on D due to T. Kulczycki (see Bogdan et al. [4]). Such estimates are

based on the intrinsic ultracontractive property of A,, and are of the form
C1(r? — [2)*? < wp(x) < Co(r® — |2*)*/?, (13)

where C;, i = 1,2, is a positive constant depending on the radius r and the fractional power
€ (0,2]. Using we obtain condition implying finite-time blowup of system , as well

as an upper bound for the explosion time in the LP(D)-norm sense, for any p € [1, 00).
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Chapter 1

Preliminaries

This chapter presents some background results on different aspects treated throughout the

thesis.

Since we consider SPDEs involving the fractional Laplacian A, (see Chapter |3| and , in
Section we show some properties of this operator. In particular we give the classical result

about the spectrum of A,.

The main tools from stochastic calculus are presented in Section In particular we focused
on It6’s formula, integration by parts formula and Polarization’s identity. These tools will be

needed in Section [[.3]

As it was mentioned in the Introduction, we use a change of variable inspired in the Doss
transformation, to go from a system of SPDEs to a system of random PDEs. The results
concerning equivalence of mild and weak solutions for the system of random PDEs are shown

in Section [I.3l

Finally, in Section we present some know formulae for the Laplace transform of some

integral functionals of Brownian motion.

We do not give proofs of the quoted results, but we provide references where they can be

found.

1.1 The fractional Laplacian

Let {Yi; t > 0} be a spherically symmetric a-stable Lévy process on R? d € N, where
a € (0,2]. This is a process with independent and stationary increments and characteris-
tic function Eg [ew'yt} = e‘t‘“‘a, uwe R t>0. We will use E, and P, to denote respectively

the expectation and probability of this process starting at 2 € R%. By {P;t > 0} we denote



the semigroup of the process {Y;; t > 0}; that is, for all f € L?(R%),

Pif(x) =B, [f(Y)], t>0, weR%

The proof of the following result can be found in [7, Theorem 2.1]

Theorem 1.1.1. The semigroup {P;;t > 0} admits an integral kernel {p\®(t,z,y),t >
0, z,y € R} satisfying the following properties:

1. {p(o‘) (t,2,9),t >0, 2,y € RY} is strictly positive on (0,00) x R? x RY;
2. {p\(t,z,y),t >0, 2,y € R4} is jointly continuous on (0,00) x R% x RY;
3. for any t >0 and x,y € R,
P (t,2,y) = p(t,y,x) = p(t,0,2 — y);
4. for any t >0 and for any =,y € RY,

PO (t,z,y) =t Yopl (1, ¢V ey, 171 ey),

When o = 2 the process {Y;; t > 0} is just the Brownian motion in R¢ with variance 2 and

1 —le—y|?

— e @ , t>0, =zyeR
(4nt)/2° Y

P (t,z,y) =

When a = 1, the process {Y;; t > 0} is the Cauchy process in R? whose transition densities

are given by
cqt

d
5 B2 t>0, xz,yeR"
(t* + |z —yl?)

P (t, 2, y) =

where

ca = D((d+ 1)/2) /772,

In what follows D C R is a domain. Let 77 :=inf {t > 0: Y; ¢ D} the first hitting time of
D¢ and consider the killed process {Y;D , t> 0} given by

VD Y, if t< 7P
t pu—
o if t>1P,

where 0 is a cemetery point. By {PP;t > 0} we denote the semigroup associated to the killed
process {Y;”;t > 0}. That is, for any f € L?(D)

PPf(z) = E, [f(Yt)n{KTD}} t>0, ze€D. (1.1)

2



The following result is [7, Theorem 2.3]. We denote by C}'(D) the space of bounded functions

with continuous derivatives up to order n € N. For simplicity we write C(D) := Cy(D).

Theorem 1.1.2. For any domain D C RY we have PP f € Cy(D) fort >0 and f € L>=(D).

For t > 0 and z,y € R%, let

T’D(t, z,y) =E, [p(a) (t—7p,Yrp, y)]l{t>7—D}}
and
PPt a,y) =p Yt 2,y) —rP(ta,y), t>0, z,yeR”

Note that by the right continuity of the sample paths of {Y;;¢ > 0}, we have p”(t,z,y) = 0
for all z € R?\ D. The following result gives the main properties of the family {p?(t,z,y);t >
0 and z,y € R?} (see [T, Theorem 2.4]).

Theorem 1.1.3. For any t > 0, € R? and all nonnegative Borel measurable functions f
on RY,

PP 1@ = | o7t )i
The function pP(t,-,-) is symmetric on R x R? and strictly positive on D x D. As a function
of (t,x,y), p? is continuous on (0,00) x (R?\ D) x (R¥\dD). For anyt,s >0 and z,y € R?,

we have the semigroup property

pD(t +s,2,y) = / pD(t,x, z)pD(s,z,y)dz.
R4

Theorem 1.1.4. For each p € [1,00), {PP;t > 0} forms a strongly continuous semigroup
in LP(D). If, in addition, D is bounded, then for each t > 0, P; is a linear bounded operator
from LP(D) to LY(D) for any p,q € [1,00).

If D C R? is a bounded domain, then there exists a constant Ca,d > 0 depending only on «

and d such that the kernel {p” (¢, z,y);t > 0, 2,y € R?} satisfies the relation
D —d/a
po(tz,y) <p(t,z,y) < caat”™ ™, t>0, zy€D,
(see [4, Chapter 4]). It follows that

// txyZd:cdy<oo t>0.

Therefore {PP;t > 0} is a family of Hilbert-Schmidt linear operators. Hence for any ¢ > 0,

PP is a compact operator and we have the result in [7, Theorem 2.4]:



Theorem 1.1.5. Let D C R? be a bounded domain. Then for any t > 0, PP has the same

eigenvalues {e =Y, ey in LP(D), for all p € [1,00), where
D<A <A< A<

with limy, 00 Ay, = 00. In particular there is a sequence {tn }nen in L?(D) and corresponding

eigenvalues {e '}, en such that

PPy, (z) = e Mty (z), t>0, zeD. (1.2)

Moreover {1, }nen is an orthonormal basis for L?(D), the eigenfunctions 1, are continuous
and bounded in D and 1, = 0 on D¢ n € N. In addition, A\; has multiplicity 1 and its

corresponding eigenfunction 1); is strictly positive on D (see [4, Chapter 4]).

Now we formulate the above properties in terms of infinitesimal generators. The infinitesimal
generator of {Y;; t > 0} is the fractional Laplacian defined by

u(z +vy) — u(x)

2 (mpd
e dy, wue Cy(R?),

Aqju(x) = A(d, a)P.V./

Rd
where A(d, ) is a positive constant depending only on d and «. Recall that a point 2o € 9D

is called regular for {Y;;t > 0} if Py, (7p = 0) = 1. We say that D is regular for {Y;;t > 0} if
every point z € D is regular for {Y;;t > 0}. It follows that if D C R is a bounded regular
domain for {Y;;¢ > 0}, then A, satisfies the eigenvalue problem with Dirichlet condition in
De:
Agthn(x) = =Atbn(x), =€ D,
Yn(z) =0, z€ D" (1.3)
For example when D = (0, 7) and a = 2, then v, (z) = \/2/7 sin(nz) and )\, = n?. However,

for a € (0,2) and a general bounded domain D C R¢, A, is a pseudodifferential nonlocal

operator and it is very difficult to obtain properties of the eigenvalues and eigenfunctions

using ((1.3)) only.

1.2 Some tools from stochastic calculus

This section is devoted to a change of variables formula for stochastic integrals, which makes
them easy to handle and thus leads to some explicit computations; in particular, those com-
putations are shown in Chapter The main reference for this section is D. Revuz and M.

Yor [43]. We first present the Proposition 3.1 in [43].



Theorem 1.2.1 (Integration by parts formula). If X := {X;;t > 0} and Y := {Y;;¢t > 0}

are two real-valued continuous semimartingales, then
¢ t
XY = (XY + Xo¥o + [ Xoavi+ [ Vdx,,
0 0

where [ X, Y](t) is the covariation process between X and Y .

As we will see in Section [1.3] one of the main tools to transform a system of SPDEs to a
system of random PDEs is based on It6’s formula. Let C™(R) the space of the continuous

functions with continuous derivatives up to order n € N.

Theorem 1.2.2 (Itd’s formula). Let F : R — R be in C*(R) and let {X;;t > 0} be a

real-valued continuous semimartingale. Then {F(X;);t > 0} is a semimartingale such that

F(X,) = F(Xo) + /0 ' P(X.)dX, +% / FY(X)d[X, X](s).

A useful multivariate version of 1t6’s formula for two processes is proved in [29, Theorem

4.17).

Theorem 1.2.3. Let F: R xR — R be a function twice differentiable in each component. If

{Xi;t > 0} and {Yi;t > 0} are two real-valued continuous semimartingales, then

F(X, YD)
LoF LOF 1 [*9°F
P+ [ G+ [ Shecvavir [ O x)e)
1 [*9°F L O°F
g | G Ke VYY1 + [ 55 (X Y[, Y](s).

Finally, we recall the Polarization’s identity (see [43, Theorem 1.9]).

Theorem 1.2.4 (Polarization’s identity). If {X;;t > 0} and {Y:;t > 0} are two real-valued

continuous semimartingales, then

X,Y]t)==-([X+Y,X+Y](t) - [X-Y, X -Y](t)).

=~ =



1.3 Weak and mild solutions and a change of variables

In this section we present the main theorems concerning existence of weak solutions of systems

of the form

dui(t,z) = [Agqur (t,2) + Gi(ua(t,z))] dt + kius (¢, x) AWy,

dug(t,z) = [Aqua(t,x)+ Ga(ui(t, )] dt + kous (t, z) dWy, (1.4)
ui(0,2) = fi(z) 20, weD,
ui(t,z) = 0, t>0, zeRI\D, i=12

Here, A, is the fractional power of the Laplacian, a € (0, 2], G; : R — R is a locally Lipschitz
function, f; is a bounded measurable function on D, i = 1,2, {W;;¢t > 0} is a standard
Brownian motion in R, defined in some filtered probability space (2, F,{F;t > 0},P), and

Bi > 0 and k; € R are constants, ¢ = 1,2. We start by recalling the definition of weak solution.

Definition 1.3.1. Let 7 € [0, 00] be a stopping time. An F;-adapted process
{ui (t,z):t >0,z € D},

is a weak solution of (1.4) on [0,7) if for all ¢ € CZ(R?) vanishing on D¢, ¢t € [0,7) and
i=1,2,

/D ui (t,2) 6 () dx = /D fi (@) 6 () da + /0 /D (s (5,2) Doy (2) + Gi(usi (5,2))6 () deeds

+ K /Ot/Dui (s,z) ¢p(z)dzdWs, P-as. (1.5)

Let {u;(t,x):t> 0,2 € D} be a weak solution of (1.4)) on [0,7). Consider the change of
variables

v (t,x) == exp{—Kk;Wi}tu; (t,z), tel0,7), ze€D, i=1,2.

This change of variables, inspired in the Doss transformation [I3] is useful to transform
an SPDE with linear multiplicative noise, into a random PDE | i.e., a family of PDEs

parametrized by w € Q. Proceeding as in [14] one can see that the function (v1 (¢, z),v2 (¢, ))



is a weak solution of the system of random parabolic PDEs

2

gtvl (t,x) = <Ao/u1 (t,x) — %vl (t,a:)) + e WGy (em2 Wiy (t, 1)),

2

%Ug (t,x) = (Aavg (t,x) — %Ug (tw)) + e 2We Gy (" Wiy (t, 1)), (1.6)

vi (0,2) = fi (x) 20, zeD,

v (b,) =0, t>0, zeRI\D, i=1,2,

with the same assumptions as in (1.4), i.e., if 7 is a stopping time, then for all ¢ € C’g(Rd)
vanishing on D¢ ¢t € [0,7) and i = 1,2,

vi (t,z) ¢ (x)de = [ fi(x)¢(x)dr+ vi (5,2) | Aad (z) — %gb (2) ) dds
b D ot D 2
+ /Ot/De_"‘iWSGi (653_1'st37i (8796)) (z)dzds, P-as.

In fact, let {u; (t,x) : t > 0,z € D} be a weak solution of (1.4)) on [0, 7). Then, expression (1.5
for a fixed ¢ € CZ(R?) vanishing on D¢, says that the process { [, u; (t,z) ¢ (z) dz,t € [0,7)}

K.

is an Fi-semimartingale. Since z — e~ "* x € R, is twice continuously differentiable, by It6’s

formula we get

—kWi ¢ —kW. HQ ¢ —kW,
e t=1—-k e des+? e sds.
0 0

Recall that the integration by parts formula establishes that
t t
V2= [V.2)(0)+ Yoz + | YedZo+ | Z.av.,
0 0

for any two semimartingales {Y;;¢ > 0} and {Z;;t > 0}. Therefore, taking Y;; = e ""* and
Zos = [pyus (t,2) 6 (x) d,

[uttaowir=|e, [utaowal 0+ [ f@ow

+ /Ot e "iWsg [/D u; (s,2) ¢ (x) da;]

+ /Ot/Dui (s,2) ¢ (z)dx [—me”iWSdWS + ";?emwsds}
= [e_“iw,/Dui(-,a:)d)(x) dw] (t)+/Dfi () ¢ (z) da
+/Ot e [/ ui (8,7) Aot () d$+/DGi(U3i (s,2))¢ () dw] ds

D
K [t
+Z/ / e "Wey, (s, x) ¢ () duds.
2 Jo Jp



By Polarization’s identity we see that

[e_ﬁﬂv,/;iq(gx)¢(x)dx}(t)—»—mgjﬁt/;e_””V%M(s,x)¢(x)dmd&

Therefore

Am@@m@mzAﬁmm@mﬁgéw@@%m@M@

/f/ot/DUz‘(S,$)¢($)d$d5

t
+/ / e WGy (efs-Ways i (s,2))¢ (z) duds, t€(0,7),
0o JD
ie., (vi(t,x),va2(t,x)) is a weak solution of (1.6)) in [0, 7).

Definition 1.3.2. Let 7 € [0, 00| be a stopping time. The vector (vy (t,x),v2 (¢, z)) is a mild
solution of (1.6|) on [0, 7) if for all £ € [0,7), P-c.s. and i = 1,2,

k2 tw?
i (t) = e HPPfi ) [ O E Y RD Gie Wy (5,2)ds,
0
D' . . .
where {PP;t > 0} is the semigroup defined in (1.1]).

We have the following theorem due to [27, Theorems 4 and 5] and [1, Theorem page 371]:

Theorem 1.3.3. The vector (v (t,z),v2 (t,2)) is a weak solution of system (1.6]) on [0,7) if
and only if (v1 (t,z) ,va (¢, 2)) is a mild solution of (1.6) on [0, 7).
Definition 1.3.4. A stopping time 7 € [0, 00| is an explosion time of the system ([1.4)) if

lim sup |uj (¢, z)| = 00, P-c.s., or limsup |ug (t,2)| = oo, P-c.s.

17 2eD 17 zeD

The explosion time is defined as the infimum of such 7’s being explosion times of system ([1.4)).

As we will see in Theorem we can construct a mild solution of (1.6)) in some interval
[0,7), where 7 is the explosion time of a suitable supersolution of (|1.6)).

1.4 A brief review of some exponential functionals of Brown-
ian motion

In this section we give a brief review of some results of M. Yor [50], P. Salminen and M.

Yor [44] and A. N. Borodin and P. Salminen [5]. Consider the geometric Brownian motion



{eWttnut ¢ > 0}, where {W;;t > 0} is a standard Brownian motion in R, defined in some
filtered probability space (Q, F,{F;t > 0},P), and u € R is a constant. The quadratic

variation of this geometric Brownian motion is given by
t
Ay ::/ Wstns)gs ¢ >0,
0

The functional A; is called Dufresne’s functional and the distribution of its perpetuity, i.e.,
the distribution of
o0
Aso = / e2Wstns) gg.
0

was obtained by D. Dufresne [16]. He showed that for u < 0, Ao 4 1/(2Z_,), where Z_,, is
a Gamma random variable with parameter —u. This identity has been recovered in paper no.
1 in M. Yor [50], where a relationship with Getoor’s studies of last passage times for Bessel
processes (see [23]) is used. Basically, M Yor. in paper no. 1 of [50] uses the Lamperti’s time

change relationship given by

Witnt _ p(w)
€ - Rfot e2(Ws+ps)ds’

(1.7)
where R = {Rg”); t > 0} is a Bessel process with index p (or dimension d = 2(1 4 u)), i.e.,
R is a diffusion on R, having infinitesimal generator

1d> 1+2ud
2 dx? 2¢ dx’

z € R.

Note that if 11 < 0, we have that e"V*t# — 0, a.s. as t — 0o, and it follows from that
Ao S inf{u>0: RE“) = 0}.

At this point M. Yor uses Getoor’s result to finally get that inf{u > 0 : Rg“) =0} =1/(2Z_,).

On the other hand, P. Salminen and M. Yor [44] considered, among other cases, functionals

of the form
o
/0 eQa(WS+“S)]1{WS+us<0}dS’ a>0, wu>a0, (1-8)

which are called Dufresne’s reflected perpetuities. Using again Lamperti’s time change to-
gether with some results about hitting times, in [44] it is obtained the Laplace transform of

the perpetuity. Specifically there holds (see [44, Proposition 3.1, Part (e)]):

Theorem 1.4.1. Ifa,p > 0 then,

/0 62Q(WS+MS)]1{WS+MS<O}dS £ /O ]I{Rg“/“)<1/a}d8’ (1.9)

where R[(]“/a) =1/a.



An important observation is that in A. N. Borodin and P. Salminen [5, Formula 4.1.5.3(1)],
it is established that

- vz~ Y1, (2+/27)
E, |:e_7f0 ]I{ng)<1/a}d8:| = V2yri=vI, 1 (rv2y)? Vsz< " (110)
1— =141 (ry2y) 0<

LGV O S

r<z.

Therefore, using the scaling property of {W;;t > 0} and expressions ((1.9) and (1.10), it can
be shown that for o, > 0 and z > 0,

[ oW Aulzy (@>
E exXp (—Z/ e\t Wi —ut>0 dt>:| = = y
0 toWei=0} U\/87212—‘2‘—1 (\{‘872)

(see expression (3.24])). As we can note, expression ([1.10)) can be recovered by the arguments

used in Section of the present work, which are based on the explicit computation of the
potential measure of the process {cW; — ut;t > 0}, where o, u > 0, and explicitly solving an

integral equation for the Laplace transform of fooo e_("Wt_“t)]l{JWt_ ut>0}dt.

10



Chapter 2

Blowup in finite time of a system of PDEs

2.1 Introduction

In this chapter we present conditions for explosion in finite time of a system of PDEs. To
achieve this, we start by considering the semilinear partial differential equation

ou(t,x) 10%(1&,93) N ' () Qu(t, x)

1
Ot G o(x) Oz —f—u“‘ﬂ(t,a:), t>0, xz€eR, (2.1)

where 8 > 0, ¢ € C?(R) is a square-integrable, strictly positive function, and the initial value
is of the form u(0,2) = h(z)/¢(z) with h € L2(R,dz). Setting p(z) = e **/2 in |} it
becomes
ou(t, x)
ot

where L¥ := %‘9722 — xa% is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup

= Lfu(t,z) +u' P (t,z), t>0, zeR,

Using essentially Jensen’s inequality and the fact that the measure u(dr) = *(z)dw is in-
variant for {T};t > 0}, in [34] it was shown that equation (2.1)) exhibits blowup in finite time

for any nontrivial initial value of the form u(0,z) = h(z)/¢(x), z € R.

Motivated by this example, in this chapter we provide a criterion for explosion in finite time

of positive mild solutions of the 1-dimensional semilinear system

Qui(t,z)  10%u(t,x) | ¢ (x) Qui(t, z) 1481
—or — 3 5.2 + @) ox +u, T (t,x), t>0, zeR,
dunltyr)  10%u(ta) _ ¢h (@) Bua(tyx) | yum

T = 3 92 + oo (2)  Ox +uy; P (tx), t>0, zeR, (2.2)

ui(0,z) = fi(z), ze€R, i=1,2,

where 31, B2 > 0 are constants, fi, f2 are nonnegative functions and ¢1, 2 € C?(R)NL?(R, dz)

are strictly positive. Semilinear systems of this type have been investigated intensively in last

11



years, starting with the pioneering work of V.A. Galaktionov, S.P. Kurdyumov and A.A.
Samarskii [21] (see also [22, [I8] 35 14, [33] and the review papers [31} [12]). This kind of
systems arise as simplified models of the process of diffusion of heat and burning in a two-
component continuous media, where 17 and us represent the temperatures of the two reactant

components.

Recall that a pair (uj,u2) of measurable functions is termed mild solution of system ([2.2)) if

it solves the system of integral equations

. t .
ui(t,x) =T} (fi(x)) —i—/o T , (uéifl(s,x)) ds, t>0, xzeR, (2.3)

where i = 1,2 and {T};t > 0} is the semigroup of continuous linear operators on L>(R, dz)

having infinitesimal generator

2 /
Lo 00 4, (2.4)

pi—-Y ¥
2022 @; Oz’

If there exists T" € (0, 00) such that [lu1 (¢, )| foo(,az) = 00 OF [Juz (¢, )| oo (r,az) = 00 for all
t > T, then it is said that (u1,u2) blows up (or explodes) in finite time, and in this case the

infimum of such 77s is called the blowup time (or the explosion time) of (ui,us).

Notice that for any g € L*°(R,dz) and i = 1,2,

Ti(g@) =E g (x77)], t=0, weRr,
where { X} ¢ > 0} is the unique strong solution of the stochastic differential equation

t
Yt—x+Wt+/%(Ys)ds, t>0, zeR;
0 ¥i

here {W;;t > 0} is a standard 1-dimensional Brownian motion. It turns out that under
our assumptions both processes { X} ’i; t > 0}, i = 1,2, are recurrent and, moreover, possess

corresponding invariant measures

pi(dz) = @?(z)dz, i=1,2. (2.5)

T
The intuitive explanation of the blowup phenomenon in non-linear heat equations of the type
— =Au+u"t w(0)=f>0,

where 5 > 0 and A is the generator of a strong Markov process on a locally compact space,

is that if the initial value f is ”small” then the tendency of the solution to blowup (which it

12



would do if u!'*# were the only term in the left-hand side of the equation) can be inhibited
by the dissipative effect of the migration with generator A; see e.g. [31], [35] or [36]. In
view of the ergodicity of the processes { X}’ top > 0}, ¢ = 1,2, the mild solution of 1’ should

therefore blowup in finite time, at least for certain non-trivial positive initial values f;, ¢ = 1, 2.

We are going to give conditions which imply blowup in finite time of system (2.2)) under the

assumption that ¢1/p9 is a strictly positive bounded function such that

gicg%{m () /2 (2)} >0,

and the initial values are of the form f; = h;/p;, where h; € L?(R,dz), i = 1,2. We
distinguish two cases: if 51 = 2 we show that any non-trivial positive mild solution of ([2.2)
blows up in finite time. If 81 # B2 we prove that a condition on the ”sizes” of f; and fy and

on the measures 1, po of the form

/f1d,u1+/f2d,u2>co,

(where the constant ¢y > 0 is determined by the system parameters) already implies finite
time explosion of ; see Theorem below. Moreover, we find an upper bound T
for the blowup time of system which depends both on the initial values fi, fo, and the
invariant measures in . Our setting allows us to consider a wide range of choices for ¢

and (o, for instance

o1 (x) = (sin (¥) +2) g2 (2) with @a (z) = ™" /2,

or else
p1 (2) = (€772 41) o () with s () = 1/(1+2?).

In these two cases the functions h;, i = 1,2, can be chosen of the form

hi (x) = B (J2])/ Qi (|]),

where P;, ); are polynomial functions with non-negative coefficients such that their degrees

satisfy 2 < deg (Q;) — deg (F;), and Q; (0) > 0.

Another interesting generator of the form 1) arises setting p(z) = z¥ +%, where v > 0

is a constant. In this case LY := %88—;2 + (V+ %) %a% is the infinitesimal generator of a

process {R;;t > 0} starting at 1, which is a Bessel process in R of dimension 2 + 2v. This

13



kind of infinitesimal generators given by L¥ arise naturally in the problems involving the

determination of the distribution of functionals of the form
ex
Ae, = / e2Wstvs) g
0

where {Wy;¢t > 0} is a standard Brownian motion in R and ey is an exponential random

variable with parameter A\ > 0, independent of {Wy;¢t > 0}. It can be show (see [50]) that

1
IP’Ae>u:IE’\[ ] u >0,
where 1 solves the ordinary differential equation
Ap(x
Lopt) = 228y =1,

t ds
o ¢

and is such that {¢(R:)e RZ;t > 0} is a martingale with respect to R; := o{R, :

u < t}, t > 0, and E* stands for the expected value with respect to the measure P’\‘Rt =
Y t ds
(R

0 ?%P}Rt.

In the next section we prove existence and uniqueness of local mild solutions of (2.2]) using
the clasical fixed-point argument, adapted to our context. Our main result in this chapter,

Theorem [2.3.1], is stated and proved in Section [2.3

2.2 Local existence and uniqueness of mild solutions

Our proof of existence, uniqueness and positiveness of mild solutions of system ([2.2)) is based
on [47, Theorem 2.1], (see also [41l, Theorem 2.1], 48, Theorem 3], [33, Theorem 2] and [38]
Theorem 1]).

For each 7 € (0,00) we define the set
Er = {(u1,u2) lur,uz : [0,7] = L (R, dz), [[|(u1, u2) ||| < oo},

where

UL, U = sup w1 ()| poorodey T I1U2 (£ )|l oo (R da) [ -
lees, il = sup {lon ()l + 2 (e §

Then (E-, |||-]||) is a Banach space and the sets
P, = {(U17U2) eEFE;:u >0,up > 0} and Bpg:= {(uth) € E;: |H(U1,UQ)||| < R}

are closed subsets of E; for any R € (0,00). Therefore (P- N Bg,|||-]||) is a Banach space for
all 7, R € (0,00).

14



Theorem 2.2.1. There ezist 7, R € (0,00) such that system has a unique positive mild

solution in P; N Bpg.

Proof. We will prove that the operator ¥ : P, N Bg — P, N Br defined by

W ((u (¢, ), uz (t,2)))
t t
= (T [ (i o) a7 e+ [ 2 (a7 ) as).
0 0
is a contraction for certain 7, R € (0,00). We start by verifying that ¥ is in fact an operator

from P, N Br onto P, N By for suitably chosen 7, R € (0,00). Let 79, Ry € (0,00) be such
that

Ro = (I1f1ll o ey + 1ol oo ae))

Bo > (11l pgae) + 12l e ay) amd 70 < R

If (u1,u2) € Py N Bp, then ¥ ((u1,u2)) has positive components due to the definition of ¥

and the fact that uq,us > 0. Hence

I ((ur,u2))l[| = sup {

te[0,70]

t
1461
T} (fl('))+/() Ty (UQ (S")) s L (R,dz)

Lo (R,dz) }

1+ 1+
< il poo ryawy + 12l oo (roam) + 70 (Ro 7+ Ry 62) :

wrzen+ [ 1z (= s0) o

where we have used the contraction property of the operators T}, i = 1,2, to obtain the last
inequality. It follows that |||W¥ ((u1,u2))||| < Ro, i.e., ¥ is an operator from P, N B, onto
itself.

In order to prove the contraction property of ¥ we choose 7y as above in such a way that

max{(l +,3i)R€i}TO € (0,1). (2.6)

i=1,2

Let (u1,u2), (i1, 72) € Py N Br,. Using again the contraction property of the operators T},

i = 1,2, and the well-known inequality |a? —b”| < p(aV b)P* |a —b|, which holds for all

15



a,b> 0 and p > 1, we obtain

P (w1, u2)) — ¥ ((d1,42))||

t
_ Sup { / Ttl_s <Ué+ﬁ1 (S, ) _ 'LAL§+51 (S, )) ds
t€[0,70] 0

L (R,dx)

t
+ ‘ / Tf—s (ui+ﬁ2 (s,7) — @iJrﬁZ (s, )) ds
0 L>(R,dx)
t

< sup / Hul—i_ﬁl (87 ) - ,al'f‘ﬁl (87 )H ds

reformo) Jo I 2 2 Loo (R, da)

t
1482 ~ 1482
+ sup / Hu (s,) — (s, )H ds
reformo) Jo I ! Lo (R,dz)

<

TO
(1+ ) RO /O otz (5, ) — 12 (5, )| o gty 45
TO
+(1+ Bs) RE: /0 ot (5,) = i1 (5, ) o oy 45

< max {(1+8) R } o (s, uz) = (i, @) ]

From the last inequality we conclude, due to (2.6), that ¥ is a contraction in Py, N Br,. It
follows from the Banach fixed-point theorem that ¥ has a unique fixed point in P, N Bpg,,

which is the unique mild solution of system ([2.2]). O

2.3 A condition for blowup in finite time

Our main result is the following

Theorem 2.3.1. Let p; € L? (R,dx) N C? (R) be a strictly positive function and assume that

the initial value f; admits the representation

@i ()

fi(x) = >0, zeR, (2.7)

for some positive nontrivial h; € L* (R,dx), i = 1,2. Suppose in addition that there exist

strictly positive constants ki, ko such that

~—

1 (2
2 (x

AS)

k1 < <ky, zxe€eR. (28)

AS)

1. Assume that 5y = P2. Then any non-trivial positive mild solution (ui,u2) of system

blows up in finite time.
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1489

2. Assume that 1 > 2. Let Ag := (%) e L?%gf and suppose that

/R i (@) i (dz) + /R fo (2) iz (d) > 2708 AT (2.9)

Then any mild solution (ui,us) of system blows up in finite time.

Proof. Let (u1,u2) be a mild solution of system (2.2). We denote
wi (t,z) == p; (z)u; (t,x), t>0, xzeR
Multiplying both sides of by ¢; yields
witn) =a@ 1 (L) + [a@n, (b cost™ w)e o

Since the function g; (z) := ¢7 (x) satisfies the differential equation

1 02 0 L (x

it follows that u;, (d:):) = ¢? () dz is invariant for the semigroup {71}, ¢ > 0}. Let us write

fR x) dx. Due to this implies that
Efwi(t,)] = E'[hi()]+ /0 E [wit ()0 (s i T ()] as. 2

Define a := min {7, k2_2}. From assumption (2.8) we get ¢? (z) /¢3_; (v) > a for all z € R
and ¢ = 1,2. Therefore

B (w50 w 050 0] = (m)%ﬁmdw

) wy—i (s,2)\ " 3, (@)
a”@?’—iHm(R,dx) R 2

v

p3-i () lo3—illz2(R )
les—illZe(zan) ([ wsi(s,7) e
> a 2125, (/ Z.( ) 3 () dm)
H‘P?)—i”m(ug dry R P3-iT

2 7 —1 1+61
= allpsill 2 gy (B> fwn—i (s,)]) (2.12)

where we have used Jensen’s inequality to obtain the last inequality. Plugging (2.12)) into
(2.11]) renders

B s (1)) 2 B 1y () + @ lail 3y | (B wans s,) ' d, (2.13)
0
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Let y; (t) be the solution of the system
yz/ (t) = a H(P?)—z”zg(ﬂ]é,dx) ygl,i_zﬂl (t) , t>0,
yi(0) = E'[hi()], i=1,2

Putting b := amin { 1 HZQ?(% dz) ||<,02||222(51§ da:)} we get the system of differential inequalities
v = bt >0,
vi(0) = E'h()], i=12
Let (21 (t), 22 (t)) be the solution of the system of ordinary differential equations
At = by, t>0,
% (0) = E'[h()], i=1,2
By the Picard-Lindeldf theorem, this system with (21 (0), 22 (0)) = (0,0) has a unique local
solution (w1 (t),ws (t)) = (0,0) for all t € [0, 7), for some 7 € (0, 00]. In our case E? [h; (-)] > 0.

Therefore by a classical comparison theorem, z1 (¢), 29 (t) > 0 for all t € [0, 7).

Consider the new function

E(t):=z(t)+2(), t>0.

We deal separately with the two cases in the statement of the theorem:

1. Case 1 = 2. Using the fact that

B LB > 978 ()AL >0, y >0, (2.14)

we get
E'(t) =z (t)+ 25 () =b (z}*ﬁl (t) + 23 (t)) > 2 PpEP (1), >0,
E(0) =E'[h1 (-)] + E? [h2 ()] .
Let I (t) be the solution of the ordinary differential equation
I'(ty = 2791 (), t>o0,
1(0) = E'[h ()] +E*[hg ()]

Since I is a subsolution of E (see [46, Lemma 1.2]) and I explodes at time

T = 2% € (0,00),
bBy (B! [ha (-)] + E2 [ (1))
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it follows that E explodes at some time ¢ < T, and therefore, by a classical comparison

theorem we get that

E' [wy ()] = llur (8 )| gy =00 0or B2 [we ()] = uz ()]l 11 ) = 00

for all t > T*. Since [Ju; (t, )| 1 (g i) < 1 (6 ) Lo oy 193172 (8, a2) for all £ € [0,00),

i = 1,2, we conclude that the mild solution (u,u2) of system ([2.2)) blows up in finite

time.

. Case B1 > Pa. Recall that for all 2,y > 0,6 > 0 and p,q € (1,00) such that p~ 1 +¢~ ! =1

we have Young’s inequality

p q
From the definition of Ag it follows that

vy <

5 () > 2t (1) — Ag, forall £ >0,

In fact, it suffices to choose in ([2.15))

1489
1 1+8 1
x =1, y:z;_&(t), 5:<11§;> " and q= !

Therefore we have

E (1) >b (z}% (t) + 2377 (1) — AO) .
Using again inequality ([2.14]) we conclude that
a0 () 2 2B (),

hence
E (t)>b (2—52E1+52 (1) — AO) .
Let I (t) solve the ordinary differential equation
I'(t)=b (2—5211+52 (t) — Ao) . t>0,

1(0)=E'[h ()] +E*[ha(-)].

1+ 5y

(2.15)

It follows from the same comparison theorem as above that I is a subsolution of E.

Using separation of variables we get, for ¢ € (0, 00),

I(t) dr oo dz
= / ~Bagith = / B2 118 =T
E(0) b(2 2z 2 — Ao) E(0) b(2 2x 2 — Ao)

19
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But the hypothesis (2.9) implies that 7" < co. Hence (2.16|) cannot hold for sufficiently
large ¢, which yields that I explodes at a finite time 7** € (0, 7*]. Therefore E explodes
no latter than T™ as well. From here we proceed as in the case 81 = B2 to conclude that

the mild solution (u1,ug) of system (2.2) blows up in finite time also in this case.
L]

The following result is an immediate consequence of the previous theorem. Recall that E (0) =

Jz frdpr + [ f2dps and

1+89
_ (1t B2 \FiF2 B — B e 1. 28,
ao= ()" A v g i (e

Corollary 2.3.2. Under the assumptions of Theorem if B1 = P2 then the explosion

time of any non-trivial positive solution of 1 bounded above by
281
b (E(0)7
If B1 > By and (@) holds, then the time of explosion of s bounded above by

*

T — /°° dz
~ JEp©) b2 el — Ag)
Remark 2.3.3. Theorem and Corollary remain valid when 5 > (31, with the obvious

changes in the correspondent statements.
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Chapter 3

Blowup in finite time of a system of SPDEs

3.1 Introduction

Let D C R? be a bounded smooth domain, and let 1, k2 € R, be given constants. Denote by
{Wi;t > 0} a one-dimensional standard Brownian motion defined in some probability space
(2, F,P), and let f1, fo € C?(D) be two positive functions. In [I4] lower and upper bounds

for the explosion time of positive solutions of the semilinear system of SPDEs

dui(t,z) = [(A+Vi)u (¢, ) +ub (t,2)] dt + kyug (t,2) AW,

dus(t,z) = [(A+ Va)us (t,x) +uf (t,2)] dt + kousg (t, ) AW, (3.1)
u;(0,2) = fi(z) >0, ze€D,
ui(t,z) = 0, t>0, ze€dD, i=1,2,

were obtained in the case V; = A1 + k2/2, i = 1,2, where A\; > 0 is the first eigenvalue of the
Laplacian on D and p > ¢ > 1. It was shown that there exist random times g, 0** such that
0sx < 0 < 0™, where p is the explosion time of (3.1) and the laws of p.. and p** are given,
respectively, in terms of exponential functionals of the form
t t
/ (e“WT A ebW’") dr and / (e“W’" v ebW*) dr, t>0, (3.2)
0 0
for certain real constants a,b. Our aim in this chapter is to obtain lower and upper bounds

for the explosion time of positive solutions of the system of SPDEs

dui(t,z) = [Aqui (t,x) + Gi(ua(t,z))]dt + kiug (t,x) dWy,

dus(t,z) = [Aqus (t,2) + Go (ur(t,2))] dt + Kous (£, ) AW, (3.3)
ui(0,2) = fi(z) 20, zeD,
wi(t,r) = 0, t>0, zeRI\D, i=12
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Here, A, is the fractional power —(—A)®/?

of the Laplacian, G; is a locally Lipschitz positive
function such that

Gi(z) > 2P 2 >0, (3.4)

with 8; > 0,7 =1,2. We assume (3.4)) in Section only; it is replaced by (3.39) in Section
We refer to Chapter [1| for definitions of blowup times, and for types of solutions of

SPDEs. Equations and systems of the above kind arise as mathematical models describing
processes of diffusion of heat and burning in two-component continuous media, where the
functions uq, uo are treated as temperatures of interacting components in a combustible mix-
ture. Hence, it is natural and relevant to investigate properties of positive solutions of such
equations. Since we do not assume G; to be Lipschitz, ¢ = 1,2, blowup of the solution of
in finite time cannot be left out. One of the main contributions in this chapter is to show that
there are random times 7y, and 7** such that 7., < 7 < 7**, where 7 is the explosion time
of . In this case, the distributions of the random times 74, and 7** are given in terms of

functionals of the form

. t
/ (eaWs A ebws) e~Msgr  and / (eaWs v ebWs) e M5 ds (3.5)
0 0

for some positive constants a, b, M and p, which depend on the parameters of the system
. Notice that the functionals are a special case of , hence the present work
can be considered as a generalization and an extension of [I4]. Although the laws of the
functionals are not given explicitly in this work, we find random times 7, and 7" such
that 7, < Tyx and 7 < 7”. The random times 7 and 7, are given in terms of random

functionals of the form

t t
Fi(t) = / ef(UWr“S)]l{UWS,HsZO}dT and Fh(t) = / e?Wamhsds >0,
0 0

respectively, where o and p are certain constants. The function F5 is known as Dufresne’s
functional and the distribution of its perpetual version F(co) was computed in [16] for > 0.
The density function of Fy(t) for 0 <t < oo was obtained by M. Yor using techniques based on
hitting times of Bessel processes; see [50], [5] and [44]. The function F} is known as one-sided
Dufresne’s functional. We believe that the law of its perpetual version could be obtained by
the method of hitting times of Bessel processes as in the case of F5, or else using the method
of Pintoux and Privault [40]. In the present work we calculate the probability density function
of F1(0c0) by a straight analytical approach based on the explicit computation of the potential

measure of the process Xy = oWy — ut, t > 0. This allows us to obtain a related integral
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equation for the function

(which gives as a special case the Laplace transform of Fj(c0)), and upon solving it we
obtain an explicit expression for H. By inverting the transform H we get the distribution
of the perpetual functional Fj(oo) which is needed further to obtain a lower bound for the
probability of explosion in finite time. This is the subject of Section 3.2 With the aim of
getting suitable sub- and supersolutions of —from which we will obtain upper and lower
bounds for 7—, in Sectionwe transform system into a related system of random partial
differential equations. This procedure is similar to the one performed in [I4] and is inspired
in a classical result of Doss [13] (see also Section [L.3). In Section we also obtain upper
and lower bounds for the explosion time 7. In Section we give explicit non-trivial bounds
for the probability of explosion in finite time of positive solutions of system , under the
assumptions that 51 = B2 and the initial values are of the form f;(z) = Ly¢)(x), x € D, with
L; > 0,43 =1,2, where v is the eigenfunction corresponding to the first eigenvalue of A, on

D. Such bounds depend on the functionals we found in Section [3.3

3.2 An exponential functional of Brownian motion

Let {Wy;t > 0} be a one-dimensional standard Brownian motion. Let o and p be positive con-
stants. It is well known (see e.g. [16] and Section that Dufresne’s functional [ e”Vs"1ds

has the following distribution for all ¢ > 0 :

0 Y 02 g2¢
P </ e?WsmHs s > c> = >, (3.6)
0 r l“)

o2

where v (a,z) = [ e *s* 'ds and I (a) = 7 (a,00) for all @ > 0 and x > 0.

Let Xy = oWy — ut, t > 0. The motivation of this section is to study, from an analytical point

of view, some distributional properties of the exponential functional

/ 6—(Xt+w)]].{Xt+z20}dt, T Z 0.
0

This kind of functionals, also named one-sided variants of Dufresne’s functional, emerges for

instance in the problem of explosion in finite time of systems of SPDEs. In particular we
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calculate explicitly its Laplace transform and its distribution at x = 0. Recall (see [3]) that

the potential measure of the process {X;;t > 0} is the Borel measure U defined by
o
U(B):/ P(X, € B)dt, BeB(R),
0
where B (R) stands for the Borel o-algebra in R = (—00, 00).

Lemma 3.2.1. The measure U is absolutely continuous with respect to the Lebesgue measure,

and the density function of U s given by

1 1
u(x) = ;]l(—oo,O) (x) + ;e o2 ]l[o x) (), z€R. (3.7)

Proof. First note that the transition probability of {X;;¢ > 0} is given by

1

2mo?t

(x + pt)?
202t

p(t,z) = exp , zeR, t>0.

From [45, page 242] we know that

u(x):/oo (t,z)dt

2
W T M
NELILAY W R
7T0'M/ xp[ ( 2023+ 2028>]d8’ TER

where we have used the change of variables s = y/ut to obtain the second equality. Now we

note that for all s > 0,

2 ~(Vam/ame)

wolu

_ e 2 () p T
2u N3 20 202
%0 2 (/4 Es) ‘x’ M
+eo? ﬁe 20 + 552 ) |- (3.8)

Integrating both sides of (3.8]) with respect to s, we get for all z € R,

— L5 (|z]+a) 00 e 2
w(z) = _2/ =R aTe=0) N A T ¢ R A S
2u V7T Jo 202 $2 202
oo [ & |zl 2
-f-ecf L / 6_( 2[’%7+V2<f%5> T + ds| .
Nz 202 2 V2o 207

Performing the change of variables

polzl o p Bz p
202 s 20’28 an 202 s + 20’28

24




in the integrals of the right hand side renders

o~ 25 (1al+2) || m 2% 1 o |zl [ -
e [‘eff( 2023‘\/2028> e eff( wsﬂ/wS)] L
where
£(z) = — / g eR
erf(z) = —= | e %ds, =z ,
v Jo
is the error function. Since erf(oco) = 1 and erf(—oo0) = —1, it follows that
2
e o2 2, 2, 1 _2p,
u(z) = 5 —erf (—00) + eo2 erf (00) + erf (00) — €02 erf(oo)} =—e 2"
T [
for all > 0. Similarly, if x < 0 we conclude that u (z) = 1/p and the result follows. O
Define
o
H(z,2)=E [GXP <—Z/ e TN x a0y ds)}
0
forallz >0, z € C.
Lemma 3.2.2. For allx >0 and z € C, H (x, z) satisfies the integral equation
2 x _ 27 X
H(z,z)=1- u_lzeagm/ e <1+U;>uH (u,z) du — ,u_lz/ e “H (u, z) du. (3.9)
T 0

Proof. For simplicity of notation, for any fixed 2 € C, let f.(z) = —ze™"1{;>0}, z € R. Define

the function
t
v (x,2) =E [exp </ (X +m)ds>] , t>0, x>0.
0

Using that

/Ot exp (/: fo(Xu + x)du) f:(Xs +x)ds

_ _/Ot % [exp (/t £.(X. —i—a:)du)] ds = exp (/Ot £.(X. —i—x)du) —1,

from the Dominated Convergence Theorem we get
¢ t
ue) = 1+E| oo ([ L0+ ) L0+ )0
0
t St
=1 +/ E [exp (/ f2( X + x)du) f2(Xs + x)] ds. (3.10)
0 s

Since f,(Xs + z) is measurable with respect to o(X,,0 <r <s), 0 < s <t, then
t
E [exp (/ f2( Xy + a:)du) f2(Xs + m)}
’ t
=FE [fZ(XS +z)E [exp (/ f2( Xy + a:)du)

o(X,,0<r < S)H . (3.11)
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Due to the independence of increments property of {X;;t > 0} we get

E [exp (/t [ (X + x)du)

—E [exp (/t Fo(Xu — Xo+ Xo + x)du)
= h(X, + ), (3.12)

o(X,,0<r< s)}

o(X,,0<r< s)]

where the function h is defined by

h(y) =E [eXp (/: fo(Xu — X + y)dU>] :

Due to stationarity of increments of {X;;¢ > 0}, we obtain that

t—s

p) = [oxp ([ £+ ) | = i), (3.13)

0

Plugging (3.11)), (3.12) and (3.13) into (3.10) we finally get
(% ('7;7 Z)

t t
=1 +/ E[f:(Xs+2)vi—s(Xs +x,2)]ds =1+E [/ f( X+ x)v—s(Xs + x, 2)ds
0 0
t
=1- z/ e_(”y)]l[()m) (x +vy) </ vi—s (z+y,2)P(Xs € dy) ds) .
R 0

Since the improper integral fooo e—(Xs+x)]1{Xs+x20} ds is a.s. finite due to [I7, Theorem 1.4],

using dominated convergence we get
v (x,2) > H(x,z) as t— oc.

The fact that
0 < fvis (z+y,2) Ty (s)| <1

for all s > 0 implies, for all x > 0,

/IRG(Hy)]l[o,oo) (x +y) </0 vi—s (T +y,2) Loy (5) P (X5 € dy) ds)

1—e* o2e® 1 o?

<-4
I w22 S o+ 2

< /R @ o (x4 y) U (dy) =

Using again dominated convergence we get that for every z € C and every & > 0 the function

H (-, z) satisfies the integral equation

H(xz,z)=1- z/ e_($+y)]l[07oo) (r+y)H (x+y,2)U (dy) . (3.14)
R
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From and it follows that for every z € C and every z > 0
H(z,2z)=1- Z/RG(HZ")]I[O,OO) (x+y) H @4y, 2) oo () dy
— 2 [ g ot ) H @) ) ()
=1- ,u_lz/o e~ g (r+y,2)dy — u_lz/ooo e~ @t g (x+y,2) e_%ydy

2 oo _ 27# T
=1- ,u_lzecrgx/ e (HGQ)uH (u, z) du — ,u_lz/ e “H (u, z) du.
T 0

O
Theorem 3.2.3. Let § € C be such that |0] < 1, and let
I(z,u)= eigme%Hm) Tipo0) (W) +e g g (u), >0, u>0.
Then, the integral equation
g(m)zl—@/oool(:c,u)g(u)du (3.15)

possesses a unique solution

n>0
where
Yo(x) =1, tny1(z) 2/ I'(z,u)¢n () du, n>0, xz=>0.
0

Proof. Consider the Banach space (Cp (RT),-]|,)- We have that

&0 2

/ I(z,u)du=1- — a e,
0 0%+ 2pu

which implies that the function
o
h(z):=1 9/ I(z,u)g(u)du, z¢€RT,
0

satisfies h € Cp (RT) for all g € C, (RT). Now we prove that the operator 7' : Cp (R*) —
Cy (RT1), defined by T (g) = h, is a contraction mapping. In fact, for g1, g2 € Cp (RT),

7@ - Tl = 0l [T Ten @ [T1e0n 0
) H/ w) du
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i.e., T is a contraction mapping. From the Banach fixed point theorem it follows that (3.15]) has
a unique solution. To prove the power series representation of g first we note that ||1),[|,, <1
for all n > 0, which can be easily proved by induction. Then, under the assumption |6| € [0, 1),

the series

Z (_G)n 1%

n>0

is absolutely and uniformly convergent. By Fubini’s theorem we finally get that

1—9/ (2,u) Y (=0)" n (w)du =1+ (= ”“/ I (2, u) vy (u) du
n>0

n>0

=143 (0" i () = 3 (-0)" ().

n>0 n>0

Therefore

for all x > 0. ]

From Lemma [3.2.2 and Theorem [3.2.3] we deduce one of the main results of this section.

Theorem 3.2.4. For all x > 0 and all z € C such that |z| p=! < 1, the function H (z,2) is

the unique solution of the integral equation

o0 2 x
F(z,z)=1- ,ulzei;x/ e_<1+7§>uF (u,z) du — ,ulz/ e “F (u, z) du. (3.16)
T 0

In order to get a closed expression for H, we proceed by induction over n > 0 to prove that

2
Unt1 (@ ZBk%H k () + Bni1 (1 - me_(nﬂ)x) ; (3.17)
0-2

where

k
B 1 €

T hr (k+%)

For n = 0, under the convention 22:1 = 0 and the fact that By = 1, we get

> 2y —<1+2“> —u % —x
1/11(1’): ; es?’e ]l[xOO)( )+6 ]1[0,33)(“) du:l_l 2ue )
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which shows that (3.17)) holds for n = 0. Assume that (3.17) is true for some n > 0. Then

i ()= [ T () o () du

00 n—1 24
= I(z,u Byt (W) +Bp [ 1= —Z e | | du
| )<,; ok () ( < ))

(e

n—1 %)
= Z Bk/ I(z,u)Yp_p (u)du
k=1 0
o 2p o0
+ B, / I(xz,u)du— "22 / I(xz,u)e ™du
0 n+ 5 Jo
n—1
= Bithur1k (2) + But (o)
k=1
2u 1 2u
_ 022 B, _ a2 e—(n+1)x
n+ 52 n+1 (n—i—l)(n—i—l—i—%)

n 2
Bitni1k (2) + Buyy [1 = —Z— "4z ||
kg n-+ n+ n+1+%

where in the second equality we have used the induction hypothesis, the definition of 1, for

the fourth one and the fact that

2p
2
Bn+1 = - 2 9 By
(n+1) (n + ;’5)

for the last equality. This proves (3.17). Moreover, notice that

> (—u2)" ()

n>1

n—1 2u
= Z (—,u,*lz)n <Z B,k (a:) + B, (1 — 022# em:))
P n+ =3

n>1 o
2p
= Z By Z wn k Z <1 B 022,u enz)
E>1 n>k+1 n>1 n+ 52
2
= Z By, Z ~lz J+k i (x) + Z (-ut2)" B, <1 — "QQH e”“)
E>1 >1 n>1 n+ gz
2u
- S T e+ Xt (1 ).
k>1 j>1 n>1 n+gz
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from which we conclude that

n>1
-1 nB % —nx
B Yonz1 (—1712) B (1- nt- 25 €
L= s (=u12)" By 7
and therefore we get
N 2
1 ZnZl (7'u_12) B (naé’é> e ™
H(z,z) = > (3.18)

e ntint
o \o? o n!l (n—|—1—|—3—’§)
i 1/2
2u (22 _,\ 2 21 2z _,
=) () (2 (o) ) o
where
(£)2k+ll
I, — o\
(2) Zk!r(k+1+y)’ 2eG,

k>0

is the modified Bessel function of the first kind of order v € R. Similarly, it can be shown

S mor-r () (5) Tn (2(5)7) e

n>1

Plugging (3.19) and (3.20]) into (3.18]) we get

that

H(z,2) = 2u0 1 (22) V2 es2® 22 (3.21)

for all z > 0 and z € C such that |z| p~! < 1. In particular we obtain
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Theorem 3.2.5. The equality

)

E [exp (—z /oo €Xt]l{Xt>0}dt):| 4M12N ( 7 (3.22)
0 - 0’\/8?[2/,1‘ -1 ( 82)

g

holds for every z € C such that |z| p=1 < 1.

Let F be the distribution function of the random variable

/ 6_Xt]l{Xt20} dt
0

Let { J 2y n} be the increasing sequence of all positive zeros of the Bessel function of the
n>1

first kind of order £ —1> —1, and let

Jop 4 (2) = , 2z€C
o? mzzo m!T <m + %)
From the fact that
J%L (Z) ) ) —1
Yy () e o
Tan_, (2) ZZ <Z Jig—l,n> ze€C\ I%-tnf
o2 n>1

(see [19, formula 7.9(3)]) and the relation J, (zi) = i”I, (z), which holds for all v,z € R, it
follows that

Iz (2 1/2) .
1207 = Z R zeC\{ —j% 1 } (3.23)
Ty (21172) n>1 T2 gy 2"z

Notice that the function "
—1/2 IZ}L/O'Q(Z / )

—
: : IQ;L/Jz—l(Zl/Q),

z €C,

has no poles in the region

{weC:Rew >0, |w| < u}.

Using an analytic continuation argument we conclude that

* uly (%)
E [exp <—z/0 eXt]l{tho}dt)]

oV 82[% 1 <ﬁ>

(3.24)

for all z € {w € C: Re w > 0}. In particular we get that the Laplace transform of the random

A G_Xt]l{XtZD}dt
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is given, for all z > 0, by

E [eXp (-Z/ ext]l{xpo}dtﬂ Z —
0 +]2—g 1In

n>1 o2 -1,
o
fe'e) 2 — ﬁ 2
81 — g2 4, |Y
— E e —e o dy
g 0
n>1
2
0o —| %33 )y
_ 8 V24
:/ ey 6< 27" dy,
0 n>1

where we used the fact that

gﬁn N 1)

for any v > —1 (see [10, formula (32)]). In this way we have proved the following result.

Theorem 3.2.6. F' is absolutely continuous with respect to the Lebesque measure. Further-

more, if y > 0 then

;GXP{ <2m M) y} dy. (3.25)

3.3 Bounds for the explosion time

In this section we obtain upper and lower bounds for the explosion time of the semilinear
system (3.3). For this, we first construct a suitable subsolution of (3.3) by means of the

change of variables
v; (t,x) == exp{—riWi}u; (t,x), t>0, ze€D, i=1,2,

which transforms a weak solution (ug, uz) of (3.3 into a weak solution of a system of random

parabolic PDEs.

As it was shown in Section[I.3]one can see that the vector (vq (¢,2),v2 (¢, 2)) is a weak solution
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of the system of RPDEs

2

E?tvl (t,x) = <Aav1 (t,z) — %vl (¢, :1:)) +e Wiy (6”2Wt’02 (t,z)),

2

%’Ug (t,x) = (Aa’Ug (t,z) — %UQ (¢, x)) + e 2 @q, (e’“wtvl (t,z)), (3.26)

vi (0,2) = fi (z) 20, zeD,

vi(t,x) =0, t>0, zeRI\D, i=1,2,

with the same assumptions as in (3.3). Notice that v;(¢, -) is non-negative on D for each t > 0
and ¢ = 1,2, which follows from the Feynman-Kac representation of (3.26)); see e.g. [2]. Hence

u;(t, ) = exp{riWi}vi(t, ")

is also non-negative on D for each t > 0 and ¢ = 1,2. Moreover, it is clear that if 7 is the
blowup time of system (3.3)), then 7 is also the blowup time of system ({3.26]). Let A\ and v

be, respectively, the first eigenvalue and eigenfunction of A, in D, with ¢ normalized so that

Jp¥(x)de=1.

3.3.1 An upper bound for the explosion time

In order to get an upper bound for the explosion time 7, we first show that the function
tl—>/ v(t,x) Y (x)de, t>0,
D
satisfies the integral inequality inequality
2 t
/ v; (t, ) (z) dx > / fi (@)Y (z) dx — (/\—i— R’) / / v; (s, 2) Y (z) dads
D D 2/)Jo Jp
t 1+8;
+/ el(I+Bi)ra—i—ri) W (/ v3—i (s,x) ¢ () d;v) ds, (3.27)
D

0
for i =1,2 and t > 0. In fact, since v; (¢, z) is a weak solution of (3.26|) and

Gi(z) > 2P 2>,
then in particular we have
[utov@ds [ p@o@ds [ [ s dds
2yt
- ZZ/O /Dvi (s,z)¢ (x) dzds (3.28)

t
+/ / e((HBi)“*i*”i)WSv;ffi (s,z) v () drds.
o Jp
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Since v; and v are non-negative in D, by Holder’s inequality we get that
1 Bi
/ v3—; (s,z) ¢ (z)dx = / v3—; (8,2) Y B () Y80 (z) dx
D D

< /D vs B (s, 2) ¥ (x) dg;)ljﬁi. (3.29)

IN

Using the fact that
Aath (#) = —Mp(z) on D,

we finally obtain expression (3.27)). Using now a comparison theorem (see e.g. [46, Lemma

1.2]) and (3.27)), we deduce that the function h; determined by the equation

d

2
%hi (t) = — ()\ + ,;Z) h; (t) + 6((1+Bi)n3*i7ni)wthéi'iﬂi (t),

m—Aﬁmwmm

is a subsolution of v;, i = 1,2. We define

2
m = X\ + max {R’} and M; = min {e((HBi)’“”*i*“i)Wt} , t>0,
=12 | 2 1=1,2

and consider the system of random Ordinary Differential Equations (random ODZEs)
d :
27 (1) = —mzi (1) + Mz Pi(t), 2 (0) = hi (0), i=1,2.

Using the transformation

it follows that
d . .
v (1) = My )y (0) = hi(0), i=1.2. (3.30)

Using again a comparison argument it follows that

For t > 0 we define

2
E®=n@+n® wih E0=Y [ f@s@ad
i=17D
We present the main result of this section, where

A= Iili% {(1+ Bi) k3—i — ki)
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Theorem 3.3.1. Assume that A > 0 and let T be the blow-up time of system .

1. If By = Ba, then 7 < 7/, where

t
szinf{tzo: / AW msssopds = 2767 <E<o>>—ﬁl}. (3.31)

2. Suppose B1 > P2 > 0. Let

with

Assume that

and let

Then T < 7", where

Ap

_ 1+p9
A :(14-51) f1=52 B — B
’ 1+ 52 1+ 5

1+81
C P Ay >0,

27 P2¢y (E (0))7>

1+84
B1—B2

(E(0))"F7

Co=2"P2¢y —

L (m@ N (2 (s o)
€0 — Imin y Al/(l-i-ﬁz) s
0

B1—B2
1489
M

(3.32)

t
7 = inf {t >0: /0 e AWarmB2)g oy sssyds > Co Byt (E (0))‘52} . (3.33)

Proof. Recall that

le+ﬁl + yl‘i’ﬁl Z 2*51 (.T + y)1+/81

for all z,y € [0,00). Therefore, from (3.30)) we get

Using a comparison argument as before, it is clear that I is a subsolution of E, where

d
—I
dt

(t) = 2—/316—771/3115Mt]1+,31 (t),

d

—E®) > o Pre=mBt v BIAL (1)

The solution of this equation is given by

t
I(t) = (Iﬁl (0) — 2751 / emﬁlsMSds> ,
0

with

"B

tel0,77),

t
* = inf {t >0: / e P Mods > 291 7P (0)} :
0
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The inequality 7 < 7* is clear since [ is a subsolution of v; 4+ vo. There remains to show the

inequality 7% < 7/, where 7’ is defined in (3.31]). This follows easily from the fact that

e—mﬂlsMS > e—mﬁlseAWs]l{Wszo}

and
{AWS —mp > 0} - {Ws > 0}

for all s > 0. We conclude that

t t
/ e "B M ds > / e_(AWS_mﬁls)]l{AWS_m,glszo}ds,
0 0

and the assertion follows. Therefore 7 < 7/.

We now prove part (2) of the theorem. According to Young’s inequality,
5Pl 594
S (3.35)
p q

xy <
for all z,y € [0,00), 6 > 0 and p,q € (1,00) such that %4—% = 1. Taking Ag as in the

statement and setting

8
T =g, y:y;+52(t), d = <1ig;>ﬂﬁf and ¢ = 112
in , it follows that for all € > 0,
U () 2 TR (1) - P Ay, t20.
Using we get
%E (t) > e ™A, (yPﬁZ (t) + eys ™ (t) — eﬁllt% Ao) . (3.36)

Suppose € € (0,1]. Using Jensen’s inequality we conclude that
_1 142
142 t) > 9—B2 [y1 (t) + €T#P2 g9 (t)}

() + ey
> 2—626 [yl (t) + ys (t)]l—l-ﬁz — 2—B2€E1+ﬂ2 (t) ’

hence

d —mp1t —B2 . pl+pB2 L
%E(t) >e My | 27P2eE P2 () — ePrP2 Ay | .

Take €p as in the statement. We claim that

E(t) > E(0) > 0 for all £ > 0.
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In fact, let J be the solution of the differential equation
J () ="M (T (1), T (0) = E(0),

where
1481

f(x) =27 20! ™02 — 12 Ay, x> 0.

By comparison E(t) > J(t) for all ¢ > 0, and therefore it suffices to show that

Notice that f is increasing and has only one zero at
N
T = (2626517% Ag) T2 > 0,
with xg < E(0) due to (3.32)). Let
T=inf{t>0:J(t) < E(0)}.

Then T' > 0 because J is strictly increasing around 0, and J(¢) > E(0) for all t € (0,7).
Suppose that T' < oo. Being J continuous on [0,7] and differentiable on (0,7"), Rolle’s
theorem yields that J'(¢) = 0 for some ¢ € (0,7). Hence J(c) = x¢ which implies that
xo > F(0). This contradiction says that T = co and

E(t) > E(0) for all ¢t > 0,

which proves the claim. Therefore,

1481
d e A
SE(t) > e MM E Y (1) |27 02¢g — 020
dt ( ) Z € t ( ) €0 (E (0))14_/32

Let Cp be as in the statement and let I be the solution of the equation

d
()= eTMPUNL T (1) Cy,  t e [0,77); 1(0)=E(0),

where 7** will be defined below. Then I(t) < E(t). The expression for I is given in this case
by

10 = (170 - o [ emooanas)
for all t € [0, 7**), with 7** given by
7 = inf {t >0: /0 t eI Mds > Oyt gy TP (0)} . (3.37)
Taking 7”7 as in and proceeding as in the proof of Part 1, we get 7 < 7% < 7. O
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Remark 3.3.2. When k1 = k2 = 0 and 81 = 2 > 0, from the inequality 7 < 7* it follows that

I (A I

1

1 if AP < min {/ fi(x)w(x)dx},
221,2 D

0 otherwise,

which is the deterministic result given in [33].

3.3.2 A lower bound for the explosion time

Suppose that {Y;;¢ > 0} is a spherically symmetric a-stable process with infinitesimal gener-
ator A,. Let
P =inf{t>0: Y, ¢ D}

and consider the killed process {Y}D , t> 0} given by

Y, if t< 7P
VP =
o if t>1P,

where 0 is a cemetery point. Let T' > 0 be a random time. Recall that a pair of F;-adapted
random fields

(v1 (t,z),v2(t,2)), €D, t>0,
is a mild solution of (3.26)) in the interval [0, T7] if
K2 t w2
vi (t,x) = e 2 PP f; (2) +/ e FiWremz (=) pD (G ("= Wrvs_; (r,2))] dr, (3.38)
0

P-a.s. for all t € (0,7], ¢« = 1,2, where {PtD, t> 0} is the semigroup of the process
{YtD ,t > O}. In what follows we will assume that G; is a locally Lipschitz positive func-
tion such that

Gi(z) <P 2>0, i=1,2 (3.39)
Moreover, we set
A= min {(1+F)ws—; — i} and B =max{(1+ f;)rs—i —Ki}.
=1, =1,

Theorem 3.3.3. Let § = max {Bi} and
=1,

o(t) = e~ (F11R2)%E/2 max{ sup HPSDfiH } , t>0.
i=1,2 | s¢[0,4] *
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Assume that A > 0. Then there exists a mild solution (v1,v2) of such that
vi(t,z) < ¢(t)B(t),

forall0 <t < Ty, x €D andi=1,2, where

B(t) = <1—5/t (eAWT\/eBWr)' %{d)ﬁi (r)}dr>_ﬂ
0 i=1,
and
Cinedis o0 [ (A y B 5y Var > L 3.40
Ty = in > ./O(e e ){gﬁ({gb (T‘)} T‘_B . (3.40)

Proof. Notice that B (0) =1 and

d _ (AW, BWi 8; 148
ZB(t) = (M ve )g%{gb (t)}B (t), t>0,

hence

t
B (t) =1+ /(; (eAWr vV eBW’r) lm:%)é {(bﬁz (7’)} Bl+ﬂ (7’) dr.

Now let V' : [0,00) x D — R be a non-negative continuous function such that
V(t>°)€CO(D)7 tZO)

and satisfying
V(t,z) <o¢(t)B(t), tel0,7), x€D. (3.41)

Define the operator F; by
nz t “2
Fi(V(t,z) :=e 2 PP f; (z) + / e*""'WTe*Tl(t*’”)Pfir |G; (6“3*2'WTV (r,z))] dr,
0

for ¢ = 1,2. Using 1} and that the semigroup {PtD ,t > O} preserves positivity we get

_ (r1ARg)?

t
Fy (V (t,2)) < (1) +/ (PR —i—ri) Wy o= 572 (1) pD [V1+B¢ (T’$)} dr
0
t
< (;5(75) _|_/ 6((1+Bi)ns—i—ni)Wr6_%(t_r)¢1+ﬂi (T) Bl—&-ﬂi (T) dT,
0

where we have used (3.41]) to obtain the last inequality. Notice that if ¢ € [0, 7,) and r € [0, ¢]
then

(11 Arg)?

e 2 g (r) < (1),

and since B(t) > 1,
B*Pi(ry < B"P(r), 0<r<t
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Therefore, for all t € [0,7,) and = € D,
‘ A
F,(V(t,x)) < o(t) [1 —i—/o (e Wr oy eBW’") Zm:?)é {¢5i (7«)} B8 (r) dr]
= ¢(t)B(t).

Now we will define increasing sequences which will converge to the mild solution of (3.26)).
Let

HQ N2
vig(t,z)=e 2'PP A (2), wao(t,a)=e 2'PPfy(z), (t,x)€[0,7)x D,
and for any n > 0 define
Vi1 (t,2) = F1 (von (8, 7)), vony1 (t,2) = Fo (vin (t,7)),

for (t,z) € [0,7.) x D. To prove that (v, (t,7)),>, and (v, (¢, 7)), , are increasing for all

t €10,7.) and x € D, note that
12 t 2
vio (t,) < e 2'PPfi (x) + / e e a7 ph, (G ("= Wrvs_i 0 (r,2))] dr
0
= Vi1 (t, x), 1= 1,2.
Suppose that, for some n > 0,
Vin > Vin—1, 1=1,2.

Then

Vint1(t, ) = Fj (v3—in(t,z)) > Fj (v3—jn-1(t,x)) = vin(t,x)

for all (¢,x) € [0,7,) x D, where we have used the monotonicity of F;, i = 1,2. By induction,
this shows that both sequences (v1,, (t,%)),s, and (v, (t,2)),~, are increasing. Therefore
the limits

vy (t, ) = nh_}rrolo Ui (t,x) and v (t,x) = nh_)ng@ von (t, )

exist for all ¢ € [0,7,) and x € D. From the Monotone Convergence Theorem we conclude
that
(% (t, 1‘) = Fﬂ)g_i (t, .%') N 1= 1, 2,

for all t € [0,7,) and x € D. Thus, (v1,v2) is a mild solution of (3.26)). Moreover,
vi(t, ) < o(t)B(t), i=1,2,
for all t € [0, 7,) and = € D, and the result follows. O
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Corollary 3.3.4. Under the assumptions of Theorem[3.3.3, if

B/OOO (eAWT \/eBWT) ' ax{géﬁi (r)} dr <1,

i=1,2

then the mild solution (v1,v2) of obtained in Theorem[3.3.9 is global.

3.4 Bounds for the probability of explosion in finite time

Throughout this section we make the following assumptions:

1. ﬁl = ﬁZ > 07

2. the initial values in (3.3) are of the form

fz(l‘) = L{(ﬁ(l‘), xeD, i=1,2,
where L1 and Lo are positive constants,

3. G(z) =215 2z >0.

As above we denote
A= Zril%% {A+B1)k3—i —Ki}, B= ?:121102({(1 + B1) K3—i — Ki}

and assume that A > 0. We also abbreviate A := M

3.4.1 An upper bound for the probability of blowup in finite time
Consider the random variable 7, defined by

t 1 1
Tex :=INf<E>0: / (eAWT \% eBWT) e AT gy > — 7 min —5 .
0 Billvlle =12 | Ly

It is easy to see that 7,4, < 7. Furthermore, noticing that

/t (eAWT Vv eBWT) e Mgy
0

‘ t
:/0 6AWT‘\’31’"11{Vl4<0}drJF/O 6BWT7A51T1{Wr20}dT

t t
S /OO efAﬁlrdr +/ eBWTfAﬁlT‘dr — ]— +/ eBVV’,‘7/\61""(1,’,,7
0 0 A/Bl 0

41
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it follows that

1 ! 1 1
Ty = inf<t 2 0:— +/ eBWT?Aﬁlrd'l“ 2 7,8 mln 7 (343)
ABr - Jo Billllee =12 ( Ly

satisfies 77, < T4 as long as A > 0.

Theorem 3.4.1. Assume that

Il _ . f 1
A SR A

Then
v | B 2
B2( L _@%{;ﬁ}_;@
P (7 < 00) < ﬁl””’”jw L . (3.44)
r(%)

Proof. From the relation 7, < 7 and the continuity of paths of Brownian motion, it follows

that
P(r<oo) < Py <o0)
e 1 1 1
= 1-P / €BWT7A51rdT S 75 mln 7 -
0 Brllgllz =2 L ) Ab
o0 1 1 1
= P / BBW'riAﬁlrdT > 7ﬁ mln 7 —_ .
0 Bullllse =t | L | AB
The result follows from ((3.6]). O

Remark 3.4.2. Notice that P (7 < 0co) < § for any given ¢ > 0 provided that the positive
constants L1, Ly are sufficiently small, i.e., for sufficiently small initial conditions, the system

(3.3) explodes in finite time with small probability.

3.4.2 Lower bound for the probability of explosion in finite time

Theorem 3.4.3. If m = A+ 35 (k1 V ko) then

exp{— T —

8mp 81(L1+L2) 1 o] " 255 —1m

P(r < 00) > P E 7 24 . (3.45)
n>1 i,
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Proof. From the relation 7 < 7/, the continuity of paths of Brownian motion and Theorem

it follows that

P(r<o0) > P(7 <o0)

o0 251
( 0 { ST B (L + L) IR

A2 .2
L el (S )rf

2
B1(L1+L)P1 ) 251 nzl

exp § — A%201 j2
_ A 8 (L L)L [057 7 22801
= A2 Z ]% ; ,
nz1 %,17,1
where we used the Monotone Convergence Theorem to obtain the last equality. O

Remark 3.4.4. Notice that for sufficiently large L1 and Ls, the relation

_ A22P1 D)
8mp 3 eXp{ 851(L1+L2)61||¢||§B1]2:L§1—Ln} - V8mL/ 22k /2
A2 73 Ar (Ly + L) /2 ||y| 2
n>1 A 1n 1 2 2

holds; see [10, formula (39)]. Therefore P (7 < 00) > 1 — € for any given € > 0 provided that
the positive constants L1, Lo are sufficiently large, i.e., for sufficiently large initial conditions,

the solution of system (3.3 explodes in finite time with high probability.
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Chapter 4

Blowup in finite time in L?(D)-norm of a sys-

tem of SPDEs

4.1 Introduction

This chapter addresses the problem of explosion in finite time in LP(D)-norm, of the coupled

system of reaction-diffusion SPDEs

duy(t,x) = (Aalul (t,x) + u$+51 (t, x)) dt + Kkyuy (t, ) dW,

dus(t,z) = (AM (t,z) + ul TP (t,a:)) dt + kyus (t,2)dW;, >0, zeD, (4.1)
ui(0,z) = fi(z) 20, z€D,
wi(t,r) = 0, t>0, zeRI\D, i=1,2,

where D is an open domain in R, Ay, is the fractional power of the Laplacian introduced in
Chapter Bi >0, r; € R and o; € (0,2) are constants, f; € CZ(D), i = 1,2, and {Wy;t > 0}

is a Brownian motion defined in some probability space (2, F,P).

In this chapter we consider another notion of explosion which was treated in [8] (see also [9]
and [32]), where it is proved explosion in finite time in LP (D)-norm of the positive solution
of a single SPDE of the form , with o = 2. We say that a function v : Ry x Q@ x D — R
explodes in LP(D)-norm if there exists T), € (0, oo} such that

lim B [[lu (¢, )| o) | = oo (4.2)

t=Ty

When T), < oo, we say that u explodes in finite time in L” (D)-norm and the infimum of such
numbers 7}, satisfying is called the explosion time of u. We say that a solution of
explodes in LP (D)-norm if at least one of u; or uy explodes in the LP (D)-norm. In this case
case, T}, := min {T1 T2 } is called the explosion time of system , where T, ; is the explosion

p>=p

45



time of w;, ¢ = 1,2. We say that a solution of (4.1]) explodes in finite time in L” (D)-norm if

at least one of uj or ug explodes in finite time in LP (D)-norm.

This chapter is organized as follows. In Section we recall the notions of weak and mild
solutions and we establish their equivalence under our assumptions. The concept of weak
solution for the system (4.1)) was introduced in Deﬁnition for the case a1 = ag. We need
a definition for the general case a, ay € (0, 2], and hence to establish a theorem on existence
of weak (or mild) solutions. We make a suitable change of variables in system in order
to obtain a related system of random PDEs given in . This change of variables allows to
prove, in particular, that there exists a positive weak solution of system , by proving the
existence of a weak solution of the related system . Moreover, following the results in
Section [1.3] we formulate a general result on existence of a local mild solution of the related
system (4.4)) and we prove that this local mild solution is also a weak solution of the system
. Some of the results on equivalence of solutions of PDEs we use in Section are based
on [1] and [27].

Further, we find conditions ensuring finite-time blowup of system in LP(D)-norm for all
p € [1,00). To achieve this, in Section we adopt the methodology of Chapter 3| to prove
the existence of an explosive weak solution of . We first consider the case oy = as. In
Theorem we provide conditions which imply explosion in finite time in LP(D)-norm of
system , where we distinguish the cases 51 = B2 and B > [s.

The case of a1 > ay is treated in Section We follow the same approach as in the case
a1 = ag, but first we must obtain suitable upper and lower bounds of the first eigenfunction
; of —A,,, i = 1,2, with the aim of getting a useful explosive subsolution. The estimations

needed for this case are of the form
CriBa[r W] < hi(2) < CoiBo[rY), 2€D, i=1,2,

where C1;,Cy;, @ = 1,2, are positive constants depending on the domain D and the fractional

power «; € (0,2], and T(Di) is the exit time from D of a spherically symmetric «;-stable

process with infinitesimal generator A,,; see [4, Theorem 4.4]. The expression E, [Tg)] can be
explicitly calculated when D is an open ball B(0,7) C R? with centre at the origin and an
arbitrary radius r € (0,00). For the case of D = B(0,r), we give in Theorem m an upper
bound for the explosion time of . We consider the case a; > a9, and we distinguish

two cases: f1 = B2 and 1 > (2. In both cases we must assume that g1 > ala;;‘? and some
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restrictions on the initial conditions to ensure that the upper bound for the explosion time is

finite.

4.2 Weak and mild solutions

Let (2, F,{F;t > 0},P) be a filtered probability space.
Definition 4.2.1. Let 7 € [0, 00] be a stopping time. A pair of F;-adapted processes
{u; (t,x) :t>0,z€ D}, i=1,2,

is a weak solution of (4.1) on [0,7) if for all ¢; € CZ(R?) vanishing on D¢, t € [0,7) and
i=1,2,

/Dui (t,z) ¢; (x) dx
= /D fi (z) ¢i (z) dx + /Ot /D (u (s,2) Do, bi () + usD (s, 2) ¢ (x)) dxds

+ Ky /Ot/DUi (s,z) pi(x)dxdWs, P-as. (4.3)

Definition 4.2.2. Let 7 € [0, 00| be a stopping time. The vector (uy (¢, z),us (¢,2)) is a mild
solution of (4.1)) on [0, 7) if for all t € [0,7), P-c.s. and i = 1,2,

t t
w; (t,z) = Ptlzfi (x) + /0 Pfim (uéffz (r, x)) dr + lii/o Pfim (ui(r,x)) dWr,

where {P,fl)-; t > 0} is the semigroup defined in (i having infinitesimal generator A,,.

Proceeding as in Section it is easy to show that {u; ({,z):t >0,z € D}, i = 1,2, is a
weak solution of (4.1)) on [0, 7) if and only if the vector (vi (¢, ), v2(t, z)) given by

v (t,x) == exp{—k;Wi}tu; (t,z), tel0,7), ze€D, i=1,2,

is a weak solution of the system of random parabolic PDEs

2
gtvl (t,z) = (Aa1711 (t,z) — %Ul (¢, x)) + e((1+,81)f€2—ﬁl)wtv%+ﬁl (t, ),
2
gtvz (t,z) = <Aa2v2 (t,z) — %UQ (t,:c)) + (B2 m—r2)Wey 1402 (4 0y (4.4)

vl(ovl‘):fl(l‘)zoa l’GD,

vi () =0, t>0, zeRI\D, i=1,2,

47



with the same assumptions as in (4.1)), i.e., if 7 is a stopping time, then for all ¢; € C,?(Rd)
vanishing on D¢, ¢t € [0,7) and i = 1,2,

[utao@i= [ fwa@is [ [ o (S -Eow) dos

t
+//e((1+5i)“3i“i)th§ffi (t,x) ¢i(z)dxds, P-a.s.
0 /D

The following theorem establishes the existence of a local mild solution of system . Its
proof is very similar to that of Theorem [3.3.3] and therefore it is omitted. As in Section
3.3.2L we let A = min;—; o{(1 + Bi)k3—; — ki } and B = max;—12{(1 + 5i)k3—i — ki}. The way
of choosing the functions ¢(t) and B(t), t > 0, in the following theorem, is inspired in the
preparation paper by M. J. Ceballos-Lira and A. Pérez [6].

Theorem 4.2.3. Let f = max {Bi}. Assume that A > 0 and let
=1,

B(t) = e (K1AR2)?t/2 max{ sup ”P£»fl”m} , t>0.

=12 | se[0,4]
Then there exists a mild solution (v1(t,x),ve(t,x)) of system , such that
vi(t,z) < ¢(t)B(t),
forall0<t<T7,x€ D andi=1,2, where

1
B

B(t) = <1 - ﬁ/t (eAWT v eBWT) max {¢6i (r)} dr) 7
0 =5
and .
7 = inf {t >0: /0 (eAWT Vv eBWT) max {qbﬁi (r)} dr > ;} )

1=1,2

Now we establish the equivalence between mild and weak solutions of system (4.4). The

proof is an adaptation of [27, Theorems 4 and 5]. First, we prove two auxiliary lemmas. For
NZZ 2

simplicity of the notation, S ; := e_TtPt]?i is the semigroup of A,, — %, which acts on CZ(D),

for i = 1,2, and the dot product in L?(D) is denoted by

(f.g) = /D f(@)g(x)de,  f.g € LA(D).

Lemma 4.2.4. For allt >0 and ¢ € CZ(D),
t
<St,zf17¢> = <f17¢> +/ <Sr,zf’u <A041 - F;) ¢> d’f', 1= 172
0
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Proof. Let ¢ € CZ(D). Then for all h > 0 we have that

W (Senifin @) — (Seifin 8)]
T Shi (Seifi) s 8) — (Seifis 6]

2
=h  [(Stifis Snitd — ¢)] — <St,ifz'a <Aai — 2’) q§> , ash—0,

where the limit is taken in L?(D). Therefore for i = 1,2

d /{?
dt <St 1f25¢> = <St,ifi7 (Aai - 2> ¢>,

which implies that, for i =1, 2,

t 2
<5t,z'fi>¢> - <fz', ¢> = /0 <Sr,ifia (Aai - 2) ¢>> dr.

Lemma 4.2.5. For allt >0 and ¢ € CZ(D),
t
[ (st (e“”ﬁm-mmv;tfi ) 0 dr
0
¢
[ (s o)

2
/ / < . 1+ﬁi)l€3—i—ﬁi)WSU?1);"iﬁi($’ .)) , <Aai — ’3) ¢> dsdr, i=1,2.

Proof. Let ¢ € CZ(D). Then for all h > 0 and i = 1,2,

it [ (s (om0, 0) )
-/ (St (TR ) ) dr}
_p [ /t o (Seanor (0H80R-omWe 10 )Y 6 ar
/ (Spmp (TP mm W55 1)) 360 e
[ (S () ) ]
= / " (S o (OB B ) ) ) dr

t
n /0 < S (BRI Wi 1461 .)) Y (St — ¢)> dr

_>< (1+8:)ms— i—nz)th?l)+lﬂz(t")’¢>
t 1 K}Z

_|_/ <St—m‘ <e((1+,3i)ﬁ37iflﬂ)Wr,U31‘iBi(7-7 )) ) (Aai — 2’) ¢> dr, ash—0,
0
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which implies that

CZ <5t ri ( ((1+5i)”3*i_”i)wwéffi(r, )) ,¢> dr
0

— <e((1+6i)537i_5i)wtv§jfi (t,-), ¢>

t ,{/2
_|_/ <St—r,i (e((1+5i)n3717m)er?1)tfi (r, )) , <Ao¢i — 2’) ¢> dr, 1=1,2,
0

and the result follows as in the proof of the previous lemma. O

Theorem 4.2.6. If a vector (vi(t,z),va(t,x)) is a mild solution of in some interval
(0,7), then (vi(t,z),v2(t,x)) is a weak solution of in (0,7).

Proof. Assume that (vq(¢,x),va(t,z)) is a mild solution on (0, 7). Then for all t € (0,7),
ot x) = Spafila / Sy ( (B0 Wey 1465 . x)> dr.
Let ¢; € C(D), i = 1,2. Taking the dot product in L?(D) we obtain
(Vilt, ), di) = (Seifis di) + /0 t <St_m~ (e<<1+ﬁi>n3,i_m)wrvéj§i (r, .)) ¢> dr,
and using Lemma [1.2.4] and Lemma we obtain for all ¢ € (0, 7),

(vi(t, "), i)
P /t< ((14B:)k3—i—ki )Wy 1+52( ), ¢z>dr+/t< th< . f<022> ¢i>dr
0
/ / < 1+5i)n3,i—m)WsU§jiBi(5’ )) , <Aai . ’f) ¢Z> dsdr

=ttt [ < (8O- 201 ), 61 ) dr

0

t r ) /<L2
+ / <Sm-fi + / Srsi (e“”ﬁi)%-i—”@')mv;ff(s, -)) ds, (Aai - ) ¢i> dr
0 ’ 0 ’ 2
! 1 W, 1+ ! Ky
= <fz’ ¢2> +/ < (148 )k3—i—Fki) ) 3 7,2( .)’ ¢1> dr +/ <Ui(’l", .)7 (Aaz — Z) ¢1> dr
0 0 2

which implies that (vi(t, z),v2(t, x)) is a weak solution on (0, 7). O

4.3 Explosion in finite time

From Theorem and Theorem it follows that system (4.1)) has a weak solution
{ui(t,z);t > 0, € D}. In fact, a mild solution (vi(¢,z),v2(t,x)) of system (4.4) can be
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constructed from Theorem which is also a weak solution of (4.4) by Theorem

Using now the change of variables
u;(t, x) = exp{kiWi}vi(t, z),
we obtain that {u;(t,z);t > 0, z € D} is a weak solution of system (4.1)).
Let u; (t,¢) = [, u;(t,z) ¢ (x)dx, i = 1,2. Then, for all ¢; € CZ(D) the weak solution of
system can be written as
i (t,¢5) = u; (0, ;) + /Ot ;i (8, Ay ) ds + /t ugt (s, ) ds + /Ot Kiw; (8, ¢;) AWy, (4.5)

Let \; denote the first positive eigenvalue of —A,, on D, with respective eigenfunction 1;,

i = 1,2, normalized so that [, ¢;(z)dx = 1. We write p;(t) = E [u;(t, 1))

4.3.1 A criterion for explosion in finite time. Case a; = as.

In this case we write o := a1 = g, A := A1 = Ay and ¥ := ¢/ = 1)9. From Jensen’s inequality

and (4.5) we get that, for all ¢ > 0 and i = 1,2,
t t
i = ©) =2 [ s+ [ B[l )] as
t
A/ i ( ds—l—/ a0 (s)ds.

Now we consider the system of ODEs
i (6) = =Ahi () + BT (1), >0,
hi(O):/Li(O), i:1,2,

and define E (t) = hy (t)+ha (t), t > 0. Let T), = min{Tpl, Tg} be the explosion time of system

lj where T, zﬁ is the explosion time of u;, ¢ = 1,2. We have the following theorem.

Theorem 4.3.1. 1. Assume that f1 = Bo > 0 and E (0) > 2A\Y51. Then T, <T* for all

o 1
T* = du < oo.
/E(O) —Au + 2~ By lth s

p € [1,00), where

1482
2. Let B1 > P2 >0 and Ay = (}igé) e '811+£2, and suppose that there exists ey € (0, 1]
1482
such that fo := 27P2eg B1152 (0) — ¢)' ™" Ag > AE (0). Then T, < T* for all p € [1,00),
where
T = < 00.
/E@ =+ (fo/ BT (0)ute 4 =

o1



Proof. 1. We have that

%E(t) = —AE(t)+ (h}*ﬁl (t) + hy ™ (t)) . t>0.

Using Young’s inequality we obtain, as in the proof of Theorem ([2.3.1]), that

d
—B () > —AE(t) + 27PEMWA (), t>0. (4.6)

Let I (t) be the solution of

d
1) =—AI(1) + 27 (1)t >0,

Notice that I (0) > 2AY#1 implies I (t) > I (0), for all ¢ > 0. Hence, for all T > 0,

. I(T) 1 ]
N /I(O) "+ 2By

du =: T%,

& 1
<
- /I(O) —Au + 2-Fiyl+h

where T* < oo under the assumption F (0) > 2AY/A1. Therefore the last inequality
cannot hold for all sufficiently large T'. This means that I must explode in a finite time
Tr < T*. By a comparison argument we get that the explosion time T of E satisfies
that Tp < T7. In a similar way we can prove that T),, < T},,, where T),; and T}, are
the explosion times of p; and h;, respectively, i = 1,2. Since Tg = min{T},,Th,}, we
obtain that

min {7}, Ty, } <T".

Using Holder’s inequality we have, for each i = 1,2 and p € [1, 00),
pi (8) < CpilE {llus (& )l Loy
for some constant C),; > 0. Therefore, T), < T™.

2. Using again Young’s inequality we get

d 1481

—B () > —AE(t) + 2 P2y E1TP2 (1) — 1772 A, (4.7)

Now we prove that E(t) > E(0), for all ¢ > 0. In fact, consider the function

1484

f(x) = Az + 2 P2eu!TP2 — 1772 Ay, xR
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Let J be the solution of the differential equation

J'(t) = f(J1), t>0,

By comparison E(t) > J(t) for all t > 0. Therefore it suffices to show that J(¢t) > E(0),
for ¢ > 0. It is easy to see that f has only one zero at some point 2o < F(0). Let
T :=inf{t > 0: J(t) < E(0)}. Then T > 0 since J is strictly increasing around 0,
and J(t) > E(0) for all ¢ € (0,7"). Being J continuous on [0,7] and differentiable on
(0,T), Rolle’s theorem yields that J'(¢) = 0 for some ¢ € (0,T"). Hence J(¢) = o which

implies xg > E(0). This contradiction says that 7' = oo and

Therefore
148

42 AB @+ B () |- B | gy gy
dt - €0 E1+52 (0) - (E1+52(0) .
Solving the equation

d fO 1

—I(t) = M)+ —=—o—I"P2(t), ¢

I(0) = E(0),

1

—Au+ (fo/ EVFP2(0))ul+52
over fy) and following the argument used in the case 1 = 52, we get the result.

taking T := [ f(%) du (which is finite under the assumption

4.3.2 A criterion for explosion in finite time. Case «; > ay and D = B(0, 7).

From [4, Theorem 4.4] we know that there exist positive constants C;; and Cy;, depending

on D and «;, ¢ = 1,2 such that

CriEo[r] < Wi(z) < CoBulryy)], z €D, (4.8)

where ¢; is the first eigenfunction of A, in D, normalized so that [, ;(z)dz = 1, and

is the exit time from D of an spherically symmetric a;-stable process with infinitesimal

generator A,,, i =1,2.
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In the case D = B(0,r), where B(0,r) is the open ball in R? with centre at the origin and

radius r € (0,00), it is known that
7 (73 2
Eolrfy] = caa (* ~ 2)™"*

where cq, ¢ > 0 is a constant depending only on «; and d, i = 1,2 (see [4, Theorem 4.4]).
Therefore, if D = B(0, ), then there exist positive constants C; := C1(r, a4, d) and Cy; :=
Cy(r, a;,d) such that

a;/2 a;/2

Chi (r? = [z[*)™7 < () < Cay (r* — |2)

From Hélder’s inequality we get that

/Du3—i(87x)1/13—i($)d90 < (/D uy (s, 2)i(z)d >1+16 </D (¢Zigi§)>§i¢3—i(ﬂf)d$> o .

Due to (4.9) we have that

v ( ) .
3—1 Bi
ma; _i(z)dx
C%;—EZ 9 9 ag_;—oy L+a3—i Bi
A _ 2 B; 2 —. 1
Sg%{ Cri </D (= let) dw) o

and C~!' < oo provided that §; > %—7&3;1 for each i = 1,2. Notice that if ay > a9, then the

as_

e o 1 or—a . : e
condition §p > S22 implies Bo > S2-=L because B2 > 0. Similarly if o > a1, the condition

Bo > “2-1 implies By > #I-22. Therefore we can suppose, without lost of generality, that

a1 > a9 and [ > ‘“a;;‘z to ensure that C is positive and finite. Hence,

1+8;
(/ u3_i(s,m)¢3_i(w)dx) < Cl/ uéffi(s,x)wi(a:)dx, s € 10,t]. (4.10)
D D

We write again p; (t) = E [u; (¢,;)] and denote by A;, the corresponding positive eigenvalue
of ¢; in B(0,r), i = 1,2. Using again Jensen’s inequality we get from and - ) that
for all t > 0,

e (8) = 1 (0) = /t<>$+/Eh??mwﬂw
~ /Ot ds+C’/ (uz_; ng_i))”ﬁi] ds

t
z,r/ Mz dS+C/ U3 Z( ¢3 z)])1+ﬁz ds
0

t
— Nir / i (s)ds+C / M?fl
0

o4

>/



Now consider the system of ODEs

d

Zhi (1) = =Achi (8) + ChET P (1), t>0,

hi(0) =p;i (0), i=1,2,

with A, = max{A1,, A2, }. The proof of the following result is similar to the proof of Theorem

43T

Theorem 4.3.2. Assume that D = B(0,r), a1 > ag, f1 > A2 and C as in )

1. If B1 = Bo > 0 and E(0) > 2(\./C)YP1, then there exists T* € RT such that for all
p € [l,00), T, < T*, where

° 1
T = du.
/E(O) —\pu + 2-PCulth “

_ 14p9
2. Let 81 > B2 > 0 and let Ay = (ii’g;) Fr=pe %ﬁf Suppose that there exists €y € (0,1]
1482
such that fo = 27P2CegEYFP2 (0) — /' CAg > \E(0). Then there exists T* € Rt

such that for all p € [1,00), T, < T*, where

T = /oo L du
~ Jp) —Au+ (fo/EMP2(0))ults

If as > 3, we must assume [y > C“Za;lal in order to ensure C' € (0,00), and in the case
a1 > o, we must assume [3; > O‘la;;@ to ensure C' € (0,00). In both cases a; > a9 and
ag > a1, Part 2. of Theorem 4.3.2| remains valid when §2 > 51, with the obvious changes in

the correspondent statements.

Remark 4.3.3. Conditions on €y and fy in Part 2. of Theorem and Theorem [£.3.2] can
be satisfied because functions of the form f(z) = az'™P —bx — ¢, x > 0, increases to infinity,

for all constants (5, a,b,c > 0.
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