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Abstract A closed topological n-manifold M”" is of S!-category 2 if it can be covered by
two open subsets Wi,W, such that the inclusions W; — M" factor homotopically through
maps W; — S' — M". We show that the fundamental group of such an n-manifold is a cyclic
group or a free product of two cyclic groups with nontrivial amalgamation. In particular, if
n = 3, the fundamental group is cyclic.
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1 Introduction

The concept of the A-category of a manifold was introduced by Clapp and Puppe [1]. For
a closed, connected 3-manifold M it is defined as follows: Let A be a closed connected
k-manifold, 0 < k < 2. A subset B in the 3-manifold M is A-contractible if there are maps
¢: B — Aand o : A —> M such that the inclusion map i : B —> M is homotopic to
o -@. The A-category cats (M) of M is the smallest number of sets, open and A-contractible
needed to cover M. Note that 2 < caty (M) < 4. Endowing M with a (essentially unique)
differential structure, an A-function on M is a smooth function M —> R whose critical set
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420 J. C. Gémez-Larrafiaga et al.

is a finite disjoint union of components each diffeomorphic to A. The invariant crit4 (M) of
M is the minimum number of components of the critical set over all A-functions on M.

If A is a point, then critpyin (M) = crit(M) has been calculated by Takens [10]. He
shows that crit(M) = 2 if and only if M = S3 and crit(M) = 3 if and only if M is a
connected sum of S2-bundles over S!. A related invariant of a more geometrical nature is
C(M), which is the smallest number of open 3-cells needed to cover M. Hempel-McMillan
[6] (see also [4]) showed that in fact C(M) = crit(M). Finally, catyoine (M) = cat (M) , is
the Lusternik-Schnirelmann category of M, and in [2] it is shown that cat (M) = 2 if and
only if 7{(M) = 1 and cat (M) = 3 if and only if 71 (M) is a non-trivial free group (of
finite rank). Hence, modulo the Poincaré conjecture, the three invariants crit(M), C(M), and
cat (M) coincide for closed 3-manifolds.

For the case A = S!, Khimshiashvili and Siersma [8] show that for orientable 3-manifolds
M, critgi (M) = 2 if and only if M is a lens space. A related invariant of a more geometrical
nature is 7(M), which is the smallest number of open solid 3-tori needed to cover M. In [3]
it is shown that an orientable 3-manifold M has T(M) = 2 if and only if M is a lens pace, so
that in this case T(M) and critgi (M) agree.

In this paper we show that for a closed 3-manifold M we have catgi (M) = 2 if and only
if 71 (M) is cyclic.

If M is orientable, then by results of Olum [9], M is homotopy equivalent to a lens
space. Therefore, modulo the conjecture that homotopy lens spaces are lens spaces, it fol-
lows that for orientable 3-manifolds M, critq1 (M) = 2 if and only if 7(M) = 2 if and only
if catgr (M) = 2.

The case that catq1 (M) = 3 seems to be difficult and one is lead to conjecture that the
three invariants critgi (M), T(M), and cat 1 (M) coincide for closed orientable 3-manifolds.

The paper is organized as follows: If a closed topological n-manifold M" has catgi (M") =
2, we show in Sect. 2 that then M can be constructed from two compact S I_contractible
submanifolds that intersect along their boundaries, and we prove some basic properties
of §'-contractible submanifolds and intersection numbers of their boundaries with closed
curves. In Sect. 3 we show that all closed 2-manifolds with negative Euler characteristic have
catgi (M?) = 3. Section 4 is devoted to the proof of the

Main Theorem Suppose M" is closed, n > 3 and catgt M" = 2. Then myM" = A xc B
with A, B and C cyclic non-trivial or 1y M™ = 1.

Here is a sketch of the proof of this theorem.

Using the result from Sect. 2 (Corollary 1) we express M as a union of two compact
S!_contractible compact n-submanifolds Wy, Wy such that Wo N Wy = oWy = oW . If Wy
and W are connected we give a Seifert-van Kampen argument and use Poincaré duality in the
orientable case (and consider the orientable 2-sheeted covering in the nonorientable case), to
show that 71 (M) is cyclic (Theorem 1). The case when Wy or W is not connected is consid-
erably more complicated and our approach is best described by using the language of graphs
of groups ([11], p. 155): 1 (M) is the fundamental group of G, a graph of cyclic groups.
Here, for F = Wy N Wy, the graph G of (M, F) is a tree (Lemma 4) whose vertices (resp.
edges) are in one-to-one correspondence with the components Wi] of W;,i =0, 1 (resp. with
the components Fj; = Woj n Wlk of F). The group associated to a vertex v corresponding
to Wij (resp. edge e corresponding to Fji) is the cyclic group im(rry Wl./ —> m M) (resp.
im(mry Fj —> w1 M)). We identify im(mWiJ —> m M) (resp. im(rry Fj —> w1 M)) with
mWij (resp. ml?jk), where VT/Z.] (resp. I?jk) is obtained from Wij (resp. Fjx) by attaching
certain 2-cells (Lemmas 5 and 6). An important point here is that W; can be deformed into a
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Fundamental groups of manifolds with § 1 -category 2 421

circle contained in M — F (i = 0, 1) (Proposition 1). From this we can show (Lemma 9) that
there is a sub-graph G ¢ of G homeomorphic to a point or a segment such that the fundamen-
tal group of the restriction of G to G ¢ is all of 71 (M). Furthermore at most two of the edge
monomorphisms corresponding to edges of G o are not epimorhisms (Proof of Theorem 2,
Claims 1 and 2). It follows that 71 (M) is cyclic if G is a point and (M) = A *¢c B if
G o is a segment. An additional argument is needed at the end of Sect. 4 to show that C is
not trivial.

Finally, in Sect. 5 we apply the Main Theorem to infer that if catg1 M 3 =2 then 71 (M)
is cyclic.

2 Preliminaries

A subspace W of the manifold M" is §'-contractible (in M") if there exist maps f : W — S',
o : S — M" such that the inclusion: : W — M" is homotopictoaf.If H : W x [ — M"
is a homotopy between ¢ and «f, and * € W, we have a commutative diagram

Lx
(W, %) ——— mi(M", %)

f* | V#

Oy
Ti(SY, f(%) ———— m(M", af (%)),

where y = H | (4x7 is the trace of the homotopy. Hence im ¢, is cyclic.

Notice that a subset of an S'-contractible set is also S!-contractible.

catgi M is the smallest m such that there exist m open S'-contractible subsets of M whose
union is M.

It is easy to show that catgi is a homotopy type invariant.

We first note that for the case that catgi M" = 2 we can choose compact S'-contractible
submanifolds that intersect along their boundaries:

Lemma 1 [f Uy and Uy are open subsets of the closed manifold M" whose union is M" then
there exist compact n-submanifolds Wy, Wy such that Wo U Wi = M", Wo N W = oWy =
oWyand W; C U; (i =0, 1).

Proof Let g : M" — [0, 1] be a map such that g(M" — U;) = {i}, (i =0, 1). For € with
0 < € < 1/2 there is an e—approximation f of g such that f~!(1/2) is an (n — 1)—sub-
manifold of M (see [7], Theorem 1.1). Let Wy = f_]([1/2, 1]) and W, = f‘l([O, 1/2]).
These submanifolds satisfy the conclusion of the lemma. O

Corollary 1 Suppose catgy M" = 2 where M" is a closed n-manifold. Then there exist
Sl-contractible compact n-submanifolds Wy, Wy such that Wo U Wi = M" and Wy "W =
IWp = aWj.

Lemma 2 If W" is S'-contractible in M" and every loop in W" is nullhomotopic in M",
then W" is contractible in M".

Proof The inclusion W — M is homotopic to a composition W i) A 5 M where
p: A — S!is the covering space of S! corresponding to f (i W, %) C m1(S', f(x)) and
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422 J. C. Gémez-Larrafiaga et al.

f isaliftof f,a = ap. If A = R, then W is contractible in M; if not, @ must be null
homotopic and, again, W is contractible in M. O

We think of S! as the space of complex numbers with modulus 1. If « : ' — M and
m € Z,we define & by ¢ (z) = a(z™). Clearly, if 8 >~ « then 8 >~ o where >~ means “is
homotopic in M" to”. If F is a compact (n — 1)-submanifold of M" with empty boundary and
a:S' > Misa loop, we define the intersection number « - F = min{#8"1(F) : B ~ a},
where #8~! (F) denotes the cardinality of g “L(F).

Lemma3 Let M" be a closed n-manifold and let W and W{ be compact nonempty
n-submanifolds of M" such that Wi U W{' = M" and Wy N W' = 0W[] = oW} and
leta:S' > Mbea loop. If ™ - (Wo N Wy) =0and m # 0, then a - (Wo N W) = 0.

Proof We may assume m > 0. For F = Wy N W', the number « - F is finite and we
may assume that « is in general position with respect to F so that #a "' (F) = a - F = p
say. Suppose p > 0. Since o™ - F = 0 there exists a loop 8, homotopic to &, such that
BSHNF =0.

Consider a homotopy ¢ : S! x I — M with ®lsixpoy = @™ and @|g1 1y = B. Using
transversality of maps between topological manifolds (for example Theorem 1.1 of [7]) we
may assume that ¢ is in general position with respect to F. Then S = ¢~!(F) consists of
simple closed curves in int (S' x I) and arcs, with the endpoints of each arc in 1 x {0}. Each
arc of S splits off a disk from S! x I. Since p > 0 there is an innermost such disk D such that
dD = aUb, where a is an arc of S and b is an arc on S! x 0 and D NS —a is empty or consists
of simple closed curves only. Hence the restriction of o™ to b is homotopic rel boundary to
amap into F and thus, for b = {7 |z € b}, the restriction of « to the arc b is homotopic
rel boundary to a map from 5™ into F, contradicting the fact that #o~! (F) = o - F. Hence
O=p=a-F. O

Now consider again the case that catgi M" = 2. Recall that we can write M" = WU W}
as a union of two compact submanifolds with Wy N Wi = oWy = 9W{ such that for
i =0, 1 we have homotopy commutative diagrams

w! M
N
S 1

Proposition 1 Fori = 0, 1, we can take o; so that o; (S') does not intersect Wy N Wi

Proof 1f every loop in W' is nullhomotopic in M" then, by Lemma 2, W/ is contractible
in M" and therefore we can take as «; a constant map with image in int(W) or int(W7'). If
there is a loop y in W} that is not nullhomotopic in M", then y =~ «; f;y =~ «;" for some
m # 0.Hence 0 = y - (WyNW[) = o - (Wy N W) and, by Lemma 3, o;; - (W N W) = 0.
Therefore, we can take as «; a loop such that o; (S1) N Wy N Wi =0. o

Lemma 4 Suppose n > 2. Then every component of Wy N W' is separating.

Proof Such a component C is S!-contractible and so the inclusion induced homomorphism
factors as

Hy—1(C; Zo) — Hy—1(S'; Z2) — Hyo1(M"; Z2).

Since H,_1(S'; Z») = 0, C bounds in M" and so C is separating. O

@ Springer



Fundamental groups of manifolds with § 1 -category 2 423

3 Two-manifolds

Note that disks, annuli, and Mobius bands embedded in a closed 2-manifold M are S!-con-
tractible in M.
Since

§2 = (disk) U (disk)

P? = (Mbbius band) U (disk)

T2 = (annulus) U (annulus)

K? =(Klein bottle) = (annulus) U (annulus)

we have cat 1 (S?) = catgi (P?) = catgi (T?) = catgi (K?) = 2.
We will see that all other closed 2-manifolds have catgi equal to 3.

Proposition 2 Let M? be a closed 2-manifold. Suppose there is a compact 1-submanifold of
M?, with empty boundary, such that, for every component X of its complement, im( X —
m1M?) is cyclic. Then x (M?) > 0.

Proof Let F be a compact 1-submanifold of M2, with a minimal number of components,
having the property of the statement. We claim that every component X of M?— F has nonneg-
ative Euler characteristic. For, if x (X) < 0 then X — X is 7y -injective, 71 X is not cyclic
and im(m1 X — mM?) is cyclic. These three properties imply that X — M? — X is not
71 -injective and, therefore, some component C of 9X bounds a 2-disk D in M% — X. But then
im(7r; (X U D) — w1 M?) is cyclic and F — C is a compact 1-submanifold having the prop-
erty of the statement, contradicting our minimality assumption. Hence x (X) = x(X) > 0
for every component X of M — F. Therefore x (M%) = 3 x(X) — x(F) = > x(X) > 0,
where in the sum X runs over the components of M2 — F. O

Corollary 2 For a closed 2-manifold M?,

catgs M? = [2, if M2 - $2, P2, T2, K2

3, otherwise.
Proof 1If catgn M 2 =2 then by Corollary 1, there are S _contractible submanifolds Wy, W;
such that Wo U W) = M2, Wy N W, = aW, = 0W,. Every component X of M? — Wy N
Wi is S!-contractible and so im(mX — 711M2) is cyclic. By Prop. 2, X(Mz) > 0. In
any other case, since closed 2-manifolds can be covered with 3 open disks, it follows that
catgt M? = 3. O

4 n-manifolds

In this section we prove the Main Theorem:

Suppose M" is closed, n > 3 and catgg M" = 2. Then myM" = A xc B with A, B and
C cyclic non-trivial or ;yM" = 1.

Suppose catgi M" = 2. Recall that we can write M" = Wy U W{', where W and W' are
S'-contractible compact n-submanifolds with Wy N Wi =Wy = oWy,

‘We first consider the case that W; is connected:

Theorem 1 If Wy and W, are connected, then w1 M" is cyclic.
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424 J. C. Gémez-Larrafiaga et al.

Proof ByLemma4, WyNW{"isconnected. Let A = im(m W — i M"), B = im(m W]' —
miM") and C = im(m (W N W) — mM"). Since Wy, Wi and W N W} are Sl-con-
tractible A, B and C are cyclic.

We have natural homomorphisms W(? — A — A xc B and similarly for 71 W and
w1 (Wi N W), We also have a natural homomorphism v : Axc B — m1(M). By Van Kam-
pen’s theorem and the universal property of A ¢ B, we have the following commutative dia-
gram with a homomorphism ¢. Since ¥ ¢ and ¢ are the identity on AU B we have Y ¢ = id

m (M™)

AN

m(Wg) —— Axc B ~—— m (W)

7

m (Wg N W)

and ¥ = id. HencemiM" = Axc Band HHM" = A®c B := (A®B)/{(c, —¢) : c € C}.
Observe that this implies that A = im(H(W)) — Hi(M")), B = im(H(W]") —
Hi(M"™)) and C = im(H,(Wy N W) — H{(M")).
Case (i): M" is orientable.
We have

H"(Wi") - H”(M”) ﬁ H"(M”, Wz'") (Lanl(Win) &H"*l (Mn)

I 2 R excision NS
0 z H™ (W, 0WT,) H™1(8Y) =0
& Poincaré duality
Hy (Wi,;) =Z

(Here H"(W/") = 0 since W is a compact orientable n-manifold with non-empty bound-
ary). Hence 0 = H”_I(Wi”) = H{(W!,dW"), so H(dW]') — H(W) is onto. Therefore
C =im(H (0Wy) — H{(M)) = im(H;(Wy) - H{(M)) = A and similarly C = B.

It follows that the three cyclic subgroups A, B, C coincide in 71 M", which implies that
w1 M" is cyclic.
Case (ii): M" is nonorientable.

By a similar proof as in case (i) taking Z; coefficients, we obtain that C has odd index in
A and in B. Hence coker(Hi Wy — HiM") = B/C is a finite cyclic group of odd order.
Since the subgroup of H;M" consisting of all orientation-preserving loops has index two
in HyM" it follows that im(H; W§ — H;M"™) contains an orientation-reversing loop and
hence W{} (and similarly W) is non orientable. Therefore for the orientable two-fold cov-
ering p : M" — M" the lift Wi = p_l(Wi") is connected. We may assume that ¢; is an
embedding. Since an orientation reversing loop is not null-homotopic in M it follows that
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Fundamental groups of manifolds with § 1 -category 2 425

St = p (S is homeomorphic to SL, o lifts to an embedding &;, f; lifts to f, and we
obtain the following diagram

Wi _ M"

Ve

wn P M"

i X
\" “’/
Sl
Thep &,-f,- is Ilomotopic to the inclusion 7 : W, — M" and catgi M" = 2 and by case (i)
w1 W; — mM" is surjective. 3

Hence im (711 W' — 71 M") contains im(ry M" — w1 M"), the index 2 subgroup of ori-
entation preserving loops, and since W' is nonorientable, im(m W' — w1 M") = m(M").
Therefore 1 M" is cyclic. O

‘We now consider the case that Wy or W is not connected.

By Proposition 1 we can assume «; (S 1) does not intersect Wé’ N Wi It turns out that the
structure of the fundamental group of M depends on the images «; (S, i.e. whether «; (S1)
isin W; or Wy_;.

To study r1 M we first embed Wy, Wy, F = Wy n Wi 1nt0 spaces Wo, Wl, F= Wo N Wl,

respecuvely, such that M = Wy U W embeds in M = Wo U W1 and such that the compo-
nents of F are 7 -injective in the corresponding components of W; (i =0, 1), and inclusion

induces an isomorphism 1 (M) = m (M ).

Lemmas$5 Let Wi], Wl.z, ... be the components of W; and if W(')/ n Wlk # O let Fjj =
W({ N W{‘.}By attaching 2-cells to W({, W{‘, Fji we obtain embeddings of W({, W{‘, Fjy into
spaces W(f , W{{, I?jk such that

1 m I?]k is cyclic for every jk.

(i) m W] is cycllcfor every i and d every J-
(iii) The inclusions F, Fi — WO, F ik —> W1 are 1 - mjectlve.
@iv) For W = U; W the inclusion M = Wo U W; — M = Wo U VT/I induces an

isomorphism on fundamenml groups.

Proof Note that by Lemma 4 each Fj; is connected. Since subspaces of § I_contractible
spaces are S!-contractible, the images of 7y Wl.j —> miM and 7ty Fjy — w1 M are cyclic.
Let K j; = ker (7T1ij — 711M) and Kl:i = ker (le.j — mM).
For every jk, attach 2-cells to Fj; along a collection of loops whose normal closure in 771 Fj
is K j; and denote by E j; the union of these 2-cells. For every i and every j attach 2-cells to

WJ along a collection of loops whose normal closure in 7 Wj is K; J and denote by A] the
union of these 2-cells. Now let

ij = ij UEjk,

WO = WO U AJ U (ULE k),

Wk =wku Ak U (U Ejk).

Clearly the resulting spaces satisfy properties (i)—(iv). O
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If Y is a union of subspaces of M which are components of Wy or of W; we write
Y=U {Wij : Wi] is a component of Wy or of Wy contained in Y} . Observe that if Y is con-

nected then m? — 711/‘71 is injective (use, for example, [5, Lemma 2.2]) and we have a
commutative diagram with 7Y — 7Y surjective:

7Y —-mM

N]?"JT]M

Hence we can identify the image of ;Y in 7y M with 7 Y c T M. A similar argument
shows that the image of 7| Fj; in w1 M can be identified with 771 Fjy.

Lemma 6 Let 8 and y be loops in l/f:jk that are homotopic in Wd orin VT/]k Then they are
homotopic in Fjy.

Proof Since the fundamental groups of I?jk, VT/(f and W{‘ are abelian, the inclusions f ik —>
W({ and fjk — Wl" are Hi-injective. Hence B and y are homologous, and therefore
homotopic, in Fj O

Recall that FF = Wy N Wj. In the following lemma we will use the graph G of (M, F)
which is defined as follows. The vertices (resp. edges) of G are in one-to-one correspon-
dence with the closures of the components of M — F' (resp. with the components of F).
Vertices corresponding to components Wd and W]k of M — F are joined by an edge e of G
if W(f N W{‘ # . In this case e corresponds to the component Fj; = W(f N W{‘ of F.

If n > 2, the graph G is a tree because of Lemma 4.

An example, in the form of a schematic diagram of M, is shown in Fig. 1. The graph G
of (M, F) is obtained by collapsing each Wij to a point.

Lemma 7 Let B and y be loops in different components of M — F that are homotopic in
M. Let p:[0,1] — M be a map, with p (0) € im B, p (1) € im y, such that p~' (F) has

minimal cardinality m. Let p’1 (F)={t1,...,tn} wheret; <ty < --- <ty. Then there is
a sequence of loops Po, B1, - - - Bm+1 Such that

L. Bo=Band i1 =y

2. im B; is contained in the component of F that contains p (t.,-) (j=1,...,m), and

3. Bj is homotopic to Bji1 in Woorin Wy (j =0,1,...,m)

Proof Let ¢ : S' x I —s M be a homotopy between 8 and y in M. By general position
(transversality of maps between topological manifolds e.g. Theorem 1.1 of [7]) we may
assume that § = <p‘1 (F) is a collection of simple closed curves in int(S L D).

Let Dy, ..., D; be disjoint 2-disks embedded in S!x I suchthat 8Dy, ..., d D, are com-
ponents of S and all components of S — Utjzl Dj are not null-homotopic in § I'x I. Since
the inclusion of F in M is 71-injective we can define a homotopy @ : S' x I — M such
that & coincides with ¢ on S x I — U_tjzl int D; and @ (U_ti:l Dj) C F. If the components
of S — Utj=1 D; are suitably indexed as 51, 52, ..., 5,1, and 5o = SUx {0}, s, = St x {1},
tEen g0|fi (i =0,...,r)defines aloop ] in M with B homotopic to B/, | (i =0,...,r) in
Wy or Wi.

The sequence of loops B, A1, ..., B, has the following properties
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Fig.Al A schematic diagram . 1:—:5 m 13;4 o
of M VVU va W,
£,

) E5 ~
W, W
A
A fal M
Ezs EZ
A~ ~,
w 10
g,
C\z
0
£,

(a) The first one is B and the last one is y.
(b) Their images are contained in F, except the first one and the last one.
(c) Each loop in the sequence is homotopic to the next one in Wy or in Wj.

Now let Bo, Bi1, ..., Bs be a sequence of loops satisfying (a), (b) and (c), such that s is
minimal. We claim that s = m + 1 and that 2) holds.

Let G be the graph of (M, F). Consider the path A in G associated to the sequence
(Bo, B1, -- -, Bs) , that is, the sequence of edges (eq, ..., e;) such that, for 0 < i < s, im §;
is contained in the component of F associated to e;. The loop By (resp. Bs) is homotopic to

@ Springer



428 J. C. Gémez-Larrafiaga et al.

Bi1 (resp. Bs—1) in the component of Wo or of W, containing the component associated to u
(resp. v) where u (resp. v) is a vertex of e (resp. es—1). A is a path from u to v in G. Suppose
A is not a simple path. Then e¢; = ¢; 1 for some i and, by Lemma 6, §; is homotopic to ;11
in the component of F associated to e;; then, if we omit ;41 in the sequence (Bo, Bi1, - - -, Bs)
we still have a sequence satisfying (a), (b) and (c) contradicting the minimality of 5. Hence
A is a simple path in G from u to v.

The map p also defines a path (e’] e e;) of minimal length from u to v; the component
associated to e;. is the component of F containing p (t j) . This path is also simple and, since
G is a tree, we must have e;. =e¢; forall j. Hence s = s’ = m + 1 and the component of F

containing im f; is the one to which p (¢;) belongs (j = 1,...,m). O

In the following we wish to prove that in some cases the monomorphism 7 F — mW
is surjective, where F’ is a component of F and W’ is a component of Wy or of W) con-
taining F'. To do so it suffices to show that every loop in W’ is homotopic in W’ to a loop
in F’; this implies that every element of 7 W is conjugate to an element of the image of
mF’ — w’ but, since 7 W' is abelian, this image must be 7 W'

Lemma 8 Assume that the images of oy and o1 do not intersect F. Let Wiq be a component
of W; which does not contain «; (S 1) andlet F J’ i be the component of 9 Wiq separating int Wiq

from «; (Sl). Then an;k — 711Wiq is an isomorphism.

Proof Since F ; > T VT/[" is injective we only need to prove surjectivity. Let 8 be a
loop in Wq Then B is homotopic in M to a power of «;. A map p : [0, 1] — M with
p0) e 1m,6 p (1) € ime; and#p~ (F) minimal is suchthat p (1) € F’ wherep’1 (F) =
{t1, .o, tytand ) < < --- < t;. By Lemma 7, there is a sequence (;3 Bi, .. ,Bm+1)
where ﬂm+1 is apower of «;, B is homotopic to B in Wq andim 8 C F .Hence | F]k —

T qu is surjective. O
In the next lemma we refer to the graph G of (M, F).

Lemma 9 There is an n-submanifold Q™ of M"™ with the following properties:

(i) Q" isaunion of components of Wy and Wy and the sub-graph G ¢ of G corresponding
to (Q",int Q" N F) is linear and connected,
(i) o ( 1) (i = 0,1) lies in a component of Wy or W1 corresponding to a vertice of
degree 1 in G g;
(iii) inclusion induces an isomorphism 11 Q” = mM” =mM".

For example for the manifold pair (M, F) represented in Fig. 1, 0= Wo U W1 U W0
W] U WO u W1

Proof Recalling that G is a finite tree, let W” be a component of Wy or W corresponding
to a vertex of degree 1 in G and let O = M" — WP. If W” does not contain o; (Sl) for
i =0, 1thenbyLemmas§, ij/.k — Wip is an isomorphism, where ijk = Wip NQ'. By
Van Kampen’s Theorem inclusion induces an isomorphism 71 QO 1” = 71 M"™. We now obtain
Q" by cutting off from M" all those components of Wy and W; corresponding to vertices

of degree 1 which do not contain ¢; (S 1) fori = 0, 1 and repeating this process inductively.
O

Corollary 3 If «g (S 1) and o (S 1) are contained in the same component of M — F then
1M is cyclic.
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Proof By Lemma9, 1M =~ m @ where now Q"is egual to the component W? of Wy or of
W containing oo (SY) and o1 (S1). Hence 11 0" & 7y WP is cyclic and the result follows. O

Now we show how the structure of 71 (M) depends on the images of «;. Recall that by
Proposition 1 we assume «o; (S1) does not intersect Wy N Wi

Theorem 2 (a) Ifao(S]) C Wi ora(SY ¢ W, then w1 (M") is cyclic.

(b) Ifai(Sl) CW (i=0,1)and F" s any component of Wo N Wy separating ao(ShH
from a1 (SY), let X; be the component of M" — F"~ containing o;(S"). Then C =
im(r F*™ ! = 7y M") is cyclic, Aj = im(m X; — mM™) is cyclic (i =0, 1), and
TIM" = Ay *c Aj.

Proof (a) Suppose o (Sl) C Wp. We may assume o/ (Sl) C int Wy and let fl’ = foa1 f1.
Then

Wi M

N
Sl

is also homotopy commutative and we can take /] = o instead of . By Corollary 3,
w1 M is cyclic.
Similarly, if «g ( 1) C Wi then m1 M is cyclic.

(b) Assume «; (Sl) C W;(i = 0,1). Let Q" be as in Lemma 9 and let WO (resp. W )
(p = 1,...,5) be the components of Wo N Q" (resp. Wi N Q") indexed such that
int W > ag (S), int W§ > o (S') and W)’ N W{ # @ if and only if p = g or
p=q+1. Write F, , = Wi N W and Fyy1, = W nwi.

. -~ o~ l —~ -~ . .
Claim 1 m\Fyy1,4 — 71 Wg+ and m Fyy1,g —> i qu are isomorphisms.

This is an immediate consequence of Lemma 8.

Clath If1 < q < s then 7T1Fq g —> T W0 is an isomorphism and if 1 < g < s then
T Fq g —> T Wl is an isomorphism.

To see this, if ¢ > 1, let B be any loop in Wg . Then, by Claim 1, g is homotopic in Wg toa
loop y in Fy 4. Let 8 be aloop in int W} ! homotopic to y in Wy ! Then 8 is homotopic
in M to aloop in W} and therefore using Lemma 7, § is homotopic in W] "toa loop 1 in
Fyq—1 and §; is homotoprc in W0 toaloop &z in Fy 4. By Lemma 6, Y is homotopic to §; in
Fq ¢—1. Hence, in W0 , B =y =681 = §. Therefore 7y Fq g — T W0 is an isomorphism.

Similarly, if ¢ < s, we show that if B is any loop in W1 , then, in Wq we have f =
y 2 81 = 8, Where now y and §; are loops in F 41,4 and &5 is a loop in Fq - Therefore
qu g —> T Wl is an isomorphism.

Now let F’ be any component of Wy N W separating o (S') from a; (S'), that is,
F' = F; 4 or F' = Fyyq1 4 for some g. Let X; be the closure of the component of M — F/
containing o; (S ]) The argument in the proof of Lemma 9 shows that the inclusion of WO
in Xo and the inclusion of WO in X induce isomorphisms of fundamental groups. Hence
m1Xo, m1 X1 and 71 F’ are cyclic and therefore Ag, A| and C are cyclic (see the remark
before Lemma 6).

Since by Van Kampen’s Theorem we have mM = 771?0 o mf 1 it follows that
M = Ay *c Aj. m}
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To complete the proof of the Main Theorem it remains to show that if 771 M" is not trivial,
then the amalgamating subgroup C is non-trivial.

Lemma 10 Let W and W' be disjoint compact n-submanifolds of M" where WP is S'-con-
tractible in M" cmdAW1 is connected and contractible in M. Let T = D"~! x [0, 1] be a tube
in M" such that W' N'T = D"~! x {i}, (i =0, 1). Then WO U T U W' is S'-contractible
in M.

Proof Let a = {0} x [0, 1] be the core of T, p = (0,0) and ¢ = (0, 1) so da = {p, g}.
Then W U T U W! deformation retracts to WO Ua U W! in M so it suffices to show that
WO UaUW!is S'-contractible in M. Since it is easy to see that WO U a is S!-contractible
in M, it suffices to show that the diagram below is homotopy commutative

inclusion

woUauw!

- M
r\x A:sion

woUa

where r is the retraction with r (Wl) = ¢ and the other two maps are inclusions.

To construct the homotopy H : (W? Ua U W!) x I —> M we note that since W' is
contractible in M there is a map H : wl x [0, %] —> M such that H (x,0) = x and
H (W1 X {%}) is a point. Extend H to wl %[0, 1] by defining H (x,t) = H (¢, 1 —t) for
% <t < 1. Since H|,x[0,1] defines a nullhomotopic loop of the form y - y_l we can extend
H to (aUW") x [0, 1] in such way that H (p, 1) = p for te [0, 1] and H (x,1) = x if
x € a. Finally, extend H to (W0 Ua U W') x [0, 1] by defining H (x, 1) = x forx € WY,
tel0,1]. O

We denote the number of components of a submanifold W of M" by |W/|.

Corollary 4 Suppose that M" admits a decomposition M" = Wy U W where Wy and
Wi are S'-contractible submanifolds of M" with Wy N Wy = daWy = aW; and such that
[Wol + |W1| = c is minimal. If |Wy| > 1 (resp. |W1| > 1) then no component of Wy (resp.
W1) is contractible in M".

Proof Suppose, say, that |Wp| > 1 and Wy has a contractible (in M") component WOI. Let
T = D""!'x[0, 1]be atube in M" joining Wo— W to W] i.e. TN(Wo—WJ) = D"~ x {0}
and T NW, = D"~! x {1}. Then by Lemma 10, WoU T = (Wy — W) UT U W] is S!-
contractible and, as a submanifold of Wy, the manifold W; — T is § !_contractible. This
contradicts the minimality of ¢ since |Wo U T'| + }Wl — T} =c—1. ]

We now finish the proof of the Main Theorem.

We express M as the union of two S 1_contractible submanifolds Wy, W; with WonN'W,; =
dWp = dWj such that |Wy| 4+ |W]| = ¢ is minimal.

If ¢ = 2 then mM is cyclic by Theorem 1. Hence we can assume ¢ > 2. By
Proposition 1 and Theorem 2 we can assume that «; (S') C int W/, (i = 0, 1), where
Wil is a component of W;. Furthermore for a component F’ of 9 WOl separating o/ (S 1) from
o (Sl) and the closures X; of the components of M — F’ containing «; (Sl) (i=0,1)we
have m{M = Ag *c Aj where C = im (71 F' —> 71 M) and A; = im (1 X; — w1 M)
are cyclic (i =0, 1).

‘We now show that C is not trivial.
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Suppose, on the contrary, that C is trivial. If WO2 (resp. le) is acomponent of Wy (resp Wp)
contained in X (resp. Xo) then every loop in Wg (resp. le) is homotopic to a loop in WO1
(resp. Wl1 ) and therefore, by Lemma 7, to a loop in F’. By assumption this loop is null homo-
topic in M" and so, by Lemma 2, WO2 (resp. le) is contractible in M, which is impossible
by Corollary 4 . Hence there are no components of Wy (resp. W) contained in X (resp. Xo)
and so X| = Wll, Xo = WO1 and ¢ = 2, a contradiction.

5 Closed 3-manifolds

If the fundamental group of a closed 3-manifold M 3is cyclic, then, by results of Olum [9],
M3 is homotopy equivalent to a lens space L(p, g) including S3 and S' x §2, or S' % $2.
Since these spaces can be expressed as the union of two solid tori or two solid Klein bottles
and since catg: is a homotopy-type invariant it follows that cat i M3 = 2.

This shows sufficiency for the following

Theorem 3 Let M3 be a closed 3-manifold. Then cat M 3 = 2ifand only if 11 M? is cyclic.

Proof By the Main Theorem, if 71 M 3 is not cyclic then 1y M" = A *c B is a non-trivial
free product with amalgamation, with A, B and C cyclic. Hence 71 M" is infinite with center
C # 1 and so 71 M" is not a non-trivial free product and it follows that every 2—sphere in
M is homotopically trivial. Hence the prime decomposition of M shows that 7 M" = 71 M’
where M’ is a closed irreducible 3-manifold.

First assume that M is orientable or non-orientable but P2-irreducible. Then Waldhausen’s
proof of Satz 1.2 [12], applies to show that M’ contains a closed surface, different from S?
or P2, with fundamental group isomorphic to a subgroup of C, which is impossible. Hence
T M3 s cyclic.

If M’ is non-orientable and contains a 2—sided P2 then i ) P2 = Z, is conjugate to a
subgroup of A, B, or C and it follows that A,B and C are finite cyclic, hence H, (M’) is finite,
a contradiction, since the first Betti number of a closed and non-orientable 3-manifold M’ is
positive. O
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