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Ti tie: D:FLOPATION OF THE j···iEAN A::; A EiALANCE POINT 

. Gnnj;::; l ev-e 1 s: 6 - 9 

!.4 -~•~th u\'YIJ, ""-l-1 i <'.C concap-!- S ., -sfr· -~·11 ~ pro,~ncccc iJU •.aG HU-it.rV G ~ 1- 1'\. J .\:)J- t..r-t::r:vv<::r-....1 

Lever ... :;rrn, ~"vei gf·J t .. ba 1 a nee point .. equi 1 i b't-i urn 

f•.lz ! [';"· 1-, ::i ,. 1 .; j"p"• i i ~-u J"' r' ,- --1 ,--11' ,-. f .::, >' ,~ ;-, ,-. -:. ,_..1• .j. !- ,., •. Q +·.; ,-. •";; I ! ,-. ~--::, .~ .-. 
!;•.!·•''-"-·' J 1 ,e,_, 1_, ·-··~ .C.IJ u -="-'.Jtl'-·'='·=•, u1 1.1]111•--tl•J ,__, ... e, uHt: 

.. __ line. 

..... ·., 

:::urnrnarize u-,e inforrnation of al1 data. It is '·/erq helpful to deal v·liU1 a sinqle 
• • ••• > ._ -· 

.·. "" t - ·- t • - t • ("o -- - -·- - f - t i·J I- • • - t - - j - • ,-j • ·] • 1" ,., '•'t' titn r! 't:i JliJ _ 1-:. t cpt f:!::;i:!n ,_iJ .1 ••• 1:!.. H1::; .t!iJI _. ur Ut:.iJ 1 Ji{l -., .. ,.1 .n many· numbers. 

~ji\:e pr·n~::;icr:il rne;::inin~~ to u·1e rnean of a -::;et of ,jat.e. Tf·Ji::; t~dP8 of pt·J~d::;ical 
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'i·. - ·,·. - "' - r· .- · -t - r· o .- t .- ···· · .. · ···· " · .~ ~ ~:-. ,.. · - r· t ·· - .-. - · t - .-. , 1.c f,,;:~~.JI x o 1j St! u 1 .j _lj "' 1 .•. · .• -,, ,. .. -.;, ...• {·., 1-=· co~e .:.urn u .flU-:·!:! nurn !ljr.:. 
• .._ ._. • If 

~=~t.:J;jent:::: readil!:J learn U"li::: computational fo_rrnul;:l for H":e rne;sn. Ho\·vever, it 

J. - i r·. r - ·-t - •. t f - r- - t lj j - I" t - t - p - r-- - l. I I - t t· - r· .. -. - r· "' ~ - r - r· r - !"' t I' -1 - - t' ~ - \M -11 - -:: , fli-l!_:r _ijiJ_ U ::; •. I J:!,l ::; U II:! I_: I:! •tl:! • II:! flo::ij I i.Jb ij _:u t..:l:!l-1 --~ij ijl.,: ij:j (1 I:! ij:;) 

a cc,rnputat ion a 1 ;:n::t. :=;ever-a 1 concrete rno1j-e l s can t1e u:;;e,j to de'·/e 1 op the 

can u::.e 

.-!..:t'·-······-·]·t~.:tj bl..l tL·- ,...,-.-r-- T·· c·r~--IM th·- - ••. -.-.- ,.-. ·f t··olo'- .-.~-..--.~ ':01r- th- t 1htn 
t...; •.· '· i::' i I i ; . l ·-·! .•. .Ill:! ·="-· 1_1 1:!. '-' ·-• tl_t 11 .111:! ij 'It!! 1j !::1 0:: IJ 11 1_1 ~ 1_. 1_1 I J:! .:• .• l1.q..J 1:! 11 J:! t -

'c 1 - - I . - - r· j t !. - r· - -.I ']. t" '1 ,-. t lj .-! Ct t" t ,-. t - .. -" - ·- - I'+.. t L- - h 1 r r I . ~ - - r· -ll" t· - - r "' - ~ l. b 1 -'''-'U'-.::: t! il .fit! I ij::·r~. t!:t ·=· __ ,.J,_.,! • .:> U t!•tl:!fl-u.n .tit! Lit J_:(.::. ij::: fi 1_: I ij::: 1..1u:::::. 11:! 

is ;:JtE:ther concrete approach tt-tflt can be taken to find the rnean. 

The fo1lo·· .. vin!~ lesson outiine t1i!~hligt"lts several Wfli:JS of t"1elpin!~ stwdents 

!Jr.s:::p o:··e pr·l~:Jsi ca 1 i nterpr·etati on of U1e mea-n. It t'e!~i ns v·iitti the si rnp 1 est 

Lesson Outline 

1 Finding the mean of two numbers 

- • I •••.•• - ' ·-" - "1 ' II \ \/]. t L- ~- - r - ~ t t -, t L- - r - - 1. t l. - n IM L- - r-- t L· - ~ - P. - - \II r-. t - t - - T t· - t ::·!j'rtrrtl:'l., 11.:u '-:t ,·, tf, e::;l-11:!1 •.. t .til:' .. tu:::; . u 1 .. tit! 1:! ·.Ill:! ::.c. .. -:::u ,·, t• u .1:!:::.. Ju _ 

i ::: .. thS!J sit at u·,e ::;erne 1di :::tance frorn the point of t'a 1 a nee, but in opposite 

,jjrsc:tion::: (Fi!l 1 ). Tr·te point of balance i::: the midpoint. 
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The rns;jn or t··,·'·iO numt,ers a and b, ·is the rnidpoint. of a .an,j b on the nurnber 

il + b 
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Fi!l2 

b 
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5 6 7 9 

Fig. 3 

The trlidpoint can t,'e thought of a!3 U"te point of balance for- tJte t'·i·/O nurnt,ers in 

the fo11o··i·i·in!;J sense:. irna!;Jine the nurnt,er line ;:J::; a .. ,...,.·ei!~htless lever, arpj put a .. · 

unit ·.,...,.·ei;;}-,t_ on the nurnt,er::; .., .. .,.·e V·iant to even3~je: Then, if '·i·/elJqltj U~te lever at 

the n';e;3n, the s~jstern is in equilittriurn. 
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5 6 7 8 9 

Fig. 4 

a - x i::: the len!~th of the arm of the lever forrn· the point x to U1e point a 

··,··· .. -t-Ie.re the \·vei gtf1 is 1 ocate1t Si nee both a - x arnj b - x repre!::ent di :::Umce::: 
- . 

(5 - 7) + (9 - 7) = 2 + (-2) = 0. rt·1e mean x tlas the property u·1at 

{~lj - v'l .:.. ,..b - v'J - () -=-inr·P. 
•• .;o;.,. • 'r. n,. - ·- .. • ·-· .J-· 

,. ' 'b ·, h .~. b ..-... b) ,.,-, b { b'' 0 ! a - y 1 + I - vI -;:;, + U - ,.v - <==~ + - ,·I;:;,+ 1• ,. -""' + - ""' + ) -.. u . .,_, .. r._. - u ..... "'"k - u ..... u " .- - u .,u -

r~·te ::: i ~~n of a - x t:?.11 ::: u::: if the 1h'8i gtlt i ::: to tJ1e 1 en or to tJ1e ri gt1 t of the 

rnean on tJ1 number- line. If a - x is positive, U1e v·teigt·It on a ten,j::: to rotate 

t '· - - 1- ~- -- -- • t- - --]- --L··" • · .~- ·r· u · ,-. -- -- t_ ·" - ·~- • t· t t- .-!,-. t Ji8 :::~:::,_e.trl '...:uuti.l::!t '-· Ul_ .• ~.· ... ,.l.:-1:!, 1 a-"" 1.:- tli:.!Q•j 1Y8, ij \",1:!19 1. on a .!:!tlu.;:. .o 

ror.ate it clock:\·vise (Fig. 5). Tt1us tJ1e rotating effects of ··,·veigt1ts at a an1j b 

tend to cancel each oU1er t1ecau::::e a - x an,j b - x t·1ave 1jifferent signs. 

-.-.~ ·::0 t- · -• .., p•fp --t .-. 1· .-. 7- r-t ,_, ,_,_, ._1 tJij _.I I _.IJ •. ;;, ,:. ~!:! IJ. 
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For t 'l·iCI equa 1 nurnber:::_. U1e rnean i :=:the s;:trne nurntier. In that c;:fse the t\-vo 

••• Q i ,~ h f •' ·::. r-a 1 -,,-. -::. + .-.. -j . ,- •• l t' h u .-. ·:; ~-r·l a n l-1]. ~:,''r· . . . ,:; '"j ·j t h Q r,,- i tl.t L-1 r· t -::. 1 -::. r· -.a ] .• -. ·_ ·• ~- a. C: .- r·r·· Q .. r.'·-·•:j•i'··=· ·~ c; I_._.l.Jt .. t!!..J Jt .. J!•-· -:d-tl c.: r..l- i• .. 1 •.J1 • _,,._.. ,._.;J, .. fu,u ILc. .o f .. i!JJ _dj 1•-· 

2 The mean of three numbers 

lf '..'•/P .,,,;·nrl{ '•,\lith unit \MP.ir'-lht:-· HlP. rntatino effel~.-ls \1·iit.r1 r-e::0 .. 18Ct to X ar-e I , -· ~ I - I • I I .. .. I I .. I - ·- .. 4J) .. - ~.' - .. .. .:f 

.. ,...,.·eigt·tt.:::, tJ1e systern ;;Nil1 t1e in equilit1riurn at x,:if tJ1e sum of Ute rotating 

P. .- r· a r t ·:· ]. ·:· .., a r-,-, t l-1.:; t l. ·=· 1. r·. 
_.j ·-·.-· .. ·-' . ·-' ~·-· '-) .. J I..J.. ·-' .. 

i 1=1 _ u ·) + rb _ x) + (r.: _ "-" 'J _ o 
~.'....l n.. \. . .:..r n. - - (Fin_ 7) . ::;; . 
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)) 
If ··,·'·/e u·:ink of tf"le situation as a lever \·Yith three unit-v·leights located on the 

r;ta-nber line, t1alance,j 'Nith respect to tr1e equilit,riurn point, the rnean x of 

tf"i(88 nurnt,er::: a, b, ar11j c is preci :::e 1 !d at u-,e center equil i twi urn, si nee 

(a - x) + (b - x) + (c - x) = 0 

::< = (a + b + c) I 3 

T ~-.. - ·- .-.; n -. ~ ""' + b + ,.,. - -:r .... 
1 ;e.: I, ·=·I '~·-· u 4..r - .Jr. 

(a - x) + (b - x) + (c - x) = a + b + c - 3x = 0 

t -f- j t- r-t -+- ;t f:l- -.l.-.•lj·,-.- (C C)" (l ( t:' ., 0) .1::! Jl .U 1 U _ij,_t! 1 ~JULr= .. ·;·, .;:.1::! .u -_, .-- v, ,· - ·-' .- .. 

~:;ince (2 - 5) + (6- 5) + (7 -5) = 0, U1e S!JStern is in equilibrium (Fi!l Ei). 

-
6 



/I"'··. /- \.._ l l 

2 3 4 -5 5 7 

)) 

on tr-1e :::arne point. 

7 ~· . , 
J 1 ne mean 1 n genera.t 

~ -- . - r - - . 
-rl·1Ij·-- ,i ···c. t~·,r··l-· ,-1t t~-1 P. .-.• ,.~+a·~• -;::,.-- ,,r-,t \"l=ll•qt·1 t---1--.,~--ta:i --t .... •; .. 
1 l. • .:: J 1 

1
1UII •-· J l1 fi:-. - 1 .1 -· .. ::!_.,.:,.J..,o_.J i I J-2•:1 .-i !1 • f'J'._. J 1 I -=~. l_1._.lj 1. 1_.1~ Jj I., ;·= ... 1 ;~r-.1 r l:i7 t .- • • . o ;:;.,.., 1 

-...; . 'I- . l.r .£..." ._:· .r ,, • 

.-.,,,...tar··, •.-. 1-, .. ···q 1·11 .... -•,rr.-; ~:::~·="-·-· r, '-=· , 1 ~~ u ur ~.~" '-

4 When is the mean not very representative? 

Tr·1e a'·/8t"i3!~8 of a set of ,jata srPJU]!j t1e repre:::entative of H'18 data. Hov·l8'·/er, in 

:::orne case::;_, V·lhen tt1ere is an eid.rerne value, tt"le mean rnight not be vend 
.. · .: 

r····nt"i:o•"·•·r·t··t . 11 • f\,-,- ·• .. •fr··r··. 11 ~] '·" -.~. • .• ·t] I . r·r·· ·t .. t'·a \/""] r· t~-. tJ .• -. '=-· ._ .. ;:.l::!.t.•j._J..-8 .. IIi::J !:!.· •. e rll:! .,.,j tn:: ~_:,jfi qte.ij_ 1, a ec. .ri .• - ,,j ue o .1Il::! 18•jtL . ... . ·-
•'.•;,• .-· 

V't"itJ1 the intemretation of the mean as th_e balance Doint of a lever. we can 
. . I ·• •' ' • 

-~;:, ... t- .. - -··-~] fi·tllf"1''0r"[f -!;r·r·-·-··t r·---- t'·- -+l-- -.l --- tl'q ar·r··-t- tl-::; d :_. .,.. .. ri H ij ::; 1 1 1 y e J ij _ ~ r .... _., 8 u1 c 1 e t 1 _ r u r u _ ~ P~ u u II::J r::; 11 ij ::: ij ' __ .... 1:! L _ u n 1 1e 

rnean: th;st v~·ei!~f"lt 'h'OUld r·Ji:':'-.-'8 a ver~d lon!~ l8'·i8r arrn. 

7 
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15 

Fig. 9 

Notice too .. that t'~d dropping the single datum point, 15, trie mean changes 

,jnirnatice1ly. n-,e ne'N mean is 2.5 which is U"1e rnidpoint of the remaining 

Eiecau::;e of this, other nurnt1ers that represent u·1e data should t1e given in 

Teucher notes: 

In tt·1e :::arne way that a !~eornetrical meaning can help to give stwjents a better 

sense for certain numbers, for e>~arnple aree1s and volurnes for n2 and rf3, the 

pt·!~dsical analo!~Y of the mean as u·1e center of equi1ibriurn of tr1e data can give 

students a better- conceptual grasp of tile rnean. A berlanced rod can be used to 

j .- ' 1ull- rt .-.+ 111j"'t"l t .~· r,L-11' !·-·]· '"''='] r·c.r-..-..-. I C.'.'·-· t -'1--· -:• 1 .. .. i c; ... :. 1- J .,:t·:• '-·•-' ~c= l·:iC'. 

stu:jents .. de a 1 in:] wi t_h ttie mean is EJ cornputt~t ion a 1 ratr·1er than a conceptua 1 

act, arpj that knov·iled!Je of the computational_ rule 1joes not irnpl~d any real 

un,jer~:. tarnji ng of the basic un1jerl yi ng concept. One po%ib 1 e V·iay to deve 1 op 

u·1e concept is tr~J analo~] knov·l1e,jge U1t~t rniQht .it"l'·iOl 1·/8 vi::;ual or d~dnarnical 

itrli5!~es of the rnean as a tli:Jlance point. StrmJ::;s and EiicJ!ler- ( 19EiEi) list 

S•:?.'·/en:!l properties of u-,e rnean u·,at are i rnportant to understarnj it as a 

C• u 

.·. 
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a) the rnean h 1 ocated bet \N8:3n the e;.;trerne va 1 ue::: (the ba 1 once point 

. - l - - - t - d t -t I II - - t 1- - - <> ' -- •• • I I - . '1 t. t - ' b ut:ij .J:!l 'l:! ... , eeti .Ill:! e ..... U ~;;rne ~~ J:!ll-1fi :::;J .... 

t;) the surn of the rdeviation::: frorn the rne;3n i:.:: zero (if the S!d:::tern is in 

· equilibrium, the sum of rot;::Jting effect::: 1Nith re:::pect to the balance 

point i::: zero) 
.. 

c) the mean is change'd t1y tlld,jing '·lalues other than the rnetm (if a v·leight · 

is added not on the ba 1 a nee point, the equi l i bri urn v·ti ll be di st urbe1d, 

anrd Ute ne··N t'alance point 11Vill be ,jifferent-) 
. . .. 

,j) H1e rnean does not necessarily equal one of tf1e vt!lues u·,at ··Nas 

:::urnrne1d (tJ1e po:::ition of the tn::Jlence point is not necess;::Jri1q at one of .. ·. ._, 

t \• - loll C! • L•l t ,-. \ .Jfl::! II ._.Jgto •. :•} 

e) the mean is representative of a group of in,divi,dua1 values (tbe 

t;;jJiJnc:e point is U"1e center of equilibrilJrn of all the ;,·veights) 

The atv:il 09!d of the rnean as a tia l anE:e point can contrit1ute to a t1etter graspi tl!d 

of the:::e pr-operties. 

end :~:chi ff er ha;,,.e nice 1di :::cu:3si ons of l e;,.•ers. The ana 1 O!j!d of the. b;:d a nee point. 

- -·· ·_·, __ t- --j ,:_ .... >M_J··-·r·+aj .,;,,P.r-,.-- ~~-- ._ --]-,,,. ~--· t- 1·1 -+L·-·- -._t-r,..,-~-j ,_:;::J, 1 lj: ::;u 'I:! u::.c:i 1 u1 ,, t: 8 ; ,_, __ , '.J',' _., i:J~i:!::;. 1111:! ti~ltJ u::l.:J L-urt 't! .H u re1 ~;;,, _~;; ,,..!~;;' 

Ref erence.s 

FLO~:E:J PE"f~AFI EL_. Alf1 nio { 19E:8). Giving ph'J~iGal sen:::e to the 3\·'erage. Comunic~ciones del 

ClMAT. 

GAPFI ELD ... J.; AHLGREN, A. ( 19:3:::)." Diffic:ultie::; in learning basic: c:oncept:3 in probabilitiJ ;:Jnd 

:~t:ti::•tics: i mplic;"!tion:3 for rese.an::h. Journal for Rese_:arc·h 1 n Mathematics Educaction, 

.. 19_. 44-63. 

HAACK_. C·ennis G. ( 1979). Stathtical literacy: a guide to interpretation" DuxburrJ 

-------------------·----·--··· 



r··1ATHEt··JATIC:3 RE30UF.:CE PF.:O.JECT ( 197;::;) Stati!l:Hcs and information organization. 

Crt~;:itive Public;jtion::;, 1978. "A balanced rod" p. 530. 

t·-iOPONE''t'', t·1. ,J. ( 1956) facts from figures. PeruJuin. 

POLLAT5EK, A.; Llt·1A, 5.; ~NELL, A. D. ( 1981) Concept or computation: students understaru1in!J of the 

mean. Educational Studies in Mathematics~ 12, 191-204. 

POL'r'A, G. ( 1977) Mathematical methods in science. t1athematical Association of America. 

REY5 .. ~:.E.; SUVDM1 .. t·1. N.; LINDQUIST, t·1J'l. ( 1984) Helping children learn mathematics. 

Pr·entic:e Hall. 

·-·'""<"'•. 1 .. -.. ~ c Bll~HLl'"rt E ( 1'~,-..-.·;· T'-. d"' '""1" p~-. "t ~r· "~1'1dr· n'A f:. no"'rt~ rr· t~"" l·t~ r··~tl' .:a i l':.H -•-:a.) .• -.J.; ~ C.r:., . . ~ 00 II~ ~·1r. IJ all~ a!. •J •Jtl ~ .:, ..:u •..:r-1"1 -.~ J ti~J ar ti liv C: 

a·.,.·er;3:Je. Journ31 for Research in Mathematics Educ~di~Hl_, 19 .. 64-30. 

?;me rica. 

Submit tsd by 

Alfinio Flores 
Centro ,je lt1'·/estigeci6n en ~·1eternaticas 
Gu.::na J u<:to, Gto. 36000 1··1EX I CO 

1 i) 


