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They're off! 

fHfinio Flores 
198B 

Centro de f nuestigacion en Matematicas 

Projects to Enrich School !1"iathematics le-rel I. 
Natiom:d CC<i.JnCi1 of 1 e;::cnen:: or r··1aU·Iernfltics 

· F.'econoci rni en to: 1 a rnaestra ._hJ'·iita Lerrna Rico con,ju j o parte de 1 as 
act i '·ii ~ja,je::: con un !;Jrupo ,je :::e;:::to de pt-iJnari a. Su::: ot,ser-vaci ones de 1 a 
re;sccione::: ,je los alurnno::: y sus suuer-encia::: contribU!Jeron a 1jarle forrna final 
,je e:::te 1jocutT18nto. 
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Actl¥ity 1 To:;sing dice: small !~roup activity 

Let's simulate a horse race in the follo~rling ·vvay: 12 horses take part, 

numbered from 1 to 12. T··No dice are to:3se,j and the sum ca 11 e't The horse 
-

·vvith that number advances one place. The first horse to advance 9 places is 

the V·/i nner. 

Every student should choose one horse number. Taking turns, toss the dice and 

call the sum. Fill out the chart showing the progress- of each horse. 

:t1 I 
f ~ 1 2 - 4 5 6 ... 8 9 10 11 p 

START 

FINISH 

Chart 1 

Horse is a 1 ousy bet ( vvhy?), but any other horse at 1 east has _a chance to. 

V·t'in. 

Activity 2 

Compare your results vvith the results of other groups. Are horses in the 

mi d1jl e (6 .. 7, 8) more like 1 y to vvi n than those on the sides (2, 3, or- 1 1 .. 12)? 
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a hi ~~her protnJtli l ity to v·ti n thar~ tt-1e other::;'? 

Fill tJie chart belov·l in1jicating in ho··i·t many different V·/a!JS a sum can be. 

obtained. For e>~ample, the sum 4 can be obtained H the dice sho··N 1, 3 or 2, 2 

or 3_. 1. 

-

3,1 

22 

I 1 .. 3 ·.· I 
234 567 89101112 

In ho'N many \Nays can U1e sum 12 be obtained?- __ 

can tt1e sum 7 be obtai ned? --'--

According to tr1e chart, ··,6/hat horse V·/ould be the ·fa~·/Orite? 

Doe:3 the favorite alv·ta!JS v·lin? 

Activity 3 Use 1jf random table 

Let's strnulate the race no\·\1 using the attached r-andom table. 

. ·, 

Notice tt"lat in the table appear numt1ers betv·leen 1 and 6, groupe1j in pairs. 

Tr1e table simulates tt1e r~su1ts iJf tossing many pairs of dice: 

To use the table, close your eyes an1j point ··,·vith tr1e pencil to some place of 

the tatde. Circle the pair of numbers closest to the mark. Aftenvards, take 

tJ1e pairs of numbers as they appear on tt1e table.· 

Sum the bvo numbers in each pair encountere't Proce1je as in tr1e previous 
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.J 
J I .:. 1 2 3 4 "' 6 7 8 Q 10 11 1" 

I START 

FINISH 

Chart 3 

Choose a horse number and run the race. It takes less time using the random 

tab 1 e than tossing the dice. 

Random tables are used to simulate random processes, v-tithout having to 

actually conduct the random e:~periment. Random tables can be constructed . 

V·lith the help of computers. 
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.RANDON TABLE 

Slty1ULATION OF TOSSING 144 PAIRS OF DICE 

2 4 3 6 4 2 2 3 5 2 6 4 "2 

5 2 7 6 5 5 4 3 5 5 3 4 ....., ..)-
L 

4 6 5 2 4 -· 7 7 6 4 5 -.I -.I 

C" 
._J 5 2 ·6 6 4 5· 4 6- 6 3 4 4 3 

2 4 4 2 6 3 5 5 4 6 5 5 7 
-.I 

5 4 4 3 3 4 7 
~' 5 5 6 6 2 6 6 4 

4 2 6 4 2 4 6 7 7 -. 4 2 -.I -.I 

5 6 5 5 6 6 5 3 4 6 3 .f) 1 c:: 
~ -...} 

.) 
,, 

4 5 5 6 2 4 2 7 3 3 2 0 6 ~ -.I .<... 

·,·:·. 

.3 7 6 3 2 2 3 5 5 6 6 .f) 4 1.- 4 -1 ·...1 ~ 

4 ·'1 2 6 3 0 5 2 2 4 1 6 4 ')· 4 ·.£... ..... .<-

6 4 2 4 2 6 7 c; 2 2 ~· . ..-

5 6 5 6 6 5 4 4 2 5 1.. 4 4 4 5 

·? 3 4 3 6 5 6 3 7 3 3 C" 0 ..... 
~· ._; ..... 

r; ") 2 5 3 .f) 6 6 6 4 4 ·'1 2 ~ ..... ~ ~ 

5 3 3 5 4 4 5 4 5 6 6 3 6 

4 4 5 5 5 2 5 3 6 4 6 _5 2 3 

5 7 6 5 2 0 ·'1 2 2 A 7 4 5 3 4 ~· ..:., ~ ·J 
--
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Activity 4 Cornputer sirnulati-on 
rr.-.~-.-. .;.-. .-. 0,\t-li'l&-P""'.l,... II ... .-.,-.-.;,...,.,.._, -~.~-.-..~.,.,....lo"l."'. .J.L .... -..J. r-.:..-..;l'la-1-~~ tL-.-. ra~,-. 
nt:l t: 1::::> a Uo'-1.::•11- \o'-ljJplt: II '11;;:1 ::.lUll} J-11 U!:::Jl (Jill ll!Ol .:.tll1 J Li::~::. Ill:: Lc: 

1 0 REt-'1 THEY'RE OFF! 
20 HOME 
30 Dlt-'1 V(12) 
40 LET R1 = 1 + INT (6 * RND (1)) 
50 LET R2 = 1 + INT (6 * RND (1)) 
60 LET S = R 1 + R2 
70 LET V(S) = V(S) + 1 
80 VT AB (2*'v'(S)): HT AB (3*S): PRINT S 
90 IF V(S) = 9 THEN END 
100 GOTO 40 

Choose a number ag:ain. RUN the program. Which horse ·vvas the winner? 

Run the program several times. Does U1e favorite horse ahvays \Nin? Is there 

an une;<pected v·tinner (a dark horse) sometimes? 

V·lhat is the relationship between the shape of Chart 2 and the advancement of 

different horses? 

Keep trac~< of the \Ni nners in each race unt i 1 a horse ·vvi ns ten races. · 

2. 3 4,5 6 7 8"9 101112 

Chart 4 11'/i nners in races of 1 ength 9 

t:" 
._1 



Hor:::e: 2 3 4 5 6 7 8 g 10 1 1 1 ··"') L... 

Ac_U·tity 5 Computer simulatton 

1=ln IF \llc-) - -z THET··J ET1'D _ ..... •\....JJ·-·-.) ~ 

'•,···/oul!j !dCU e>::pect the favorite to v·lin more often .. or less often? 

R t- +I- --. - .-.- •• - ·-] t·,..-(",,... v p tt-.:::,-.1,· -r- '·Mi ~·~-r·- 1. ,..,- .1- .- ... -~-c· .. -~ ·.::. .U.! Uti::. pr u~~rarn -::ol:!•tt:n:::J _ltfl!:'.J. r-.ee _, .... L;·, u II .ttl I:!. ,J n i:!i::JCil -::ow ... l ... l::.~·l 1'8 r i:::JC .... 

in the fol1o··,·vin!~ chart until a horse V•tins ten races: 
• ·~---~ ~ 'r 

. ,.( . 

. ., 7 4 5 r=, 7 ·=- q 1n 11 1'" I..:.,.·-'' _l. L -·_I ._,, -· - !'..:.. 

l I 1- I 
i 1 I I I · .. ! 

' I J I 
I I 
I I I 

I i I 
I ' I I I I 

r l I 
I I I I 

I I . I l 
I I I I I I I I . I 

i I I I I 
I I I j·· 

Chart 5 V-Ii nners in races of len!~Ul 3 
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H c:r:::;e: r, 
L 4 5 '- 15 7 

,.., 
0 10 11 12 

Cornpare the results of this activit~d \·Vith Hwse of activit~d 4. 

AcUvity 6 Computer simulation 

t·lf:ke the race 1 onger. Change line 90. 

90 IF 'v'(S) = 20 THEN END 

V·lhat ,j{, you e::<pect novt? V1i1l the fa'·/Orite \·Vi n more often, or 1 e:3S often'? 

\,.ou v·till have to change line 60 so that ~dou do not run out of :3pace on tr1e 

screen. 

BO \lT AB (\l(S)): HTAB (3*S): PRINT S 
.. 

Run U1e pn:t!]nHri seveml times. Keep track in tf1e follo 1Nin!~ cr1at.~t of v·tinners · 

in eac:t-1 race until a t-torse v·lins ten races. 

I .- ! '•• I ! -· J -r ; .... ~ 

I 
I 

I I I 

'7 ,· 



Hor:::e: 2 .) 4 C" 
._1 6 7 9 10 1 1 12 

Corn~;j::;re the re::;uits of this activit~d 'iiitf·J tho:::e of the previous activities. 

\ .. ·/r1en can ~dOU pretjict\·vith more certaint~d that a hor:::e in the central lanes (6, 

7 .. i3) V·ii11 v'lin, 1N[-,en the race is short or longer? 

Cv·/irko-Gcnj~dcki ... Jerz~J. r·'JetrJernt'ltical Acti'·litie:3 from Polarnj. A:3sociation of 
T u:" -·h·a·-·:· - r· M-::o+ h.-~~--.::,~~--·~ \';-,- nj·::..-. -, n" i-=:.l ,- 't ,_ .. .JL ,._.r ._. u ti'.JUil::!.!l• ... tlt .. _., _,,u f-' •.J•--!:! 1 JL• L•~tl:!,. 

Flores} Alfinio. A microcomputer ap,J the hr·,·V of small rnumbers. Arithmetic 
. T:..: .:..-.< c.t- ~ 1 {7.\ "'1- r,-.L- 1'=l'-' A tJ~ tl-h~ 1 . 

i i:!!JI_.;j,_., , ~··I /,, I. tl, '-·ll -· 0'-r1 · ·-· - • • 

F 1~_-rr-a·:· p•.-.r:,,::,r·-l'P.] A· L'-P.r'r-r1'-' R'r·rJ· I. M:-.·,-tl't"'l:!_7·l-·rl'7 A' . ~'1l·r-:-.tr::,] r:; F. pr-·=='f-.f.;,-.. :::;.::- rju 
1 c;._, C:J I~ _. J rl; _. 1_, -..J ._. ·' '-·~' J {1-1 1 ·- .i:-J ., J 1.J 1-J -J. 1 • . l~._.l_fi_.J~._,. '.J 

. .rnaternMicfr3 para Dt'"irnero ,je :::ecur11jaria. Cornunicaciones ,jeJ Cli"1AT, 

1 9i37. 
~· . , 

~;U:tt i ~:tics and i nforrn.ati on onJ;:mi zati on. l'h:Jt,f1ernat i cs Re:3otwce ·pro j eeL 
Pr-e1 i rni nar!d E,jj t ion. Cre;:tt i '·/8 Pub 1 i cations .. 197fi. 

B Th¢.-':1 're Off, Flon;::: II ·. 

·~ 

--~~-~-~~-----·-~--------------~--·---



'fet}cher notes 

In a ~t:Jnijom e::<:periment it is irnpossible to pre,jict the result v·iith absolute 

certainty. However, if the e~·~periment i:3 conducted many times and the 

distribution of the results is knm·vn, this knov·tJe,jge can be used to e;:;tirnate 

the protli3bility of a desire,j outcorne of the egperiment. Since con,jucting 

e:=-:peri met::; can be t i me-consurni n!J, a ran,jorn tab 1 e or a computer can be used 

to :3irnulate a !~reat nurnber of e~<perirnents. 

Acti\.•i ty 1 

AJtJpJUJjh to:3:3ing dice is time con:3urning, it is high1!~ recommended to let 

chiJ,jren to:3s the dice at 1 east during one race. 

t"'lost (JJiJ,jren quickl!~ realize tt1at horse 1 will never move, since tt·1e smallest 

possible sum with two dice is 1 + 1 = 2. Ho'·Never, in the first race usually all 

other horses are chosen. Tr·Jis octivity can also be 1jone 1i"litl1 the ¥thole closs. 

Acti\1ity 2 

(6 .. 7 .. e) \1·iin more often thon horses on the. sides (2, 3 .. 11 .. 12). Ho·.,...,.·e•.,..er it is 

AltJiou;~h all the sums fro.m .2 to 12 are possible .. Ui8!d are not equally likely. 

U:::in!~ to dice, the surn 12 can be obtained in only one way 6 + 6, but the sum 4 

can be obtaine,j in tJiree different \·vaqs: 3 + 1, 2 + 2. 1 + 3. ·- . 

'•,"lf·ren fi 11 i nq eli art 2 .. chi11jren \"lho are not '·lery f arnili ar witt! ,ji ce rna~J have to - . 

1 + 7 1s not a po::::::itde ·.,.v;:J~d to !~et the :3urn e usin9 t\'vo dice. 



~3i nee a l 1 of the 36 pos:3i td e cdrnbi nM ions of tfle t v·io ,ji ce are equa 11 ~d l i ke1 y 

flt"llj three of them \Ni 11 gi '·ie the surn 4 t1ut on 1 y one \"/i 11 give the sum 12, in 

the 1 ong run tt1e sum 4 will be ca 11 e1j rnore often than the sum 12. 

Chart 2 t1as precisely 36 ce11s \·Vith all the possible outcomes of bvo dice. 

-
1,6 

11 ..... ,., ~, 7 ., .• .... 5 ') C" .7 C" 4 C" "" "'" .:: I 
J 

••• L ,..:.. "-' •- '-t L · ..:.. . .J ,._, j·.J ..J , • .J . .J '...1 
- • • _J J • .' • } 

2 3 4 5 6 7 8 9 1 0 ll 1 2 

Chart·2· 

Stwjents shou]!j realize u·1us that sum 7 has the_ !~reatest probEJt1il ity to t1e 

ca 11 ed. Hov·ler..,.er .. this fact ,joe? not !~uarantee that in a race:~tl1e \·\~_i riner v·li 11 be 

- hor::::e 7. 

-
1 1 . I 1 -} -·- 1. "Z 

.. ~· 

2_. 1 

41 
-· 

5,2 

6, 1 h ·} 
-,~ 6,3 

14 I . 

2,4 

44 
-· 

10 

4_,5 

5·,5 

~ c: 
tl_,--' 

1,6 

4,6 

r::; .-
~· .. b 

6,6 
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..... ,-·t 1. • .•• ; tl 1 <; r._ .. , 1 .:! ~· 

Tr-,e numbers ( 1 tr1rough 6) U1at appear on the ran,jorn table v·iere genen3te,j b~J 

a computer simulating the tossing of a die. Each number beb'teen 1 and 6 has 

U'1e same prob{Jbi1ity to appear ( 1 /6), in every direction of the table, 

vertically, horizontally etc. 

Thus if Y.te want to simulate the tossing of two dice, all ·we have to do is to 

re;:Jd pairs of numbers from the table. 

The b 1 i nd ·~election of the first pair is reGornrnen,jed to av,Ji d unconscious 

prefer-ences or avoi,jances of some numbers. Once tf'1e first pair is chosen u-,e 

ne~d. peti r stloul,j be the ne~<t to tr1e left (or to u-,e right, or be 1l o\·V or above) to 

::;ave time. The direction chosen does not matter, but once chosen, students 

:3hould keep u-,e same procedure. 

Random tables are very convenient. A !jreater numt,er of experittl.ents can be 

::;irnulated in less time. In some situations random tables are ·more ree11ji1~d 

avai 1 able than computers. 

Activity 4 

The heart of the computer program used in activity 4 are lines 40-60. Line 40 

sirnulflt8:3 tos:::ing one ,jje_. line 50 tossing another die an,j line 60 gets u-,e 

surn. 

Notice tJH':lt the a,j•.,•ancernent of the t1orses 1joes resemble chart 2. Horses with 
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. ~ ·. 

prob;:Jttilit~d- Stu,jents should not e;-~pect regula?iiy in the :3hort. run. In order to 

t-f;::l'·/8 an empirical distribution that is rn,~r~ · alike to the theoretical_ 

di stri buti on, a mUch ·greater- nurnt,er-. of e;~perinJ?ht:3 is ustHi 11 y nee,je,J 
, ... ..:. .. 

Tr1e follov·ting figure shovls the result of a re.6:1':;~l}Jng race (length 200) ,jrav·m 
. ·; .. "·.-·· . 

·I .. 
·i· . ~- ~ ., 
= I ·1 I 

-

1 
I . 

' 

a 1 rri',Y:+i n the five centra 1 1 anes (5-9). 

-.~;·;.~:~~r_:.··:···. --· 

I >/"'~'-:· . .:__I· . 
. . ~ ""' ' 

·- :" . . .... ·- I 
i.. . ·--1:.. ·._·•.·._ ... :1~ .· 1- -. 
. ' ~ :-: .·. '• -

.. . 

. .. , .. 
. :: ·.x:: ~~._:· .. 

Trie pro~~ram of ttli:3 activit!d Ci:Jn be easil!d modifj'g.~:liJ automati,~CJ11!d :3irnulate 
'• . . ·-=.~.:... .. . ' . . ' . 

. ... . . . ... :~: : 

n1ce after- r-ace \·viUI a cono,.•enient pau:3e in ttet\·i($?n for- students to· note ,jo\·Vn 

outcomes. In tt·Jis \'Vfl!d U1e acti'·lit!d can al:3o t'e ddt)'~·\·viUI U1e ..... .,.'f"iiJle c1a:3::;. 
'"::::>::··· .''•'' 
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i'lakinid tJie race real short emphasizes the fact that v·.:ith a srna1l number of 

e~·~peri ments it is harder to pre1ji ct the winner. Note that the winners are 

more spreade1j, theJt is not only horses in the central lanes (5 - 9) 1Nin. 

Act i '·:'ity 6 

1'1ekin!J the race longer 1Nill help students to correctly predict the v·tinner. 

Note Un:Jt winners are a_lmost e~<clusively from the three central lanes (6, 7, 

8). 
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