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A Mapping Theorem For Topological Sigma-Cormpact Manifolds.

It is the purpose of this paper to prove a generalization to

o -compact manifolds of a well known result due to M.Brown. ( see

[ 4] ), which asserts the existence of a special kind of continuous,

"non-pathological" surjections from the unit n-dimensional cube onto

(S

~a given compact connected manifold M™.

In the more general setting when M" is g-compact, the space -

E (M) of ends of M" plays an important role: Since £(M) is a totally -

disconnected, compact metr‘izable space, a set E contained in the

~ boundary of the unit cube I can be constructed in such a way that E~ °

s homeomorp hic to E(M) NOW In\E and M" are two mamfolds‘_:._».:

with the same set of ends. Broadly speaking, our result states that

M is the identification space obtamed from In\E by 1dent1fy1ng

pomts within the boundary of I"\F alone.
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The set E(M) is empty exactly when M is compact. In this case,
‘the arguments are reduced to those given by M. Brown for compact

manifolds. Some applications are mentioned afterwards.
§ 1.- The Set of Ends.

The concept of the set of ends of a space is due to Freudenthal.

Here we recall some basic notions.

" Let X be a locally compact, Hausdorff space. Denote by K(X)
the set of all compact  subsets of X partially ordered by inclusion.
If KEK(X), derote by C(X\K) the set of comected components of

X\K considered as a discrete topological space.

If K,LEK(X) with K C L, then there is a well defined

continuous function

pe" ¢ CXAL) —— C(X\K)

such that for each V € C{X\L), pKL( V) is the unique component of

X\K containing V. In this manner, the collection
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{CIX\K), p = | K,LEK(X) and K C L)

constitutes an inverse system:of topological spaces indexed over the

directed set K(X).

An end of X is, By definition, a point in the inverse limit space
of this system. In other words, an end of X is a function e which

assigns to each compact set K of X a non-empty connected

~component e(K) of X\K, in such a way that Ky C K, implies

e(Kz) Ce(K,). Let E(X) be the set of all ends. There is a topology
on XU E(X) having as a baéis of neighbourhoods of e €E(X) the
N (e0) = eo(K)'U {ends e | e(K) =eo(K) }, KEK(X). With this

b topology X U E(X) is a Hausdorff space contéining E(X), with its

inverse limit topology, as a closed (nowhere dense) subspace. ‘

If f:X—Y isa continuous proper function ( L.e. F C Y o

compact implies f L (F) compact ), then f is extended uniquely and

continuously to a function -

-
-
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such that for e € E(X) and F C Y compact f_(e)F is the (unique)
FEn).

component of Y\F containing f(e(f

Let X be a space, and let KEK(X) . A connected component V
of X\K is said to be bounded if its closure is compact, and
otherwise we say that V is unbounded. Define

K = X\U{VECX\K) | V is ubounded } .

* The proof of the following lemma may be found in Berlanga and

-~

Epstein [ 2 ].
1.1 Lemma.

Let X be a connected, locally connected, locally compéct,
Hausdorff space and let KEK(X). Then X\K has only finitely

‘many unbounded components and K is compact.

1.2 Remark.

It follows that £({X) is‘compa‘ct since IE(X) = {Ez | KEK(X) }.
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is cofinal in K(X) and each C( X\[Z) is finite. It is also known
that XUE(X) is compact and that E(X) is totally disconnected.

Also if X is metric X U E(X) is metrizable.

§ 2.- Definitions.
r | . 0
Let X be a subset of a topological space Y. We define X and
C1X to be, respectively, the topological interior and the topological
- ~closure of X iInY. Call X a (closed) ncell if X is homeomorphic
to the wnit ncube I" =_[ 0, 1 ]”. For a subset X of a manifold M
. & o

“we define IntX to be (M\oM) N X, where oM denotes the boundary
M | | | |

§ 3.- The Mam Theorem.
Let M™ be a connected, second countable manifold of dimension
n. Then tﬁgre eﬁis’cs a compact set E C 81" and a continuous proper

surjection VY : I"™\E — M such that




&
(1) wlInt ek nt® — Vv (Int ") isa homeomorphism;
2 ¢ (IntI") Ny (BIM\E) = @;
(3) ¥ extends naturally to  : "—MUEM) in such a way

that ¥ ] E is a homeomorphism from E onto £(M).

Furthermore, if n 2 2 then E can be chosen to be contained in

[1/3,2/31x{(1/2,1/2,...,1/2,1)}

§ 4 .- Definitions, Lemmas and Proof of the Main Theorem.

4.1 Definitions. _

"An (n-1)-dimensional submanifold B of an n-manifold M is
bicollared in M if there is a homeomorphism P of B < (-1, 1 )
onto a neighbour*hood of B in M such that P(b,0) = b, for all b € B.

If B is closed in M we require also that P can be extended to a

closed embedding of Bx [ 1 , 1 ]- into M.

If B is the boundary of an n-dimensional submanifold C of M,
then Bx (-1 ,0]and Bx [0, 1 > denote the inner and outer
collars of B. In general, we will not distinguish

(bst) EBx -1, 1> from P((b,t)).

-
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Define H(M) to be the group of homeomorphisms of M onto
itself. If h: M — M is a homeomorphism, then supp h denotes the
support of h, that is, the closure of the set of points of M which are

actually moved by h.

The following result, proved in Appendix 1 below, is just a
straightforward generalization of lemma 2 in M. Brown 4] (or

lemma 6 in Berlanga and Epstein [2]).

T 4.2 Lemm‘a_. “

Let M" be a manifold with n >3 and let d be a metric on M.

Let C" be a closed n-dimensional manifold with bicollared boundary

aC in M.

Let €>0 be given and .suppose A= {Dj }jGJ is a locally

finite family of sets in M such that each DJ is a closed n—Cell of dia—” L

meter less than €/2 whose interior intersects C. Let X = {x l} (€L

bea locally finite set of points in U IntD

Suppose that O <y < 1. Then there is an e- homeomorphlsm

U e

f in H(M) such that f(C) D f(C) D CUX and

-~ .
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supp f C (Uj IntDJ.\ C)UACx< -y, v> Inparticular,f

fixes pointwise the inner n-manifold bounded by 8C = { -y }.
4.3 Lemma.

Let M be a connected, second countable, n-dimensional manifold
withn 2 3 and let X C Int M be a locally finite set of points. Then
there exists a compact set
ECI1/3,2/31x{(1/2,1/2,..,1/2,1)} C oI, and a
p;oper‘ embedding : I"\E — M with bicollared boundary such
that W, (Int I") D X and y, extends naturally tc; |
‘i,b'* : " —+MUEM) in such a way that Us|g s a homeomorphism
from E onto E(M).

Proéf. Define a clean _(closeﬂ) n-cube in I” to be a cube C of the form
[0,81"+v, forsome 850 and » € R", such that C C I" and
CNar=(10,81"  x{g})+v.

Observe that if Ci’ vee Ck is a disjoint collection of clean

cubes then CI( I\ U, C, ) is homeomorphic to I, We divide the

- proof in three steps.
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Step { . Let {Ki}iEIN be any collection of»KiEK(M) such that

‘ 0
M=UK, and K, CK,,, i further properties of the K, will be

specified in Step-2. It is not difficult now to define a sequence

o)
“‘i}i €N of ncells in I" w}th Li C Li 41 and such that

@  The complement of ?‘i is the finite disjoint union of
clean cubes of diameter less or equal i/Zi , and such that, for
each A € C( In\Li ), we have, »‘
CANTL3, 2315 {(1/2,1/2, ey 1/2,1) )} 7 8.
H:snce, E = n, AN L, is contained in T

[1/3,2/31=x{(1/2,1/2, ..., 1/2, 1) };

(®) Foreachit [N there exists a bi Jjection
At COIML, ) — COM\K; ) such that the diagrams

Y v

ML) ————cnk)
Pij | Pij | ]
A,
n 1 ~
L) > C(M\K, )
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The reader can readily verify the following assertion:
Assertion :

E = N,I\L;, E(I'\E) and E(M) are homeomorphic.
Furthermore, the identity map In\E — In\E extends naturally to a
homeomorphism of I"= (I"\E)UE onto (I™\E) U E(I"\E).

Before proceeding into Step 2 of this lemma, the reader may
refer to Appendix 2 for a preliminary discussion.
Step 2. Let the K, be constructed as to satisfy also the following
properties:

0
K i is connected;

M\Ki has exactly the same number of components as

0 ~
Rirg Vs

.
If yo: I" — K, is an embedding with bicollared boundary,
then there exists a homeomorphism h; of M with compact support

such that -

-
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(1) supphy N Yo (Lo) =835
(2) supphi C [2,;
(3) IFAEC(I™\L,) then
@ hy (W (A)) C Xolpo' (A))

®) hy(yo (A)) and A (‘A) are not separated |

inMby hi(%(I™A)) UKo, (thatis, hy(yo(A)) and
A1(A) lie in the same connected component of

M\ (hy (¥o (INA)) UK, ) .

Proof. Let A, A, , ..., Ak be the components ofJIn\L,"x. It is

not difficult to construct a family of disjoint arcs, say

) | 5 ,_
"7+ disjoint connected open sets in K, such that, for each i,

- 'Uinwo (I“)"C""wo(Ai)v‘; -
o ylio,tncy;s
111,21 CKo\ Ko

Y, (0) v (A) 3

(D) Edlpet (A )3
v (2)EN(AD .
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This can be done because M\ W, ( I"') is connected and an
n-dimensional manifold cannot be disconnected by a set of dimension

n-2 { see Hurewicz and Wallman [ 5] ).

Since the group of compactly supported homeomorphisms of a
- connected manifold acts transitively on interior points, we can find,
for each i, a homeomorphism h 1. compactly supported on Ui
which sends yi(O) to Yi( 1).

" Foreach i= 1, 2, ..., k, let T € [1,2] be the last parameter

such that its image under Y; lies in hi i (o ( My,

Consequently, there is a unique x; in ar'n A; with

Y; { T ) = hi i (o ( X; ) ) . Now choose a clean closed cube Bi

suchthat xiGBiCAi and hi’i(lp(,(Bi))Cko(po1 (Ai))' |

With a homeomorphism of M sending Y, ( I ) onto 1tse1fa;1d N
supported in a small neighbourhood of o (Cl A; ) we can shrink
Yo (CL A, ) onto o (B, ) before applying hy ; . Therefore, without

loss of generality we can assume that A.l = Bi and that

—— .

Supp hi,i N supp hi,j = @ fori# j. Hence,
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hi,'i(%(Ai)) C )\o(Poi(Ai)) and hi,i(%‘(Ai))’

A (A) are not separated in M by hy | (o (I"\ A;) ) UK,.

Finally, the homeomorphism hy = hi {0 hy ,o...0 h1  has

the required properties.

Step 3 . By induction, we can construct a sequence { hy }iE IN of

homeomorphisms with compact support such that, for each i,

%

(1) sypph,y A (hyoh yo..oho(L)) =83
| o

(@) spphyy C Kipys

(3)-'supph S NK 4 =83

@) IFAEC 1’"‘\[_i+ ) then

@ hyjohjo. Ohi 0 Yo (A) C Ay lH(A) ) ,
‘ (b) h.ﬁ‘_i“q.’hi“o oh1 0 \Uo (A) and AL +1 (A) are_ T

not separated -inAM by hiyyoh;o..0oh oy IMA) U Ki .

Define W, = . 0 hi O, i E IN Therefor‘e, the

hj o
following properties hold:
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(5) ‘,Ui|[___1 = \PH_kILi for all i, k€ |[N;

©) vy (A) C A (p,(A)) forall 16N,

k € IN\{O} , and all A€ C(I"\L,,, ) . It follows that lim y. =y,
i+ i i
exists in U, L; and is such that

(7) W*ILi = w;lLi forall i€ [N;

8) v (A) C A (p, L (A)) forall 1€IN andall

\ N '
A:EC((I NEINL )

© vt (K)C Ly,

Property (7) says that @, is continuous and injective. Pmper'ty
(9) ( which follows from (8) )} tells us that y, : INE — M is
proper, and therefore induces a map
Y U, (IM\E)UE(I™E) = " — MUE(M) such
that if e is an end of I'\E , i[}g_(_'é) 121 is the component of M\fii
1 :

containing Yy (e (Yy f<i) ) ), hence, by (9), it is equal to

the component of M\Izi containing Y, (e ( Li 11 ) ), but, by (8),

this is just A, (p "1 (e (Ly))) = A, (e(L;)). Thatis,

we have proved that the following diagram commutes:

o e



Hi
E(I'\E) » C(INL; )
weﬂ >‘i
v Hl 1L’A
E(M) » C(M\K .)

Since each A; is bijective, Y. must be a horneomorphism.

Ther‘efor‘e; we have constructed a proper émbedding Yyl I'™\E — M

" inducing a homeomorphism onends. -~ - - -~

In order to Complete the proof of lernma 4.3 we need to produce
a-bicollar' of W, (8I'N\E ) and we need to "éxpand"‘ the image C of

In\E in M as to contain X in its interior.

" Let E’ be the projection of E into I}, so E =E’ = (1}. Ttis

ot difficult to see that the spaces W = [-1,2]"\ (E’ X[i/2,2] y

and T=WNI" are homeomorphic to I'\E and that the inc’lus’i’on
map T —r W isa proper map inducing a homeomorphism on ends.

-

S
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Therefore without loss of generality, we can assume that the do-
-main of the map y, is W. But now \p*|T has the same properties of

Y4 With the advantage that oT has a natural bicollar contaired in M.

It now only remains to "expand" the image of Y, . To this
purpose we can construct a locally finite family Ao = {Dj }jE ]
of closed n-cells such that X is contained in U ; Int Dj and

Int Dj NC#gforall jEJ.

> Therefore, by an application of lemma 4.2, say with y = 1/2

and € = o , we get the desired expansion.
- 4.4 Proof of the main theorem.

-When the dimension of the manifold M is less or equal two,
the theorem follows from the classification of second countable

rh‘éﬁi*fglds of dimensions one and two ( see Ahlfors and Sario [11).

Assume now that the dimension of M is greater or equal to
three. Let d be a complete metricon M. Let Ay, Az, ... bea

sequence of locally finite covers of M such that each element of A

R e



identity.
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21+i

is a closed n-cell of diameter less than 1/ and

IntM=U{IntD | DEA, }. Foreach i, let X, be a locally finite

‘set of points such‘that'XiC_IntM and IntDN X, 78 if DEA,.

Let C; be the image under W, where Y, is the embedding
given by the above lemma, and assume that X CIntCy . Applying
Lemma 4.2 with X =X, , A = A and y small, we get a

1/2 -homeomorphism f; of M onto itself such that

O

 where (1-y)Cy=C;\ aC, x <~ y.0].

Repeated applications of 4.2 give a sequénce fy , f2 , ... of
homepmofphisfns of M such that for each m € |[N\{0} ,

,, m isa(t/2)" -homeomurphlsm, L _ .
M D fm 0...0 fi ( Ci ) 3 fm 0.«.: 0O fj ( Cj ) | ” _—““ -
| " D CUU(X, [1<i<m+l};

frit restricted tovfmo ....o B ((-y/2™Cy ) ”_ :
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- Clearly fm o ...0f; converges to a map y such that

lp(C,) = lim me...Ofi(Ct) - M;
‘m-m
0
¥ is a homeomorphism on C; ;

-1 0
y (g (3Cy)) = M\ Cy;

so that when | is restricted to C; we get the required map.

4.5 Remark.

Let y: I'™\E — M be a mapping given by the main theorem
above. Then, measures (having the boundary of the unit n-cube as
a null set) and homeomorphisms of the unit n-cube fixing am point-
wise can be thrown, respectively, into measures and homeomor-
phisms of M via Y. This provides us with a tool for- the topological
and algebraic s£udy of vz;rious groups of ( measure preserving ).

homeomorphisms of M (see [31]).
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Appendix 1.

Al.1 Definitions.

A subset X of an n-manifold M is cellular if for every neigh-

bourhood U of X there is an ncell Q suchthat X CIntQC U .

If B is an (n-1)-dimensional, bicollared submanifold of M

~and 61 +B—<0,1> (i=1, 2) continuous are given, define

Y

B ({61, 85> = {(b,t) | -61(b) <t < &(b)}.

Bx{{ (-1)' 61 = {(6,1) | (g bf=t).

et
We divide the proof of lemma 4.2 into two.
 A1.2 Lemma. o

Let M{? be a manifold withn 2 3 and let d be a metric on M.

Let C" be a closed n-dimensicnal manifold with bicollared boundary -

aC in M. T L

JRT— (R U R U,
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Let € > 0 and a continuous function & : '8C — <0,1> be
given. Suppose A={D j}jEj is an (at most countable) locally finite
family of sets in M such that each Dj is a closed n-cell of diameter
less than €/2 whose interior intersects C. Let X = { X } {EL be g
locally finite set of points iﬁjgjlnt Dj \C. Then there is a locally
finite set of points X' = { x’i} el In daC x <0 ,d>> and an
e/ 2-homeomorphism h : M — M such that supp h C '\éJJInt Dj \C
and h(x*;) = x; for each i € L. !

»

Proof. We may assume, without loss of genérality, that Xp, =X,

for i; # 1, ( hence L is at most countable ).

Associate with each x; some elernent, say D 5 (1)
contains x, in its interior. Associate with each D j@ point y. in

, of A which

CNIntD i For i€L let a; be a poligonal arc (relative to some -

comnbinatorial structtre on D 3(1) ) in Int Dj (i) from x, to y‘](l) o
Since an ndimensional connected manifold cannot be disconnected by

a subset of dimension less or equal n-2 (see Hurewicz and Wallman

[ 5 1), this can be done in such a manner that a and a; are
. i 2 .
disjoint or intersect cnly in the common end point y'j (i,) = yj (i ) -
1 2
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Let x’i be a point of a; NoCx<L0,8> such that the segment
[ %5 x*; ] of a; does not inﬁer*sect C. Since a; is poligonal in D i) *

so is [ x. , x*,

P2 X ]. - Hence | X; s .X’i ] is cellular in Dj (0 and there-

fore cellular in M. Hence there exists a (locally finite) family

{ Q, } e of n-cells such that

QiﬂQJ.:Q ifi=j;
[x; s X

o gnc=e;
Q, Clnt DJ.“) ,

et hbea homeomorphism of M onto M such that

| h restricted to M \'U; Q equals the 1dent1ty S
(Q) Qs B “

Then h is the reguired homeomorphism.
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Al.3 Lemma.

Suppose that 0 { y < 1 and that the hypotheses of the above

lemma are satisfied. Then there is an e-homeomorphism f of M

0
onto M such that f(C) D f(C) D CU X and

supp f C (Uj IntDJ.\C) UaCx<{-y,y>. In particular, f

fixes pointwise the "inner" n-manifold bounded by aC = { -y }.

Proof. Choose & : 3C — <0, y/2 > continuous and such that for
each ¢ € 8C the diameter (with respect to the induced metric) of
{c} > [-26(c) , 26(c) ] - in the collar C > [ -1, 1 ] - is less than
/2.

[et a:8C—H([-1,1]) bedefined by the formula

b A<1<24)
(t) (3/2)t +8(c) -28(c) £t <0
14 = ,
Yo (1/2) t + 8(c) 0<t<26(c)

t 28(c) St<
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Since oC x [ -1 , 1 ] is closed in M, we can define a
horneomorphism g € H( M ) such that g is the identity outside
6Cx<-1, 15 and is given by g(c,t) = (c,a_(t)) for each
(cyt)€ACx[-1,17].

Therefore, g is fixed on the manifold bounded by 8C x {{ -26 }} ,
stretches 8C > { 0 } parametrically onto 8C > {{ d }} and is fixed
outside 8C x {{ 26 }}. Fur*thermorfe, g is an €/2-homeomorphism
and if h is the homeomorphism obtained in the\conclusion_ of the

~ above lemma, then f=hog is the required e-homeomorphism.

Appendix 2.

We would like to embed a copy of In in Ko and start an induc-

tive pmcess w1th the aid of the combmatomal scheme constructed in
R o B

Step 1.» Suppose for a moment that 1" is actually contamed in Ko

;ndtﬁatAo AlS_ a_ component ,of _In\Lo . Then, we want to" push" Ao

(‘or some part of Aq ) to where it corresponds. That is, into
Mol Ao ) . Now let Agy be a component of I™\L; contained in A, .
A further push should take Ag ( or some part of Ag ) into

M(Ag )+ And 50 on. " i""f'.ﬁ'::",ﬁ}’»if..,_. T

it e T e
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Many things can ge Wrong‘ in the process. The following

diagram Intends to show some of the difficulties.

[

La | L.

) _|ao oo
In\[‘o = Aa Ay In\L! {AmUAoi U A, UA,

updshn

RS




Moy
SR
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There is nothing wrong with the push we gave to A, , but A,
is so badly deformed that we cannot push, say Ag , any further

( and achieve convergence at the end of the story ).

The situation for A, is bad as well. Certainly we can push it
once more as to move some part of it into A;(Aye) . But then a

third push most probably will be impossible.

- Although the example is two-dimensional ( we are assuming

dimension no less than_three in this lemma ), it is "gésy”t‘a"é'x'téhd it

to dimension thr*eé ( the "tentacles” will now look like "domes" ).

There can be pi*oblems with the compact sets { Kld}l “as well,

~ so we will need to assume some "connectivity" properties.
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