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DEFORMATIONS OF BRANCHED LEFSCHETZ’S PENCILS

OMEGAR CAIVO-ANDRATE

ABSTRACT. Let M be a projective manifolds of dimension > 3, with H{M,C) = 0. We will
show that a deformation of a codimension one singular fohahon F ansmg from the fibers of
a generic meromorphic map of the form f?/g9, p,q > 0 has a meromorphic first integral of
the same type.

0 INTRODUCTION

Recently, Goméz-Mont and Lins [GM-L] have shown the following result which is an

~ extension to codimension one holomorphic foliations with smg;ularmes of the Thm‘ston-'
- . Reeb stability theorem

THEQCREM. [GM— L] Let .M be a projective manifold:
- () ¥ HY(M,C) =0, and dimcM > 3, then Lefschetz Pencils are C° -structural]y

stable foliations.
(b) Hm(M) =0, and dimc > 4, then branched Lefschetz Pencils are CO- -stmcturc.ﬂy

stable fohiations. .
‘Let Z; and L, be positive holomorphic line bundles on M with holemorphic sections f;
‘such that L®” = L$7 with p, g relatively prime positive integers. The fibers of the mero-
morphic map ¢ = fF/f] define a codimension one holomorphic foliation with smgw_lanuzes
represented by the twisted one-form :

o

w =pfadfy — qf1dfs € Fol{M,L, ®L2)

In what follows, we shall say that ¢ is a meromorphic first miegral of the fohatlon w.

By a generic méromorphic map we mean the following:
(1) The sets {f;i = 0}i=1,2 are smooth and meet transversally on a codlmensxon two

submanifold K.
{2) The subvarieties defined by Aff + uf] =0 w:th (A:p) € P are smooth onM-K

‘except for a finite set of points {(A; : D i) iz, k)
A meromorphic map satisfying conditions (1) and (2) is called a Lefschetz pencsl if

- p=gq=1and a branched Lefschetz pencil otherwise.
Cur main result is the following:
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THEOREM A. Let M be a projective manifold with H'(M,C) =0 and dimension > 3.
Let w = pfy dfl ~ gf1dfz with p # q be as above and satisfying condition (1). Then any
deformation ' of the foliation defined by w has a meromorphic first integral ¢' = fi?/ f39
where f] € H*(M,O0(L;)).

As consequence of this result, we may state the Goméz-Mont-Lins Theorem as follows:

THEOREM B. Let M be a projective manifold whose complex dimension is at least
3, with H(M,C) = 0. If F has a generic meromorphic first integral, then F is a C°-
structurally stable foliation

In this theorem, genéric means a Lefschetz or a branched Lefschetz pencil.

THEOREM C. Let M be a projective manifold whose complex dimension is at least 3,
and with H*(M,C) = 0. Let B(c) be an irreducible component of Fol(M,c) that contains
a foliation which has a generic meromorphic first integral. Then there exists a Zariski
dense open subset of B(c) parametrizing, the C°-structurally stable foliations; all of them
are topologically equivalent, and have a generic rational first integral.

In [M], Mucifio analyses the tangent space of the space of foliations on a Lefschetz
pencil. From these infinitesimal methods, he gives an independent proof of part (a) of the
Goméz-Mont-Lins theorem.

1 CODIMENSION ONE FOLIATIONS .

A codimension one holomorphic foliation (with singularities) on a complex manifold M
may be given by a family of integrable 1-forms w, defined on an open cover U = {U,}
of M, wy A dw, =0, satisfying w, = Aypwg in Uy N U, where Aoy are never vanishing
holomorphic functions. If L denotes the holomorphic line bundle on' M obtained with the
cocycles {Aag}, then the 1-forms glue to give a holomorphic section of the bundle T* M ® L.

1.1 DEFINITION. A codimension one holomorphic foliation F (with singularities) in
the complex manifold M is an equivalence class of sections w € H*(M, QY (L)) where L is
a holomorphic line bundle such that w does not vanish on any connected component of M
and satisfies the integrability condition w A dw = 0. The singular set of the foliation F is
the set of points §{F) = {p € M|w(p) = 0}. The leaves of the foliation are the leaves of
the non-singular foliation in M — S(F).

When a leaf £ of F is such that its closure £ is a closed analytlc subspace of M of
codimension 1, we will also call  a leaf of F.

A holomerphic family {Fi}ier of codimension one holomorphic foliations with singu-
larities parametrized by a complex analytic space T consists of:

(1) A bolomorphic family of complex manifolds { M, }, given as a smoothmap 7 : M — T
between complex spaces with 7~1(t) = M,

(2) A holomorphic foliation with singularities F on M such that its leaves are contained
in the t-fibers and the restriction F|p, = F; is a codimension one holomorphic foliation

with singularities on M.
! /
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Given a family of foliations {7}, the perturbed holonomy of a leaf £ of the foliation Fy
is the holonomy of £ as a leaf of the foliation F. It is clear that the perturbed holonomy

- has the form:

Ho(t2) = (2, ha(t, 2))

where h 1s a holomorphic functlon such that h, (0 z) is the holonomy map associated

to a € (L) as a leaf of F.
We will assume that M is compact and has complex dimension > 3, in this case, the set

Fol(M,c) of those foliations defined by an equivalence class of sections w € H°(M, (L))
where L is a line bundle with Chern class ¢(L) = ¢, is an algebraic variety [GM-M p. 133].

1.2 DEFINITION. Consider w € HO(M,Q'(L)). A section ¢ € H'(M, O(L)) is an
Integrating factor of w if and only if the meromorpbxc one form

Q==
@

is closed.
If a section w € H°(M,Q*(L)) has an integrating factor then it is integrable.

1.3 THEOREM. Let M bea projectn'e manifold. If ¢ = o' -+ - p3* € H(M, O(L))Js

an mtearatmg factor of w withr; > 0 =1,...,k then:

dp;
—_z,\ e} 24 d(T) 4

=1

whete MNEC, Pisa meromozpbxc function with poles at the divisor Z =1 l {¢i = 0} with

li<riandpisa holomorphic closed 1-form B

PROOF: Let U = {U,} be an open covenng of M such that U, and U,NUp are smply '

connected for all a, .
In [C.M. p. 37] is showed that

Qo :=.“3.°. —E,\ dpai b d(T,) + dhe

Po i=1 Pa,i :

here ¥, is aimeromo'rphic function on U¢Jr with poles at the divisor Ef=1 li{pai = 0}
for some integers I; <r forall i=1---,k and h, € O(U,), the complex numbers J;
are given by

1

| M= o
here % € m (M - {p; = 0}) is the generator of the kernel of the map

iy (M —{p; =0})— m (M) where i : M — {p; =0} = M denotes the inclusion. Since
QQ—meU NUg, we get: : :




4 OMEGAR CALVO-ANDRADE

k
dpy i dpg,i
2P0 (W) + dhg =Y ML 4 d(Ws) + dhy
IZ: Cl’l ; <P ,"

In U, N Uy one has the never-vanishing holomorphic functions pag,i := @a,;/wg,;. By
choosing some branch of the logarithm we get: '

k
Z)\,'log,uap,,' + ho — hﬂ + Ca,p = ‘I’Ig - W,
i=1 : .
for some ¢,p € C. The left side of the equation is holomorphic, thus the rigth side vanishes,
this implies that ¥, defines a meromorphic function ¥ on M.

2 KUPKA TYPE SINGULARITIES

2.1 DEFINITION. Let F be a codimension-one holomorphic foliation with singularities
represented by w € H*(M,Q(L)). The Kupka singular set denoted by K(F) C S(F) is

defined by:

K(F):={p € Mlw(p) =0 duw(p)+#0}
The proof of the following theorem may be found in [Me].

2.2 THEOREM. Let w and K(F) as above, then:

(1) K(F) is a codimension two locally closed submanifold of M.
(2) For every connected component K C K(JF) there exist a holomorphic 1-form

n = A(z,y)dz + B(z,y)dy

defined in a neighborhood V of 0 € C? and vanishing only at 0, a covering {U,} of a
neighborhood of K in M and a family of submersions ¢q : Us — C? such that »;(0) =
K NU, and we = @47 defines F in Usg.

(3) K(F) is persistent under variation of F; namely, for p € K(F) with defining 1-form
*n as above, and for any foliation F' sufficiently close to F, there is a holomorphic 1-form
n' defined on a neighborhood of 0 € C? and a submersion ¢’ close to ¢ such that F' is

defined by (¢')*y' on a neighborhood of p.

Remarks: The germ at 0 € C? of 5 is well defined up to biholomorphism and multi-
plication by non-vanishing holomorphic functions. We will call it the transversal type of
F at K. If X is the dual vector field of 5, since dw # 0 we have that DivX(0) # 0, thus
the linear part D = DX(0) is well defined up to linear conjugation and multiplication by
scalars. We will say that D is the linear type of K. Since trD 3 0, it has at least one
non-zero eigenvelue. Normalizing, we may assume that the eigenvalues are 1 and p. We

“will distiguish three possible types of Kupka type singularities:
(a) Degenerate: Hu=0

(b) Semisimple: If # £ 0 and Dis semisimple.
(c) Non-semisimple, £ = 1 and D is not semisimple.

Moreover in [GM-L p. 320-324] is showed the following theorem:
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2.3 THEOREM. Let K be a compact connected componet of K(F) such that the first
Chern class of thé normal bundle of K in M is non-zero, then the transversal type is
non-degenerate, linearizable with eigenvalues 1 and p € Q and for any deformation {F,}
of F = Fy the transversal type is constant through the deformation.

Let f1, f2 be holomorphic sections of the positive line bundles Ly, L; such that L®P

L2 with p, g relatively positive integers. Supoose that the hypersurfaces {f; = 0};=1 2 are
smooth and meet transverselly. Consider the holomorphic sectmn of the bundle T*M ®

L, ® Ly given by

: w = pf2dfi ~ ¢f1df
‘The associated foliation has the meromorphic first integral ¢ = f7 /f5. Observe that if
z € {fi =0} N {f2 = 0} then w(z) = 0 and dw(z) = —(p + ¢)(df1 A df2)(z) # 0. In this
case we have that {f; = 0} N {f; = 0} = K(w) and the transversal type is given by the
one-form 1 = pz dy — qy dz. The normal bundle vx = (L; @ L)|x thus has non-vanishing
first Chern class and by theorem (2.3) the transversal type is constant under deformations.

3 PROOF OF THEOREM A

" In this section we will prove the following result:

THEOREM A. Let M be a projective manifold with H'(M,C) = 0 and dimension
. > 3. Letw = pfydfi — ¢f1 dfs with p # ¢ where f; € H'(M,O(L;) and LE? = LY?. If

{fi =0}i=1 2 are smooth and meet transverselly, then a.ny deformation ' of the foliation
defined by w has a meromorphic first integral ¢' = f1? /37 (where f| € H*(M,O(L;))).
Let w = pf; df; —qf1 df; be as in theorem A. Observe that f; - f; is an integrating factor
for w, converselly, if ¢/p,p/q ¢ N and ' is an integrable section close to w, we will show
that the leaves {f; = 0}i=1,2 have non-trivial holonomy and are stable under:deformations,
namely, there are sections fi-€ H(M,O(L;))i =1,2 such that {f] = 0};=1}2 are compa.ct
leaves of the foliation w’. We will show that fj - f] is an mtefrratmg factor for w' and the
conclusion follows from (1.3)
3.1 THEOREM. Let M be a smooth projective manifold of dimension > 3. Fw =
pf2 dfy — qf1dfs € Fol(M, Ly ® L) is a section as in theorem A, then at least one of the
leaves {f; = 0} is stable under deformations

PROOF: Let wy be a family of foliations such that wy = w. The idea is to find a fixed
point of the perturbed holonomy. In order to do this, we will find a central element which

~ has non-trivial linear holonomy.

Recall that if V is a smooth algebraic manifold of complex dimension > 2, WCVisa
smooth, positive divisor on V, i : V — W <V is the inclusion. The generator yw of the
kernel ¢, : 71(V — W) — m;1(V) is central in 7;(V — W) [No 315—316] .

Since X C {f; =0} i = 1,2is a positive d:vxsor, the loop 4(3) := '7K € ﬂ'l({f, =0} -K)
is central and the holonomy is given by N

hy)(y) = 275 .y
h7(2)(y) = 62’"% )
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hypothesis that p/g 7 1 and that they are relatively prime implies that the holonomy k.
has non-trivial linear part for some ¢ = 1,2. The perturbed holonomy is given by

H.,(,')(t, 2) = (t, h.),(,')(t, Z))

by the implicit function theorem, there exits an analytic function ¢ +— 2z, such that
ha(i)(t, 21) = 21, and since v(2) is central, for any g € m({fi =0} — K)

Hg(t,2¢) = (t,2)

Let £ be the leaf of w, through the point (t, z;). The closure of this leaf contains the
local separatrix of the Kupka set hence £, is a compact leaf of w;.

Remark: Note that if p/q ¢ {2,3,...,1/2,1/3,...}, both leaves {f; = 0}i=1,2 have
non-trivial holonomy and are stable.

3.2 LEMMA. Let L; i = 1,2 and {f.} be as in (3.1). If H'(M,C) = 0 then any
deformation of w has an integrating factor

PROOF: Let wy be an analytic family of foliations with wey = (pf2dfy — ¢f1df2) €
Fol(M,L; ® Ly).

We will consider two cases:

(1) X p/g¢ Nand ¢g/p ¢ N.

In this case we have seen that the leaves {f; = 0};=; 2 are stable, thus there exists
an analytic family of sections f;, € H'(M,O(L;)) ¢ = 1,2 such that {fi; = 0};=1, are
compact leaves of the foliation represented by wy.

We claim that the product fi¢- fa: € H*(M,O(L; ® L)) is an integrating factor of the

section w;.
By (2.3), we have that the transversal type of the Kupka set is constant through the

deformation, thus, on a neighborhood of the Kupka set, wy/(f1.1f2,1) has the local expresion:

e dxa,: _ qdya,t
f1 tf2 t) SUa,t Ya,t

moreover {Za, =0} = {f1,1 = 0} NUy and {ya,s = 0} = {f2,, = 0} N U, and hence the
meromorphic 1-form wy/(f1,¢f2,) is closed.

(2) Assume that p=1 < ¢. In this case only the compact leaf {f; = 0} is stable, thus
there exists an analytic family fy; € H°(M,O(L;)) such that {fz; = 0} is a leaf of the
foliation defined by w |

We claim that f”l is an integrating factor for w,

Since H'(M,C) = 0, the Hodge decomposition theorem |G-H p. 116] implies that a

holomorphic line bundle L is classified by its Chern class. This implies that f§;'" is a
holomorphic section of the bundle L = L; ® L, ' :
On a neighborhood of the Kupka set Ky of wy we have

Tat

9+1 va

2! at

= yq+1 (yat dTot — qTat dyai) d(

!
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and {ya,: =0} = {f2: = 0} NU,, thus the meromorphic 1-form wt/f2 ; is closed and fq"'l
is an integrating factor.

Now we will finish the proof of theorem A.
(1) Since fy:fo; is an integrating factor for w; we have seen that:

Wy =pdf11 __qufzt*_n
fiefar fie S ‘

If HY(M,C) = 0 the holomorphlc closed 1-form 7, is zero and we get a meromorphxc
first integral for wy ‘

(2) Since f& is an integrating factor for w; again by (1.3) we have:

wt flt

<1 = 45T

)+ e
2t f2t

where fu € H°(M, O(Lq)) = H%(M, O(L;)) and 77t is zero because H(M,C) =0, thus
we get

wy = fE (5 f‘ = far dfu - qu dfae

2t

“This ﬁnisﬁ the proof.:

REMARKS: (1) If we begin with a unbranched rational function (Thé.t is, I =
L,) and we consider deformations keeping one leaf stable, then it is-possible to find an

integrating factor.

4 UNIV ERSAL FAMILIES

We will descnbe irreducible components of the umversa.l families of foliations of cod1-

mension 1.
Let M be a prOJectxve manifold with H1(M,C) = 0, we have seen that every holomor-

phic line bundle on M is determined by its Chern class ¢;(L) € H*(M,Z). It may be

shown that U, Fol(M,c) parametrizes the universal family of foliations of codimension 1
in M ([GM]).

4.1- DEFINITION: The fibers {¢7%(c)} of a rational map ¢ : M — P? defined on
a connected projective manifold M form a Branched Lefschetz Pencil If there are global
sections f; of positive line bundles L;, { = 1,2 with L} = L, p, ¢ > 0 such that:

(1) The subvarities {f; = 0};=1,2 are smooth and meets transversely in a smooth mani-
fold K called the center of the Pencil. -

(2) The subvarities defined by Aff +uff =0 with Ap # 0 are smooth on M — K except
for a finite set of points {(A; : p;)}i=1,....x where it has just a Morse type singularity over
the critical value in M — K. S o

Note that the meromorphic maps Satisfyipg only condition (1), are dense in the set of |

branched Lefschetz Pencils, thus as a consequence of theorem A we have:

i
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THEOREM B. Let M be a projective manifold whose complex dimension is at least
3, with H'(M,C; = 0. If F has a generic memmozp]uc first integral, then F is a C°-

structurally stable foliation _ i

Proof. We have two cases:

(1) If The meromorphic first integral is a Lefschetz Pencil, it is part (a) of the Goméz-
Mont Lins theorem [GM-L].

(2) If the meromorphic first integral is a branched Lefchetz Pencil, by Theorem A, we:
have that any deformation of a branched Lefschetz pencil has a meromorphic first integral,
this implies that the Kupka set is locally structurally stable, we can repeat the proof of
part (b) of the Gomez-Mont Lins theorem given in [GM-L].

THEOREM C. Let M be a projective manifold of complex dimension at least 3 and with
HY(M,C) = 0. Let B(c) be an irreducible component of Fol(M, ¢)-that contains a branched
Lefschetz Pencil; then there exists a Zariski dense open subset of B(c) parametrizing C°-

estructurally stable foliations, all of them topologically equivalent and branched Lefschetz

pencils

Proof. Let L; be positive line bundles with chern classes ¢(L;) = ¢; such that L, ® Ly, = L
where (L) =c=¢ + c3.
Consider the map
@ P" x P — Fol(M,c1 + c2)

([f1), [f2]) = pfi dfz — ¢ f2 dfy

where n; = dimcH'(M,O(L;)) -1, i=1,2.

This a well defined algebraic map. Let W be the Zariski’s closure of the image of ®.
We claim that W is an irreducible component of Fol(M, ¢), where ¢ = ¢; + ¢z. We know
that any deformation of a branched Lefschetz pencil is again a branched pencil and then
is in the image of . This show that W and Fol(M,c) coincide in a neighborhood of
a foliation Fy. Since W is irreducible, then it is an irreducible component of Fol(M, c).

Hence W = B(c). This proves the theorem.
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