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DEFORMATIONS OF BRANCHED LEFSCHETZ'S PENCILS 

0MEGAR CALVO-ANDRADE 

ABSTRACT. Let M be a projective manifolds of dimension~ 3, with H1 (M,C) = 0. We will 
show that a deformation of a codimension one singular foliation :F arising from the fibers of 
a. generic meromorphic map of the form P jgq, p, q > 0 has a meromorphic first integral of 
the same type. 

0 INTRODUCTION 

Recently, Gomez-Mont and Lins fGM-LJ have shown the following result which is an 
extension to codimension one holomorphic foliations with singula..--ities of the Thurston-· 
Reeb stability theorem: 

THEOREM. [GM-L] Let lvf be a projective manifold: . 
(a) If H1(M, C) = 0, and dimc!v.f 2: 3, then Lefscbetz Pencils a.re C0 -structurally 

stable foliations. 
(b) H 7r1 ( M) = 0, and dime 2: 4, then bra.ncbed Lefschetz Pencils are C(l-structurally 

stable foliations. 

Let L1 and L2 be positive holomorphic line bundles on !vi with holomorphic sections fi 
such that LTP = Lfq with p, q relatively prime positive integers. The fibers of the mero­
morphic map ¢> = Jf/ fi. define a codimension one holomorphic foliation with singclarities 
represented by the twisted one-form 

w =ph dfi- qfi df2 E Fol(M,L1 0 L2) 

In what follows, we shall say that </> is a meromorphic first integral ,of the foliation w. 
By a generic meromorphic map we mean the following: 

(1) The sets {fi = O}i=l,2 are smooth a.nd meet transversally on a codimension two 
submanifold K. 

(2) The subvarieties defined by :Aff + JJfi. = 0 with (:A: f.') E JP1 ~e smooth on J.ti- K 
except for a :finite set of points {(:Ai : JJi)}{i=l, ... ,k}· .. 

A meromorphic map satisfying conditions (1) and {2) is called a Lefschetz pencil if 
p = q = 1 and a branched Lefschetz pencil otherwise. 

Our main result is the following: 
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THEOREM A. Let Af be a projective manifold witl1 H 1(M,C) = 0 and dimension;?: 3. 
Let w = pfz dfi - q!J dh witl1 p i- q be as above and satisfying conclition (1). Then any 
defonnatio11 w' of t.be foliation defined by w has a meromorpbic first i11tegral <P' = J; P / f~ q 

where fiE H0(M, O(Li)). 

As consequence of this result, we may state tP,e Gomez-Mont-Lins Theorem as follows: 

THEOREM B. Let M be a projective manifold whose complex dimension is at least 
3, wit11 H1 ( M, C) = 0. If F has a generic merom orphic first integral, then F is a C0 -

structurally stable foliation 

In this theorem, generic means a Lefschetz or a branched Lefschetz pencil. 

THEOREM C. Let M be a projective manifold wlwse complex dimension is at least 3, 
and witl1 H1(M,C) = 0. Let B(c) be an irreducible component of Fol(M,c) that contains 
a foliation which has a generic meromorpluc first integral. Then tl1ere exists a Zariski 
dense open subse( of B(c) parametrizing, the C0 -structurally stable foliations; all of them 
are topologically equivalent, and have a generic ratio11al frrst integral. 

In [M], Muciiio analyses the tangent space of the space of foliations on a Lefschetz 
pencil From these infinitesimal methods, he gives an independent proof of part (a) of the 
Gomez-Mont-Lins theorem. 

1 CODIMENSION ONE FOLIATIONS . 

A codimension one holomorphic foliation (with singularities) on a complex manifold M 
may be given by a family of integrable !-forms Wa defined on an open cover U = {Uat} 
of M, Wa A dwa = 0, satisfying Wa = Aaf3Wf3 in Ua n uf3, where Aa(J are never vanishing 
holomorphic functions. If L denotes the holomorphic line bundle on M obtained with the 
cocycles {.>.ap}, then the 1-forms glue to give a holomorphic section of the bundle T"' M ®L. 

1.1 DEFINITION. A codimension one holomorphic foliation :F (with singularities) in 
the complex manifold M is an equivalence class of sections wE H 0(M, fl1(L)) where Lis 
a holomorphic line bundle sud1 tl1at w does not vanish on any connected compone11t of M 
and satisfies the integrability condition w 1\ dw = 0. Tl1e singular set of the foliation F is 
the set of points S(.F) = {p E Mlw(p) = 0}. The leaves of the foliation are the leaves of 
the non-singular foliation in M- S(F). 

When a leaf C of :F is such that its closure C is a closed analytic subspace of M of 
codimension 1, we will also call C a leaf of F. 

A Aolomorphic family {:Ft}teT of codimension one holomorphic foliations with singu­
larities par~etriz.ro by a complex analytic space T consists of: 

{1) A bolQI1lorphic family of complex manifolds { M 1}, given as a smooth map 7r : M -+ T 
between complex spares with '11"-l ( t) = Mt 

(2) A holomorphic foliation with singularities j: on M such that its leaves are contained 
in t.he t-fihers and the restriction FIM, = Ft is a codimension one holomorphic foliation 
with singularities on Mt. 
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Given a family of foliations { Ft}, the perturbed holonomy of a leai [, of the foliation F 0 

is the holonomy of C as a leaf of the foliation f:. It is clear that the perturbed holonomy 
has the form: 

H a ( t, Z) = ( t, ha ( t, Z)) 

where ha is a holomorphic function such that ha(O, z) is the holonomy map associated 
to a E 111(£) as a leaf of F0 . 

We will assume that M is compact and has complex dimension ;?: 3, in this case, the set 
Pol( 1\1, c) of those foliations defined by an equivalence class of sections w E H 0 ( M, ~V ( L)) 
where Lis a line bundle with Chern class c(L) = c, is an algebraic variety [GM-M p. ·133]. 

1.2 DEFINITION. Consider w E H 0 (M,0. 1(L)). A section r.p E H 0 (M,O(L)) is an 
integrating factor of w if and only if the meromorphic one form 

w 
{"\ ·--a.-

'P 

is dosed. 

H a section w E H 0 ( M, 111 ( L)) has an integrating factor then it is mtegrable. 

1.3 THEOREM. -~t M be a projective manifold. If r.p = r.pr1 
• • • r.p~• E H 0 (M, O(L)) is 

an integrating factor of w with ri > 0 i = 1, ... , k then: 

k 
w "' dr.p· - = _b,>.i-_

1 + d('lt) + 7] 
(J"J • . •• r.p, 
r a=l 

where Ai E C, 'It is a meromorphic function with poles at the divisor 2:!:1 li{ 'Pi = 0} with 
li < ri and 77 is a holomorphic dosed 1-form ·:;r 

PROOF: Let U = {Ua} be an open covering of M such that Ua and UanUp are simply· 
connected for all a, f3. ·· 

In [C.M. p. 37] is showed that 

k 
f"'l Wa "' \ dr.pa,i . d. (•Tr ) dh 
Her:=-. = L..J"i-- + '!l'a + a 

'Pa i=l 'Pa,i • 

here Va is a 'merom()rphic function on Ua with poles at the divisor E:=l li{t,Oai = 0} 
for some mtegers li < ri for all i = 1· · · , k ~d ha E O(Ua), the complex numbers >.i 
are given by . 

here ii E 1r1 ( M - { tp i - 0}) is the generator of the kernel of the map 
i* : 1r1 ( M- {'Pi ~ 0}) ·-+ 1r1 ( M) where i : M- {~Pi = 0} -+ M denotes the inclusion. Since 
Sla = flp in Ua n Up, we get: 

-----·--·--···· -· ···-· 
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k k 

'L>./I.Pa,i +d(Wa)+dha = "L,>./<pp,i +d(Wp)+dhp 
i::'""f IPa, i i=l <p fJ, i 

In Ua n Up one has the never-vanishing holomorphic functions J-latJ,i := <fJa,i/c.pp,i. By 
choosing some branch of the logaritlun we get: 

k 

L AjlOgJ-la,B,i + ho: - hp + Co:,{J = W fJ- Wa 
i=l 

for some CafJ E C. The left side of the equation is holom,orphic, thus the rigth side vanishes, 
this implies that W a defines a meromorphic function W on M. 

2 KUPKA TYPE SINGULARlTIES 

2.1 DEFINITION. Let :F be a codimension-one lwlomorpbic foliation with singularities 
represented by wE H 0(M, f2 1(L)). The Kupka aingular Jet denoted by K(:F) c S(:F) is 
defined by: 

J((:F) := {p E Mjw(p) = 0 dw(p) :f 0} 

The proof of the following theorem may be found in [Me]. 

2.2 THEOREM. Let w and K(:F) as above, then: 

(1) K(:F) is a codimension two locally closed submanifold of M. 
(2) For every connected component/( C I<( :F) tlwre exist a lwlomorphic 1-form 

7] = A(x, y)dx + B(x, y)dy 

defined ill a neighborhood V of 0 E C2 and vanishing only at 0, a covering { U or} of a 
neighborhood of]( in M and a family of submersions <pa : Ua -t C2 such that cp;1(0) = 
K n Ua and Wa = '1';71 defines :Fin Ua. 

(3) K(:F) is persistent under variation of :F; 11amely, for p E K(:F) with defl11ing 1-fonn 
r.p*Tf as above, and foc any foliation :F' sufficiently close to :F, there is a holomorphic 1-folm 
7] 1 defined on a neighborhood of 0 E C2 and a submersion rp' close to c.p such tl1at :F' is 
defmed by (c.p')*rl on a neighborlwod of p. 

Remarks: Tbe ~erm at 0 E C2 of 17 is well defmed up to biholomorphism and multi­
plication by non-vanishing holomorphic functions. We will call it the tran . .verJal type of 
:Fat K. If X is the dual vector field of 7], since dw "I 0 we have that DivX(O) =/:- 0, thus 
the linear part D = DX(O) is well defined up to linear conjugation and multiplication by 
scalars. We will say that D is the linear type of ]{. Since trD "I 0 , it has at least one 

. non-zero eigenvalue. Normalizing, we may assume that the eigenvalues are 1 and p.. We 
will distiguish three possible types of Kupka type singularities: 

(a) Degenerate: H p = 0 
(b) Semisimple: H p f- 0 and D is semisimple. 
(c) Non-semisimple, J-l = 1 and D is not semi simple. 

Moreover in [G]4-J ... p. 320-324] is showed the following theorem: 
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2.3 THEOREM. Let K be a compact connected componet of K(F) sucb that the first 
Chern class of the normal bundle of K in M is non-zero, then the transversal type is 
non-degenerate, linearizable with eigenvalues 1 and Jl E Q and for any defonnation { Ft} 
ofF = :F0 the transversal type is constar:Jt through the deformation. 

Let f 1 , h be holomorphic sections of the positive line bundles L1, L2 such that L?P = 
L~q with p, q relatively positive integers. Supoose that the hypersurlaces {fi = O}i=I,2 are 
smooth and meet transverselly. Consider the holomorphic section of the bundle T* M ® 
LI ® L2 given by 

w =phdfi -qfi dh 

The associated foliation has the meromorphic first integral ¢ = ff. / Ji. Observe that if 
x E {fi = 0} n {h = 0} then w(x) = 0 and dw(z} = -(p + q)(dfi A df2)(x) # 0. In this 
case we have that {fi = 0} n {!2 = 0} = K(w) and the transversal type is given by the 
one-form TJ = px dy- qy dx. The normal bundle VK = (Ll ffi L2)1x thus has non-vanishing 
first Chern class and by theorem (2.3) the transyersal type is constant under defon::D.ations. 

3 PROOF OF THEOREM A 

In this section we Will prove the following result: 

THEOREM A. Let M be a projective manifold with H 1(M,C) = 0 and dimension 
~ 3. Let w = pf2 dfi - qfi df2 with p ::J q where fi E H 0{lv!, O(L;) and L?~ = L~q. H 
{fi = 0 h=l ,2 are smooth and meet transverselly, then any deformation w~" of the foliation 
defined by.w J:tas a meromorpbic first integral ¢' = f~ P / f~q (where II E H 0(M, O(Li))). 

Let w = p/2 d/1 - qfi dh be as in theorem A. Observe that !I · h is an integrating-factor 
for w, converselly, if qjp,pjq f!. Nand w' is an integrable section close tow; we will show 
that the leaves {f; = O}i=I,2 have non-trivial holonomy and are stable unde:t:deformations, 
namely, there are sections fi -e~H0 (M, O(Li)) i = 1, 2 such that {![ = O}i=i~2 are compact 
leaves of the foliation w'. We Will show that f{ · f~ is an integrating factor for w' and the 
conclusion follows from (1.3) 

3.1 THEOREM. Let M be a smooth projective manifold of dimension ~ 3. ·If w = 
Ph d/1 - q/1 dh E Fol(M, L1 ® £ 2 ) is a section as in .theorem A, then at least one of the 
leaves {!; = 0} is stable under deformations 

PROOF: Let Wt be a family of foliations such that Wo = w. The idea is to find a fixed 
point of the perturbed holonomy. In order to do this, we will find a central element which 
has non-trivial linear holonomy. · 

Recall that if V is a smooth algebraic manifold of complex dimension ~ 2, W C V is a 
smooth, positive divisor on V, i : V - W Y ·· V is the inclusion. The generator 1w of the 
kernel i.: r 1(V- W) ~ 1r1(V) is central in 1r1(V- W) [No 315-316]. .. 

Since K C {/i = 0} i = 1, 2·is a positive divisor, the loop 1(i) :·. 1k E 1r1( {/i = 0} -K) 
is central and the holonomy is given by . .• . · 

h ( ) 2riZ. 
"Y(l) y = e t • y 

h ( ) 2ri.!. 
"Y(2) y = e , . y 
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hypothesis that. pjq :/= 1 and that t.hey are relatively prime implies that the holonomy h-y(i) 

has IWn-triviallinear part for some i = 1, 2. The perturbed holonomy is given by 

H 1(i)(t, z) = (t, h-y(i)(t, z )) 

by the implicit function theorem, there exits an analytic fun'ction t 1-+ Zt such that 
h..,(i)(t,zt) = Zt, and since 1(i) is central, for any f3 E 7rt({h = 0}- K) 

Hp(t, z,) = (t, Zt) 

Let C, be the leaf of w, through the point ( t, z,). The closure of this leaf contains the 
local separatrix of the Kupka set hence Lt is a compact leaf of w,. 

Remark: Note that if pfq </:. {2, 3, •.. , 1/2,1/3, ... }, both leaves {/; = O}i=l,2 have 
non-trivial holonomy and are stable. 

3.2 LEMMA. Let L; i = 1,2 and {/i} be as in (3.1). If H 1(M,C) = 0 tllen any 
deformation of w lias an integrating factor 

.PROOF: Let w1 be an analytic family of foliations with w0 = (ph dfi ~ qfi dh) E 
Fol(M, Lt ® L2). 

We will consider two cases: 
(1) H pfq </:.Nand qfp </:. N. 
In tllis case we have seen that the leaves {/i = 0};=1,2 are stable, thus there exists 

an analytic family of sections fit E H 0 (M,O(L;)) i = 1,2 such that {/;t = O}i=t,2 are 
compact leaves of the foliation represented by Wt. 

We claim that the product !It· ht E H0 (M, O(L1 ® L2 )) is an integrating factor of the 
section Wt. 

By (2.3), we have that the transversal type of the Kupka set is constant through the 
deformation, thus, on a neighborhood of the Kupka set, Wt / (!1 .t h, t) has the local expresion: 

Wt I dxa,t dya,t u =p---q--
(!I,th,t) "' Xa,t Ya,t 

moreover {xa,t = 0} = {h,t = 0} n Ua and {Ya,t = 0} = {h,t = 0} n Ua and hence the 
meromorphic 1-form w,j(JI,d2 ,1) is closed. 

(2) Assume that p = 1 < q. In this case only the compact leaf {h = 0} is stable, thus 
there exists an analytic family fu E H 0(M, O(L2 )) such that {/21 = 0} is a leaf of the 
foliation defined by w, . 

We claim that n:-l is an integrating factor for Wt 
Since H 1(M, C)= 0, the Hodge decomposition theorem (G-H p. 116] implies that a 

holomorphlc line bundle L is classified by its Chern class. This implies that f/i1 is a 
holomorphlc section of the bundle L = L1 ® L2 

On a neighborhood of the Kupka set Kt of w1 we have 

Wt 1 Xat 

f
q+l lu"' = q+l (Yat dxat - qXat dyat) = d(-9-) 
zt Yat Yot 
' 
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and {Ya,t = 0} = {ht = 0} nUa, thus the meromorphic 1-form wt/ fi,~ 1 is closed and f{~ 1 

is an integrating factor. 

Now we will finish the proof of theorem A. 
( 1) Since f 1 d2t is an integrating factor for Wt we have seen that: 

Wt djlt . df2t 
--=p- -q-+7Jt 
!1tht !It !2t 

IT H1(M,C) = 0 the holomorphic closed 1-form 7lt is zero and we get a meromorphic 
first integral for Wt . 

(2) Since JJ.j 1 is an integrating factor for Wt again by (1.3) we have: 

.. Wt fit 

f
q+1 = d( 7i") + 7lt 
2t J2t 

where fit E H0 (M, O(Lg)) = H0 (M, O(L1 )) and 7lt is zero because H 1 (M, C) = 0, thus 
we get: 

Wt = fi.tl d( ~~t) = h.t djlt - qjlt dht 
J2t 

This finish the proof. 

REMARKS: . (1) IT we begin with a unbranched rational function (That is, L1 -

L2) and we consider deformations keeping one leaf stable, .then it is, possible to find an 
integrating factor. · 

4 UNIVERSAL FAMILIES 
; ' .. 

We will describe irreducible components of the universal families of foliations of codi-
mension 1. 

Let M be a projective manifold with H 1 ( M, C) = 0, we have seen that every holomor­
phic line bundle on M is deterrrUned by its Chern class c1(L) E H2(M,Z). It may be 
shown that UcFol(M, c) parametrizes the universal family of foliations of codimenSion 1 
in M ([GM]). 

4.1- DEFINITION: The fibers {<p-1(c)} of a rational map <p : M ~ P1 defined on 
a connected projective manifold M form a Branched Lef.schetz Pencil IT there are global 
sections /i of positi~e line bundles Li, i = 1, 2 with Lf = L~, p, q > 0 such that:. 

(1) The subvarities {/i = O}i=1,2 ·are smooth and meets transversely in a smooth mani­
fold K called the center of the Pencil. 

(2) The subvarities defined by >..ff + Jlfi .-:- 0 with AJJ :/= 0 are smooth on M- K except 
for a finite set of points {(>..i : JJi)}i~ 1 , ... ,A: where it has just a Morse type singularity over 
the critical value in. M- K. · 

Note that the meromorphic maps satisfying only condition (1), are dense in the set of 
branched Lefschetz Pencils, thus as a consequence of theorem A we have: 
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THEOREM B. Let 111 be a pmjective manifold wlwse complex dimension is at least 
3, with 1J 1 ( M, C; = 0. If F ha..c; a generic JlJeromoiJJllic first integral, then :F is a C0

-

st.rurturally stable foliation . ~ 

Proof. We have two cases: 
(I) If The meromorphic first integral is a Lefschetz Pencil, it is part (a) of the Gomez­

Mont Lins theorem [GM-1]. 
(2) If the meromorphic first integral is a branched Lefchetz Pencil, by Theorem A, we· 

have that any deformation of a branched Lefschetz pencil has a meromorphic first integral, 
this implies that the Kupka set is locally structurally stable, we can repeat the proof of 
part (b) of the Gomez-Mont Lins theorem given in [GM-LJ. 

THEOREM C. Let M be a projective manifold of complex dimension at least 3 and with 
H 1 ( M, C) = 0. Let B( c) be an irreducible ~omponent of Fol( M, c) ·tl1at contajns a branched 
Lefscbetz Pencil; then there exists a Zarisld dense open subset of l3(c) parametrizing C0 -

estructurally stable foliations, all of them topologically equivalent and bra.ncl1ed Lefschetz 
pencils 

Proof. Let La bepositive line bundles with chern classes c(Li) = Ci such that L1 ®L2 = L 
where c(L) = c = c1 + c2 • 

Consider the map 
~: pn, X pn2 -; Fol(M,c1 + c2) 

([It], [/2]) 1-+ pft dh - q/2 dft 

where ni = dimcnn(M, O(L•))- 1, i = 1, 2. 
This a well defined algebraic map. Let W be the Zariski's closure of the image of~­

We claim that W i'l an irreducible component of :Fol(M, c), where c = c1 + c2 • We know 
that any deformation of a branched Lefschetz pencil is again a branched pencil and then 
is in the image ri ~. This show that W and :Fol(M, c) coincide in a neighborhood of 
a foliation F0 • Smce W is irreducible, then it is an iiTeducible component of Fol(M, c). 
Hence )IV= B(c). This proves the theorem. 
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