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1. Introduction. 

Tt·,e ~::tudy of wt·,at has t1een calle1j "E3r1y Vision" (BroV\'n, 1964; Bn:11jy, 
1981_; 8ZltTm·v Z~nd T ann.enbaun1, 1 961; Poggi o, 1 984) tlas, as one of its 
~10:~: 1:::, the ·e 1 uci dati on tif the mechzmi srns t1y whi cr·, a 1 i vi ng being 
constructs internal representations of th_e pr1ysica1 structures of the 
"out~:ide -·vvorld" - narn.ely, tr1e surfaces cif objects and a picture of the 
wa~ they move. 

A !~ood 1Nay of irnpro\·'ing our understanding of tt18SE! mysterious 
t1io1ogica1.processes, is by studying tt"ie problem tr1ey are ~:upposed to 
solve, fmrn a pur-ely rnathernaticzd (cor·nputational) viewpoint (see t·-larr, 
1 g;:;2). Frot·n this perspective, the problem becomes one· of designin·g a 
,ji:;trit,uted algor·itrn-n (see note [1]) for the reconstruction of a function 
on tl1e ~:ite~: of a tv·to-dirnensional, finite lattice or "Retina", given some 
otJ:::er\ .. ations thCit constrain its value. This function cZJn be rea1-vZJlued 
(i.e., a "surface" or an "intrinsic image"), as in the case of the recovery 
of: depth .fr·orn stereo~:copic pairs or· images; lightness; st"1ape from 
~:t·,a,jing; tt"1e r·estoration and segmentation of irnages and the fotTrMtion of 
per-ceptu3l cluster·s. It can also be vector--valued, as in the c-ase of the_ 
recover-~ of tt1e velocity field from succesi'y'e frames .of the sMne scene, 
etc. 

t~n it-r1portant, cornr-non ct"Jaracteristic of Ulis class of problems, is th(Jt 
the observations are so noisy or incomplete, that it is not possible, 
t1a~:ed only on U1em, to determine tt1e solution ·iti a unique W3~ ( ir1 

. t-natt·,ematical tenns, \·ve say that tt1e problem is ill--pose!j (?oggio and 
TorTe, 1984), or that the trtappinQ, fr·orn the original function to the 
ot,:::er·vati ons is nlany-to-one). This mean:::: that, in onjer· to ii nd a unique 



::.olution, it is neces~:ary to use, in some appropriate \"t:J'd' prior generic 
kno".·lledge ubout the behavior of the solution (for e?(arriple, we mJy use 
u·,e a::::::w·npti on U1at U1e sol uti on st·,oul d tie srnootr1, or Urat it sr,oul d tie 
plece\·vi~:e constant, etc.). 

One pos:::ible 1h'3Y in \·Vhich this prior k:no\·vledge can be included, is to 
,jeflne a functioned (a var-iational principle) that expresses tr1e desired 
~~lot,::ll condition (such as smoothness), and then to define the solution as 

the global rnm<irnizer of t1"1is functionZ~l, subject to U1e constraints 
irnpcsed by the observations (see, for e~-<ample, Horn, 1974 and 19B 1; 
HJJ,jr·ett·,, l'~HH; E:l ake, 19B5). \l/r1en tt·,ese constraints are 1 i near, Poggi o 
et al ( 1964, 1965) have st·,o··Nn tt1at tt1is functional can be constr-ucted 1n 
_ -.:;~- .ci'nat1c v·,··::::y, using the so cZJ1led "5tzmdard F:egularization" method 
(Tikr·ionov, 1977). Tt1ey hZ!ve applied this construction to the formulation 
or a '...'ariet!d of Early Vision problems, and t·,ave also proposed some 
e:":ten~:ions: to cover ~;orne non-linear cases as 'Nell. 

Tt1er-e is, hov·tever, another po\·verful mathematical tool that deals 'Nith 
tt·,e u~:e of prior knowledge for t1"1e reconstruction of unr.:nown ructions, 
name 1 !:1, stathti cal - in particular, Bayesian - Esti rnati on Tt·,eory. To w::e 
it, \Ve rnust f orrnul ate the ori qi na 1 reconstruction task as an estimation . ~ 

prctdetr1, ViJ"Iich rnean:; tt1at we have to propose a probabilistic model for 
H1e oti~;ervati ons ( tt1at is, ·we must assume tr1at ttl8!d are corrupted tiy 
noise V·ihose s tati sti ca 1 pr-operties are, at least par·ti a 11 y, known). Our 
pr·i or knowleij!~e about the beh<:Jvi or of the solution must a 1 so be 
e::·::pre::;sed in protiabi 1 i sti c terms, i.e., we must construct a probabi 1 it!d 
Iji~;tritiUtion , on U1e space of all possible solutions, that reflects t11e 
fact tt1at sorne functions (for e>{ample, tt1e srnoott·, ones) are more lif<ely 
to occur than others. 

Tt·,e incr·eased effort involved in formulating tt"1e problem in this terms, 
ha~: a definite payoff: 'vVe can use tt1e mact·finery of Estimation Tt1eory to 
construct efficient distributed Zll gori U1rns tt·,at perf orrn reconstructions 
th:.Jt are optimal, v·tith respect to very natural cost functionals (such as 
tt"18 e::·::pect eij va 1 ue of tf'te reconstruction etTor). 

This appr·oacb has ott1er Zldvantages as 1Nell: 
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Fii-:::.tl!d, it pro'·/ide::: a !]enerZJl fn:ll·nev·rork, not only for U11?. sepurate 
foi·Jnulation of a v·iide var-iety cif perceptual problems, but al:::o for the 
incor-poration of ~u3litati\·'Bl!d ,jifferent tr1ea:::urernent::: in a ::;ingle 
coop,:.rative B~::tirnation proce%; tt"ii.Js, it can t1e u~::e,j to com:tr-uct models 
fo( th13 interaction of "per-ceptual modules" t.t"rJt so L:n- have been tr-ated 
in :?Jt·r i nde~113nd1?.nt ·wa~ (see t·'1atToquin, 19:::5; F'oggi o, 1 g;::5). 

::ii?.COtiJjl !:!, lJ1e par-arnet,:.rs Urat 3ppear- in the n:.constructi on a 1 gori trrrns 
th:3t 21re deri\.•ed using this approach, ·-r1ave a precise i nterpretZJti on (for 
e:,.;:::;,·ilple, the n:dative V·leight of tr1e eviUI.:!fiCe prO'·iide,j by each setof · 
c!:::::(~r'...'ation~::, is deterrnined t'!d tt·Ie '·I'ZJriZJnce of ttw a:::sociZJte,j noi:::8 
pr·oc,:.~:::::), and it:3 optitr1ZJl valu~ can, in pr-inciple, be ,jetermine,j t'!d 
~;tat i ~; ti ca 1 rn 8 tt·,od::;. 

Fin::'ill!:l, the plausitlilit!d of t!"re prior 3~;surnptions at,out Ur1?. t'eh3'·/ior- of 
ti"il?. ~::olution, can be e:·:plicitely verified by ~~enerating sarnple functions 
of the correspondin.g randorn fiel,j, b!d rneans of 3 t···1onte Carlo procedure. 

2. Pro!J3Dilistic Models. 

2 .. L General Definitions. 

·The t':::J::;i c pro til ern in 1Nhi ch \·ve ::3t-e interested is the reconstruction of 
ti~P3 values of a function on tt1e N sites or a finite, regular lattice L. To 
f otTnul ate u-ris pr-otl1 em in ~wot,atli 1 i sti c terms, V·/8 nee,j u-,·e cor:cept of a .. 
r-an,Jom fiel1j ,jefine,j on l, that is, a collection Fof random variables 
ind8:=-::ed bW tt"1e sites of f. : 

. . ~ 

t:-fF 
I - ~ i i E /_ } 

::iuppo:::l3 that eact·1 one of the~::e ran1jonl variable~:: Fi , can t91<.e values on 

.~::orne ~::et Qi. \'/13 V·iill call an!d po::::::ible :::ample r-ealization 

.t = { f i , i E /_ } , ·.,.·.,.·it h f i E Q i , for a 11 i E L , a " c o n f i g u ra t i on" 
.. -.· . 

of H:e field (H1e ~::et of ;:Jll valid configurations is c::Jlled the "s;:Jrrlple 
~::pace" rz ). 



Ii .., ..... e assume that any valid configuration can occur ··,·vith positi'-.·'8 
~wo~'atlilit!J, 1N8 can al··,·V<:J~r:: V·l'rite U1e prot,ability di~:trit,ution of t1"1e 
configurations (i.e., tt"1e joint prot,at,ility density of tt1e nm,jonl variables 
{ F i , i E L} ) in tl·,e "5tandzit-d Gibbs fotTrf (see note [2]): 

PF ( n = ( 1 I Z ) exp [ - U( t) / T] ( 1) 

··,:·,·'l"lare Z if; a normalizing con:::tant; U is called tr113 "energy function", and 
T i ::: a parameter. 

A:: an e;,1.amp le, consider a fie 1 d of N i ndepen,jent, identi c::Jll ~ distributed, 
zonJ rnean, Gaussian random var-i ati] es. In trli s case, 

r'! I') 7 - (·? 11· o·2'J · 1 .:... • 
L - .&:.... ' 

U( l) = ~ f.2 
L 1 

i E L 

and T = 20'2 

Note that for this simple model, it is straightfon·vard to generate a 
sa1·nple function: we onl!d t"1ZJ'·i8 to generate N independent, identicall!d 
rJistribute,j (i.i.d.) Gaussian pseu,jo random mwnt,er-s. 

2. 2. f1 ode 1 s for the 0 b s e rv a ti on s. 

~iuppose tiKJt a sample configuration l of the field is given. V·/e ··,·vi 11 
a:::~;urne U1at t1"1e ot,servati ons !:l are ot,tai ned from f b!d a degrading 
operation (:::uc:t-1 a::: ~:ar·npling or- blurring), and t1y cornbining tr1e resulting 
degn3ded field 1Ni tt1 a noise fie 1 d f orrned by i. i.d. random '·Jar-tab 1 es. This 
cornbining operation can take several forms; it can be, for e;<arnple, 
zllj,jition or rnultiplication, or it can correspond to an error being 
cornrni ted in the transrnis:::i on of eact1 value of f , \·Vi th certain 
pr-ot,:3bilit!d· In :::my ca:::e, we require that it be re\o'E:r:::ible, in the sense 
U1at it should be possible to obtain the value of the noise from the 
'·/alues of t ar11j {1. H ttli:.:: is tl"ie ca:::e, t1"1e ccw,,jitional distrit,ution of 
~~r !~ i v en f , P g 1 f , can t' e o t1 t a in e,j direct 1 ~ f nJ rn t1113 no i ~; e dis t r-i t' uti on ; 

a::::::urning that the latter- can t1e \Vritten in H1e stan,janj Ciit,t:s for·rn, ··,·ve 
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F'glf = (1 I Z8 ) e;•:p [-c)~ cf'( p / i) l (2) 

··i.,.'l"n:.re c<· is called the noise parZJmeter, and 'P, the noise statistic. 

T'·/·/o e·><:an"lples 'Hill clarif~ tt·lis repre~;entation: 

a) ::;uppose U"tat the ot,sf3rvations ewe ob_tained by ad1jing to the value of 
~ . l~ at the !;i tes of a SUt1S8t 3 of L, zero rnean, i r i .d, (;aussi an no·i :;e of 

,, .. ••· 

\.'ZJFLjnce o· 2• In this c21se, Zc = (2rro·2)m/2 ; c< = 1/(2o·2) , 21nd the 

noi s8 stati!::;ti c corresponds to Ute squared "distance" bet'y'y'een tr·te fields 
l _;~r~~j !:l , taken over the sites 1h'rlere ·an observation is pre~;ent: 

( ~' .)) 

iE5 

b) ~iuppose that l is a binar-y field, and that tl1e observations are tl1e 
output of a Binary 5yrnrnetri c Channel (B5C) vri th error- rate p (set?. 

Galla!der, 1975), so tr1at · 

r(1-p) , if r1 = gi 

Pr ('J; If;) = -~ 
l. 

lt.l tl·11· .-: c-:=..--e 7 - 1 • 
. '·· .:1 U-=' ., C...,c - ' 

c~ = ln [ (1-p)lp J. 

, i E 5 

(4) 

and the noise statistic cor-r-esponds to tt1e number of sites where an 
. -·' ... . 

error hZJs been comtrtitted, i.e., 

C' ,_, 

(5) 

--- --·--------~--~------- ---- ---------- -------------



( 1, if ~<=0 
Vlt·tc!re o(:~) = ·{ -- (6) 

t o, ott1en·vise 

2.3. t'lodels for the 5o1utions: iiarkov Random Fields. 

Let us no\·V consider the problem of constructing a probability 
(iJ:::tr·i!Jution on the space of all possittle solutions (i.e., of random field::: 
ch: fi tw,j on L ) that corTespond to a given qualitative bet·,avi or. Tt·te 
::;i trtp 1 est way to accotrtp 1 ish this, is to specify tbe probabilistic 
(cp•:n·tclr?.ncies b13tween different elements of the field. Since W13 1Netnt to 
L1 :: :: :.~ 1:3 to process images Utat consist of sepetrate objects (i.e., to 
n:con:::truct ~:urfaces that are, for example, piecev·ii~:e smooth), 1Ne are 
rno~:tly interested in fieJ,js \olihere these dependencies are locZJl , in the 
:::cm:e that tr1e value of the field at each location depends, 
prc~t,atlilistically, only on a small set of neighboring sites (trte 
"nciqt·lt,ortlocllj" of a given location). Tt1ese fields are calle,j r··1arkovian, 

~ ~ 

3n;j the pr-obability distribution of tbeir configurations has the property 
th:~d:, 'l·vhen v .. ·Titten in the standard Gibbs forrn ( 1 ), the energ~ function U 
can a hvZJys be ·vvri tten as the sum of a set of "Potentia 1 Functions" Vv't"ii c:t-1 
<Jr·e :::upported on the "cliques" of tt1e neigt1bott1ood system of tt1e fieJ,j ( a 
"c i i C]!.ll?." is either Zl single site, or a set of sites such that any two sites 
belonging to it are neighbors of each other) : 

(7) 

\·vr·tere c ranges over Ute cliques of tt1e system, and eacr1 function V c tKJS 

c as its support. 

In u-:i s V'i3!d, tt·,e desir-ed pr·ot,atti 1 i ty di stri t1uti on can t1e constructed 
sitripl~l tty specifying the neighbortloo,j S!dStem and t!1e local potential 
functions. As an e~<arnple, the behavior of piece\vise constant surfaces on 
a :::quar'?. lattice can be modeled in the follo'·Ning way: tt"1e neighborhood 
of a ~:ite i of tt"1e lattice is defined as its near·e~:t neighbors, i.e., 
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r:i = {_i: lli-JII = 1}. Note th3t, for Jn interiorsite, the size of this 

nc~l :~:i-,t,oriK'c"j Vv'ill be 4; if trn3 site 1 i e::: ZJt the boundJr!d, but not at a 
COIT!CT, it ..,.·.,.·ill t113 -3, and fot· tile comers, it V·ii11 be 2 (Hiis field is 
c:ailed i3 "first order f'-'1RF wiH1 free boundi3rie:3"). For the potential 
fur:c U ons, .. ,...,.·8 i.Jse the generalized Ising potentials (lsi ng, 1 925; Geman 

"' r-· r· 1•::!·=·4)· • :~ n u ·-' ern a ', _. u . 

- 1 , ir II i - J II = 1 and f . = f . 
. 1 J 

Vc(ii,fj) = 1
1 

+1 ; if lli-jll = 1 ar11j fi :t fj 
. 0 , ott"1ervvi se 

(ci) 

·' , · \'/ h c r e \V e a ::: ::: u 1·n e tr121 t f i E { q 1l q 2 , ... , q n-J, for all i. T h e 0 i b b ::: 

cJi::;txil)t/cion ( 1 ), ·vvith U gi'·ien b!d (7) Zlnd (i::i), defines a o·nepan:n·neter 
. f;~,n'ii1!J of mo,jeb (irilje::<ed t'!d T), de:::cribin!d piece·.,...,..i:::e constant patterns 

\Vi~Jt '·/U!ding 1jegrees of !dranularit!d· 

2.<. GGnerat1an of Sample Configurations of MRF's. 

In t1"1i::: sectic•n V'/e o:-e:::ent sorne 31Qoritt·,ms for- gener-ating configurations 
i:f-!:3 t an?. rar·pj,:q·n, but v·!'t·,o:::e val Ul?.t: sati :::f!d the pnJt,atd 1 i sti c deper·,,jenci e::: 
of t1"1e gi'·/en t·~1RF, i.e. , s<:~rnple functions from tr·,e Csit,bs distribution ( 1 ), 
\'\··itt-1 U given b~ (7). To do this, V·le identify tile value of the field at eact1 

. . .· 
:::ite V·iitt"l U1e :::tate or 3 particle of 3 r1ypotr,etical pt·,ysical system 
'liilo:::e enet-Qid ·i::: given bkl U. If tt1is sy:::tem is allov·te,j to react1 ttletTnal· 
equilibriur·n at tetrtperature T, its configw-ations \·\·'ill be distributed 
:~cccwding to ( 1) (F:eif, 1965); the equilibrium behavior of.·suc.h 3 system 

: ·' can t11?. trto,jeJ.ed t'!d the steady state of a tv1ari<O'·/ ct,ain (vv·hose states····· 
cotTespor·pj to instantaneous configunltions of tt1e fiel,j), pr-ovided that: 

a) Tt1e chain is regular (··,·vhich mean:3 tl1at an~ t'.,...,..o allov·ted 
conf i !~urati ons 3t·e rnutua l1 y acce:::~:i t1le \·Vi tt"1 posi ti '·l8 probJt1i 1 it!J). 
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.. , 

p!·o::to:3ed for generating this chain (specifically, the Heat Bath algorithm 
(II~J~:: ;_ i ngs, 1970) and the Gibbs 5arnpl er (Geman and Gem an~ 1954) ). The 
tJ;j~;ic iJjea in all of U1err,, i~; to visit 8'·i8r!:l site of tt·,e lattice in some 
pn;::::cri t1e1j (1jetenni ni ::;tic or p::;eudorandonl) onjer, and, vv't"1en a site is 
'·..'isii.f?d, to generate, randomly, a nev·t value f01- its stZJte, using a 
l:nm:::;ition probability that d13pends on the current ~;tate of its neighbors, 
zmd that guarantees the inv3riance of the distribution ( 1 ). Tr1e 
t·1etropolis and "Heat Batlf algoritl1ms generate tr1is transition 
probability by selecting a ne·w "c<:Jndidate state" C!t randorn from the set 
of all o·.,.ya!Jl e states (using a uniform di stri buti on), and then accepting or 
rt:jr:.cting Utis transition, witrt a prot1ability trtat depends on t1"1e value of 
t11e energ~ incr-ement associated ".·Vitr1 it. Tile Gibbs 5ampler, on ttte otr1er 
.!"t3nd, equates the transition pt-obability to tt·te conditional distribution 
for- u·,e state of the vi::::ited site, given the state of its neighbors (1Ne 
\'li 11 discuss U1i s a 1 gori thrn in detai 1 in section 4 ). 

The t·'lE!tropolis algorithm itself is efficient and simple to implement in a 
~;er-iZJl computer; in a parallel machine, ho\·vever, one Y'lOUld like to update 
tt"1e ::;tate of a 11 tt1e non-nei gt·,bori ng sites at tt"te same ti rne, and in tt·,; s 
case, ttle regularity of the f1etropo1is ct1ain is lost, so tt1at it is no 
longer possible to guarantee its convergence to tt·te desir-ed Gibbs 
1ji str-i t1uti on (see note [3]). The ref or-e, if a parallel i rnp 1 ementati on is 
d1?.sired, eit!"ter the Heat Bath or trte Gibbs Sampler schernes rnust t1e used 
(a rnor-e detailed description of ::~11 these ::~lgorithrns, an1j a discussion of 
their seriZJl c:Jrnj pZirallel cornple)<ity mZJy be foLH11j in t1arroquin, 1965) . 

Tt·,ese al gori thrns, not only pro vi de a practical 'Nay of c:r,ecf(i ng U1e 
appn3priatness of tt1e proposed f'1RF for modeling tt·,e 1jesired qualitative 
behavior- of the field (and for- Ute calibration of the parameters of the 
model), but more importantly, tt1ey can be used for the computation of 
Un?. optimal solutions to tt·Je reconstnJctiori problem, as we viill explain 
it tl"ll3 ner;t section. Tl1eir use is illustrated in figure 1, 'Nher-e we sliov·t 
Htree t~!picZJl c~1nfigur-ations of a first order t·1RF, ot1tZJined after 200 
iterations of the HBA, for different values of the interaction parameters. 

Figure 1 around here 
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3 .. Gayesi 3fl Estimation. 

Once -...ve lla'./13 f onnul a ted the recon:::tructi on prob 1 em in probabi 1 i ~;tic 
terrn::;, its sol uti on c~n be f our11j as the opti rnal E:ayesi an esti rnator for 
tl"il:". t ... iarkovian field l , given ti"Je ot,servatiom; y. Ttlis estirnCitor i::: 
tkfi nc.d a !'.:I tile: mini mi z:er of the e:1p ected value (taken 'tt'i th re3pect to . 

t11e posterior distribution Pf 1 g) of a given cost functional. The 

po::;f(::ric~~· •.J\.::o•.r ,,_iiJtion is rour-,J ~.bin!~ Ba!d8S rule: 

~iinc:e for a gi•.;en set of ot,:::ervation::; F'g is just a normalizing· constant, 

and F'f r1a::; U1e form: 

F' f = ( 1 / Z) e ;.~ p [ - U 0 IT 0 ] 

\~tith U0 of the form (7), we can use (2) to \"trite Pr 1 g in tr·,e stzmdZJrd 

Git1b~: fotTn : 

Tt;Jis Gibbs disthbution cot-responds to tr1e equilibrium behavior of a 
pt·,~d~dcZJl S!dStern in 1Nhich the original field is coupled witl1 a fi~<ed, 

· e;-::ter-na 1 fie 1 d V'itlose intensity is given by the observations. The 
intoraction ter-rn .is given by ~( l ,p ), an,j U1e coupling strepgtt~:..t1y e<. 

-·-----------·-------~--~ 

--- --------------- ------



3. L Cost Funct1onals. 

~~ co:::t functional C( r, !·) measures t1o\v close is an estimated 
conii!juration '/ fmrn tl"ie true one f. The one that hZis been rnost widely 
u:::od (a1Utougt1 never in an e>;plicit v-tay) is one that is equal to zero only 
if f i = {i , for all i, and is equal to sorne positive number ~1 othervvise. 

5inc8 rninitrlizing the e~.:pected value of such cost functionzll, with 
l"i~!:::pt?.ct to P f 1 !J , is equi va 1 ent to rna xi mi zing P f 1 g i tse 1f, the 

corrospot·pji ng ma;<i mi zer is called tt·te Ma~;; mum a Posteriori (or 1'1AP) 
esti lrtator. 

n·ti::; estimator vvorks reasonably vv·ell if tile signal to noise ratio is 
rc·i::':tively higt1. In the tli!;Jh nohe s:ituation, tlo".Yever, it tends to t1e too 
con::;t;:!r\·'ative (in Ute :::ense thZJt it practicall!d dist-egarus ciJt~ 

observations, and relies almost e::-;clusively on the prior generic 
kno··,·vle,jge), since frorn its vievv·point it is equally costl!d to make one, or 
one tt·tous:and mi :::takes. 

A better approach is to define, for each particular problem, a cost 
functional that is in closer aqreernent with one's intuitive assessment of ._ 

Ute perforrnance of tt1e estirnator. As an e~~ample, we ~Nill now propose 
co::;t functional:3 (and derive tt'11~ ~_.or i e::;ponding estirnators) for two 
padicular problems: image segmentation and surface reconstruction. 

Consider a fiel,j l ~tvitt1 N elements, each of wt1ict1 can belonq to one of a 
fi ni l:t3 set Qi of c las:;es. Let f i denote the c 1 ass to wt1i c:-t the._ i th e 1 ement 

tl13long::;. Tt1e segmentation problem is to estimate l from a set of 
obser_-vations {g 1,. .. ~ gp}. Note that f.; does not necessarily correspond to 

Ute irn3ge intensity. It rna~ represent, for example, Ute texture class for 
a r-egion in an image (as in Elliot et. al., 1 983)~ etc. 

/!; re:3sonatile criterion for the performzmce of an estimJte / is the 
nurnt1er of elements that ZJre not classified correctly. Therefore, we can 
1jefi ne the segrnentati on error- as: 
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( 11) 

i = 1 

In the case of the reconstruction problem, an estimate / should be 
. con:::idered "!JOOd" if it is clo~:e to lin _U1e onjinary sense, so tt·1at tt·1e 

tot:Jl squared error: 

N 
er( ~~ /) = 2 (fi - (i)2 

i= 1 

is a reasonab 1 e rneasur~ for its per-f orrnance. 

( 12) 

To ,jf!t-i'-t'e tt·1e optimal e_stirnator·s V'l'it1frespect to the criter-ia stated 
abo1/e, '·i-te first pre~:ent tr1e gener-:31 result (v·diictl can t1e foun,j, for­
E~>~ar·nple, in .At1end, 1966) v·d1ich st3tes that if tl"1e posterior r·nar-gin:Jl 
distributions for 8\·'ery·.element of the field are knO\·vn, . .the optimal 
E:a!d8:::i an r3Sti mat or vvitt·l respect to atl!d additi 'v'8 5 positive definite co.st 
functional c may be found by rninirni zing i ndependentl!d tr1e marginal 
o:pected cost for- eact·1 eler·nenL 

In rnore pr-eci:;e tet-rns, 'vve consider cost functionals of the forrn: 

. ( 13) 

V·li ttl 
( =0 ifa=b 

. ' 
C; (a,b) ~ 

l::-o, ifa~b, fcwalli. 

\'·le ·.,..·rill assume the value of each element f; of tr1e field is constrained 

to t1e1ong to sorne finite ~:et Qi (the genera1ization to the case of 

cornpact sets i::: straightforward). The optimal Ba~e:;ian e:::tir-n:3tor /·..>:' 
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ViiU"1 respect to the cost functional C, and given some ot,servZJtions g, is 
defined us the glob2ll minimizer of the e;<pected value of C over all 
po::;::;i t!] e t and !l· One can prove tt"1at tril s e::;ti mate can b:3 found b!d 
rni ni rni zing in,jependentl y H1e marginal e:x:pected cost for eacJ1 eletr1ent, 
i.8., 

j""f- - q ''j - lr E Qi Ci (r,q) P; (r) -:: lr E Qi C; (r-,s) pi (r) 

fot- all ~!q zmd all i E L 

'vVI"i8n3 P; (r) is the marginal posterior- distribution of the element i: 

Pi (r) = 2: Pflg (f,- g) 
f: f i =r 

( 14) 

The optirnal estimators for the error criteria defined above, can b13 
easil!d deri'.,.'ed fr-orn this result (see f·'larroquin, 1965): 

In u·,e case of the segmentation problem,. ~te get that: 

f* i = q E Qi : Pi (q) > Pi (r) ( 15) 

for all r :t q 

Vir:. vvill call this estimate the 'l·taxirnizet- of the Posterior Marginals" 
( l.~1'0'·1·). 
. •' ll .- I 

For the reconstr-uction problem, the optimal estimator is: 

f*; = q E Q i : Oj - q)2 -:: Oj - s)2 

for all s :t q 

( 16) 

V·ie V·li 11 ca 11 t1"1i s estimate t1"1e "Trlresho 1 ded Posterior t1ezm" ( '"rPI'f ). 

To i 1' ustrate the difference bet\-veen the tv1AP zmd these estimator-s, let 
1_;s consider the following simple example: 

5uppose 'y\·'e t1ave a one-dimensional, binary field l V·litt·i Ising potentials 
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of ;j 11 p o s s i b le con f i g u ra t i on s of t !1 e f i e 1 d i s Q = { 0 0, 1 0, 0 1 , 1 1 } ) , an d 
:::uppose UJat tt·Ie ot,~:ervations !} are tt·,e output of a 85C vv·itt·, a gi'·..'en 
i?.ITCW rate. Using equations (2), (4), (5) and (6), \·ve can compute tt1e 
po ::: te t-i ot- d i stri buti on: 

::3uppo:::H, in pZ~rticulZJr, thZtt g1 = 1 Z~nd g2 = 0. If the SNR is relati•y•ely 
J, .. ,\;',.' {.:·~·o:ocific~ll!d, if 1:-,.:: -::: 2/T 0 ), V'l8 will t·,ave thZJt: 

Prjg (11) = Prjg (OO) > Prl!d (10) > Prjg (01) 

:::o th:3t the nAF' estirnator in this case is not unique, ar11j is eitl1er 11 or 
00. 

P1(1) = Pf!g·(1.1) + F'f!g (10) ; 

F'.1(0) = F'rl!~ (01) + Pflg (00) 

p 2 ( n = p r I g ( 11) + p t I g ( o.l ) 
F' 2(0) = Pfl!~ (00) +Prig (10) 

Cl133rl~, P1(1) > P1(0) andP2(0) > P2(1), so that the t1Pt1 estimator is 
10. 

For lar~er lattices, U1e situation is sirnilar, zmd the diff8rences in . ~ . . . 

performanc.?., more dramatic (particularl~ for lov~~ ::a·m). This is 
ilhJstrated in tM exar·nple por·trayed in figure 2.: panel (a) r-epresents a 
t!:IPical malization of a 64 by 64 Ising net witt1 free bou.ndaries, using a · 
1)a1ue of T0 = L74 ; panel (b), tr1e output of a B5C \·Vith etTbrrate equal 
to 0.4 ; panel (c), the t·'1AF' estimate, ZJnd panel (,j), zm approximation to 
th8 rwt·'1 estimate, 'Nr1icJ1 is clearly better~ tt1an t11e ~lAP from almost zmy 

· vie·.,.·.,.·point. 

13 

.·.'r 

.1 



Figure 2 around here 

3.2. General Monte Carlo ~\ngorithms. 

/~11 the estimators that are optimal ·with respect to cost functionals of 
tiE~ i" orrn ( 13) are easy to compute, once tt"1e rnargi nal posterior 
prohatli 1 i ties ar·e knov·m. Tt·1ese marginal di stri buti ons, in turn, are 
en~:e1nble averages (with respect to F'f 1 g ) of 8 functions (see equation 

([I)) : 

(in ~:orne particular cases, suct1 as tt1e TPr1 estimator-, it may not be 
n~ces:::ary to compute tt"1e marginal s, si nee the esti rna tor is ezisi 1 y 
c1xnputed directly from the en:::emt1le average of l). In any case, the 
con1putZ~tion of optimal estimators can be reduced to the appro>.:irnation 
of enserntile averages, with respect to Pf 1 g , of specific functions. To 

perform this 3pproxirnation, W13 recall that, using tl1e Heat Batl1 or Gibbs 
2iarnp1er algor-ithms, it is possible to gener3te a regular r1arkov ct1ain 
tt1at has Pf 1 gas its equilibriun1 distribution. Ttle lav-t of large numbers 

for regult3r ct1ains (see, for ex::Jmple, Kemeny and 5nell, 1 960) 
eshtdi shes that the fraction of time that the chain spends on a given 
::;tab3 l, ~,ovi 11 tet1d to P f 1 g ( l ,-g) as tl"le numt1er of time steps gets 

larg~?., independently of t~te initial state (i.e., "/Ve can 3pproximate 
ens13rntde a·~~erages t1y time averages), so that the posterior marginals 
rn<3~1 t1e 3pproxirnate,j by: 

n 
Pi (q) ~ (1/(n-k)) 2 C. (fi(t)- q) (17) 

t=k 
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n 
fj ~ (1/(n-k)) l f;(t) ( 18) 

t=k 

'·i·ihel-e_ l{t) is tt1e confi!;~uration generated by Uiel'1onte Czwlo algcwithm 
Z;i: tin·11?. t .• Z~nd k is the time require1j for the S!dStern to reZJCJI eqi:Jilibriurn. 

l~ :::i rrli 1 at- 11onte Carlo procedure can. tie used to approximate tt·,e t·1AP 
c:::: t i nE1tor (Gernan anq Gernan, 1963). In this case, tt11:: associ a ted cost 
functionz:il is not of the form (9), zmd thus, .r1.1,~,.., cannot be obtained 

· 1Hr 
-. 

directl~ in terms of enserntile 3'·/erage~;. It is po~;sibl1:., however, to . 
intn:11jUc1?. a ne··i·i "ternperature" par?rneter and forrn a family of 
di stri buti ons: 

P T = ( 1 / Z p) . e)<; p [ -( 1 /T) (U 0 IT 0 + c< q,) l 

(note thZ~t Pr coincide,s with Pf 1 g ~tvhen T = 1 ). It can be sho\·Vn the 

!JlOtl:3l r:na:,:irnizer of Pr 19 V·iill corre:;pond to tt1e ·equilitwiUm 

configuration of a chain that has Pr as its in'·lariant distribution, as r~o. 

Th:?. rneUIOij for- finding U1is equilibrium configuration (trie "gr-ourllj ~;tate" 
of the ~:y~;tem) is call::.d ,;5irnulZited Annealing" (Kirkpatrick at. ZJl., 
1 9Ci3), and it consists in s 1 o··,·vl y decreasing the ·"temperature" parameter 
T \\·'t"lile tt·,e sy:::tern (the Heat Bath or Gibt1s 5Jrnpler ct·,ain) is mantained 
in equilit1rium. It stwuld be noted tt1at tt1is process will be, in general, 
cc:r1put~~i on ally triOre e~<pensi ve U1an u·,e appr-m<i rnati on of tt·,e ensemb 1 e 
:::J'·r':?rage of a function at a fi i<ed temperatur-e T = 1.0. Besides, si nee in 
i::18 1 atter case we are using a t·1onte Carlo pt-cedure for approxi rnati ng 
the value of s.ome integrals, 1Ne should e::-;pect a nice convergence 
beha'·/i or-, in the sense U1ZJt coarse appro~<i mati ons can t1e computed ver-y 
fa:::t, and then refine1j to an arbitrary precision (in fact, it c3n be prO'·ielj 
(~:ee Feller, 1 950) tt"1at U1e e;,:pected \..'Jlue of the squm-elj en-or of tt"1e 
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c::::tirnates ( 17) and ( 18) is inversely proportional to n-k). 

Fin;:Jll!d, ~ve point out tr1at, since maxirnizing Pr 1 g is equivalent to H1e 

rninitrlization of the posterior enet-Q!d= 

tllr3 r·1t1P estimator can be considered a generalization of the 
n:QulariZZition method for solving Ulis class of problems (see Poggio et. 
al. , 1964 ). q:. represents tt1e constraints generated by H1e observations, 
Zind U0, the srnoou·mess assur·npti on. If these terms are quadratic (whi cf·, 
corn~::::ponds to a Gaussian assL::-nption, t1oth for tf1e noise and for the 
ficlci), t1"1e 11AP estirnate coincides with U1e "5tandard Regularization" 
~:olution, and its value can be found by efficient, deterministic methods 
(~::j!?. T erzopoul os, 1985). 

4. Deterministic Cooperative Networl<s. 

\·ie will now discuss a general procedure for constructing deterministic 
cooperative net'vvorks that can be use,j for obtaining good approximations 
to the optimal ef;tirnators for r·'larkovian fields with finite f;tate space 
(i.e.j ·.,.vhen the random variables of the field take values only on a finite 
t;et Q = {q 1""' q1,1} ). 

As \'·ie mentioned above, the optimal estimators for these fields can be 
easily ot,tained once tr1e marginal probabilities Pi (q) are f<nown; tt1ese 

rnarginiJls cor-respond, in the t'lonte Carlo scheme, to the fraction of time 
1jtwing 'v\"llich the variable associated Yv'ith each site i takes a particular 
value qEQ, as tt1e t1arkov chain generated by the algorittml evolves. We 
··i·iill no\'V use a "mean field" approximation to construct a deterrninistic 
n13t\-vcwk H1at simulates U1e evo 1 uti on of these rnar-gi na 1 frequencies. 

To under-stand ho~tv H1is is done , let us consider tr1e Gibt1s 5arnpler 
;31 gcwi U1rn in ,jetzli 1: it can be represented t1y an r1-1 ayer tli nar-y stochzr:;ti c 
netw·ork F; wiu-, each h1yer corresponding to an allo\,Vab1e va1ue for the 
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r:: n rJ om v a ri a b le s of the f i e 1 d / (thus, if f / t ) . = q , we h a v e F i , q ( t) = 1 , 

2i n :j F i r ( t) = 0, f or- r ~ q ) • E Zl c t·, ::; i t e o f U1 e l a t t i c e ( e ZJ c II col urn n o f F) i s 
) 

'·/i ::;i te,j in turn. \'-/hen U1e i ti'J site is visited (say, at time t), the 
contJi ti onal probabilities Y·1}t) are computed using the e?(pressi on: 

exp [ -u/t) (q) ] 

Vl;(t)(q) = Pr U;(t) = q f/t) ,· j ~ i) = ---------

~r E Q e:~:p [ -u1 (t) (r) l 

v· .. 'f"Jt:Tl?. u1 (t\q)· is the local energy or "e)<:ci tation" received by t.he (i,q) 

c:r:.ll of the nebvork F 3t timet. For e.xample, for a first order field, we 

(' ) . . . . ( ... ) 
~I ( ., - ~ V ( f L ) · CP ( ' ui ' qJ - LjENi c q, j + c:< ~ i qJ q E Q 

· ~,~,if·p::r-~3 Ni is the neight,orhood of site i; V c are the potentials for tbe t·JRF 

tric;je] for (, ZJnd cpi is the local. noise tetTn (for e><:arnple, in the CZJS8 of 

additi'·/2, \·Vf.litf3 Gaussian noise, if there is ZJn observation pr-esent at site 
i, .., ... ,..e ha'·ie th:::Jt <P;(q) = (q -· 9;F ). 

f··!e;.;t, a random number- n, di stri t1uted according to 1h' i ( t) , is generated. 

Suppose n = q . Then, V•/e put f; (t+ 1) = q (i.e., F i,q (t+ 1) = 1, and 

F i,r(t+ 1 )=6, rO(r: ;t q). Fitiillly, tt1e estitrJate~; for tt1e marginal 

probabi 1 i ties ·are updated using the expression : 

V'I'!Wn3 ::-.• r: [0, 1] is a par-arneter- r-elated \·viu:,· tf~1e size of the tirr1e 1Nindow 
us131j for tl1e update. 

In iJ113 deterrni ni sti c t;ctJeme, 1N8 r·node 1 tilE! average bef'Ja\;i or of H1e 
~;toc:l'iJStic netv·lork, so that the e~;tirnate for Pi(q) is replaced t1~ its 

(cor11ji tiona l) expE!Cted ~·ZJl ue. Tt·1e update e:~pressi on beccwnes: 

17 
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v ... ·r3 finally get: 

·., .. ,..i(r) C;:jn be approximated using a "mean field" assumption, 'Nhich in this 

ca~::.o takes tt"1e f orrn: 

(20) 

. 
where ui ( t)(q) is the <'JVer<3ge excit<3ti on of cell ( i ,q) at time t : 

It is also possible to use a weaker assumption to appro;~irnate v·t, 
n;:Jrnel y, the 1 i neZJr independence of non-neighboring sites of tt1e field r. 
Using this assumption, one gets the formula: 

(21) 

Note tl1at in either case, in tl1is deterministic sct1eme, tt·1e value of the 



field is never computed e~~plicitly. The <Jlgoritt:m corresponds to <Jn 
11-1z1yer cooperative net··..vork P ··,.vhere the state of each cell (i,q) 
cotTespond::: to tt"1e current esti nKJte of H1e rnargi n31 prot1abi 1 it~ Pi (q). At 

the fixed points, tt·1e systern \·vill sZJtiMy tf·,e rnean field equ~tion: 
·- ··· ... 

( ..-,..-,) L.L. 

~-~(~!uri:::ticall~J, tt113. stability of the system ( 19) (using either (20) cw (21) 
to ;:,ppro:":irnate v·d, follov-ts frorn the regularity of the unde.t-lying t·'1at-ko··l 
cl"iai n; rr-,i s con~:i deration is rei nf orce1j by tt1e experi menta 1 t1ehavi or of 
the ::Jl!3orithrn, which, in fZJct, is found to converge to ;a solution of the 
form (22). ~lore formally, one can guarantee the stabi 1 i ty of the S!dStem 
t1y introduc1n!l3 time-varying "ter:nperature" parameter Tin the 
appn:J)<irnation (20) to 1h'i , wt1ich now becomes: . 

'f) 
\('l i ~- (q) = ------".:~--- (23) 

ln:Q exp [-ui(t)(r) I T(t) ] 

'•,•/het-e the function T(t) (the "annealing schedule") is a non-negative, 
rJecr-easing function ·~atisfying T(O) = 1. (\-ve have used the schedule: 

·., 

1 1 , for t < t0 
T(t) = i 

L e;,;p [-(t-t0)2/-t2 ] , for t > t 0 

\·Viti·, !~001j experimental results. Tgpical vallu;s for- the parameter~: are : 
,t0 = 0 ZJnd 't' = 29 ). 

In H1e appendix, W13 st·1ovv tt1at if T f = 0 , t1"1e deterrni ni sti c S!dStern given 

l:i!d (19) and (20), for a first or-der, 1···1-ary fiel1j )·vil1 ZJhvZJys be statile, an,j 

con'·/erge to a (local) ma;<irnurn of the posterior probability Pr- 1 g. - . . 

~~--------



\'/r:. ha\•'8 found, e;.~perimentally, tl121t the convergence of the system 
di?·::cr-itlelj b!d (19) and (23) ('·Nitti U1e annealing sct·Jedule given atiO'·lB) is 
'·/t:!l.'d fa.st: one can g13t reasonably good results in less than 1 o iteration~:. 
Tt·p;· convergence of tt·,e systerr1 given by ( 1 9) and (21) is sligbtly slO\·ver: 
it mi!~l-,t take atrout 20 iterations instead of 10 (one czmnot use 
"anne.aling" in Ulis case), but the final result!; are tretter than in the 
forrner case. The results of a t~pical e::<perirnent are illustr:~ted in figure 
~:., v'o'l·tere 'Ne estimate a non-isotropic, temZJry field corrupted by 
additive Gaussian noise (the values of the original gray levels are 
a::::::1.u-ned to t1e known). Tt1e e:;ti mate obtai ned after 5oo iterations of 
t1"11?. (:3S!:It"nptotically optimal) r··Jonte Carlo sct·Jenle described in section 3.2 

is ;jJso pr-esented, for- cornpZ~rison. 

Figure 3 around here 

.. L2. Analog Networksw 

Let 1·1 denote the tirne incrernent for systern ( 1 9). 5et ).. = 1 - h/-t , 
'•/·,·'f'tEn-e -r. is a parameter. Taking the limit as h -7 0 , one can construct a 
continuou:3-tirne system equi'o.·'alent ( in the sense of ha'·ling the same set 
of fi :'-:e1j points) to tt1e discrete-time system ( 19) : · 

--=-(1/-t)(pi(q)-·vv;(q)), iEL, qEQ_ (24) 

d t 

This system can be implemented u~ing an analog network with non-linear 
mnplifiers w!"io~:e gains are given bid tr1e function w. For e)<arnple, for 
t1inar-y fields, and using equation (23) to appnJt::imate ~tv, vve get a 
single-layer networ-k, wit!! 
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(25) 

Thi::: nebvork i::: r-elatl3d to the ones pr-opo:::ed t1y Hopfield (1965) (:::ee 
2tl :>J l<och et.a l., 19ci15) for the :::ol uti on of cornbi n:Jtori <:~ 1 opti rni ZZJti on 
pnL1lems (see note [4] ). It is interesting to note that, although in tf1e 
z,?.t-o tetr1perature limit t~ou, types of netv·iork V·l'ill 1-,a·.;e fi:wd points at 

• t1"11?. local rninitr1a of u-,e posterior ener·g~ UP , tt·1eir diJna.rnic behavior 'Hill 

t113 '·ifT~ different, so that even for the same initial state (for e;·;ample, 
F'i == r).~S, for all i), ttwy V'iill, in !]eneral, convenJe to different solutions. 

\'/e h:J'·/8 perfon-ned sirnulZJtion::; of both systerns, an,j have found a much 
!n~ttc·T performance for the scheme described by (24). 

<.3. H1g!ser Order Fields. 

It is possitde to con::;truct deterministic cooperative net'-.·vork::; to 
cornpute e::;ti mate::; of f'1ZJrkovi an fie 1 ds that have non-zero potentials for 
cliques \·vitl1 more than 2 elements, provided that the appropriate 
fmTnulae for U113 average e?(Citations are u::;ed. As ;::m e;·::arnple, consider a 
tlin::Jr~l second order f"1RF \·vt·,ose only non...:zer·o potentials are given by: 

-· . 

( ~J(fi + fJ + fl() if j,k E [ll3i 
I I ( • f f ) I v 3 u jl i l k = "i 

- l 0 , other··Ni se 

\·vtwre r·.f\ = { J, 1< : lli-JII = lli-kll = 1; IU-kll = /2} (see figur.:e .4); 

fi E {0, 1}, for all i, and ~pis some real-valued function. 

Figure 4 around- here · 

. If one 1Ni ~;t-,es to u:::e H1e appro:,:i rnati op gi 1.1en t1y equation (23), U1e 
3\/i3r::Jg'~ e~::citati ons sl-,oullj t1e compute1j using: 

_____ LL __________________ .. ____ --~~-- ---------~------- ______ ~---
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- ( 1' "' 1.111'· } = 2.. 

ui(O) = :2: [ •.p(Q) Pj(O)Pk(O) ~ 1(1) ( Pj(O)Pk(l)' + Pj(l)Pk(O)) + 

j,k E ~.(3i 

+ •J!(2) Pj(l)Pk(l) ] + C\ 1·i(O) 

\'/e ·vvill present a practical application for t1"1ese higt·,er order fiel1js 
··,···,·'1'1en 1h'8 discuss the reconstruction of pi ecev·t'i s13 continuous functions in 
~:c~ction 7. 

··t.'L ~V/trmer-Takes-A 1 r (WT A) Netviorks. 

In tr"ll3 zero temperature limit, and for the particular case V·there A. = 0, 
t!"1e 1jeterministic system defined by ( 19) ar11j (23) works, in fact, as a 
\ 1·/T A net··,·vork, in the sense that only the rnaxirnally stirnulated elements 
in ~ach colurnn will hJve a non-zero updZJted value. 

Tt·,;~; ~;ct1erne can be implemented in a binary net'vvorf< , if a "re~;toring" 
tr,ec:r-,anism- i!3 intro1juced~ so that tr1e updating sct1erne becomes: 

( 1 , if w/t) (q) > 1 /2t·1 (or equivalently, 
i't+ ''1, ' J - -p i' 1 , , q.! = -1 if u i ( q) ::- u i ( r) , r:t q ) ( 2 6) 

l o , ottlen'·t'Lse. 

Net\·vorks of this kind are very efficient in the use of memory, and can 
t1e useful.in the solution of ~ertain classes of problems (such as the 
cornput.ation of deptt1 from stereoscopic pairs of images, a pr-oblem that 
Vie will discuss in more detail belO\"l), wt·,ere their com.·ergence to "good" 
!::o 1 uti ons can be guaranteed. 
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:s. PZirameter Estimation. 

Tt·,e al1~ot-itt·,rr1::: \·ve t1ave 1je:::cri bed give e;~celll?.nt re:::ul ts V·tt1en tt1e 
r<JrE:tr1eters tt·,at characterize U1e system (tt-1e "field" and "noise" 
~nr:::nrmter-:::) are kno\·Vn. In general, ho'•h'8v'et-, thi::: is not tt1e case, and 
1Jp:::•sl3 pan3rneter-~; ha'·/e to be estimated directl!d fnxn the (noiS!d) 
ott~:::t=.:r\iation~:. Tt·ii~: problem, vd1ose solution remains 1/81-!d rnuct·, open, is 
not e~~clu~::i\·'8 of Ulis forrntilatiorl. In <Jll other 21ppro<:~cr1es to the 
rrc:c:1struction problem (such as the "regularization" one), there are also 
"rr·eo" par-ameter::: UF3t t·,ave to t1e adjusted (u:::uall!d, using a trial and 
I?.ITot- procedure) .. 

In c:.a- c:J:::e, since ··,·ve are using a probabili:::tic formulation, '·l·ie czm, ZJt 
l c::J~:: t in principle, define the "tll3st" va 1 ue for U1ese pZJrarneters in a 
pre.ci::e ··,·'·iaj: it is tt"1e value. tiH1t ma::::irnizes U1e like1H·,oo1j function: 

L (E! I p) =log F'(p I 9) = log 

\'·,·'t"1ere e .i :_u·lf~ pararneter vector,. arnj Up is the posterior e:nergy. 

Uniortunatel~, t1"1e e~·<traordin::;Jry cornple~<ity of tt'lis function makes its 
1ji rect rn<:n·:i rni zaticin unf ei3si til e. There are i n1ji rect methods, suc:t-1 a::: the 
"EfJ al!;~orit1"1rri" (Demp~:ter et. al., 1 977; see note [5]), t1ut tltey at-e 
pr:~cticzll only if tr1e number of unknov·in parameters is small (one or 
t · .. '.lrJ'I 
.. I I - J • 

V-/e t·rave 1jeve1 ope-d a different approact1, Vdli c11 is computati on.all y more 
efficient, and may, in principle, be used for· more tr1Jt t'·i·io unknov·in 
paranletet-~::. The b:asi c ide a is to t(se sot·ne ·statistics compute1j from tt1e 
dat<3 to con:;train U1e space of plausible \lalues for the estirnates to a 
~::rnooth CI.W\18 • In this V·i3y,' we can perfor-m ZJn e::-::h3ustive ~:e3rct·, for the 

. glob'zll rninimurn of an Z:!ppropr-iate·rnerit function by varyit-,!~ continuously 
the values of the parameters, so that the equilibrium of the Gibbs ch(]in 
i :; rnantai ne1t 

To illustrate tt-lis i~eZJ, V·ie consider-, for e~<ZJr·nple, tt1e case of a binar-y 
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J:::;in~~ field Y.if"ler-e the noise corruption corresponds to a BSC (the ideZJ can 
be easi 1 ~ 8i·(tended to t·1-ary Ising fie 1 ds and other noise mode 1 s - see 
note [6]). 

'v··ie define U1e statistic u
9 

as: 

u9 = 2 V(gi , gj) 

i,j 

·.,.· ... t,ot-e \l is an Ising potential (see section 2). If tt·1e error r'ate of tt1e 
cf·,2Jnnc:d is E vve have tt·,at 

' 

E [ u9 I e<,T 0 l = E [ U0 I e<, T 0 l ( 4.: 2 - 4€ + 1) 

Not13 thJt the function 

E [ U0 I c.<, T 0 l = E [ Ll 0 I T 0 l = '¥ (T 0) 

i::: independent of the data, and t!"ILJS, it can t1e pre-computed for any 
gi'·len lattice size, using, for e;<ample, the Monte Carlo procedure of 
~:,?.ction 3, but H1is tirne witr1 u-,e prior energ!d U0 instead of Up (in figure 

5 we ~;ho~,ov this function for a 30 x 30 binary Ising 1 Gtti ce with free 
t1otmdari es). 

Figure 5 around here 

Then?.for-e, we get: 

E[Ug I e<,T 0 l=i'(T0)(4E2 -4E+ 1) 

If we make tt1e assumption t!1at 

..,,..,.·here u
9 

is the ot1served statistic (see note [71), '·Ne can constrain the 

seat-ch for the estimates o:, T 0 to tile curve given b~ U1e equation·::: 

~ 1 , [ 1 - { -ll . ,I \Tt 'T~ \ ' 1 /2 ] . 
E = /2 •. g . ! \. O) L 
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i\::. a merit function, ··,·ve ha\18 used the squared difference betv·,··een the 
conditiotH'il 31"1Jj uncon1jitionJl e::·::pected values of tr1e suHicient statistics 
(.-. -.- r·- t•":J·-· [?] ·-·r· d [t::']J' • .-:•J:.jj IU .c:.:• ~ o:J I ,.J • 

l (c::,T0) = (E [ C:( I {f,c;,T0 l- E [ex: I c;,T0 ] ) 2 .+ 

+ (E [ U0 I § ,if,,f 0 ] - E [ U0 I if,,f 0 J )2 = 

'·i·nt:·i c-:: 0 = ln [ ( 1 - Ec1)/E 0 J. 

€~, a:·11j Uct zn-e H1e condition3l e~<:pected. V31ues of the noise densit~ 2:·.d .the 
fi e.J,j potentials, r-especti 'y'e.l !d, and can be apprm<i rnate,j ei thet- as time 
t3'·t'8t31]8S of the cot-re:;por11ji ng Gi bt1:; cJ1ai n (usi n!d the posterior 
1ji ::;;tri t1ution given b!d equation ( 1 0), ar11j V·ii th t:~( and f 0 as parameters), or 
ft·orn H1e ~;tati onar~ (posterior) rnargj nZi 1 probabilities, if the 
deterministic S!:Jstem is use,j (see belo·.,.·.,.-). The optimal estimate .for (c-<, 
T0) can no·,.·.,.. t1e ot,tained a::; tt"1e global. mJnirnizer of L over Uw curve 
(27). 

OH1er rnerit functions rnay 31~::o be used (sr?.e section 6.3) ; Hlis one, 
ho·vvevet-, has the advanta!de of ha•.;ing a pt-e.cise interpretation: it 
c.otTe:::pon,j::; to tt1e not-rn of the der-ivative of tt1e true likelH1oo,j function 
(::;e,?. note [5]), ~;o .th~t it .v·ii 11 be zer-o· ZJt its 1 oca l rnZJ)<fnM. Tt·Ji s 211 i;o 
suggests the use of higher order cumylants (for e~<amp1e, the covar1ance 
rnatrix) to approxirnate tt·,e corresponding f"1igr,er order derivatives, and 
irnpny.,.•e tt1e optimization strategy, but ·vve ·vvill not pursue tt1is point 
hen:•. Note u·,Zlt H T 0 (and l"ience C() Zlt-e VZ~ried slm·vly enough, so th3t the 
a::::;:.ciate.,j Gibb~: ch21in is rnantaine,j appro;-;irnate1~ in equilit,rium, the 
cornputat ion a 1 cost of this sem-ch ~vi 11 t1e equi va 1 ent to tt·13 t of a sin!~ l e 
"~:i rnul ate,j anne a 1 i ng" e:x:peri r·nen t. 

Tt1i :3 estimation al!;!Ori tt}t"r1 a l1 O\·v::; us to r-econ:::truct a patt:3tT: / f~-orn the 
ned::;!~ otJ::;et-··.·'3ti om g without ha'·/i n!~ to (llj j u::;t ~3n!d free f:'arameter::;. Tt·1e 
onl!d :.w~or as:::urnptions {:orrespor11j to tt"te qualitative stnJctt.n-e of tt"1e 
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fh:dd l (first order, isotropic t··1RF) ~nd to the nature of the noise 
process. In pnKti ce, this means that v·..-e can apply it to restore any 
pic,Cf?.Y·iise uniform image ·wiU1 unifotTn !]ranulJrit!d, even if it t·,as not 
lit?t:.n generate,j tty a f'1arkov proce:;s. V·/e t·,ave u~:e,j tt"1i :::: a 1 gori tt"im to 
reconstruct a variety of binZJry irnages vvith er~cellentresults. In figure 6 
\\18 st-Io· ... v such a restoration. n1e observations (b) v·tere generate,j from 
1J11?. synthetic irnage (a) ·vvit1"1 an 3ctual error rate of 0.30 (assumed 
un~::no\·Vn). Tt1e optirnal e::;tirnate for l (using U1e deterministic system 
!ji '·/en b!d equations ( 19) and (21) ) is shown in (c). Tt·,e behavior of the 
function L along the curve (27) is shoY·m in (d). 

Figure 6 around here 

It :::houl d be noted that a 11 the average quantities required for tbi s 
panJtrieter- estimation procedure , can tte appro:.::irnated using formulae of 
the fot-rn: 

\·vtlere <Ji is the desired average; a1(q) is the value of the variable ai 

ot,tained assuming tt1at fi = q, and P1(q) is the marginal probability, 

e!::tirn3ted u::;ing either the t"1onte Carlo or the deterministic procedures 
descrit1e.d in section 3 and 4. Tt1us, for example, the e>::pected value of 
tt"1e noise densit!d over the lattice, Eo , can be estimated as: 

wt·,ere N is tt·1e number of sites of the 1 atti ce L. 

6. Examples. 

In tJii s section, vv·e present some 8}::amp les of tt"1e app 1 i cation of U18 

rnett·Iod!3 that \'Ve have pr·e~:ented, to ?orne pr-oblems wt1ich are relevant in 
cornputet- vision, In pat-ti cul ar, V·ie 1Ni11 discuss: the reconstruction of 
piece\·vise smooth surfaces ,from sparse obser-vations; the formation of 
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porceptuZJl cluster~:, Ztnd tt1e reconstruction of depth from stereoscopic 
p::J i 1·s of images. 

6. 1. HeconstrucUon o"f Piece'Hlse Smooth Surfaces. 

In t:everal pt-oblem~: relevant to cornputer vision - for e~-<arnple, in the 
recon:::tructi on of depth frorn stereoscopic pZti rs of i rnages- one can 
frequently estimate the desired property (say, depth), only at a set of 
~:p<3r::::e 1 ocati ons in tt"1e i rnage. \o/i tr1 U1ese data, one tt1en 1Ni st·1es to 
n?.con:::truct tr1e :::w-faces of tt1e corresponding objects (wtli ct·1 one 
assurnes to be piece~wise smooth), but preserving the discontinuities tt·1at 
cotTI?.:::pond to tt1e boundaries betv·teen them. 

To apply the general reconstruction algorithms develope,j above to this 
prot,lern, the rnain is:::ue is the representation of the concept of 
"piece·· .. vise continuity" in the form of a prior Gibbs distribution in a 
rr11?.ani n!~ful '\'V6!d· 

A fle;,:ible construction involves tt1e use of two coupled I'1RF models: one 
-to r-epre8ent the function (the surface) itself, and another to model the 
cur'-/es ~tvhe[e the field is.discontinuous .. This last field lives in a lattice, 
'·i·iho:::e ~:it13~; cotTespon,j to links t1etween_ pairs of adjacent sites of tr1e 
":::urf::1ce" field (ZJ couple,j rr1odel of this kind WZ~s first used t'~ OernZJn 
ans \3ernan (19B4) in the context of the restoration of piecewise 
con::;tant irnaqes) . 

. ·-

In our case, the potentials that rnodel the coupling between tl1e two 
fiel,j::; take tt1e form: 

( (f--f-1 2 (1-b--) for ll·i-.1·11 = 1. 
1 r 1J . 

( ·' · f b- r J 
'I' \.t i ' j ' i j . =- .l 

l o ott· e r·· · · 1· c· ::. . , . I '1'1 ._.t;., 

V·ihere bi .i denotes the ''1 i ne el ernent" that 1 i es between sites i and j, an,j 

i s e qual to o n e, if tt1a t 1 i n e el ern en t i s .. on .. , and e q 1.!::31 to zero , o tt1 e n·v i s e. 

···------·-···-------------
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T h~3 sh<Jpe of the lines is contra ll ed using the value of potenti (] 1 
functions, that are associated Y·tith the configurations of different "line 
cliques". Vve bave used, for example, tr1e cliques (a) and (t1) of figure 7. 

Figure 7 around here 

The corres:pondi ng potentials, Va , Vb ,encourage tt1e formation of ttri n 

lino~; \·Vith smooth curvature; their values depend only on the number of 
2..c:ti'·..'8 lines in the clique, according with tt·,e table: 

Number of active lines: 0 2 3 4 

V a : 0 0.4 ....,I:" 
• L. '-' 1.2 2.0 

Vt,: 0 0.0 10.0 -

As~:urning tr1at U1e observations are corrupted by i.i.d. Gaussian noise, we 

get tt·,e f o 11 owi n9 e)<pressi on for ttre posterior energy: 

II ( l b · ~,. ) - 1/T 0 'V · · ( f · - f · ) 2 { 1 - b .. ) + 1 / ( 2 o' 2) 'V · S ( f · - g · ) 2 + -p. ' ' ;:r - L1,] 1 ] 1J L1f 1 1 

+ lea V r-/ b) + let' Vb( b) 

1Nhere s is tire set of sites \·vtrere an observation is present. As a 
performance criterion, we use a mixed cost functional of the form: 

vvt1ere tt-Je sums range over the sites of tt1e "surf ace" and "line" 1 atti ces, 
res:pecti vel y, an,j 8( ·) is defined in (6). Ttri s: error cri teri_on means that 
tbe reconstructed surfZJce should be Z:JS close Z:Js possible to the true 
(unknm·vn) surface, and that we should commit as fe\·Y en-ors as possible 
in tt"1e assertions about tr1e presence and absence of di sconti nui ties. 
Applying ttre results of section 3, 11\''e find ttlat the optimal estirnators 
v·iill be: the posterior- rnean for l, and the rna)<irnizer of the posterior­
margin8ls for b. 

.r, ,-, 
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Th8 computation of these estimates poses some special problems, due to 
1J11?. fact tMt U1e variat,le~; of U1e r field are continuous-valued (or can 
tak:e a large numtlet~ of ,jiscrete values). Tt·,e details of U1e al,Jot-itl·llrls 
used to appm;<ir·nate tl·,ern at-e given in iJ'1arroquin et.al.~ 1 966); her-e, we 
onl!J pre,::;ent, in figun3 B, an illustration of their performance. 

Figure 8 around here 

6.2. Recoostructton of Deptl1 from 5tereriscop1c Pairs. 

The reconstruction of ·deptr1 from stereoscopic p<:lirs of irnages of natural 
::;cenes is a difficult problern, \Nhose ::;olutiot~, (i.e., the construction of an. 
al!~orithm ¥iho::;e performZJce rnZJtches that of hurnan beings) is still open. 
CJne.of its main parts (a1thougl1 not the only one) is the problem of 
rn;3fc:hi ng "tokens" U1at occur in t1otr1 images ell ong epi polar 1 i nes (see for 
e;·~mriple, Poggio, 1964; 11arr and Pogg·io, 1976). To illustrate tt1e _ 
potential usefulness of the techniques that we have pr-esented t·1ere for 
th13 solution Of this problem, \N8 consider tiO'•N a Simple Version Of it: the 
rnatct1ing of "Rando-m Dot 5tereograrns" (Julesz, 1 960). 

\~>/e ~ .. vill cont;ider binary images, and assume that each row of the right 
image is obtained as a sample function of a Bernoulli process of density 
p. Tl·,e left irnage i~; formed fron1 tr1e right one t1y st·lifting it along tt1e x 
,jirection, by a vatiable amount given by t11e di~;parity function d , 

. . 

e;-=:cept at sorne points, where an error is cornrni ted with prob21bility E. 

f1lob::. that some reg! ons th3t appe3r in the right i tn3ge 1Ni 11 be occluded in 
the l1?.ft one. Tt·,e "occlusion in:jicator-'', ·Pd , CZ~n be computed 

deterrninistica1ly fr-om d in tt"1e follo\·Ving way: · 

r 1 , H d;-~~ > d.i + k, for some i'nteger k E (O,m] 

lpd(i) = ~ (29) 

.l o , ott1erwi se 

The occluded areas are Jssumed to be "filled in" b~ an independent 
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BetTJOUlli proce:::s B. The finZJl model is then: 

( gR(i+d;) , '\·Yith prob. 1-E, if fd(i) = 0 

gl(i) = 1 1 - gR(i+d1), with prob. E, if fd(i) = 0 (30) 

l B(i) , with prob. 1 , if ·Pd(i) = 1. 

Note tliJt in t1"1e two-dimensional case, the inde)< i denotes a site of the 
1:3ttic:e, and therefore, it can be represented as a two-vector (i 1,i 2) 

..,.·.,.·)·,,y:e components denote the colurnn and row of tile site, respective]~. 
To ::::i rnpl i fy the notZJtion, we wi 11 3d opt the f o 11 owing convention 
tl"l!-oughout this section: when a scalar is added to this vector index (as 
in Qr~:(i+,j;) and di+h), it "'Yill be implicitly assutned tt"1at it is multiplied 

t··!d iJ1e vector ( 1 ,0) (so that tbe 3bove e)<pressi ons st·,oul d be understood 
c·::: ~ 1:{(i+(d;,0;1 ) and di+(k,o), respectively). Using this convention, the 

ot,ser-vation rnc11jel of equation (30) can be applied either to the one or ·to 
the two-di rnensi onal cases. 

Notice tt"1at er.. .. en if the observations are noise-free (E=O), the solution of 
tiE! protdetn rernains arnbiguous, and 1t cannot be uniquely determined, 
unless sorne prior kno 1,...iledge about d (for e~~arnple, in the form of a t1RF 
tliOij(:!l) is introduced. The use of a r·lRF model in tt1is case, corresponds to 
a quantification of the assumption of the existence of "dense solutions" 
(1J1i~: ter-m ~,ovas intro,juce,j by .. ..Julesz (1960), and essentiall!d corresponds 
to tlie assurnption tt·,at the disparity varies smoott1ly in most parts Df 
the image; see also r·1arr and Poggio (1976)). The use of the occlus·ion 
indicator, corresponds to tt1e "ordering constraint" (i.e., tr1e requirement 
tl'IiJt, if i > j, tt·Jen, i + di > j + dj; see Baker (1961). ~1/e put \pd(i) = 1 

Y·.'henever this constraint is viol a ted). 

To formulate the estimation problem, we consider tile sequence gl as 
' 

"observations", 'l·vhile gR Y·till play the role of a set of parameters. Thus, 

from (30), we I"Iave (assuming for simplicity that p = 0.5): 
.. 

30 



·r 1- E, if ·Jid(i)=O an_d gR(i+di) = k 

F'(!;JL(i)=k I d, gR) = F'g 1 d(k) = -{ E , if 'fd(i)=O and gR(i+d1) ~ k 

l C-J:;:iJ if \}11:3(0= 1 

i\::: a ori or rnode i for the di soah tu fie 1 d. v·!'e rnau u~:13 a first order t'"lF:F 
1 ·' ._, " ...... 

.., .. ,..ith !;Jeneralized Ising potentials, suet·, as tf"1e one pre~:ehted !n ::;e.c:t1CI!'! 2: 
Ott"tGI- models may Z!lso be u:::e,j, including tf"te coupled depth 3nd line· 
fi8lcls tf"tat_ vve discussed in the pr·evious section. For trte present, let us 
at;~;urne 1J,C!t the si rnp 1 e lsi ng rnode l is atjequC!te. Note tf1a t even v·d1en the 
l·n::Jtching p1·otrlern i::; one-dirnensional,_(\~::e are assurning th21t there is no 
'·lertical disparity between the images, .so that the matching can be done 
on a rov·!'-tqd-rov·i kiSi s), the t\·vo-di rnef;J:::i onal nature of tr1e prior r1RF · 
rno:Jel for tt"113 disparity intmduces a coupling bet".·veen rnatches at 
oci j 21cent rmvs. The posterior· energy is: 

u 1/~~;y) = (1/T0)Li,j V(d1,dj) + 1i 2l:1 'fd(i) ln 2 + 

+ (c-)2)2:; ( 1-~pd(i))(S(gL(i)-gF:Ci+di)) 

It i~:: po~:sible to apply the general~1onte Car·lo or deterministic 
al!~oriHtrns presented abo'·ie to appro)<:irnate. the optiirtal estimator for d~ 
··,·''ii iJ, t·e~:pect to a given perf orrnance measure (such as the rnean square1j 
errot·). Tl·tei t· use in this case, h0 1Ne.•.,.•er~ is comp 1 i cated t1y the 
introduction of the occlusion function \fl in the posterior energ~: the size 
of U"tl3 ~:upport for tt"Jis.functiot·, equals tt"1e total nurntrer of allovved 
values for tile 1jisparity (see equation 27). If tt1is numt1er is large, tt·Je 
cot·nputation ~f the incrernent in enet~9hl, or of tl"1e e)<pected value of the· 
condition a r ,ji ~:.:tri buti ons (if tt1e deterrninisti c scherne is u~:ed) ma~d be 

quite e>::pensi ve. In many case~;~ however, the size of the regions of 
~ · com:tant 1ji:::parit!d is relatively large cornpare1j V·iith tt-re :::_;ze of Ute 

occluded ureZJs. In tl1ese cases, one cun appro;\irnZJte Ute posterior energy· 
b~: . 

an,j i ncrea~:e si !~ni fi cantl ~d the cot·nputati on a 1 efficiency. 

31 



Tile form of this expression (in particular, the non-monotonicity of the 
noi :::e ~:tati ~:tic) cau~:es tt"1e sol uti on to tt·,i s protilern to rernai n arnt1i guous, 
8'/Pn if tt"Je signal to noise ratio is zwbitr·ari1~ t·,igil. In tt·,is case, 
iw··i·i8'·ier, it is possible to use tt1e efficient deterrninistic scr1et·ne 
discussed in SI3Ction 4.4 - namely, a WT A n13tV·10rk. t1or·eover, for perfect 
ot1:;er·vati ons (zero noise), it is possible to guarantee the convergence of 
this scheme to the correct solution in a srnall nurnber of iterations. The 
infon-nal ar·gurrtt!tH IS as tollov·is (trte technical details rnay be found in 
t·1ar-roqui n, 1985): 

Gi'·ien, as initial state of the netvvork P, Pi (O)(q) = 0, for all i and q, at 

tt·:e fit·st iteration of tr1e algoritrirn (26), tt"1e netv1ork will turn "on" tl"le 
cell:::: (i,d) for v·it1ict1 o(gl (i)-gR(i+d1)) = 0, tt1at is, all Ute cells in tt·1e 

correct places (since there is no noise), and some cells in tile 'Nrong 
la!J~.··~: ~: ,\ .. ell, ,jue to accidental correlations in Ute texture of t1otrt 
i rnage~:. 

After t!1e first iteration, the cells that are "on" in the correct places, 
~tvill have at least as many- neighbor-s that are "on" as t1"1e corresponding 
cells in the wrong layers, so that U1e algorit1"1m will only turn "off" some 
of the latter. This will cause the cells that lie at tf1e boundZJries of 
clusters in the v·trong layers to lose, in the subsequent iterations, 
against tt"te corresponding strongly sti rnul a ted cells tt"tat 1 i e in Ute 
interior of tt1e "correct" regions. Tt1is will result in a progressive 
shrinking of the wrong c 1 usters, and will end up with their-
di s~:apeanmce. 

Tt·1e only situation in which thi.s behavior will not take place, is when 
there is a significant overlap between ¥trong clusters and the boundaries 
of correct regions. In this case, the algorithm will not be able to solve 
correctly tt1is ambiguity based only on srnoott1ness considerations (i.e., 
on tt"te pr·i or ~lRF mode 1), and it will locate tt1e boun,jary at a position, 
\ it1"1in the region of overlap, which will depend on the detailed shape of 
tl"lis region. Also, tf-:.3 solution may not be so clean in this case; a fe'0t 
cell~:, corresponding to different di spari ties at the same spatia 1 1 ocati on, 
may t1e left "on" in tt1e final state (limit cycles involving some of these 
fev·t cells are also possible). It should be noted th~t tf"le t·1uman visual 
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-rt·1i:~: type of arnttiguity (accidental overlap) is relatively frequent in 
~:pm-s:'?. stereO!Jt-ams. Hm·vever~ tile regions of overlap ar-e t!dpically "blank" 
rcqi ons (i.e., 1Ni thout tokens), and U1e a 1 gorithrn v·iill give the cot-met 
,ji-::::p:3rity at a 11 token 1 ocati ons. 

Fiwu-e 9 illustrates tl1e perfotTnC!nce of algorithtn (26) 'Nith sparse Clnd . 
,jen:::o random dot stereograrns portraying a "wedding cake". As predicted 
b~~- the theory, the convergence to the correct solution is fast (less than 
f ,:,!Jt" i ten1ti ons) in both cases. In tt·1e case of U1e sparse stereogram, tile 
lJotmci:~wies at-e sligl"!tly misplaced, t1ut, as can be verified by direct 
in:::p8ction, all the dots <:~re correctly located. 

Fioure 9 around here ...... 

To apply this algorithm to U1e processing of real images, there are some 
moclifications and e;<tensions that should be made. They fall in tvvo 
cateQori es: 

Netgt1horhood size: It is possible to increase the robustness of tile 
a 1 gorithrn, \·Vi th respect to the presence of noise in the images, by 
incre3sing the size of the e~:citatory neighborhood (i.e., by postul<:~ting a 
rncwe !~lobzll f'1RF prior model) a_nd decreasing·tt1e value of the pararneter 
r.:(. This increZJsed robustness is traded off by a decrease in· resolution: 
-?mall, correct regions may be trea~ed as "noise·:, and therefore disappear­
n-om tr1e solution. Also, tt1e sr1ape of tt-,e piecew·ise constant regions rnay 
be altere,j (cort1ers may te rounde,j off, and small concavities '"filled in'"). 

To!<en Selection: In the case of continuous-toned irnages of natural 
ot,jects, the distribution of the reflect~d-lightrnay vary a.s the vie~tvpoint 
is c:1"1anged (particularl~l tt-1e specular- component); alt;o, the two retinas 
(c:::nrP?.ras) rnay 1·1ave different point ~:preadfunctions, and be: affected by . 
independent $Ources of noise. This means that tile simple model for the 
ot,:::er\ .. ation procef:s given abo·ve s1·1ou)d t1e replaced by anotr1er tr1at 
n:.flect::: tt1e forrnation of natural images in a mot-e reali~:tic vv·a~. Tile 
use of a better- rnodel \·Yi11 cause the terrn o(gl (i)-gR(i+d;)) in equation . 

(31) to M replaced by a different compatibility measure Tl; d , wt·1ict·1 
·- ' 



rn.:J:J bt?. obt()ined by first preprocessing the right ()nd left itn()ges with !Jn 
opc,rz:tor T v·i11ose output should be, ideally, ill\·'ariant under the changes 
in '·li t?.Vlpoi nt, optics, etc., and then computing a sui tattl y defined distance 
- ~- · · · :;en ;J;e t'·i·,··o i ;·nages: 

Tt·1e \'lTA algoriU1rn (26) can still be used, if we nmv compute u1(d) using: 

v·il-ii:'t·c~ Ni is u·,e e~·:tended neigr1bort1ood of i, and c(·) denotes a set of 
p;:.:·,~tri!Jtt?.rs tt1at depend only on tt1e distance lli-J II . 

\-'/i?. h::;'./8 performed some experiments using this kind of mechanism, and 
H18 prelirninary results are encouraging. Other researchers (Prazdny, 
19ei5; Pollard et. al., 1985; Drurnheller and Poggio, 1986) have also 
reported good results with algorithms of a similar fot-rn (although not 
der-ived from probabilistic considerations). 

6.3. Formation of Perceptual Clusters. 

At the heart of a ge!1eral purpose- perceptual system, one must have a 
rnect12lni sm for deciding which parts of an i mZJge should be considet-ed to 
"belong" together. A simple instance of this problem is the grouping of 
dots in an irnage into perceptual clusters. Some t1euristic scllernes r1ave 
t1een proposed to model this pt1enomenon (see, for example, O'Callat1an, 
1 974). \nie will no\·V show how this problem can be formulated in an 
e1Bgant v1ay, that is also biologically motivated, as a particular case of 
t1"1e n3constructi on of binary patterns from noi s,y observations. 

The conceptuZJl model is as follows: 

let us consider U1e dots tt1at form the original pattern as patct1es 
ttelong_ing to some obJects of uniform color t1"1at are partially t1idden, say, 
by sotr1e foliZ~ge. In this wa~, the for-mation of cluster~ is equivalent to 
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t!"1e problem of reconstructing ti"Ie.se objects (v·d·wse cohesive nZJture is 
morJeled by a first order t·JRF V·lith Ising potentials) frorn obser-vations 
tt"Jat an?. formed according ·vvitt·l U1e fci]Jo·vving rno,j£!]: 

ciuppo!:::e that f; = 1 onl~ if tr1e imC~ge of an object overlaps the ith site 

or tt1e lattice. \de assume tt·1at t1'1e "foliage" V·t'ill t·Jide ttlis point (Le., 
rnake gi = O) \·Vitt·l probabi 1 ity E, and that spUt-i ous va 1 ue·s of 9; = 1 can 

appear in sites wt·1ere fi = 0 Vl"iU1 a verJd small prot1ability p: 

r 1, v·tith prob. ( 1-E), if fi = 
I 0, V·t'ith prob. E , if fi = 1 

gi = i 
I 0, V·i i t t·1:p rob. ( 1 - p), if f i = 0 

t 1, with pro b. p , iff i = 0. 

"Ni th p<< 1. Tt·Je posterior energy is: 

\'·ihere: Vc is given by equation (e); IX = ln[ ( 1-E)/E ]; 5 is the set of 

:::itr::::: i v·,·tler-e fi = 1; 8(·) is defined in (6), and t·'1 = ln[ (1-p)/p] is a ver!d 

13t·g,3 nurnber. 

The clustering ta~:k is no'·t'·t' equi\1alent to the problern of estimating l 
(:Jt"!d tl1e p~r~arneters c< and T 0 from the no is~ observZJtions g. To. 
accomplish this, we minif1lize, over the. appropriate region of the 
pararneter space, a rnerjJ-Junction, wt·Jich is related to U1e degree of 
uniformity in tt1e spatial distribution of tt113 cotTesponding residuals. We 
ha'·/8 defined~ for· 8)<.amp1e~ a likelihood function L, by co•.;ering the lattice 
\·Vith a :::et of rn non-overlapping squares (s::Jy, 8 pixels wide); computing 
t1"1e relative variance of the noise par~arneter-~ esti rnC~ted over eacQ square, 
and a1jding ?Jll these ten-ns together·: 
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m r Ej - Eo 12 

L (;.;f o) = - 2 I I 
j=1l Eo J 

v·,·tJore Eo ar11j Ej are tt·1e (conditional) e::-::pected value::; of U11::: noise densit!d 

0'·/81" tt·1e intersection of tr1e set A = {i : f; = 1 }, with the whole lattice, 

arpj V·/itl"1 tt1e Ju-1 square, respectivel~ (thus, for e:,;ample, 
Eo= (1/IAI)2iEA 8(g1), where IAI is the size of E:et A, for a particular 

Vi:Jlue of c;, and f 0). The performance of this procedure is illustrated in 
fi!]Ure 10, 1Nhere V·te sho\·v: tt1e original dot pattern (upper left) zmd tt·1e 
recon:::truc-ted ot,jects for decreZJsing values of t~=c<T 0 (we have found 
t~·:ct for this task, a fast, deter-ministic appro~<imation to the optimal 
e:::tir·n:::;tor, vVt"Jict·J depends on U1e parameters c:< and T 0 only througt·J tr1eir 
pro1juct, gives good enough results; tt1e tectmical details may be found in 
tt:Jrroquin, 1965). The rnaxirnizer· of the likelihood L is mzH·ked witt1 an 
arrov·t. Ide beleive that these preliminary results are encouraging, 
although, clearly, more numerical and psychopr1ysical e:x:periments are 
nee,jed to a~;sess tt1e plausibility of this scheme to model human 
perceptual processes. 

Figure 10 around here 

7. Discussion. 

In tl'lis chapter we have presented a probabilistic approach to the 
solution of per-ceptual problems. We showed that a large class of these 
prot1l ems can t1e reduced to tr1e reconstruction of a function on U1e sites 
of a fini_te lattice, from a set of degr-aded ot,servations; ·we pointed out 
that, in order to solve them, one has to include prior-, generic knowledge 
about tt1e behavior of the desired solution; then, we presented a general 
c la~;s of prot1abi 1 i sti c mode 1 s that perrni t the inc 1 usi on of this 
l<no''i'iledge, and derivE~d the Bayesian estimators that provide an optimal 
solution. The distributed (deterministic and stochastic) algoritt1ms that 
v·m have presented for appro>iimating these estimators, can be efficientl~ 
irnplernented, eitt·Jer in a general purpose serial computer, or in special 
t·Janj··,vare: analo'J and t1ybrid computers, and massively--parallel rnact1ines 
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(:::ee t·'larroquin et. ZJl., 1 986; Koct·, et.ZJ1., 1 986; Drumt·1e1ler and Pog.!;~io, 

19;':i!j), The use of these special purpose architectures V'/ill make tt1ese 
altlOritt·,r·ns practical~ even for real-titrJe 3pplication:::. 

\'/13 illustrated the practical value of tr1is appr-oach \·Vitt"1 several 
e:·;arnp l1?.:::: tl·,e reconstr-uction of pi ecev·ii se :.::rnooth stu-face::: from :,::p:::n-se 
data; iJJe r·econstructi on of depth from stereoscopic rneasur·ernents, and 
Hll~ f ot-rnati on of per·ceptua l cluster~:. 

·Tl-,:31-e are a number of perceptual problems 1Nhich are related in such .a 
··.:·i:jtJ, that tt·,e solution:; tr1at can t1e ot,tained, :::hould improve if t1"1e 
rnutual constn3int:; bet\·'·l'een tt·,ern \·ver·e tak:en into ;3ccount. Tr1u:::, tt"le 
prc~:::ence of a brightness ed!jB should increase tt"1e likelir1009 of a deptt"i 
·eclge, and ViC8'·t'8t·:::a; the depth e:::tirn:::Jted fr(im· :::tereo st"iould be 
cmrrpatitde 'rVith the shape derive,j from shading, etc. \''1'8 beleive that the 
prob:::;bilisti c: Cipproach that v·te f"lave presented here, CCin pr·ovi,je a 
rn:ll·nework for tbe integration of the solutions to these problerns (viZl .. 
tl1e use of coupled potential functions for the corresponding t·1F:F models) 
into a unifie,j cooperative process 'vVitt"1 ent·,anced perfor-rnance. 

1-\ppendix: Asymptotic Convergence of the ·Deterministic 
/-',llfiG31il1ga Sct1eme for M-ary Ising Fields. 

In tl1is appendi)·(, we an:.Jlyze the conver-gence of the deterministic system 
define1j t1~ equatiom: (19) and (22), L·, tt"1e.1irr1it wt·,en tt"1e "annealing 
ternpen3ture" T -~ o, for- tt1e.partic:ular case \Vt1en tt1e fi-eM lis an 
t·'l-at-~ field with generalized Ising potentiZlls: and the noise is 

· conti nuou:::-va 1 ue.d. Tt·,e po::;teri or energy.; s gi 'v'Em by: 

(A 1) 

vd·11?.re \..' is a generalized Ising potential, defined by equation (C:); ax and · 

ay ZJre tt"1e interZJCtion str-engths, and N)~(i), Ny(i) zwe the set of nezwest 

nei!~ht1on:: to i in tt"1e )< an,j y 1jir·ection, re::::pecti'.,:el!d· Tr1e function~: 1•;, 

.. ar11j n,e pararr1eter c< depend on the noi :::e di :::tributi on. 
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~.~~i V'iill t1e apprmdrnated by equation (22), with the aver-age local 

c::.:ci tati ons given t1y: 

- ---1'0"1 "\ p (t)(q) - 2""' "" p (t)(q') + -n (q') - ..:.'.JxL_iEf'.li<:(i) j wyLjENy(i) j 'li 

At T =0, ~ve '·Ni 11 tlave tbat: 

( 1 , if u1(t)(q) < ui(t\r), for r :t. q 

Y'i; (t)(q) = i 
l o , other\Ni se 

(A2) 

(A3) 

U·Jote tt1at for continuous-valued noise, such as in the i.i.d. Gaussian 

c:3::;c, '·i'ie do not t1ave to consider tt1e case u/t)cq) = u/:t)(r) , for q :t. r, 

sfnce it vvill occur only \Nith probability 0). 

V/e v·lill consider an a~:ynchronous version of the algoritt1m; ·so tt1at only 
one :::ite (one col urrtn of the P net\ovork) is updated at a time. Suppose 
t!"!i3t vv·e update site i at timet, and let rn t1e such that u/t\rn)-:: ui<t)cq), 

for- all q:trn. Then, at T=O we will have, using ( 19): 

wt·tich is bounded, since pi(t)(q) E [0, 1], for a11 i,q. Vv'e· "'Vill now st·tow 

th;3t L decr-eases at every iter-ation of tt·te s~~stern at T=O, e)<cept at a 
fb;ed point: 



Lft+1', _ L(f) = I··L =) (o.(t+1)(o1 _ p.(t)(q)) jj.(t)(q1 
\ " ' ' • :-" L... q 'I 1 ,; 1 ' ' . 1 . ·' 

but "' p.(t+Dtq1 -u.(t)tq', =;.. p.(t)(m1 jj:(t)(m)' + (l-i~··, jj:(t)rm) + Lq 1 ' ' 1 \ ' 1 ·' · 1 · ' · 1 \ 
<-I (t'; - (t'l + '> '), p · . ( Ill lJ · . ' {I'll = 
L. q ;:.: ;r, · · · 1 ·· 1' 1 ' 1' · 

= r1-1.) -u.COrt·r·11 + 1. \ p.COr,-,1-LJ·(t){q'l 
'· •• I '· ' •• Lq 1 '·1' 1 ' ' 

· .. 

It i::: not difficult to ·see tt1at if L(t+N) = L(t) = L*, V'it1ere N i::: tr1e number .. 
of 2::::tdnchronous iterations neede,j to update 2111 Hte sites of the lattice, 
the s~stem \·vill be at a stable fi>~e·d point P*. If v·le ·no··,·v make f t = m , 

if P i '* ( rn) =. 1 , f o r a 11 i , v·i e 1N i 11 h a v e that L * = UP ( f.* Y,, so t rl at, :::~ t T = 0, 

the. ,j~:termi ni ~:tic :::ystem V'l'i 11 3 hvz:ys converge to a fii<ed point, v·ifli ch 
'Nill cotTespond to a local· minirnurn of the posterior er:terg!d· 

[ 1] The :·equirernent tt"t3t the algorithn'ts that perfonrt the r-econstruction 
should t1e distr-ibuted,.Le., irnplernent:~ble in some ki_nd,~f "cooperative 
net\ovork"; is j usti fi e,j, t'otr1 frorn a the:oreti cal vi ewpoi f·,t (so that it 
r·epr·e~:ents a pl ausi b 1 e 9.i o 1 ogi ca 1 mechanism, according V'fi th our current 
kJ·O\"iledge of neurophy:::iology and psychophysics), arid form a pr:~ctiud 
(;ne: I be.leive tl1at artificial systems ·\·Vi til real-time perceptual abilities 
\·Vill only tie po:::sit,Le: 11V'ltt"1 Ute use of algcwitturts tt"1at'are impler-nented in 
fi r·113 grain, di ::;tri t1uted multiprocessing at-ct1i tecture!:; . 

. ··· 
[21 In many practicz!l ca:::e~:, the 5tandard Git't's form t1elon!~!:: to a more 
general class of distt-ibutions, ''l'·thich-is called Ute "Regular E::-;ponential 
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Fi3rnil~", wt1ose form is= 

P(x) = (b(x)/aN)) e:x:p [ -t T .. p ] 

·.,.··,·'!'li:.n-e t is the vector of sufficient statistics ; T denotes transpose, and 

·Pi~; H1e Rararneter vector (in equation (10), for exarnple, t = (U 0,EJT, and 

··P = ( 1 /T 0,cx)T • This definition '1Vill be important 'Nhen Yte talk about 
p m·ur·ne ter esti rna ti on. 

[::;] As a simple example for ·vvhich tt"1e regularity of tt1e Metropolis 
cJ1ai n is destroyed, consider a 3x3 binary lsi ng lattice -vvith periodic 
t;our-Pjary conditions. It is easy to see U1at for- U1e initi;:l ~:~~~o:: 

1 0 1 
0 1 0 
1 0 1 

t1·1e r·-1etropolis algorithm, either ·vvith lexicographic updating order, or 
·vvitJ1 simultaneous up·dating of all non--neighboring sites, will produce, 
1jeterrni ni ~;ti ca 11 y, the sequence: 

1 0 1 0 1 0 1 0 1 
010-7 101-7 010-7 ... 
1 0 1 0 1 0 1 0 1 

for any finite temperature. 

[41 Tile "Hopfield netv·tork" in this case would be described by: 

-- = - .6.u- zi I t: 
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f.Sl t\it!"IOU!~h it is cornputational1~d unfea~:ible to perfor~il the 
1r1 :j :=<i m i z at ion o f tt1 13 1 i k el i r1 o o d fun c t i on L d i re c t 1 y, due t o the 
c:=·::l:r:~~ot-di nanJ cornpl e>=:i ty of 
F' ( ~~ I () ) , U18 f o tTn of t t1 e .. c om p 1 1?. t e 1j a t.a.. 1j i s t n t11.1 t i o n P ( f , g I 8) ( t 11 e 
:::o c;:2l1ed "r-egular e>~ponential farnil~ forn"i" ; see note [2]) is suet·, th::Jt 
lJii?. cl:?.ri vati ves of tt1e 1 i !(e 1 i hood function L v·li 11 t1e given t1y: 

Cl L 
-- - E [ U0 I g, 8 l - E [ U0 I e l 

(l L 

----- = E [ .P 1 !;J, eJ - E [ E 1 e l 
a o2 

··.:'lilere q, '_is the noise statistic (see ·equation (2)); u0· is the prior energ_.y 
(equ:3tion (7)); 91 i::: tr1e field par-arneter (1/T0), and 92 i~: H1e noise 
par:;n·neter- (I)J (t:ee Dempster et.al., 1976). Tt1is rne3nt: tt1at at a local 
rn::i:=<irnurn of L V·ie ··,···,··ill have tt·,<Jt: 

E [ U0 g, e -l = E [ U0 I e 1 

E[ct· I g,9l=E['E I 9l 

Note H1at Mtl'1 U1e 1 eft ar·pj tl'1e ri gt·,t t·,arpj si 1jes of tr1e ab0'·/8 equ<Jtions 
can t113 appro:=~i rnate1j u:::i ng tt'le t"1onte Carlo proce1jure 1jescri be1j in secri on. 
4 (using the p_osterim- and prior en!:;rg~, respectively), and t11at the right 
hand !;ide is indepen1jent of the ob:::ervZltions. · 

.., The~:e relatfons for-m the basi~: or tt·,e H'1 algcwitlm1: for- ex::~rnple, for- a 
noi :::e rnodel thZlt cot-responds to a 85C: \~:~ith error rate E, the H'1 
algoritllm take::: tt-:e fo11o'l'ii:lg forrn: 

'•i·ie ::;tC~r·t v ... ·itf'l sorne esti;·r·,Jtes c< 0coi, T0 (b"J for tl'ie parameters. Tt·,e pttl 
1. '·- r·- t1·- r· ·(·r·- r- r· 1 ..-, ) c·- r· ·1· ··t- - r· --J· - t- r ~· 1.'::! d. U I . U _ tJ = , L, ... .U i!:i -::i .'0 U _· ..:.. '0 \:!tJ!:" 
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(p) (p) (p) 
llo = E [ llo g, C( , To 1 

-)p) l -=- I (p) (p) 1 
t = E t g, ex: , To 

Tt-,e~::;e estimates are ensemble averC~ges t3ken ~rvitt"i respect to tr1e 
pc,::::.terior distribution Pf 1 g . 

~·~ ~ :: ·1 rn 1 z a t i o n ( M-s t e p ) : F i n d T 0 ( P + 1 ) , o: ( P + 1 ) such t h ZJ t: 

E[llo I o:(p+1),To(p+1)]=Uo(p) 

E [ E I (l((p+ 1) ' T 0 (p+ 1) ] = tP) 

Note U"1at, since tt"1e left t·1and side of tt1e above expre~:sions is 
in,jeper!ljent of tt1e data, it can be precomputed, so tt1at tt1is step may t1e 
irnplernented using a table lookup procedure. 

[6] Cont:i,jer- an ~1-ary fie]ij f '·Nitt1 Ising potentials, corrupted 1Nitt1 
0-rnean, additive white Gaussian noise with varia nee o·2 < o2 rna>~ . 

Suppose that 

f i E Q = { q : q = q0 + 2kS , k = 1, 2, ••• , t·1 } for a 11 i . 

\·\•'e define the statistic Vv'g as: 

1 " 

w'9 = ~ \·"!'( 9i , 9j ) 

Nc i,j 

··,·vhen3 g is the ot,servation Jlt-oce~:~:; Nc is the nurnt1er of neargst-neight1or 
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, •. 

pzlirs in the lZJttice; 

( 

1 -1 , i r Q'i ·= Q'.i and 1 1 - j 1 = 1 

~ 1 , if 9i ;! 9j ~nd 1 i - j 1 = 1 

I o , if 1 i - .i 1 ;t 1 
l 

q0 + (2n - 1 )8 < gi < q0 + (2n + _1) fi 

(note that it is possible that g1 f! Q ) • 

[<:fine 

re-o 

~p (r, o) = · I e:x:p [ - 'r: 212c;2 1 dx 
~ J ~/l.n .. o r 

It is not difficult to see that 

E [ Vlg I c;, T 0 J = 1- (A+B) + L[ U0 I T 0 1 (A-B) 

.... A= Pr ( \·1/(~i' gj) = -1 I V(fi, fj)= -1 ) . · 

B = Pr ( V'i'(gi, gj) = -1 I V(fi, fj)= 1 ) 

(note th3t E [U0 I T01_ = 'HT0) is data indepen,jent, and therefore, it can 
b13 cor·nputed off -1 i ne). 

A~:sumi ng that 

1 . 
Pr( lri-fjl =q I f1 ;;:fj)= , for q= 1,2, ... ,r·-1-1 

f1 - 1 



B(v) = ( - 3a 2 - 3b 2 + 2ab + 2a ) 
M - 1 

v·..-het-e a = ~f!(rS,v) and b = \p(3.s,o·) . (The above approximation has been 
cornputGd ZJssurning U1at 'f'(5o,o·rna:-<) ~;; 0. If Ulis is not true,.more 

terrns can be easily included). 

'1 - -·til" -1· 1· , .- ,... t - f- re t ~.- ~ t p, ::; ::, .ll f I I !:n u .:;. 18 U . , I I a 

E [ ',t/ g I o, T 0 l = Y.i
9 

(computed from the data), 

v.,.·,:. c:3n find the optirnal estimate fen- (o·,r0J as UtE! glot1al rnaximizer of 
t!"it3 rneri t function (26) a 1 ong Ute curve: 

( V·/g + A(0) + 8(0') - 1 ·1 

T 0 = ··¥- 1 I I 
1
- A( a·) - 8( o') J 

u~:;ing a "composite annealing" strategy. 

[7] Since bott"t the randorn fieltj l and the noise process ar-e stationary, 
we have that 

E [ ( Llg - E [ Llg c.<, T 0 ] )2 ] ~ 

# of cliques of Ute lattice 

so that tt-lis assumption becomes asyrnptoticzllly cor-rect for large 

1 C~tti ces. 
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Finure Caotions: 
" I 

Fig 1: Tl·lt·e,3 t!dPiCal configuration:::_ or a fir:::t order, ternat-~ r1RF Witt"1 
I::::i nn potential:::. Tl1e interaction strenqtt1::: in tt1e :x: an,j q direction::: (a_,, .j ... ._ , ... 

Fig 2: (a) 5arnple function of a first order, binCJry r·1RF ~.~tith I:3ing 
potentials. (b) The previotjs pattern sent through a binary symmetric 

- -~ cJiat·incd (error rate: 0.4). (c) I'1AF' estirnator. (1j) l'lonte Carlo -
:3ppr·o:,<i rnati on to tt·,e r·Jpf·J estimate. 

r-1g ::::(a) ::iarnple configun3ton of a ternar·y (\·vith values 1, 2, or 3), 
f"ir·:::t order t·'JRF witr-1 Ising potentials. (b) Pattern (a) corrupted with 
;:;;:~c:itive, "v·if·iite" Gaussian noi:::e (onl!d U:e integer p::Jrt of the result is 
r::,pre::::ented). (c) Appr·o:<i rnZJti on to the TPt···J esti rnate obtZli ned ZJfter 20 
i ter·ati ons of the determi ni sti c system given by equations ( 1 9) and (21 ). 

. -
(1j) Appro::-::i r·nati on to tr1e TF'I-1 e:;ti mate otttaiJI8tj after 5 iteration:; of t1"1e 
,jetermini:::tic ~:y:::tem g.iven by eqw::ition::: (1 9) and (20). (e) Appro;:,:irnation 
to u·,e optirnal TPt1 estimator, obtained after- 500 iterations of the t1onte 
Ccwl o (!·1etropo 1 i !::) a 1 gorithm. 

Fig lJ.: The neighborhood r.(~i of site i is formed t1y tf1e pairs: { 1 ,2}, {2,3}, 

{3,4} ;3r11j {4, 1} (see te;-~t). 

Fig 5: Avera!~e value of U0 versus interaction strengU1 fo a 30 K 30 

tdnary Ising field 1.·vith free boun,j•::n-ies. 5olid line: t···1onte Carlo 
appro::<imation; dashed line: deterministic system ( 19)/(21 ). 

Fig 6: (a) Ori!~inal binar·y image. (b) Output of a B5C \·yitrl error n3te 0.3 
(.::tssurned unknown)·.· (c) t"'1:~n<i rnur·n 1 ike li hood esti rni3tor (detenni ni sti c 
6ppr·o;dt-r13tion). (d) B_ehavior of the likelihood function (28) along the 
c:.n-'/8 (27) (the rninimurn corre:::ponds to U1e correct estim-ates for both 
tl-113 error rate an,j the interaction str·engtt-1). 

Fig 7: Cliques for the line fie]ij (a cross rjenotes a line eleme-nt, an,j a 
-1·r-·]- - "rJJrf~r-" r1".te) !_: 1_: (j' (j .;:; - i.:j,_;f::! j ..• 
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Fi~ 5: Observations of three rectangles at heights 2.0, 3.0 and 2.0, over 
a t1ac:k:ground at t·Ieight 1.0 (rieigt"Jt cod13d b!d gray level; a vvhite pi)~el 

t·nc;~;ns tile obser-vation is absent at tt1at point). (b) 'l'lerntwane" 
inter-polation obtained with all lines turned "off". fc) Optirnzd estimZJte. 

F.ig 9: (a) Dense stereograr·n (,jensity: 0.4) portraying a pyramid. (b) 
Fi:":e,j point for algorithm (26) (each panel represents the fined state of a 
di:::parity layer, with a blZJck pi)<el representing an "on" cell: frorn left to 
rig!·it, tile disparity is: -3, -2, -1, 0, 1, 2 and 3). (c) 5parse stereogram 
(den::;ity: 0.1) portraying tt1e same pyramid. (d) Fi~<:ed point for algoritt"It"II 

.. (26). 

F1 ~~ 1 0: Formation of perceptual clusters. \,h/e show: the ori gina 1 dot 
patter (upper left) and tl18 reconstructed objects for decreasing values 
of I)= o:: T0• Tt1e maximum likelihood estimate (i.e., the optimal 
clustering) is marked with an arrov·~. 
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