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(abstract) 
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!"F.'31 suDe:dornams of even d1rnens10n one and nontr·ivial odd Gimension. Similarly, ;t 1s 
x~:-erved tnat the theorem of the rank of e1ementarv caicuius does not aenera11ze to 

I v 

::uoerrnanifolds unless some modifications are made. After dealing witr1 some 
concrete examples, it becomes clear the irnponance of aeve1opmg some simole 
al~1eora1c cr1teria bv means of \Nhlcn one can aive definite answer·s so as to knovv' 

•. I ~ 

nrc_~,.::-Cl'j'/ l'n ,,,hir:h ~-:le-n-:: tr·A ('(JnC 1lJC]t)nc- or" Ti"ec-e theor"'mc- hc·-ld trlJe It j'c- cuqgAc~"d ·,. ... ; ... ,., •• J~.- > -1 V'llil _. L.:; . .J\;,_, .,,, .. J' .... Jl . .) I ·.J "IJ'J.. • I~ .J I .) .. • \1 •..1 .J .... ~ ...... ..,,.~ 

tr',:Jt the developmer,r. of ::;uch criter1a amounts to a qeneralL:ation of the De Pham 
,:onc,mology to include in a nomr1vial way tr,e eff'ect or the odd var1ables. This paoer 
::. :>>(POS1tory and self-contamea, lts purpose 1s to g1ve an elementary and 1Jeta11s-c1 
Jc:··x1n:: ~)f tr:ese prob lerns 

(C.) .::.. L1lk g1v~n by tru,~ junior aulttOr' at tl'te XX National Congress or f'lat.hematics of tl1e lle;·;Jcan r1at.hematicai Sw:::ty, 
wt-Hle still a fellow of the lnstituto rJf investigaciones en r!atemat1cas ~plica~i<~s y Ststemas (UJJA !'l) 
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1. Motivation: smooth manifolds 

er· ::t tnPC\jflill:':'] ( 2 ) ~~~~;:tt'l't'c']'(i f"'l ;"::lf''d ::t ·::-hp.·.:"Jr·· ('f R-·.:t]C1t:''f)t'::IC:· r· t·~ ·::he:=~r· ceo ''t' .) \A ·\.·!J .... , V~j' .._ . .._"J JU I J .... -t 1 , 1 1 ·- I (J ,JII~-·•-1 /I (..J ::j J._ \.-1.,_,. . I\.· ._.fl.,_~ ~1 V 

ciiffer-entiaole functions on f"l. Thus, if U cr~11s an open set, small enough so as to 

-~ 

coordinate representative- f : :.r(U) CRrn---:. R of f) is a differentJable map in tt1e 

t-:- = f i -·.-i . .,..2 . .,...,n \ .. -c c.:::· t . .,. IU ;· ·1. 
, .. f.., .. l... .. ,,.,, .. l_. }C \ .. ~ .. ;. 

,,.. th"- "P.t OT. equ'•·-]"nr-" r-'ia""P.S "Orrcor·nnnrJinq t.<l thr' rc.·l?.t·1·r,n 1 '<-~f cr•-:;::; ([i.) : .:;. .. c .:;. .. •. ' 1 v a . t: '"· c '"· .:;. .'J , . ,_' . c.:>·~·\.. '· I -~ • , • -.: ·~ • u . .., t v , '- \_. f"1 ... .,1 ., 

rt;:::;·c·XJ nJ·\·, f·"J9 ~ (::l\•'CM ':lP"n· p--l.·t\ 0 tJ'"·h th"::t ')u (r")~,..,\j (r·-;'( 3)- 1r· •:J ·- " f•] ' . I J_, • .. . .....1 1¥ _I ' ' J-.: ' c:: n ;, . .; u • lr..t. f W . • r...' 1.;/ . . d ' ' I 

with p E U, i2. denoted by f P; it 1s called the germ. of f at the point p. Thus, by 

cieflnition, the :3talk. at pis t11e set of germs at p; that is, 

CC/J - r f ·1 f. c. c()j r\t \ '") ~ \f r~-1 } -- r1 . p - \ p '- J r-1 ' J ) i- t: ·- I 1 

--·---------------·-·-----~---·------------------------·-·----··---------~ . ------- ----------------------------------- -----·-----
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·. ·- . ·-

1 .. ,,,. 1 r1n·.,· th":l., 1."' 1·+ ha"" "~]·y ·'Jn·· rn~··Jl.md'·]l.d'·~l qr:r ·the r·n" ,...On"lctl·n(l Of tho•·'· . . ) \J .:.11 1 \::l, (.1 L ;) , ~ I I ;) \J II · 1 , 'C •:.u\ 1 C •:.l , •J fl. p , . V I C \J I;:, ..; i. :1 1\ .:. c 

r"lorpmsms between ceo mamfo.lds are tnen defmed as morpmsms of rmged spaces 

~riat pr·eserve, at each point, the un1que rna::.::1rna1 ideal of the stalfr. TrHJS .• a c:.;j 

ar:~: a collect1on •:{!"' = { (p: u : u CN, open} of' moroh1sms of' R-a-lgebras 

satisfying the following two conditions. 

( i ) tor eacr1 p E ~p- 1 (U) cr-·1, w i tr1 u CN open, 

rp ... ;p ( p) (an~ ( p) ) c 3Tlp ' 

wt·1ere i(flt~<p) (f~<p>) Is clefJnecJ as 

4J#i'p(p) (f~p(p)) := ( tp\1 (f) )pI 

U'L! for each pair of open sets, U C V or· ~l, the morphisms cp# u and r.p# v 

cornrnute with tr;e restriction rnaos ruv: c·'()N (U) -:cooN (V ), and 



3 

.,=r · U - . ii'J (U'...... ..,.::t 
<{-'vI)~) v- ~)~ ' /~)-l(IJ) •) <.jJ u. 

iii ot.t1er words, condit1on (ii) s.~1ys that. ttle collect.wn ~.p= cje· t'1 ["f>C a- $f) C.Q 1' . I~--' , ._,,_. ~I 

- .. 
·~1 :]< C''X)r-1 being tt·1e ciirect image sheaf' or tt'1e sheaf C coM under the continuous 

rnap ~J : r-·1----:. ~l (4) On tr1e ot.t1er hand.~ (i) say:: t.t1at cp.;; has to be Local on eaci1 

'3taik . 

. An ;moort.ant consequence of tnis L1ef1n1tJOn, wnen taken togett'ier~ wltf'i tt1e fact· 

tr:2t trlere can be no non-trivial R-alaebra maps from R into R. is that for each 
~ . 

. -. ·'r· ~.·,t 'J r-t" i p'·'·r .. ~c<:.t::. ([j'' ( - r 181.., • .. •r.,e.! ::•t:. t .. _.'l, anc. ~·::lCil T t:; ... N '· ) .CT, l~.J.J, 

ti12Jt is to say, a diHerent1dtjle rnap tp, a::; \Jef'ined above, Is completely cJeter-rnH·leCJ 

e:v the set of' values { ;o(p): v et·1} of its un(Jerlvmq continuous map. 
1 I . L I ,. 

Tr·p t-:..r '1Pnt' an··d rnt~r\'1Pr\t hiJrlr']'·C' (l'/Pt'• ::. {1],\iPr ('C.O rn'·nir~n]rj (t'1 t"O::i ') - -::.nrl ir' .. 1-~ .•• :.~. H:l·- • . • ~~ .. a r::;J·-• . ·~. .J r:::-.~ ·~ ~ ., <.1 .1 .. ,, 1 ~~ .. a, , -- . . , t~ t1 , u.~.~ , 1 

qeneral, any ceo vector bundle of finite rank. over· r··1 -are define(j v;ithin UilS 

approach by rnaking then! correspond with locally free sheaves of c=--:lM- modules 

OI'Pr i"]' n-:.rrl~=~ly ··~ll't'n r·)pr ( 00 ·-::.nrj Hnm (flPr c•.::.-:l ceo ) rec::pprt' l'vply ~, hP (11jPCtinrl 
• ~ - • I , Cl. ·- ' I I • - - . -' .1'1 u, . t.~ - ~ 1'1 J f1 I ._, - "-' 'I ~ • . 1- ·-j ~-.I '-' 

~4) 7 h1s is the :J1eafover N defined t;y rner.tns oft.he assignrnent.U f-.:. (~P.;. C'::.or1 )CU) = C'::.or-1 (~p- 1 (U) ), for-· 

each open subset U C N. 
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~ ir . ,.., r·r·' .-. '· .-. -' r ~. t .-. f' .: r· .-J u i~: 1 .:;:~ 1::.e:: .. :>t.J a::. .u 1 JU 

and 

( L) nevv tuoologJcal rn:.1rl1folCJ~ .. n-·1 anci T .tr-·1. respectively. tciulppe-d 

'.Vitt·i structural s11eaves tt-1:at rnakes tt"1ern into C''X) rnanifolds, 

un d j' "r' ·'r'··nt-1' ·'b IF> m -:<pc ( ·•ri-Ll'"' ]]" submer·~ ]'one) , ~--, 1 c c- , ~.. a .. . <-< ~· . <-''-' .o r, 1 ;) J , 

·rr · Tf"1 -- 1'-·1 Til . I I ' 
and 1T . T ¥1'-·J . 1'-·J T*r-t . I I ---,.I ) 

bfi:orne isomorpt·iic to ttie sr,eaves DerC':xJM.,and Hom (DerC'::v!'-1, C00 r-t ), respectively 

But tt1er·e 1s a general ami 'Nell known constt'UCtJOn that produces a ceo vector 

liUndle over r-·j (in the geornetr'1C SenSe) OUt Of a locally free Stleaf Of Cc>:Jr1-modules 

over 1"'1 (cf., [ 19] or [20]). Tl1e mam Jdea consists of relating the free ccor-1- modules 

otJtainecl over any two over-Japing open sets, say U and W, by means ot' an irwetrible 

rnatnx 'Nltt', entries in C00 r-1 (U nW). Tile collection of matrices obtained th1s way, 

for all tl1e possible pa1rs (U,W) with non-empty intersection, represent the 

tr·ansltion functions for a vector· bundle. It turns out that tt1e sheaf of sections of 

~m::: bundle iS naturally lSOrnor·phiC to the locally free Sheaf of Ccor1 - rnocJules over 

11 one started with. 

In ana11z1ng th1s construction one realize':; t11at tt1e cruc;al steps are pr~ovided, 

fir·3t, by tl"ie existence of a natural correspondence, 



c:: 
~· 

1n tne sense tt'lat eacn f E ccol"t (U) defmes a unique ceo rnap, f = (( f #_) frorn the 

•' •... -. r' .~L't· ''l'"f~ I' t' I) ]c·j (I J c co I \ I' f' 1-0 t' I',, \{.::J'"'V .... ·ne· .·''1 ,., 1 ''" , • .., ........ ; l' ') rl-'j ( R c co )' c p.t~Qf' cj ',lj..:S",).;) /I[)(< I ' I\\. ,I ["J I)/ fl IC" <.-i v •:'/··· .(..(.U."':.. 1/Li..Ui.(.,_i(.,.(..(.-. .I R , Jv\... ] ,I 

!'(,;.::. ("'::0 -r"lCC'tJlP rY)>=>r';~tJnr··s nr' ·~ cJ.lr'f""~r .~t1rrr nr· .. ' .· ..; ~1 I .J .l . . ,_. . ._ f-. ·-· , ,J .. . I._ _ I CJ .. _. \.. •. .:J _ _ tt·lp. f'nrnl cc·; (lJ )' w 
•. -· - J 1"'1 . '..l/ 

("·=·=· l'J) m • • • Lil C'r:a (·u) ·:l .... e , .. c.fl·,,~,j ,~r)··r·J[··or'\er'\tt;IJ,..>=> ·-:.n·j t~ercr·or·' tt"'e lJlt;r..,.l·:lt. ··· 
J f•J \I.. \P \J./ ['"] . CJI · \.l'.·• IJ....\. '-',.1 .1 I· I .,y .:." ~< l J}. '-' <:::, . I I 1 <.J t:' 

~l')lnl IS tO l1e able tO CJe(ine tJJef'fl In Cc-:·1·1 (LJ); there) hOWever .. tile cjef"irlltiOnS are 

straJgt·Jtforwar'(j, for we can sirnply use tl"1e ring structLwe of R to (jefine, for any 

t'NO maps f) g : U ---..:. RJ the maps f + g : U __:; R and f g : U----=. RJ by ietting 1 

(''1 ')EU) . l- (f+ g)(p) = t(p)+ gCo) and 

c,.,~, ·~'·'-:I•""'P 1 '' H/"'l''n lJ./U '1"'0 1Y '"Lt"'c "'"''"'"+-r~uc+l'o""" '"" ;.h·"' loc~o:~J]y'· frc." IV c;,\aiiiiC 1 vvl.c;lvvr:;·C.IJ,I 1\..l.VII.;:IL L III.V-LIC" a \..C" 

T ·f·;'1 t1ave botr1 tt1e same dimension; namely) twice the dimensionof M. 

sheaves of 

• · t . ...., , "'- ., -.., - · · 1 11 f · • • ., ~~ j ] ,~, ..... ,.~;- A Ho·Y· '\''f''C-'..J C'-"' '!"iC•fl''''l ·:'!·~ .... cc~ ...... ,, f''''' -~h·"'·:lr' ...... + C"v -r'rl('''l' ..... ~ "''''"'~ -=~: 1 :::- .·:.: i i \ , , , 1 \ L.· ~ f"'l .J r-1 .~ v , \.. ~ .., .. c:-lt .:) ~ c.~ . , tJ , , ,. , c: 'C' .:; _ 1 c·\,.-;J u , 11 , \) ·._. J \::" ~ !J v \.·' 

., ... , ·1· '- ;! C f"":l~ lJf':';; l 1111 dcr'f"J·'•"jt")i\•::.:.:>r:J· j' r·· t1) "LliC ·-f; r··cr·t ClJf'fl 1. l .. ~' lo l. "1 y .... ._ .. _ 11 ,.. u~....... 1 ., . •\.· l1 I• '-· ,_. ..; 

,..,.-... ~!>=>'''~ ')·r· "'T *M · tl"'·'jt 1··:::: 1'-J\) :i~ "-' .1 ,J \.: I\ J J I • I'.. . ~·, 

~ -~~·-·-·----- --~----~-·-·---··------·---------·---
--~------ ------



f, 

n.:: ::J,eaf of section::, of thiS buncJle - usually Gtnot.ed by u r--;. ~~ (U ), insteacJ of 

r~ (U) = EB Qk \U) k . 

Hie elements of Qk (U) ar·e called tr·,e differential k-forrns over U. One notes u-,at if 

trl!:; bundle T *f·1 is trivia 1 over t11e open set U, t11en, 

Th;::, ...... Jhmoa'U]"C: c,k. ru \ tr·r1ether· riAf'J.r\e the De R"l";lm "(ir(IP]Av nf t"',A r(l~nl·r··o]ri r·JJ -::>c-1 I -., .:.\ Ul C._; w~ '· ·) 1.. .J j \,II .,1 \...tv1 ,. l U \.,. J 1 \,.,, v .. 1 ~_. 11 ~ ..... , \..n I 1~ '~·..; 

d d d d 

0 -d~o (U) -: Q 1 (U) ---;. ••• ---+ Qdim ~1 (U)---::. 0 

9iven in terrns of the operator of exterior differentiation. We recall that tile 

ooerator~ d is completely characterized by ttw following properties (see, for 

t"<.arnp le, [ 5]): 

._--. . 
{ 'l ) d f = > . 8 .-.-i I f) d X1 V f E Q 0 ( U ) ::::: C co ( U). 
' L_..J .).... \ ·' 

i .u \ IJ ( . . ; ... ' - t ·i . \ • n r ~ ., f:· . . ,. -~ .,. ' 
'• (.(.I ·- I UJ {\ i l) - '• l. I.U ) I\ ' ! ~ ... - l I . LU /\ \ ( 1]} l 

\....' . - _.-.., k :"I I\ '"') - .-..... (I J \ \/ t_u t ~~ · \ u J , i 1 t :,,; i l r 

(tu. J li •)Ci = 0. 
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·Due to the third property, one has, 

Tr·.::rc.i,v··t:> tht:l ~-')r10 ri'10-Jr'f1'''Jf tr·.c [J'p. R·""~rT-, (-·f'·j"·r1nl"v (l;':ltc· d·ufir,t:>-j- ":lc t.l· ..... i \..-lVI .... , ~ ~ C,.\ 11 I.J,jJ 'I 1411\...-. .... I IIU II .-.. \~1 t..:tt::'/·, :j\ .... i4,.J c:-11 '-"' •;...i • .)) 

Hk(lJ) ~ l<.errJink(tJlllrndlnk-1(1Jl· 
H. -I H. I 

'it 1C '•llel] unoll/n· r· r·,~r· ... , r'·Je- Ci"le'r·i"::l r'F'"t~r1l'f'r)l'J' fR C'j':Jn ') r.,-:.c tr·i\!]'":11 r··I''~-'11'-Jr,..I{""J]O~"~'I ""'r·.ri , ...) vv 1 r, n • u • • - , ...Jf.J 1..-1 <-ll 1 1 1 .;.~ 1 11 1. , K _ ' u._. ~ 1. <..l 1 ""Jl 1 ~; r..l 1'-~ 

smce the DeRham complex of R terrn1nates at Q 1(R), K.erd IQ1(Rl=~2 1 (R). It then 

follo 1NS that anv 1-f'orm on R can be intearated.. The tecrmical device· behind this 
1 ~..r -

a::::::er-tion is, or cour·se, tr1e fundamental tr1eorerri of calculus. In fact, given tr1e 

1-form 

tn.:.-:e is a 0-forrn g ECco(R), such that, 1jg = w; namely, 

X_ 

I] ' L ~ , .. f ( .:-) d S .::.. . - ' .., '.._, . ' 

a. 

Tt"1!S s1tuat1on, H1 whkti {1ny 1-fcir-rn over the specl~~l rnan1foicJ R can t)e mtegra~f:Cl 

15 to be contrasted to what occurs m t.r~e theory of superrnanlfold'3. 

------------------ . -------- --·------------- ---~--~-'' 



,..., 
'J 

2. About the prefix s·uper 

E·f'fore goln9 1nto tr:e trreor)1 of suoerrnanlfollis, vve would l1ke to say a few words 

concerning tt're terrninology used in tt're subject. It 1s now a standard convention to 

le s-uper mean Z 2- graded Ccf., (2]). Tt1usl for example) a supervector space V 

Cover trre real field RJ say) is an ordinary real vector space V) togetl1er wittl a 

pr'escrJbeli ,jirect sum decomposJtion 

E1ements of V11 at'e called homogeneo·us oj' degree ~<also called even lf ~=0 

ancJ or..id if tJ. = 1) and the degree of a homogeneous e 1 ement v E V is denoted by I vi. 

it iS understood ~hat the map v 1---41 vi is defined only on the disjoint union of the 

lf V and Ware two g1ven supei·vector spaces) tile ordinary vector- space Horn (V,W) 

of linear n1aps fr--on1 V into W can be naturally qraded over Z, as follows: 
' ~ <. 

Horn (V, W) =Hom (VI W )0 E9 Hom (V) W )1 

Wh ··r"' t". ~l 

Tt1usl Hom (V) W) becomes a supervector space itself. T!Je maps from Hom (VI W )0 

(ttlat is, tile even maps) are of special 1mportance themselves: tlley preserve tile 

gra~jation. In considering a category wllose objects are supervector spaces, tr1·e 



J1:1st as tr1ere 1s a natural way of Z2-gradmg Horn (Y,W) 1n terms of tr;e 

Z,-aradinqs of V and W, H1ere is also a natur·al Z,.,-qradation in tr1e tensor pr·oduct 
G _. ""' .::, ...,. 

V <21 W of tv1o supervectcw space::;; namely, 

(V @W)). = ffi 'VII ®W,, 
n ~+V=/\ r' ,. 

Thus, if -o EV and WEW are homogeneous, v®w is homogeneous .. and I v®wl =I vi+ I wl. 

. . . . R 1 b fr:o\ A . I . A A A P..n assoczanve -supera ge ra\CJI JS a rea supervecwr space =: 
0

ffi 
1

, 

tc~gether wltt: a distinquisl!ed element(&), 1A EA
0

, and a distinguist~H2d morpt·iJsrn 

Tf ::::''nrr·rA9lA. AJ' ctJ~hr'~o-l~-t ·._n..,, 1, 11..;.. 1 • O' . .; Ci1 .1.:::1. 

CV'aEA), 
and 

1T o ( TT 0 id) = 1T o (id 0 TT) 

A.s usual, TI(a0b) is denoted by ab. It is then clear that, lab!·= lal + lbl.f 7 ) 

An a:3sociative superalgebra A is callecJ supercom11wtative if and only if(~), 

('1 a I b E A, homoqeneous ), · ab =(-i)lallblba 

( ~) k -super·algebr:;s, for any fleld k I ;;re Slmilarly deflned. 
(;:.)Let us recall that. to give a distinguished ,;iement, iA E A 0, is the same as to q1ve a distlnguisMrJ-aigebra 

morphism (see § 3 below), K E Hom( R. A); the relation is the followinq: (V 1\E R ), d 1\) = 1\::. A. 

(-;) The i.ypical e;~arnple of an f.l.ssociatJve superalgetwa is EM V; the rnor·pr1isrn IT is ju.st-.compo~ition and the qr-;;,jaUorl 
1s tJn=.: one of Horn ( V. V) IJiven aoove. · 

(-~.)The typical e;~ample of a supercommut.ative super<Jigebr·a is tfle t.;';terior algebra. 1\ U. of jfl or-dinary vector 

sDace U. rei alive to the Z[ gradalion ( /\U) 0 = ffik f\2k U. ( ;\ U) 1 = EBk ;\2 k + .:_ U. 

~ --· ·---~---'-----...---------~----
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u' A ·•r''"" B ·:.r'A t\Nr"' l"'~1\IC:.r"> :•~·=·(J··ri::.tjlip supe:.~'::•](1C.::.f'r":'lC, 11 ..,1'-1 (.~ 1\.~ u \.· v .:1 1\..·il ..;.~ ... .J...J ....,I '\.A· V •.J ..... ~--1 • .. A·::~\.., ... .Jt v-;,_._1 a ·morphism ¢ : A -. B 

o~tween Uwm is an e lernent ¢ EHorn (A, B )0 , sucn tnat 

and 
¢(ab) = ¢(a)¢(b). 

The tensor product oj' two supera.l..gebras, A and B, is their tensor product A ®B 

as :3upervector spaces, endowet1 WJtl1 t11e superalgebra structure g1ven by letting 

and< 9 ) 

for a II t1ornogeneous b1 E B and a2 E A, and extend1ng the definition by bi I Jnearlty. 

Lt:t A L)e a suoercornrnutat1ve superalqebra and let V t'e a supervector space. To 

g1ve a (left) A-·moduie structv;re on V is to specify a superalgebra rnorplilsrn 

·rf' :A _____;. Enci V. The e Jernent 'i.ft(a) v is usua I ly c1enotecJ by a v, for a II a EA and v E V. 

It srloUil1 be clear by now how to proceed with furti1er definltions and concepts m 

.etnear sttperalgebra We shall refer the reader to [ 17] for details. 

( 9) This is another example or' trre so called QUJilen·s rule [ 9) (see definition or" supercomrnutat:vlt'/ above; see 
3lso (4] and [&]):when sometllinq oJ der}ree p llzoves past som.etlung o; dEgree q, the sipn 
,. -1 )PO(' n,-.,.a~·:· \ • :,.1'-'·i'.l~ I v 
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3. Review of Superrnanlfolds 

v~:w;ous forrns can be found in the lJterature of 9ett1ng at tt"1e notion of 

suoerrnanifold, but tr1e approach that seems to be rnore popular among 

rnathematiciarr3 is Hie one that goes ·within the spir·it of algebr·aic geometr-y. HHJS, 

a realsupermanifold is basically defined as a ringed space (['1, A11 j consisting of 

a topological manifold, f"1, anrJ a sr1eaf of supercornrnutative R-super·algebras, Ar1 , 

clefined over it Tr,e various conrJitions imposed on A1•1 yield the various 

definitions found in the literature Ccf., [10] and references therein). 

Thus_, for e~·:arnple, tr1e approacr1 v-.;e r1ave follov.;erJ in previous works ([ 14], [ 15], anrJ 

[ 16]) is tr1e one of Leites anrJ Manin (cf.,[41[7]), which is similar to Kostant's 

original version [3] but sensibly less generaJ(to). 11anin defines in [7] a reaL 

smooth supeT7Twnij'oLd as a ringed space 0"1, Ar1) as above with U1e following 

con<jitions imposerJ on AM: 

(to) Accor·ding to Kostant., an ( m, n )-dimensional supermani fold is a pair ( 1'"1, A l'"l ) consisUng of an ordinar-y 

m-dimensional C':o manifold 1'"1, and a sheaf AM of supercommutative super-algebras, such that, 

( l) for each non-empty open subset U C 1'"1, there is defined a superalqebr·a homomorphism 
AM dJ) 3 r H fE C00 M (U) that commutes w1th restrictions, ;nd 

( ll) eaCh open subset U of t·1 can be covered by open neighborhoods Ui ( i E I), such that, 

(LL .1) 3 a subalgebra C( U i) C (A 1'"1 ( U i)) 0 (called a /WI..Ctl.on Ja.ctor of A t·1 ( U i)), such lhat 

the map C( U 1) 3 f H "f E ceo r-1 ( U i). is an isomorphism, and 

(it. 2) 3 odd elements s 1 ( i), s/ i), .. ., s n ( i) E (A 1'"1 ( U i)) 1 , such that, s1 (j) s 2 ( j) • • • s n ( i ) f o, 

and if D ( U i) denotes the subsuperalgebra of A t·J ( U i) generated by them, the map 

C( Uj) 0 D ( Llj) 3 f0 W H fW E A 1'"1 ( Uj) is <1n isomorphism of superai9ebras. 

The U, 's ar·e then C<~lle•] A ~'-;,-.:=ml!.ttlno nelr;ll..borlloods of otid dirnens1on n .. and C( U :, ) ant] D ( U 1) are satd I I ~ ._. .,. . 

to be a paw of spt!.ttLng Ja.ctors JOT A1 .. 1 over ui. 

~low, Kost.ant. asserts In his or·oposition 2. 4.2 that if U is an .<\ r-1-spll tting ne!gnbor·hood with ( C ( U), D ( U) ) a 

91ven pair of splilting factors. and if '.J is an open subset contained in U. there ex1sts a unique function factor C( V) 

(footnote. ne~:t page) 

I 
I 
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Let J r1 = ( (A r1 )1 ) be the sileaf of ideal:; gener·ateo rJy tile ocw sut)'3neaf (A r1 \ over 

r·1C.tt). Tr1en, on the one hand, we obtain a sneaf of commutative algebr·as over M, 

rJefmerJ by the canomcal projection onto the quot1ent. On the other hanrJ, we may 

consicler the Jr1 -adic filtration of AM defined by, 

ana form the corresponding sheaf of graderJ algebras associated witr; it: 

or AM ( V ), such that, pUv< C( U)) C C( V ); further'more, the settin!J D( V) = p Uv( D ( U)) yields a 

commutative diaqram of super'alqebra morphisms of the form: 
. . C(U)®D(U)~Ar--J(U) 

Puv®Puv -1- -1- Puv 
C( V) ® D ( V)--+ A t-1 ( V) 

Hcwevet', it does not seem to follow from Kost.ant's definitions that this commutative diagram j'actors so as to 
yield a commutative diagram of the form 

C ( U ) 0 D ( U ) A 1'1 ( U ) 

-1- ~ C00 (U) ® /\[n] / -!- · 

C(V)®D(V) -- ~ -Ar-1 (V) 
~ C':o(V) 0 /\[n] / 

where the new vertical dotted arrow is the restriction map of the sheaf C co 0 !\ ( n ]. Note that if it. does, Kostant's 
definition IS the same as that used in (4] and [7]. We shall leave here as an open question if it is possible at all, to 
91ve an example of,~ supetrn<'lnlfold 1n this sense of f;osUmt. that. is not a supermanJfoitj 1n tht> sense of [4],,n,j [7] 
(\ve are indebted to s> Gitler' for' helpful discusSIOns r'etJ<'H'dJng this particular' POint). 

( 11) That is. over an open subset U C f'-1. A 11 ( U) =A t·J ( U) 0q:J A r-f( U) 1. so lt-1 ( U) IS the ldeai,Jenerated by At·\ ( U) 1 
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Under t11e usual dei'initlons of addition and rnultiplication perfon11ed on gerrns, 

., ·' ' (' k A t ' -. -, -. . -.' .- . r· 'r·· (' 0 A' - 1 ' •j j - ,-. '\ I' ' ~.·i I r· r· .-. ' .. \ 11 t" ' "' v 1 - ' ·j ·:t -. s::JCtl 1..1f 11 wcc,me::; a ::;nea c, 1..1f r-; n,rAu,e.:, vver ''· .1 ~1ct.., ,. ,er,. ewec (,::; 

structure of a sheaf of a-ugmented Gr 0Ar-1-algeDras over 1 ... 1 .. w1tr, augmentation 

map 91ven by the sheaf morphism 

C> , ... A ' G 0A . u: vf M ___,. f M 

since AM (U) is super·cornrnutative, Gr A""1 is in fact a hornornorphic image of t!1e 

ct·1eck tt1at if ttJe filtration is fimte (i.e ... if t!1ere is some k1 such tt1at JMk = 0) .. 

Thus, wt:en we ar-e given a supennanifold u~·1~ AM), we alway.s 1·1ave the followin9 .. , 

Gr Ar-1 

.. _, 



1 1 
1'-t 

( i) For each rEf'\ the stalk Art xis a local super-rmg. 

functions over f"l. 

UU) Gr 1 Ar-1 13 a locally free st1eaf of Gr 0 AM-rnodules of finite rank over 1·1 

Cano tlw r·anK 1s callec1 the ocif..i dimension of tr1e superman1fOll1). 

(i'v) For each point x EM ther·e is an open neighborhood U of x and an 

1 somorpt11 srn of sheaves of supercommutat ive supera 1 gebras over u, 

· such that, 8 a (Pu = 6.. 

c:onsrst.mq of a continuous mao 
w • 

an,j a sheaf hornornor·phisrn 

,Nh1cn 1s local on each stalk. 

!t 13 a vvell knO\vn fact Ccf., [3], anci [4]) t.tv1t a supermantfoJ(j nicwpt!tsrn 1s 

conwletely det.errnineli by U1e super·aJgel"Jra rnorpt11srn tt·1at ttw s11eaf 

t;ornornorpt11srn g1ves r·ise to; that Is, by 

r·.!(.; <=- 1 ,-, · rl::;r··;.J r 111 ::;r· 
' ' _, '· .... I II I "" \.• vI \..• ... ~ I ...... , I tnat corne~:: v.r 1 tn tne 

·:.uc~rTMm 1 r o 1 cl morpti 1 srn 



,l • t~·.,·J (..,::::. -~ ~ /r .. ,-t A• "\ w. . \I I, .; "1 I . \I I, M .I 
I' It 

A f(j )·, . { .\ i J \/I I). ~~ C co ( [j \ 
·""1 f1 \ --. \•'-lf·l I M I\.\) - J 1·1 · ; 

T ;-,; ·=· rrlr\r·ni-1 i Ci"fJ 1 C' lJC:t:.dlJ J 1·. rl C>\;·~ ,,. i ~~t i r)Cl ~rlY f ~ A.. (IJ i Orl ... r .. (.> r•n1··--. to:· rd f'1 
; i;! ..... I ,t. ~Ill . .;I I ...; . ..)\_.I I ~... (,..1 1"'•:01 4' ::J i:,i t i \- J. f1 '. '\ J L I \...I' 1:"'1-' ...,/ L\J·~ \_/I I ) in t11e 

::.r.n:::e t11at for a given p E11, tr1ere is also a super·rnanifold rnor·phisrn 

D.D: ( {*}, R) ____,. (fvl, At1 ), 
' 

tt;e obJect ( {;i<:}, R) bein9 tl'te supermanifold consisting of a single point and tile · · 

con::.~ant '3twa·r R, the reals .. over Jt. !J.P Js defineli by, 

! •. I r· - A. iL' , , 
~v E: M\iU 

r.:r,r~ i-h::~r (. r*.} R' 1·.::: :':l t·~r:-'iJ.'':::lJ t"~f)j·t:l,~t· tt ... ,.. ·1'·~·.·-· 1 .. 11d\. '· ~~ 1 .._, .._,. ·C: •II a)\.~ """' .._ . ...,., IC' 

· :3up7rmanlfold into it 1s ttle conscantm.orphism 

C ·· · . · (~-·1 A 1~ (·[:j(1 R 1 (I"I.Ar-J)' I' 1"1' . ;, I 

t'!•'t;:,-~..,.1 1 1'":-l 'r.;'"'·' H,,, (jt"'J.'"'~lJ'"' .~!JI"'''t'3ll"" 1'b'':~ f"lr''lf'Pt""J··~t""' R---.:. A 1 ~"1 ) \.IC: ""I Ill 11\.--.i f t.IIC: , I \.j C: ::J 1-11; JC: I \A I v I ..J II · f•i \II 

any 

-·-. ----- -- ---~-- -------- __ ·-- ----------~~----~------------ ----------- --------~------ ----~~-~-
------
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4. Specific differences and an a 1 o g i e s 

with smooth manifolds 

In orGer' to compare witll the theory of co:> rnanJfolds) note that if U cr--·1 is an open 

set) small enough so as to find a definite isomorphism ~u : A r1 I u ~GrAM I u, 

A 'LJ'-Cco (Ul)N~/\["1 r2 "n] Mt J- M 'CI ~~"")"'!(,, 

are an example of what is called a system of odd UocaL) coordinates (i.e., only 

(JefinerJ over U). Tr1us, once an isomorphism (Pu is given, any super junction, i.e., 

any element f E AM (U ), can De wntten un1quely m the form 

'-"~ 1 th f, f ~- , f ~- v, f ~- v 0 , ... , f 12 ... n E c=~r1 (U ). Thus, superfunct ions over U look 

exactly as sections over U of the exterior algebra bundle of a vector bundle. As we 

st1a11 shortly see) however) tl1is does not mean tl1at supermanifolds are just 

e>rtenor alget1ra lxmdles of Ceo vector bUntiles. Let US only pause here to note that 

Jf U as above ls furthermore a coordinate neighborhood in the usual sense, local 

coordinates Lr1, x2, •.• , xm} rnay be introduced in U, and the co llectlon 

local (suoer)coordinates over u cr-·1 i'or tlw supernianir'-old (I·J~ AM). In trils context, 



1"-'1 
I / 

the collection b:1 , x2 , •.. , xm } 1 s ref ered to as a set of even coorcii"nates and one 

~KrN, one of tt1e rnost important points to bear in rn ind in ttie tt1eory M 

superrnanit'o Ids is that even though the structural sheaf A r-1 may be loca Uy 

J(Jentified w1th the sheaf of sections of the exter10r algebra bundle of some vector 

bunrJle over r1, the rnor·pr11Sms on the supermamfold need not be morphisms or 

vector bundles. Tr1us, for example, an automorphism of (U, A 11 lu) is not required 

to come from any map of ccoM (U)-rnodules. All what is rJemanded is that the map 

U1at defines H, be a rnorpr1isrn of' super-algebras. H1is rneans U1at if' 

{ r 1, r 2, ... , xm; ~ 1, ~ 2 , ... , 'n} is a system of supercoordlnates of trie spec1al k 1n{j 

considered above, we shall be ab·le to write 

and 

and in general, the functions f 1 ~lv, fl\~vo, etc. do not have to vanish. Therefore, 

tt1e category of supermani(olds admits, in principle, more.general morphisms than 

~Jector bundle maps. Th1s observation makes it clear~ tt1at a more general definition 

of a coordinate system is needed. The one accepted within this approach is the 

origina 1 de fin it ion of Kostant [ 3] (see a !so [ 4 ]): 

A. :.upercoor~cJinate syst.ern for tt1e supermanifoJcj (1··1, Ar-1 ) over the open 

nei9nbor~hoo(j U Cf"l, consists of a collection {f 1, 1' 2
1 ••• , rm} or even sup@r-, 



suoerfunctions (i.e., e~-t E (AM (U)) 1 ), suc11 that, 

( t) tile collection of coo functions on U, {f 1, f 2, ... , frn }, forms a coordinate 
system (in the usual sense) for the open set U CM, and, 

un the collection fe1, e2, ... , en} is maximal among all collections of odd 
superfunctions witli the property that e1 e2 ••• en t= 0. 

Vector bundles witrlin the category of supermanifolds may be approached in 

exactly the same way as in the coo case; the only technical detail that has to be 

taken care of is to realize that the role of the manifold (R,C 00R) is now taken by 

tt'1e (1,1)-dimensional supermanifold R1 ' 1 =(R,ccoR®;\[(]), as it was emphasized 

in [12], [13] and [141 

TrnJS 1 one may prove that the sheaves Der A11 = (Der A1•1 )0 EB (Der A11 \ ancJ 

Horn (Der AM, Ar-1 ) =(Hom (Der A11 , AM ))0 ffi (Hom (Der AM, A 11 ))1, where, 

(Der Ar1 )11 ={sheaf morphisms X: Ai1 ---;. AM I Vf, g E AM (U ), f homogeneous, 

X(fg) = (Xf)g + (-i)IJ.IflfXg} 

and 

are locally free shea'-:es of AM-modules over f'-1 of rank (evendimf"1,odddimf"1) 

= (i'i-i,n) (c.f., [3] or [4]). One may also pro(juce two suoermanifolds, (ST~·J~STAr-1 ) 

an1j (ST*r1,ST;j:Ar1 ), each of (Jimension (2rn+n,2n+m), togetr1er wlth 
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suoerrnanif'o ld rnor·phisrns 

and 

so u·1at tt"1e s11eaves defined by assigning the sets 

and 

to eacr; open subset U Ci··JJ bee orne Jsornor-pt-ilc to Der- AM and Hon1 (Der- AM JAM )J 

re~:pect.ive!y. The procedure for doing this mimics tl!e one followed In the ceo 
ca::.e( 12). This time, however} it is crucial to realize t.t1at'the supermanifold R1 li 

can be endowed with the structure of an abstract ring in· the category of . 

supermanifolds (c.f., [ 1] for definitions and e:><arnples); that is, that one may define 

supermanifold rnorphisrns 

and · 

called supersurn anli superTnultiplfcatiot\ tt1at allo\.v the standard ·construction to 

go througt1 (see [14] and for applicationsand further results on linearity and 

b iIi r;eari ty .. see [ 15]). 

(12) As can be seen fr·om the defin1Uons. ceo-manifolds occur as special cases of supermanifolds. i"lorphisms between 
smoot.h manifolds are special cases or supermanifold morphlsms, too. Thus, the category or C':o-manirolds gets 
subsumed as a full subcategory of the category of C':o-superm,~nifolds; namely. as the one defined by those 
obj~cts having odd dimension equal to zero; But now, if we are given any such supermanifold, say ( M, C':ol"l ), 

we can apply our general construction to pr·oduce (Sn-1 , ST C001"1) and ( ST*Il , ST * C00M ) which ar·e 
5upermanifolds of nontrivial odd dimension: they are (2m, m )-dimensional. Then. the zero section (a notion thal 
makes 900d sense in the theory of supervector bundles. as can be deduced from the foundations layed out in [14]), 
,jefines an embedding of t.he original smooth m~1nifold into any of these supermanifolds. 
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The construction or' the De Rt1arn cornple;-< of a supenr1arilfold follows essentially 

tt;e same steps as ln tr,e ceo case. An important difference, t1owever, ls tr,at tile 

presence of oc1d coorliinates prevents the Q 1 (1"1, A~1 )·s fr,om be1ng the zero module 

at sorne stage. The reason is that the sheaf of sections Qi (1'-1. AM) looks locally 

like 

w11ere ;\1 [ { d X1
1 ... I d xm } ffi { d ( 11 ... I d (n} J denotes the supervector space 

corresponding to the i th exterior power of the (mIn )-dimensional supervector' 

space spanneci by the even generators { d X1
1 ••• I c1 xm } and tile odd generators 

{d( 1
1 ••• 1 d(n}. Let us recall that the general definition of the Z?-graded exterior 

algebra/\ (V0 EB V1 ) associated to the Z2-graded vector space V = V0 ffi V1 
is given 

by (c.f.l footnote (9)t 

;, (Yo EB V 1 ) = ® ( V o ffi V 1 ) I 1 de a 1 genera ted { x® y + (-1) lx IIY I y® xI x, ye V homogeneous} 

Then, one proves that 

and therefore, 

Q 1 ( U, AM I u ) ~ A r-1 (U) ® { EB, = j + k /\j ( { d xa } ) ® S k ( { d C b } ) } . 



general, Qi (U,AM lu) :f= {0} for all i EN. Let us point out that the mocJules 

Qi (LJ, AM I u) t1ave a Z 2 -grading, too; in fact, we may write, 

vmere, 

and 

The exterior derivative for superforms can be characterized as in the coo case by 

rneans of tt1e following properties Cc.f., [3] anl1 [ 4]; however, one must insist this 

tlme ln using the (igt1t A M-supem1odule structut'e, as ernptlisized by Kostann: 

r ll \-i r· f= Q a(. u A I ) ~· A (LI ) • ,. '- y - ~ ! • 1"1 u - . 1"1 . ) df = .Za dxa 8x_a (f)+ ):b dxb 8(b (f) 

(iti) d 2 = d 0 d = 0. 

ail r1 E A r1 (U ), 



cornple:< obtaine(J frorn U1e r~J •:3. To give an example, let us look at tr1e De Rr1arn 

complex of the special supermamfold R1 ' 1 = (R,C 00R01\[(]). Tr,e rea(Jer w111 have 

no trouble in convincing himself tr1at, 

One notes that in general, a given 1-sup~rform, say w = (dx)f + (d()g, with 

f, g E AR(U ), is not the differential of a O-superform (i.e., a superfunction, say 

F EAR(U)). In fact, if we write F =a +bC, with a,b EC 00 (U), then, 

dF = (dx)(a' + b'C) + (dC)b 

Hence, tr1e 1-superforrns ·q = (<j Oc C witr1 c EC'=Q (lJ), can never be e:<tenor 

derivatives of superfunctions. Nevertheless, talking at t!1e level of cohomology, we 

can easily prove that Hk+i (R 1 11 )::::: {0}. Indeed, the most general (k + 1 )-superform 

can be written as 

w = dx(dC)k (a +b() + (d()k+ 1 (a+ ~C) 

wJth a, b1 ct, ~i ecco (R ). Then, its exterior derivative is g1ven by 

d W = d X (d C)k + 1 { ( <.1' + ( -1) k+ 1 b ) + W ( } + ( -1)k+ 1 (d () k +2 ~ 

Hence) wekerd!Qk+t(R111) 1r· anl1 only if cx~=(-1)kb ancJ ~=0. That is, if anli 

only if, 

I j >' \ I. , ' 1 \ k I ..- ) • >' i /.. ' ' ILl = tj . ..,. \ ( ., , " { ;1 + I-. I •Y ( ' { ·"' .' ~-.,...' ....... 
~ '--'--,-~, \(l \ 1 \)., ~ T 1I..J'-:,/ l..t 



.... ;-;r 
L ... ) 

In such a case we can certainly f1nd a k-superform, say 

ll = dx(dOk-t (A +8() + (dOk (e + rc) 

so, we simply put r=(-1)kaJ0'+(-1)kB=a .. and A arbitrary. Thus .. any closed 

superf orrn on R 1 11 is exact. 

\NI1at is at issue here is a gener'al fact already pointed out by Kostant in hls 

pior,eerlng work [3] and explaJneci 1n full detail Jn [18].(13) Tt1e cohomology of 

superforrns on any superrnanifold is Isomorphic to the De Rham cohomology (of 

ordinary differential forms) of its underlying smooth manifold. In certain sense 

tl1is is no,surprise at all.~ since the DeRham col1omology gives nothing else than 
v 

the topo logical ( C ect1). cohomology and the approach to superrn ani f o 1 ds we are 

following here does not change the underlying manifold. It would be desirable then 

to cievelop new criteria that allow us to uncover pt1enornena such as the fact that 

not every 1-superform on R1 11 is the exterior differential of a ·superfunction '! 

tt1ere. From the work done in [ 8] ami [ 11] we may expect such criteria to be 

cohornological in nature; furtnerrnore, it would come a~; a pleasent resource into 

the theory to be able to detect other peculiar properties of' super·rnanif'.olds through· 

t11e calculation of some appropriate cohomology supergroups< 14). 

(13) We ::tre indebted to H. Boseck for· brinqing to our attentlr:in the wor~·, ofT. Sc!,rnltt. 
(14) For .;:<ample, !n the theory of' complex mamfolds. the diifer·ent comple:~ structures on a qiven mamfold are 

parametertzed by the elements of certain cohomology groups of holomorphic sections of a suitable vector bundle 
deiined on it \The junior author would like to thank P.. Vila for illuminating this and other points in supemanifold · 
theory through helpful discussions of known e:<amples in complex manifolds). 



Another or·oblern, wr1ere tr·,e development of sorne adrJJtional algebraic criteria is 

ne&\jetJ, is the super-manifold counterpart of u·,e tr1eorern of U1e rank or elementary 

calculus. For the sak.e of comparison, let us review first the situation in calculus. 

su~;pose that we are given a CC0 -map 

anrJ introduce local coordinates, say { r 1, r 2, ... , rrr') on the open set U CRm and 

{?/, y 2, ... , ym} on the open set V CRP, with (p-1 (V) CU, so as to express each 

(p# yi as a differentiable function of the coordinates {r1, r 2, ••• , xm}. The 

jacoblan matrix of¢ is the p xrn matrix C1s> 

8 (0# 7J1 
• v 

8 ~#yt 8 (p# y1 -- -
8 r 1 8 r 2 arm 

8 (p# y2 8 cp# y2 8 (P#Y2 
J¢ 

,_..,-
8 .rt 8 x.2 8 x.m 

. . . 
8 cp# yP 8 ~~yP 8 (p#yp 

8 r 1 8 r 2 8 x.m 

The problem of the theorem of tile rank. may be roughly stated as follows: can we 

fin(j some change of local coordinates in U C R m and V C R P, say 

and 

in such a way that the morphism ~ o ¢ o a has a jacobian of the simp lest possible 

(1 s) It is clearly a matrix with entries in C00Rm ( U). One notes that not every matrix ME ( C00Rm ( U)) P x m 

can be the jacobian matrix of a morphism. Clearly, a necessary condition for M = ( M i j ) to be the jacobian 

ot" some ceo map R m -: R P, is that the p 1-for·n1s defined by w i = ;> j M i j dX j be all closed: that is, . 

d w i = o, for all i = 1 ..•• , p. This condition 1s by no means sufficient either: but, lf it turns out that on the 

open set U, d W i = o :::? w i = d 11 i I with 11 i E cc-.:>Rm ( U )I (a queslion answered by cohomology!) I then 

the rnatnx M is indeed t.he jacobii.m matrix of the morphism defined by the equations cp # y i = 11 i . 

~! 



fcwrn? Slnce jp('u) :RP-: RP and jcdv): Rrn ___,.Rm are linear lsomorpl-llsrns for 

a 11 u E U" and v E V, anci the rank of a aiven matrix must t1e an invariant under . v 

isornorpl!isms, we seek for a and ~ suc11 that, at some point :r0 E U, 

* 

v.;here.k is the rank of the matrix J¢· at :r0 EU. As a remarkable fact, the theorem 

.of tt1e rank asset'ts that this form of the jacobian is actually achieved tl!roughout 

some open neighborhood 0 CU of X0 , provided the rank of J <P is exactly k on 0. 

~··Joreover, w11en k=p ~m at u-,e single point :r0 , one may conclude tt1at tr,e same 

property prevails t11roughout an open neigt!borhood of it, in wl!ich case, the · 

morphism <Pis easily seen to be an immersion there. 

One rnay approach the problem algebraically; that is, one may ask whether or not 

t.11e given matrix J <P with coefficients in the ririg·C 00
Rm (U) may be brought to such 

a trianqular form. In fact! one notes that the elementary operations on matrices 

w1th entries ln C00Rm (U) corresp.ond to well determined coordinate changes. In 

these terms, the theorem of the rank of elementa1y calculus asserts that any 

jacobian matrix can be so triangularized. 

Tl!is si tuat1on is to be contraste1j to what occurs in the realm of superdotllains. 

Tr1ere, we t1ave t!w notion of jacobian too Ccf.., [4]).1t is constructed in exactly the 

sarne way as aliove; narne ly, assurne t.r-1at. we ar-·e g1ven a super-·dornain rnorpl!lsrn 
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on tr1e open set U cRm and {y1, ... , yP; ~ 1 , ... , ~Q} on tr1e open set VCRP, with 

7p-1 (V) CU, so as to write <P# ?i as an even superfunction of the coordinates 

Lr.1, ..• ,xm;(1, ... ,(n} and <P#~~- as an odrJ superfunction of them. Tr1en, the 

super jacobian, J ¢, of the morphism ¢, is the (p +q) x (m +n) even matrixCto), 

a <P* yt a <P# Y1 a <P# Y1 a <P# yt 
a x1 axm a r: 1 a tn .,. 

. . . 
a <P# YP a <P# YP a <P# yP a <P# yP 

j¢ - a X 1 axm a (1 a 'n 

a cp* ~1 a 11# ~1 a <P# ~1 a 11# ~1 
a x 1 a xm a (1 a rn ., 

. . . 
a (p'* ~Q a <P# ~ a (P# ~Q a (P# ~Q 
a x1 axm a (1 a {_n 

" 

In order to give a meaning to the notion of rank of this matrix at a given point, say 

X0 E U, one must evaLuate it at x0 . Btjt now, evaluation of any superfunction of 

c:~JRm (U)® 1\[n] at some given point :r0 Cor more generally, of any matr1x of 

superfunctions) has to be understood in the sense explained in §3; that is, by 

projecting onto the algebra C00Rrn (U) first via f ~r, and evaluating at x0 in the 

usual sense afterwards. Since the antidiagonal blocks of this matrix have entries 

m the ideal generated by (C00
Rm (U)®/\[n])1, they both project onto blocks filled 

(to) It is a matrix with entries in C00Rrn (U) ®,\[rd. Since the 8xi ar·e ev-en derivations of this superalgebra, 

.3x:i ( tp'*yj_) E ( C00Rrn (U) 0 /\[n]) 0 = C00Rrn (U) 0 (/\[n]) 0 and 8zi ( tp::s 11 ) E ( C00Rm (U) 0 /\[n]).1 

= C00Rm ( U) 0 ( /\[n]) 1 . Simi1ariy, as the 8 ;:~are odd derivations, a;:~ ( rp#y j) E C00Rm ( U) 0 ( /\[n]) 1 , 
~ ~ 

while a,~=~. ( 1p #1: 11 ) E C00Rm ( U) 0 ( /\ [n]) 0 Thus, the p x rn and the q x n diaqonal blocks have even entr1es. 
~ -

and the remainiq ant.idiagonal blocks have them odd. This is, by definition. an even matrix. 

'! 
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in w1th zeroes. Hence, upon evaluatwn of. J ¢ at x0 E U, we are only left with a 

tllock-fJiagonal matrix. The rank of]¢ at x0 is U1er1 by definition U1e pair (r,s) if 

the rank. of the block. { (8zi (p#yi }(x0 )) is r and the rank of the block 

((8?=11 ip'",V}(x0)) iss . ., 

It is still true in tt1e theory of supermanifolds that the elementary operations 

performed on columns and rows of j¢ correspond to multiplication from the right 

and from the left by t11e superjacobian of V·lell deterrninecJ supercoor·fJinate changes 

on the domain and codomain, respectively. However, it is possible to have a 

superdornain morphism ¢for which the rank of']¢ is everywhere (r,s ), but no 

supercoordinate changes on domain and COfJomain (a. and ~' respectively) can ever 

be found so as to bring j(~o¢oo:.) to the form 

j 0 0 0 1 rx r 

* 0 * 0 (*) 

0 0 1 . 
sx s 0 

* 0 * 0 

as a matrix with entries in ccoRm (U) 0 !\ [:t]. The reason now is that matrices with 

coefficients in a ring where nilpotents exist, are not in general triangularizable in 

this way. They are always triangularizab le in the following way (cf, [ 1])and(i9) below 

( ;:~. 
rx r 0 0 0 
() * () * (**) 
0 0 1 sx 5 0 

0 * 0 * 

bl lt· tl--)l.C' forri"J ]',-. ljr·t'l](:.>r·f" r·(·Jr tl--lu rfJ"'Jr·t l'r\J..(Ar·'·c:t]Fif1 th.:.rwf.tj'(·~l ntir·r·\{\C'(:.>C·• r·or" "' .I .J I .• ) . ;:t \'; 0J ;:t .') I \'; \ ;:t •• . .I • • J I e ·-· . ":,;J .. ! . \J 'J I J '• ·~ ·~ I rJ ._, J '-' ·~"J .J' 

example, not being able to produce zeroes in tr1e r·ema~ning starred blocks amounts 

to not r1aving found appropriate coor(Jinate change~: iD domain and co(Jomain so as 

-----------·--------~--



to make¢ look lil<e the standard LocaL embedding, 

(p#yJ = xJ 

cp# 'v = ~v jf 1 ~V~S 

(p#yJ = 0 

(p# (V = Q 

lf r+l~j~p 

if s+1~v~q 

Trlis phenomenon was first orJserved by Leites in [ 4]; what he did there was to go 

around the problem by defining constant rank., not by the property of having the 

sarne rank at all points of a given neighborhood, but by the property of being 

diagonalizable<17) throughout that neighborhood. Although these notions coincide in 

ca!C'Jlus, they need not coincide in supermanifold theory as the following example 

will now showUa). 

Let us consider the superdomain R2 ' 2 = (R 2, !R 2 12 ) wlth its standard coordinate 

system { X 1 y) ~~ (}.Suppose we are given the supermanifold morphism 

spec1 fled in terms of the given coordinates by means of 

q-,,1/:x=f+g~(; t',gEC 00 (R 2 ) <P#~=a~+b'; a,b EC 00 (R2) 

<P .... y=/1 +k ~c h~k ec00 (R 2 ) ¢' # ( = C ~ + d ( ; C, d E C 00 
( R 2 ). 

We shall further assume that 

( i) h is a constant; that is, ax h = By h = 0. 

(ii) d = 0, identically. 

(17) It is easy to see that once a matrix has been brought to t.he form(*), elementary operations performed on rows 
and columns make it possible to even bring it to the diagonal form diag { 1 r x r, o, 1 5 x 5 , o}; on the other hand. 
1t is impossible to achieve such a diagonal for·m from ( **). 

(15) lt. is wor·th our while to note that. an example has been 9i•;en in [4] of a non-diagonalizable matrix with coefficients 
1n a supel'algebr·a of the form C00 Rm ( U) 0 A [ n]. Unfortunatelv, such a matr1x IS not the super Ja_fobtan of any 
rnol'phtsm (see our footnote (14) above); hence it does not illustrates the phenomenon. 
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(tv) a is nowt1ere zer-o. 

Under these assumptions} trre super jacobian matrix of ¢ is: 

Bx f + Bx g ~ ( By9 ~( 
g ' 

-g~ 

8xk ~C Byk ~C 
k ' 

-k ~ 

(Ox a ) ~ + ( Bx b ) ( (8Y a ) ~ + Wy b ) ( a b 

(8xc) ~ (By c)~ c 0 

Its rank is clearly (1) 1) at all points. On t11e other hand} it is a straightforward 

matter to ct1eck tt1at this matrix is elementary equivalent to <19): 

Bx f + Bx9 ~ ( 0 0 0 

0 ( 8yk + k a - 1 8 a)~ C y . 0 -k(~+a-1 b() 

0 0 d 11 0 

0 (Bye -ca-18ya )~- (a-1 c.Byb )( 0 -a-1bc+g (8xf)-1 8:r.(a-1bcnc 

(1?) It is easy t.o see what t.he general result should be: assume that we are given an even mat.rix with the following 

block decomposition [ A 11 A 12 S 11 S 12 1 
A 21 A 22 B 21 S 22 · 

Y 11 Y 12 D 11 D 12 

_ Y 21 Y Z2 D 21 D 22 

The A and D blocks have even entries. the Bandy blocks have odd entries, and only A 11 and D 11 are invertible; 

that is, the t'est of the blocks have pu[rel~ ~~port enrs. r:·lby elementary operations. this is equivalent to 

o x21 o x 22 

and the Xij 's are explicitly given in terms of the original entries as follows: 

X 11 = ( A 22 - A 21 A 11 -l A 12 ) ± ( B 21 - A 21 A 11 - 1 6 11 ) d 11 - 1 ( Y 12 - Y 11 A 11 - 1 A 12 ) 

X 12 = ( 8 22 - A 21 A 11-1 S 12 ) - ( 6 21 - A21 A 11 - 1 6 11 ) d 11-1 ( D 12 ± 'Y 11 A 11 -I B 12 ) 

X21 = ( Y 22 - ·y 21 A 11-1 A 12) - ( D 21 ± ·y 21 A 11-1 S 11 ) d 11-1 ( Y 12 - ·y 11 A 11 -I A 12) 

X22= ( D22±Y21 Au-1 612)- ( D21 ±·y21 A11- 1 Bu) d11-1 ( D.12± Y11 A11- 1 612 ). 

We ~-hould warn the reader: upper' signs result from matrix multiplication a.ccording to the t''Jies of linear superai<Jebra 
for !eft. modules Cas explained in [ 17]), when:~'ls lower' signs result from the usual matrix muitrpl icatron. 

I 
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k = 0 b = 0 and c =a e W <.r) 
J J 

for :3orne srnootJI function 1~1 (Jepenliing only on J..:, the S?J.perjacobi.an TrUJtrLr of' (P 

'UU.l not be diagon.af.izabLe. That is, if any of these conditJons 1s not satisfied, 

tl~en the morphism ¢will not have constant rank in the sense of [4]. 

V./hat is certainly des1rable here is to have algebraic (and presumably simpler) 

r::r1teria that can give the answer at once about the diagonalizability of the given 

superJacobian Cor any matrix for this matter) and to have certain means so as to 

measure the obstructions for this to be possible in general. Again, it seems that 

sucr1 cr·iteria would have to be of a cohomo logical nature. 
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