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Eecently, certain class of raticonal elliptic surface
become relevant because they provide examples of topologicel
manifolds which are all homsomorphic but not diffeomorphic

The aim of this note is to explain an ezample of this type
of surfaces, the so called Dolgachev surfaces, and to compute

their groups of biholomorphic zutomorphisms.

I want to thank Hans Schrpyer for pointing out a mistake in
my talk during the works shop, and for telling me about the
papsr by Miranda and Persson (See ref. [6]), where one can
find a more geheral description o¢f the automorphims of

lliptic rational surfaces

w

esults on €lliptic surfaces.
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pact complex surface 8 ig elliptic if there exists a
curve ¢ and a holomorphic map f:S——)C'such that the gen=sric

all but a finite number
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O
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. -1 .
fibr= £ “{(z) is an elliptic curve

of = = ¢. Elliptic surfaces have besn thourozhly studi=d by

Kodaira [5]. The points {al, C e ak}-c C where the fibre ‘is
not a resgular ellitic curve correszpond To the sinsular fibres. .

map f is a regular map on all the other valuss.
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The structurs of the singular fibrez is well known. In
case thev are divisors of multiplicity one, they are called
sim lé, otherwise they are multiple singular fibres.

'~ From now on we will assume that the elliptic surface & has

no =xcepcional curve in a fibre that, is, &5 1s relatively

minimal.




L=t uz assume that & has no nultiple flhrcs, Kodaira
proves ([5] sections 8 to 10) that there exists an elliptic

surface B, fibred over the same base curve C, such that the

maep B-->C has & secticn. The fibres of 3 are the same as the
fibres of B. And we think of 5 as obtained by "zlueing'" the
fibres of B in & twisted way. This surface B is characterized
by havihg a section, and is called "the basic member” of a
family to which & bwlurg . In this form wWe can escribe the
topological invariants of 5 in terms of those of B {[5] BSect.
1z), and more importantly, the automorphiszms of S are

described also (ses Vila Frevyer [71).
We have an exact ssequence:
0 --» @& --> Aut(Z) --> H --» 0

— o

where G corresponds to & subgroup of holomorphic sscticns  of

the fibration B——>C, znd H iz a subgroup of auvutomorphisms of
. If the surfzce 5 has multiple singular fibres, then it can
be cbtainsd by a series of logarithmic transforms of another
elliptlc'surface Z'. The surface Z' will have at most simple

Z. Bational elliptic Surfaces.

Take FZC and supposé we have tTwo cubic curves defined
resp=ctively by FO and Fm which intersec tranzversely 1in 2
points {xi} for i=1, .... 9.

We Zet a pencil of cubic curves KFO + yFm = 0 (Ao, )
= Flﬁ ¥ passzing thru the nins points X, This pencil induces
fibration:

P2C - { %, : di=1, ..., @} --—3 PLC
=0 that blowing up the nine points we g=t a new surfacse X =
?Z{? ' f and an elliptic flbrat icn over F;E. (Whers wWe
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note the blow-up of P“C at the nine points {xi} by
..,%X~r). The elliptic fibration of X is f:¥--:0.

The canonical bundle of ¥ can be computed [2], and the
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ancnical divisor is HX': -SQ*H + El + S + Eg. Wher= H
corresponds to the hyperplane divisor of FBC and the diviscrs
Ei ar= the exuéptional diviscres obtainsd from the blow-up at
¥.. Alsc, by construction,

f “{z)}) = 2 H - El - ... - E9
ic fibre F. This implies that K., = - F. We have &alsc
i

Fie

ii} ¥ iz simply connected.
a

iii) The biraticnal invariants of X are the irregularity q(8)
L0, . 1 ’ . s .. .2 .
= h {5,07) = 0, and the geometric genus p (&) = h (3,0%) = 12

that iz, it iz a pencil of g=ensericallsy

zuch that =sch singular curve has conly one singularity of tvps
doubkle point). Then it is =asy to se=s that we can computs  ths
number of singular curves from ths Euler numbsr of 5 and the
intersecticon numbsr of a gsneric fibre ([2] paz. 509). We

obtain that X has 12 singular fibres. Each one of them 1is a
raticnal curve with a dcoubls point and no other singularity.

o s . ; 1,
¥ iz algebraiz and there are sectionzs o:F LC--»;

it is encough to check that the sxcepticonal curves Ei interssct
the generic fibre F at only one point:
E.F = - E.E_,
1 A .
and =ince the genus n{Ei) of El ig zereo. Using the formula for
tihe virtual genus we have:

<
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- = x /o .
7(E;) = (E] + E;K,)/2 + 1,

and we know that E; = -1, Zo that E.F = 1.

i
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Conversely any non singular section o:FC--»¥ is an
exceptional curve in X, as can be sesn by doing the same




computation ag before.

‘Hartshorne notes ([4], Remark 5.8.1) that the blow up of

F~f at 9 or more points may have an . infinite nunber of

exceptional curves. In fact Miranda and Persson in [6]
t

classify all the elliptic raticnal surfaces with no multiple

i
singular fibres that have conly a finite numb=sr of excepticonal
curves. They all will have less that 4 singular fibres {Zes

Theaorsem 4.1 in [6]). From this we obtain:

The group of  holomorphic automorphisms of ¥

Theorem is
discrete and infinite.
o~ —~ = 11‘ 4 4 3
Zince the sections of P C--:¥ form a discrete sroup And
th= autcomorphis i h tic

2. Delzsachev Surfacss. ~
Given the elliptic fibration f:%——»FlC, the Dolgachev
surface; ar= constructed by rervlacing two non-singular fibrss
bv  th=s =same . fibres but coneidered as - divisors - with
multiplicities p and g respectively, with p and g two positive
integserz relatively prime betwssn each other. That is, we
pericrma a logarithmic transform at two non-singular fibres.
We dencts the new szsurfacs by X . (For details on the

construction se= Friedman and Morgan [3]).
resu

lts in the previcus s=ction, we have:

Theorem: The group of automcerrphisms. of the surfaces Xp q
ettt . s 3
respect the elliptic fibration, and is an infinite, descreste

Ard the reascn as before is that the automcrphisms on  the
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gectione of ¥ will induce automorphisms on Xp q°
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