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Introduction

Many interesting kind of geometric-algebraic stacks are defined as the quotient stack asso-
ciated to a groupoid in algebraic spaces. More precisely, if (U, R, s,t,c) is a groupoid in
algebraic spaces we have the quotient stack [U/R]. Some of them are quotients by the action
of a group space into an algebraic space. When we have 1-morphisms X — Zand) — Z
of quotient stacks, some natural questions arise: if a fibre or a 2-fibre product exists, is this
also a quotient stack? If the answer is affirmative, what is the associated groupoid? What if
one of those 1-morphisms has an special property like to be an open immersion? In this work
we are going to give some results about these questions, trying to solve it in the most general

possible case.

While in categories over a fixed category C there are always a fibre product and a 2-fibre
product, when we are working with fibred categories we have found that a fibre product does
not always exist. However, we found a condition about the fibred product as a category over
C and a class of fibred categories and 1-morphisms for which fibre product can always be
constructed. We say that the fibre product has componentwise pullbacks if it satisfies that
condition. In particular, when we define a quotient stack as the stackification of the fibred
category associated to a functor induced by a groupoid in algebraic spaces, the fibred category

belongs to this class and we can take the fibre product.



In groupoid categories, we have shown that a fibre product always exists and the obtained
groupoid category is easy to compute. Then we have proved that the functoriality related to
the associated functor of a groupoid category is compatible with fibre product. However, we
have shown that the fibre product and the 2-fibre product on fibred categories are not always
isomorphic, even worse they may not be equivalent as categories, so we can not conclude that

the 2-fibre product has also the simple form obtained for the fibre product.

Stackification process is compatible with 2-fibre products, but we did not find a similar result
in the literature about fibre products and stackification when the fibre product exists. Here
we find the following problem: when is stackification compatible with fibre product? If it
is not always the case, in which instances can we ensure it? We conclude that if the fibred
categories are such that fibre product has componentwise pullbacks, then stackification is
compatible with fibre product. In particular the result is true for fibred categories associated
to functors, then for quotient stacks, and so this makes possible to determine the form of
the fibre product of quotient stacks in a very simple way. Furthermore, in the case that
one of the I-morphisms is an open immersion, although we have not proved the same for
2-fibre product, we can compute the “strong” change of base via any 1-morphism and we
have proved that this is also an open immersion. Here the word strong is used in order to
emphasize that we are taking fibre product and not 2-fibre product. The last statement is not
a direct result from the theory of stacks, because in fibred categories and therefore in stacks,
change of base is made by taking 2-fibre product, not fibre product. Then we needed to give

a different argument in order to conclude what we have done.

We have found a close relation between the fibre product and the 2-fibre product of categories
over C which has interesting desirable properties. More precisely, there is a canonical fully
faithful functor H : X Xz Y — X xzz Y, which is compatible with stackification. We have

also found some results that ensure when fibre and 2-fibre products are isomorphic, which



are interesting in some algebro-geometrical constructions of stacks. In those cases the results
found in this work are less interesting, but they have the advantage of being applied directly

considering fibre products instead 2-fibre products.

Some questions arise at the end: what about “strong” change of base via another kind of
I-morphisms different from open immersions? Also, what kind of properties has the fully
faithful functor from the fibre product into the 2-fibre product? This questions are not solved

here, but leaves open a project which the author is interested in and will deal with later.

The literature is extensive and each of the references has its own notation and style. In order
to keep the things simple, the theory as exposed here and its principal results are taken from
Stacks Project, which in many of the cases has the same references than the cited in the
bibliography at the end of this work. Since this is such an extensive book (more than 5000
pages and growing) many of the results are not completely proved there, so we include a
proof of most of them when we consider it necessary, especially when they are constructive.
In some cases we made original proofs and discover some other results not mentioned there,
which later we use in the results we are pursuing. In order to indicate to the reader which
results we have taken we use the tagging system proposed in the Stacks Project web site,
which consist of a chain of four alpha-numerical characters. This is good because the project
is still open, is not suitable to keep a traditional numeration for chapters, definitions, lemmas,
theorems, etc., as done by default in IfI[EX. Those tags never change, they are determined
once the part is added and remains in the servers even if it is wrong or removed from the
project. Then, at the right side of every definition, lemma, theorem, example, etc., that we
take from Stacks Project, there is the corresponding tag which is a hyperlink to the page
where the specific tag is located, for those who read this work in a digital device. For those
who read the physical version of this work, if it is necessary to find a tag, in the web page

http://stacks.math.columbia.edu/tag there is a browser created for this purpose.


http://stacks.math.columbia.edu/tag

The examples, different from those that illustrate definitions, were built after trying to prove
unsuccessfully some results. Then, when we saw some obstacle to continue, we decide to

create instances where they were unavoidable. They are original from the author.

At the beginning of the work this was supposed to be a thesis in algebraic geometry. However,
when we saw a possible way and we designed a plan of realization, turned out to be more
categorical than geometric. The principal advantage of this is that the scope is extended
beyond geometry, since we can replace C for any category with a Grothendieck topology,
not only schemes or algebraic spaces with some specific nice topology like the étale site.
Then the results can be applied to many categories similar to those which are of interest in
algebraic geometry. Also, the categorical approaching helps us to understand what are the

essential characteristics of the objects we are studying.



Chapter

Fibred categories

In this chapter we are going to introduce fibred categories as the basic 2-categorical concept
in order to define stacks, which will be introduced in a separated chapter. Here we are inter-
ested in more general facts like fibre and 2-fibre products and strongly cartesian morphisms
or pullbacks, which allow us to consider “restrictions” of morphisms and therefore locally
defined morphisms when we are working on categories with Grothendieck topologies. Many
subsequent developments are based in what is in this chapter, so we encourage the reader to
see at least the results. In particular, the fibred category associated to a functor is important in
order to consider quotient stacks and we give some functorial properties which will be used

later.

We consider categories over a fixed category and later fibred categories through the concept
of strongly cartesian morphism. Then we show some results when the fibre categories are

groupoids, in particular setoids or sets.



2-CATEGORIES
1.1 2-categories

Given categories A, B we have the category Fun(A, 13), whose objects are functors from .4
to 3 and its morphisms are natural transformations of functors, i.e. if F,G,H : A — B are
functors and o : F = G, § : G = H are natural transformations, the composition rule
foa: F = H, called vertical composition, is defined for an object x of A by (f o a), =

B, o a,. We illustrate this composition in the following diagram:

e ——
A———B A {pea — B
N T
H
Given categories A, B and C there is a composition law o : Ob(Fun(A4,B)) X

Ob(Fun(B,(C)) — Ob(Fun(A, C)) defined by composition of functors o(f, g) = g o f. This
law is associative and the identity functors act as units. Then we have a category whose

objects are categories and morphisms are functors which is denoted Cat.

If G : A — B are functors and oo : F = G is a natural transformation, then for any
functor H : B — C it can be defined a natural transformation yo : H o F = H o G by
(ya), = H(a,) for all x € Ob(.A). In this way y(_) is a functor Fun(A, B) — Fun(A4, (). In
order to see it, we need to check that y(idr) = idy.r and y(Boa) = ypoya. fidr : F = F
is the identity transformation, then for all x € Ob(A) it follows (y(idr)). = H((idr),) =
H(idpy) = idurey) = idyoryy = (idg o F), and (5(B o @)y = H(Bo a),) = HP ooy =

H(Bx) © H(ax) = (Hﬁ)x © (Ha)x = (H[3 © Ha)x- In partiCUIara idgQ = Q..

Similarly, given functors R, S : B — C and a natural transformation y : R = §, then for

all functor F : A — B wedefine yp: RoF = S o F by (Yr)x = Yrw for x € Ob(A) and

6



1. FIBRED CATEGORIES

(UrF : Fun(B,C) — Fun(A, C) is a functor with (idg)r = idgor and (Y 0 6) = Yr 0 0f. Also

we see that vz, = .

The preceding constructions satisfy the further properties g, (g, %) = (#,0m,)% (YF,)F, = Y(F oFy)
and y(er) = (y€)r, provided that those compositions can be defined. Finally, given functors
F,G: A— BandR,S : B— C and natural transformations o : F = Gandy: R = §,

the following diagram commutes:

RoF=4RoG

YF“ ﬂ“/o

SoFS=aSoG

that is to say, Yy ora = go.oyr. In order to proof this, we shall see what happens at each object
x of A. We have a morphism a., : F(x) — G(x) in B and, since R, S : B — C are functors,
they induce the morphisms R(a,) and S(a,). But R(a,) = (xa), and S(a,) = (sa),. Also
Yroo = (Yr)x and Yoy = (Be)x. Since v is a natural transformation of functors, considering

the morphism o, in B, we have the following commutative squares:

Ri (le) (R a)x

R(F(x)) —= R(G(x)) R(F(x)) —= R(G(x))
YF(x)l LYG(x) < (YF )xl L(Yc )x
S (F(x) 5 S (G(x) S (F(x) —= S (G(x))

This compatibility relation allow us to define the horizontal composition of natural transfor-

mation as:
F R RoF
— T o — . — .\
A Ja B v C=A Jrxe =C
G S SoG

where v % a = ys o g0 = go. o Yp. Hence we may recover the transformations za and yp as
RO = idg * o and yr = 7y % idp. Furthermore, all of the rules above are consequences of the

properties stated in the next lemma.



2-CATEGORIES

Lemma 1.1.1. (003F) Horizontal and vertical compositions satisfy the following properties:

1. o and % are associative.
2. The identity transformations idp are units for o.

3. For any category A, the identity transformations of the identity functors, i.e. the trans-

formations id;q ,, are units for o and *.

4. Given a diagram
F R

/%B/EN

S AP
H T

we have (6ovy) *x (Boa)=(0*P)o(y*a)

Proof. Properties (1) — (3) are immediate from the definitions. To see (4), by using the

previous notation we have
(boy)*k(Boa)=(0oy)mor(Poa)=0dyoyyorPora
(6% B)o(y*a)=(dmosP)o (v ora)=duo(sPovys)ora

and by definition y % 3 = vy o g3 = 5P © Y¢ and this conclude the proof. O

Another way of formulating (4) is that the composition of functors and the horizontal com-

position of natural transformations induces a functor
(o, %) : Fun(A, B) x Fun(3,C) — Fun(A, ()

whose source is the product category. Then Cat is a category where for every pair of cate-

gories, the morphisms Fun(.A4, B) are itself a category, in which the morphisms have, together

8


http://stacks.math.columbia.edu/tag/003F

1. FIBRED CATEGORIES

with the usual composition (vertical), one horizontal composition satisfying the properties in

the previous lemma. It gives rise to the concept of 2-category in the next definition.

Definition 1.1.1 (2-category). (003H) A 2-category C, consists of the following data:

1. A class of objects Ob(C).

2. For each pair x,y € Ob(C) a category Morc(x,y). The objects of this category are
called 1-morphisms and denoted F : x — y. Given another 1-morphism G : x — Yy,
a morphism o. from F to G in Mor¢(x, y) are called 2-morphisms and denoted o. : F —
G. The composition of 2-morphisms on Morc(x, y) will be named vertical composition

and denoted o o, where p : G = H.
3. Forall x,y,z € Ob(C) a functor
(o, %) : More(x,y) X More(y, z) — More(x, 2)

The image of a pair of 1-morphisms (F,S) is calle composition of F and S which is
denoted S o F. The image of a pair (0,v) : (F,G) = (R, S) of 2-morphisms, where
o:F = Gandy: R = S will be called horizontal composition and be denoted

Y * O

These data satisfies the following rules:

i. The class of objects with the set of 1-morphisms and the composition of 1-morphisms
forms a category.

ii. Horizontal composition of 2-morphisms is associative.

iii. For each x € Ob(C), the identity 2-morphism of the identity 1-morphism id;,, is a unit for

horizontal composition.


http://stacks.math.columbia.edu/tag/003H

2-CATEGORIES
Remark. Since (o, %) is a functor, and the pair (idF, idg) is the identity of (F, R) in the product
category More(x, y) X Morc(x, y), then we have
idg * idp = (o, %)(Udp, idg) = id( 4\ Fr) = idRor

Example 1. (003J) The following are examples of 2-categories. The last two will be con-
structed after.

1. The 2-category of categories Cat

2. The 2-category of grupoids.

3. The 2-category of fibre categories over a fixed category.
Example 2. Let C be a 2-category and g : y — z, f : x — z two 1-morphisms on C. The

2-category of 2-commutative diagrams relative to the pair (f, g) is defined as follows:

1. Objects are quadruples (w, a, b, ¢), where w € Ob(C) anda : w — xand b : w — y
are 1-morphisms and ¢ : foa = gobis a 2-isomorphism. Hence, objects correspond

to diagrams with the form:

a

w X
y—5—1

We say such diagrams are 2-commutative.

2. The 1-morphisms from (w’,a’,b’, @’) to (w, a, b, @) are triples (k : w — w,0 : a’ =
aok,p: b = b o k) such that the next diagram is commutative

, idf*(l
foa :foaok

cp’“ ﬂ(p*idk

gOb’l_dg:*ﬁgObOk

10
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In this case we say the following diagram is 2-commutative

B oW————x
7

hl?‘(pf
y—%—"¢

3. Given a second 1-morphims(k’, o', ) : (W, a”,b"”,@") — (W',d’,b’, ¢’), the compo-

sition (k, a, B) o (K, o/, ") : W”,a”,b",@") — (w,a, b, ) is defined by
(K", a”,B", @) = (ko k',(a % idy) o o, (B * idy) o f)

This triple makes sense because k'’ : W’ — w, a” : a” — ao(kok’)and " : b —

b o (k o k') are well defined as we may see at the diagrams

(l” b//
k ﬂ“' a k “ﬁ' b
.V =Y T\
w’ Vide —w [ Z w Vide —w B z
~—_ "' ~~—"' 7 ~_ " 7 ~—_"'
k aok k bok

Moreover, in the diagrama below the two sub-rectangles are commutative and therefore

is the external one

’ idyxa” , , id gk oxidy ,
foa =foa Ok anO(kOk)

(p”“ Cp/*idk/“ (p*idkok/“(p*idk*idk

gOb T}gob ok Wgobo(kok)

Here we have used idyop = id) % id; and the associativity of horizontal composition to
see that the right one is commutative and (idy * o % idy) o (idy * ') = (id; o idy) *

(o x idy) o ) = idy * o”. Similarly (id, * o * idy) o (id, * p') = id, x .

11



2-CATEGORIES

4. A 2-morphism from a 1-morphism (k;, o1, 31) to a 1-morphism (k;, oz, 32) is given by

a 2-morphism ¢ : k; = k; in C such that the next diagrams are commutative

a’%aOkl b’%aOkl
\ “ida *0 \ ﬂid,,*d
o2 B2
aok bok,

5. Vertical and horizontal compositions of 2-morphisms are the inherited from C.

Definition 1.1.2 (Sub 2-category). (02X7) Let C be a 2-category. A sub 2-category C’ of
C is given by a sub class Ob(C") of Ob(C) and subcategories More:(x,y) of the categories
Morc(x,y) for every x,y € Ob(C’), such that with the operations o (composition of I-
morphisms), o (vertical composition of 2-morphisms) and * (horizontal composition of 2-

morphims) forms a 2-category.

Some 2-categories has the property that all the 2-morphisms are actually 2-isomorphims.

This class of 2-categories are important and of course it is easier to work with these.

Definition 1.1.3 ((2,1)-category). (0031) A (2,1)-category is a 2-category in which every 2-

morphism is a 2-isomorphism.
Example 3. For any 2-category there is a (2,1)-category obtained by allowing only 2-
isomorphisms. This (2,1)-category is also a sub 2-category. As a concrete examples we
have:

1. The (2,1)-category of categories.

2. The (2,1)-category of groupoids.

3. The (2,1)-category of fibre categories over a fixed category.

12
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1. FIBRED CATEGORIES
Equivalence of objects (isomorphism) has a generalization in 2-categories as follows.

Definition 1.1.4 (Equivalence of objects). (003L) Two objects x,y of a 2-category are equiv-
alents if there exists 1-morphisms F : x — yand G : y — x such that F oG is 2-isomorphic

to idy and G o F is 2-isomorphic to id,.

Here, F o G 2-isomorphic to id, means that exists 0. : F oG = id, and p : idy = F o G

such that o o = idr.c and a o B = id;4,. The concept of functor has also a generalization.

Definition 1.1.5 (Functor and pseudo-functor in a 2-category). (003N) Let A be a category
and C be a 2-category.

1. A functor from A to C is a functor (in the usual sense) from A to the category formed
out of Ob(C) and the 1-morphisms.

2. A pseudofunctor ¢ from A to the 2-category C is given by the following data:

a. For each x € Ob(A) an object @(x) € Ob(C).

b. For every pair x,y € Ob(A) and any morphism f : x — y, a 1-morphism @(f) :
Px) — Q).

c. For every x € Ob(A) a 2-morphism o : idgy., = ¢(id,).
d. For every pair of composable morphisms f : x — yand g : y — zon A a
2-morphism o,r : (g o f) = @(g) © @(f).

These data are subject to the following conditions:

i. The 2-morphisms o, and o, 5 are 2-isomorphims.

13
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2-CATEGORIES

ii. For any morphism f : x — y in Awe have g, ; = 0., % idqy).

(f) idyy) ()
—_— . — ., — .,
o) i _@(y) _ In @) = @) uar_qy)
@(f) ¢(idy) @(idy)op(f)

and also for any morphism f : x — y in A we have oy, = idqp) * 0O

iii. For any triple of morphisms f :w — x, g : x — yand h : y — z in A we have
(idqny * Qg £) © Opgor = (Qupg * idy(f)) © Qg 7. In Other words the following diagram
commutes

Ohog, f

@hogo fy=———=@(hog) o q(f)

a/l,gof“ “ah,g*id(p(f)

@(h) 0 @(g © f) === (h) o (g) © @(f)

iy * O,

Now we introduce the concept of 2-final object, which allow us to define what a 2-fibre

product is.

Definition 1.1.6 (2-final object). (003P) A 2-final object in a 2-category C is an object x of

C such that:
1. Forally € Ob(C) exists a I-morphismy — x.

2. Each pair of 1-morphisms y — x are 2-isomorphic by a unique 2-morphism.

Definition 1.1.7 (2-fibre product). (003Q) Let C be a 2-categoryand f : x — 7, g1y — 2
two 1-morphisms on C. A 2-fibre product on C of f and g is a 2-final object in the 2-category

of 2-commutative diagrams on C related to the pair (f, g).

Then, a 2-fibre product of f and g on C is given by a quadruple (w, a, b, ¢) in the 2-category

o 2-commutative diagrams related to (f, g) such that for any other quadruple (W', a’,b’, ¢’)

14
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1. FIBRED CATEGORIES

there exist a triple (ki, 0, ;) which is a 1-morphism in the 2-category of 2-commutative
diagrams related to (f, g) such that if there ir another triple (k;, 0, 32), then exists a unique

2-isomorphism ¢ : k; = k; on C, satisfying (id, x §) o a; = 0, and (idj, * ) o By = Pa.

1.2 Categories over a category

If p : § — C a functor between categories, we say that p : S — C is a category over C. In

the following definition we are going to introduce the 2-category of categories over C.
Definition 1.2.1 (2-Category of categories over C). (003Y) Let C be a category. The 2-
category of categories over C is the 2-category constructed as follows:

1. Objects are pairs (S, p), where S is a category and p : S — C is a functor.

2. The 1-morphisms (S, p) — (S’, p’) are functors G : S — S’ such that p’ o G = p.

3. GivenG,H : (S, p) — (S, p’), the 2-morphisms from G to H are natural transforma-
tions 0. : G => H which satisfy p’(0) = id ), for all x € Ob(S).

4. Compositions are defined as before on functors and natural transformations of Cat.

Then is clear that the 2-category of categories over C is a sub 2-category of Cat. This is
denoted as Cat /C.

Definition 1.2.2 (Fibre category and lift). (02XH) Let C be a categoryand p : S — C a

category over C

1. The fibre category over an object U € Ob(C) is the category Sy whose objects are
Ob(Sy) = {x € Ob(S) | p(x) = U} and for x,y € Ob(Sy), Homg,(x,y) = {¢ €
Mors(x, y) | p(¢) = idy}.

15
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CATEGORIES OVER A CATEGORY

2. A lift of an object U € Ob(C) is an object x € Ob(S) such that p(x) = U. Namely

x € Sy. We say that x is over U.

3. Similarly a lift of a morphism f : V. — U of C is a morphism ¢ : y — x of S such
that p(¢) = f.

IfF:(S,p) — (8,p)is a 1-morphism of categories over C, then the restriction of F to
Sy is a functor between fibre categories F|y : Sy — §(,. In fact, to see that is enough to
show that for all x € Sy we have F(x) € &, and for any x LN y € Morg,(x,y) it follows
F(@) € Morgs, (F(x), F(y)), which is true because p’(F(x)) = p(x) = U and since p(¢) = idy,
then p'(F(9)) = p(¢) = idy.

Now we will see that in the (2,1)-category of categories over a fixed category C, there exists
a 2-fibre product. This is a constructive proof, which is very useful in the following results
related to fibred categories. In order to keep things simple, we do not include all the details,
they are straightforward and easy to do. Also, there is a difference here respect to Stacks
Project, since we don’t ask for the condition p(f) = g(g), because this is a consequence of

the commutativity of the diagram below.

Lemma 1.2.1 (Existence of 2-fibre product). (0040) Let C be a category with fibre product.
The (2,1)-category of categories over C has 2-fibre product.

Proof. Letp: X — C,q:Y — C,r: Z — C be categories over C and F : X — Z,
G : Y — Z two l-morphisms of categories over C. An explicit 2-fibre product (X Xz

Y, prx, pry,y) of F and G on Cat /C is given by:

1. An object X Xz )Y is a quadruple (U, x,y,a) where U € Ob(C), x € Xy, y € Yy and

a : F(x) — G(y) is an isomorphism in Z.

16


http://stacks.math.columbia.edu/tag/0040

1. FIBRED CATEGORIES

2. A morphism (U, x,y,0) — (U’, x’,y’,a’) is a pair (f, g) with f : x — x’ a morphism

in X and g : y — y’ is a morphism in ) such that the following diagram commutes

F(x) ——=G(y)

F(f)t LG(g)

F(x) ——G(y)

In particular we have:

p(f) = idy o p(f)

= r(a’) o r(F(f))
r(a’ o F(f))
r(G(g) o a)

r(G(g)) o r(a)

q(g) o idy

=q(g)

3. The I-morphisms pry : XxXz)Y — X and pry : XXz )Y — ) are the forgetful func-
tors, that is to say, if (U, x,y, o) € Ob(X Xz V), pra(U, x,y,0) = x, pry(U, x,y,0) =y
and if (U, x,y,a) (f—””l (U, x',y',a’) is a 1-morphism in X Xz Y, pry(f,g) = f and
pry(f,g) = g. The 2-isomorphism y : F o pry = G o pry is the natural transfor-
mation defined by W(y.yq : F(prr(U. x,y,0)) = F(r) — G(1) = G(pri(U, x,y, a)),

which is invertible because a is an isomorphism in S. O

Lemma 1.2.2. (02XI) Let C be a category, F : X — Z and G : Y — Z [-morphisms of

categories over C. For all U € Ob(C) we have the following equality of fibre categories:

(X Xz V) =Xy Xz, Vu

17
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Proof. In the construction of X Xz ) we have the following diagram, in which the triangles

are commutative

XXZ))

\ /
| EN

Now, by definition of fibre category and 2-fibre product in Cat we have Ob((X Xz ))y) is

the class of quadruples (U, x, y, a), with x € Ob(Xy), y € Ob(Yy) and a : F(x) — G(y) an

isomorphism in Zy.

A morphism from (U, x,y,a) to (U, x’,y’,a”) is a pair (a, b) such that the diagram

F(x) ——G()

F(f)L LG(g)

F(x) —=G(Y)

is commutative, since U is fixed, the objects of (X Xz ))y may be seen as triples (x,y, o)
with the previous features. It is easy to see that this defines an isomorphism between these

categories. O

In the study of 2-categories, the concept of fibre product is replaced by the most suitable
concept of 2-fibre product and the first one is not considered anymore. We will give an
example that shows why the 2-fibre product is more suitable than fibre product. However,
the concept of fibre product also makes sense and indeed in categories over C there is always
a fibre product, which will be constructed in the next lemma. As we shall show, we can
be working on categories and build a natural category which is a fibre product, but is not a
2-fibre product. Therefore we are going to make some considerations about fibre products in

categories over C.
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Lemma 1.2.3 (Existence of fibred product). Letp : X — C,q: Y — Candr: Z —C
categories over Cand F : X — Z, G : Y — Z I-morphisms of categories over C. Then

there exists s : VW — C, a category over C, which is a fibre product of F and G.

Proof. We are going to define )V in a similar way as the fibre product is built in the category

of sets. More precisely, let
ObOWV) = {(x,y) | x € Ob(X),y € Ob(Y), F(x) = G(y)}
If (x,y), (x',y") € Ob(W) we define

Homyy((x,y), (x',y)) = {(f,8) | f/ € Homx(x, x'),g € Homy(y, "), F(f) = G(8)}

Composition in WV is defined with the formula (f, g") oy (f, &) := (f" ox f, g’ oy g) provided
the composition makes sense. Then is easy to see that composition is well defined, associative

and (id,, idy) 1s the identity of (x, y).

The projections pry : W — X and pry : YW — ) are defined by pry(x,y) = x and
pry(x,y) = y in the objects and by pry(f,g) = f and pry(f, g) = g in the morphisms. Then
is trivial to show that F o pry = G o pry. We define s : YW — C as any of the compositions
ro(Fopry), ro(Gopry), popry or go pry wich are equal because F and G are 1-morphisms

of categories over C and the commutativity of the square as is showed in the next diagram

Yy

prx
W\ X
N 7
s N\
{
pry C F
/ \
= Z

Hence s : W — C is a category over C and by construction is clear that pry and pry are

I-morphisms of categories over C.
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In order to prove the universal property, let# : YV — C a category over Cand A : V — X,
B : V — Y I-morphisms of categories over C such that F o A = G o B. Consider the

following diagram

If there is a 1-morphism C : V — W such that pry o C = A and pry o C = B, then given
v € Ob(V), let ¢(v) = (x,y). Hence x € Ob(X), y € Ob())) and F(x) = G(y). Therefore
prx o C(v) = x and pry o C(v) = y, that is to say, A(v) = x and B(v) = y. So, if there
is a such C, it must be defined for v € Ob(V) by C(v) = (A(v), B(v)). In the same way, if
h € Homy(v,Vv") it must satisfy C(h) = (A(h), B(h)). Lets see that C defined in this manner
is a functor. For v € Ob(V) we have (A(v), B(v)) € Ob(W), because FF o A = G o B. In the
same way if f € Homy(v,v"), we have (A(f), B(f)) € Homy,(C(v), C(v")), and so C is well
defined. Now,

C(l o h) = (A(K o h), B(W o h))
= (A(W') 0 A(h), B(W) © B(h))
= (A(W'), B(h")) o (A(h), B(h))
= C(h) o C(h)

provided the composition 4’ o h makes sense. Also

C(id,) = (A(id,), B(id,))
= (idaw), idp))

= id(aw).Bwv)
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= idc(v)

Then we have the universal property for (VV, prx, pry) and so, this is a fibre product of F' and

G in the category of categories over C. O

Remark. When there is possibility of confusion, we denote the fibre product as X Xz ) and

the 2-fibre product as X XZZ Y in order to avoid ambiguity.

1.3 Fibred categories

Stacks are fibred categories with two more features that we are going to introduce later. The
most important properties of fibred categories in groupoids , setoids or sets are satisfied by a

more ample class of categories, then we will study those before.

Let p : S — C acategory over C. Given an object x € Ob(S) with p(x) = U and a morphism
f:V — U, we want to give some sense to a “fibre product” V X, x” or pullback of x via
Vv N U. This is drawn in the diagram below. That fibre product is not really defined because
x and U are not in the same category, the arrow x ~~~>= U means p(x) = U. For z € Ob(S)
a morphism from z to V Xy x must be a pair (g, o) where g : p(z) — Vanda : z — x

morphisms such that p(a) = f o g.

Z\ o
I’é ?g,al
N
p(2) VXyx——sx
RN
% ; U

If there exists a morphism V Xy x — x in § as before, we say this is a strongly cartesian

morphism. The following definition that appears here is different from the one in Stacks
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Project, but we actually proved that both are equivalent. The reason why to prefer this one is
because in the subsequent results is easier to include diagrams and so is better to work with
this. When we prove that some morphism is strongly cartesian, we show that the morphism

satisfy the condition below.

Definition 1.3.1 (Strongly cartesian morphism). Let p : § — C be a category over C. A
morphism ¢ : y — x in S is strongly cartesian if and only if for all 7z € Ob(S), given a
pair (g, 0) € More(p(z), p(y)) X Mors(z, x) such that p(a)) = p(@) o g there exists a morphism
Y : 2 — y which is unique such that p(y) = g and @ oy = o.

Lemma 1.3.1. (02XL) Let p : S — C be a category over C.

1. The composition of strongly cartesian morphisms is a strongly cartesian morphism.
2. Any isomorphism in S is strongly cartesian.

3. If @ is a morphism with p(¢) an isomorphism in C, then @ is an isomorphism in S.

Proof.

1. Let @ : x — yand y : y — z be strongly cartesian morphisms on S over g and f
respectively. We want to prove that y o @ is strongly cartesian over f o g. For this, let

w € Ob(S) over R and (a, k) as shown in the next diagram
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Since v is strongly cartesian, there exists a unique § : w — y over g o h such that
y o B = a. In the same way, using now the pair (3, #) there exists a unique y : w — x
over h such that ¢ oy = . Hence (y o ¢) oy = a. If there is another morphism
v :w — xsuch that (yo @) oy = a, then ' = ¢ ov’ is a morphism from w to y such

that y o p’ = a and therefore 3 = 3. But vy is the only such that oy = 3and soy’ = y.

2. Let @ : x — y be an isomorphism over f, then f is also an isomorphism. Given z over
w and a pair (a, g) such that o : z —> yisover fo g, theny = oo @' : z — xis the

only morphism over g such that g oy = a.

3. If ¢ : y — xis a strongly cartesian morphism and p(¢) is an isomorphism in C we
shall see that ¢ is an isomorphism. The pair (p(¢)~", id,) satisfy p(id,) = id,.) = p(¢)o
p(@)~!. Since @ is strongly cartesian there exists a unique morphism y € Mors(x, y)
such that p(y) = p(g)™!' and ¢ o y = id,. Likewise, the pair (idpy(y), @) 1s such that
p(@) = p(¢)oid, and therefore there is a unique 1 € Mors(y, y) such that p(n) = id,y
and @ om = . But id, has these properties as also has y o ¢, because p(y o @) =
p(W) © p(@) = p(g)™" o p(¢) = idyy) and ¢ o (y o ¢) = idy o ¢ = ¢. Unicity says
y o @ =1 = id,. Then vy is the inverse morphism of ¢. |

Lemma 1.3.2. (06N4) Let p : S — C be a category over C, x N yand z L y morphisms
in S. Suppose that:

1. x — y is strongly cartesian.
2. p(x) Xy p(2) exists in C.

3. There s a strongly cartesian morphism o. : w — zin S satisfying p(w) = p(x)X ) p(2)

and p(a) = pry @ p(x) X p(2) — p(2).
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Then exists x X, z and is isomorphic to w.

Proof. Consider the following diagram

B
v y
P(B)
p(x) o )

Since a is strongly cartesian, the pair (pry, foa) is such that p(y)opr; = p(B)op(a) = p(Po).
Hence exists a unique morphism w %, x with p0) =priandyod =foa. Ifve ObS and
we have morphisms V 2 xand v =5 7z such that vomn = Poe, then p(y)o p(n) = p(B) o p(e)
and because p(w) = p(x) X,y p(z), there exists a unique morphism p(v) 4, p(w) such
that pr;y o g = p(n) and p(a) o g = p(e). Since w =5 zis strongly cartesian, there is a
morphism v %5 w which is unique such that p(¢) = gand oo @ = €. Thusn = 6o @
because both are morphism v — x satisfying p(d o @) = p(é) o p(¢) = pr; o g = p(n) and
vyodo@ =Pooao@ =pPoe=1yonand since x N y is strongly cartesian there exists a
unique morphism with these properties. Then by unicity of g, ¢ is the unique morphism such

that a o @ = e and ¢ o @ = 1. Therefore w = x X, z. O

Definition 1.3.2 (Fibred category). (02XM) A category p : S — C over C is said to be
fibred over C, if given U € Ob(C) and x € Ob(Sy), then for every morphism f : V. — U in

C there exists a strongly cartesian morphism in S which is a lift of f.
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If p: § — Cis a fibred category. For any f : V — U and every x € Ob(Sy) exists
a strongly cartesian morphism y — x over f. Moreover, given another strongly cartesian
morphism z — x over f, is clear that there is a unique isomorphism z — y such that
z—y— x=z—y. Thenforall f:V — U = p(x), we can choose a strongly cartesian

morphism in § over f, which we denote f*x — x and is called a pullback of x over f.

Lemma 1.3.3 (Pullback functor). Let p : S — C be a fibred category. Then for any
morphism @ : x — X' in Sy and every f : V. — U there exists a unique morphism

ffo: f*x — f*x" in Sy such that the following diagram commutes

f*x e f*x/
L
X v X

Furthermore, this define a functor f* : Sy — Sy.

Proof. In fact, consider the diagram

X X
T AN
fx TR g x
V— T> U\iju
idy
Vv 7 U

By definition of the fibre category Sy, the morphism ¢ : x — x’ is such that p(¢) = idy and
therefore the pair (idy, @ o ) satisft p(p o a) = p(¢) o p(a) = p(a) = f = f oidy. Since
f*x’ — X’ is strongly cartesian, there is a unique morphism f*¢ : f*x — f*x’ such that

p(f*@) = idy, that is to say f*¢ is a morphism in Sy and 3 o f*¢ = @ o o as we wanted.
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Now, f*id, is the unique morphism f*x — f*x such that p(f*id,) = idy = idy;-, and
oo frid, = id, o a = a. But ids, satisfy p(ids,) = idyx and a o idy-, = a. Hence
frid, = ids. Let x” € Ob(Sy) and v : f*x” — x” its chosen lift. If y : X’ — X" is a
morphism in Sy, then f*(y o @) and f*y o f*@ are morphisms from f*x to f*x” such that
p(f*(wo@)) = idy = idyoidy = p(f*W)op(f*@) = p(fryof g)andyof(yop) = yogoa =
yofo ffep =vyo f'yo frp. Since y is strongly cartesian there exists a unique morphism
with such properties and therefore f*(y o @) = f*y o f*¢. This show that f* : Sy — Sy is

indeed a functor. O

Definition 1.3.3 (Choice of pullbacks). (02XN) Let p : S — C be a fibred category.

1. A choice of pullbacks for p : S — C is given by a choice of a strongly cartesian
morphism f*x — x over f, for any x € Ob(Sy) and every morphism f : V — U in

C.

2. Given a choice of pullbacks, then for any morphism f : V. — U in C the functor
f* 1 Sy — Sy constructed in the previous lemma is called pullback functor associated

to the choices f*x — x.
As id, is strongly cartesian, then clearly idj,x = x by a unique isomorphism. Then we can
make a choice of pullbacks with idj,x = x and id},x — x the identity morphism.
Lemma 1.3.4 (Pseudo-functoriality). (02XO) Assume p : S — C is a fibred category with

a choice of pullbacks.

1. For every pair of composable morphisms f : V — U and g : W — V in C there

exists a unique invertible natural transformation

Ugpi(fog) — g of
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of functors Sy — Sy such that for all x € Ob(Sy) the following diagram commutes

(fog)x
~N
(\O‘g,f)\x
BN
gfx—f'x—x

2. For all U € Ob(C) there is an invertible natural transformation oy : ids, — (idy)* of

functors Sy — Sy.

3. The quadruple (U ~— Sy, f v f*, 04 ¢, 0y) defines a pseudo functor from C°? to the

(2,1)-category of categories.

The next lemma shows that equivalence of categories is a good notion in order to identify

categories over C.

Lemma 1.3.5. (042G) Let C be a category and Sy, S, categories over C which are equiva-

lentes as categories over C. Then, S is fibred over C if and only if S, is fibred over C.

Proof. Since S| and S, are equivalent as categories over C, there are functors F : S| — S,
and G : §; — §; over C and invertible natural transformations i : F o G — ids, and
Jj: GoF — ids,. We shall see that F preserves strongly cartesian morphisms. If ¢ : x — y
is a strongly cartesian morphism in §; over f, then F(¢p) : F(x) — F(y) is a strongly
cartesian morphism in S, over f. Given 77 € Ob(S;) over W, g : W — U a morphism in C
and a : 7 — F(y) a morphism in &, over f o g we need to show that exists 3 : 77 — F(x)

over g which is unique such that F(¢) o § = a. Consider the following diagrams:
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Z e F(2) ”
\
~ F Z,
>-x y \‘\
g F(x) F(p)
w

TV ™

\\ (p
w

™

U

U Vv

Since F is essentially surjective, there is z € Ob(S; ) and an isomorphism vy : F(z) — 7’
over idy. Let d = oo y. Then 6 : F(z) — F(y) is a morphism over f o g and since F is
fully faithful there exists € over f o g which is unique such that F(¢) = y. But ¢ is strongly
cartesian and so there exists an unique 1 : z — x satisfying ¢ o = €. Hence F(n) is a
morphism from F(z) to F(x) such that F(¢p) o F() = F(¢) = ¢ and again since F is fully
faithful, F(v) is unique with this property. Let = F(n)) o y~'. We will show that f is unique
satisfying F(¢) o § = a. Indeed,

F(@)oB=F(@)oF(oy™
=F(e)oy™
=6oy!
=aoyoy!

=a

If B’ : 7 — F(x) is another morphism with that property, then F(¢)op’oy = aoy =6 = F(¢)
and therefore B’ oy = F(1) and so ' = F(n) o y~! = B. Hence F(g) is strongly cartesian. In
this way any equivalence preserves strongly cartesian morphisms and so &; is fibred if and

only if S, is fibred. O
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Definition 1.3.4 (2-category of fibred categories). (02XP) Let C be a category. The 2-
category of fibred categories over C is the sub 2-category of the 2-category of categories

over C defined as follows:

1. Objects are fibred categories (S, p) over C.

2. The I-morphisms (S, p) — (S',p’) are functors G : § — &’ such that p’ oG = p

and such that G maps strongly cartesian morphisms to strongly cartesian morphisms.

3. Given I-morphisms G,H : (S,p) — (S8, p’), the 2-morphisms t : G — H are

natural transformations such that p’(t,) = id, for all x € Ob(S).

Lemma 1.3.6. (02XQ) Let C be a category. The (2,1)-category of fibred categories over C

has 2-fibre products and they are described as in categories over C.

Proof. For this, given F : X — Z and G : ) — Z 1-morphisms of fibred categories over
C we need to prove that X' Xz ) is a fibred category over C. Let (U, x,y, ¢) € Ob(X Xz )) and
f:V— UamorphisminC. Thenx € Xy,y € Yy and ¢ : F(x) — G(y) is an isomorphism
in Zy. Since X and ) are fibred, there exist strongly cartesian morphism a : f*x — x and
b: f*y — y over f. Because F and G are 1-morphisms of fibred categories, F(a) and F(b)
are strongly cartesian morphisms in Z. Since ¢ : F(x) — G(y) is an isomorphism, then
ffo: f*F(x) — f*G(y) is isomorphism. Moreover, the following diagram is commutative,

being o and 3 the only morphisms making commute the respective triangles

FF) i F1G()

| N A

F(f"x) 7 F() —— G() <= G(fY)

N

fx——x y=——7F—1/"
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Therefore B o f*¢ o ! is an isomorphism such that the rectangle

F(f*x) —G(f*y)
F(a)l lF )
F(x) ——G(y)

is commutative, that is to say, (V, f*x, f*y,p o f*@ o a~!) is an object of X xz Y and (a, b)
is a morphism from (V, f*x, f*y,p o f*p o al) to (U, x, v, @). It remains to show that (a, b)
is strongly cartesian. Given (W, x’,y’, ¢’), an object of X Xz ), (a’,b") : (W, X',y ,¢") —
(U, x,y, ) and g : W — V such that s(a’,b’) = f o g. Then p(a) = f = q(b) and p(a’) =
fog=gq). Sincea: f*x — xand b : f*y — y are strongly cartesian morphisms, there
are morphisms ¢ : X’ — f*xandd : yY — f*y which are unique satisfying p(c) = g = q(d),
a’ =aocand b’ = bod. Hence, in the following diagram the side triangles, and the lower

and the external rectangles are commutative.

F(x)—Y—~G(y)

F(c) G

of*qpoa!
rar| F(Px) B2 Gy Jow

F(a) G(b)

F(x) ———G(y)

We want to show that the upper rectangle is commutative. We have F(b) o (Bo f*gpoa!)o
F(c) = F(b) o (F(d) o ¢") and commutativity follows since F(b) is strongly cartesian. Then
(c,d) is a morphism from (W, x",y’,@") to (V, f*x, f*y,p o f*p o a™') and by construction
r(c,d) = p(c) = g and (a,b) o (¢,d) = (aoc,bod) = (a’,b"). Furthermore, it is clear that is

the unique with these properties and therefore (a, b) is strongly cartesian over f. O
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Fibre product in fibred categories

As we have seen, the (2,1)-category of fibred categories has 2-fibre products and is the same
constructed in categories over C. The analogue statement relating fibre product is not true
in general, that is to say, in general the fibre product of fibred categories over C constructed
before does not work in fibred categories. Furthermore, in some cases there is no possible
construction of a fibre product. Before we enter into this this, we will analyze what could
be the trouble that does not allows us to determine the existence of fibre product in the 2-
category of fibred categories over C and what conditions are required in order to prove that

the fibre product of categories over C works also in the 2-category of fibred categories over

C.

Suppose p: X — C,q: Y — Cand r : Z — C are fibred categories over C and F and G
are 1-morphisms of categories over C. We wish s : YW — C to be a fibred category over C.
Let U € Ob(C), (x,y) € Ob(Wy) and f : V — U be a morphisms of C. We need to prove
that there is a strongly cartesian lift of f in VV. Since X and ) are fibred categories there are
ao: f*x — xand B : f*y — y strongly cartesian lifts of f in X and ) respectively. The
pairs (f*x, f*y) and (a, ) are good candidates for being a pullback in the fibred product. We
have p(f*x) = V = g(f™"y), but as we will see, in general there is not enough information to

conclude F(f*x) = G(f™y) and therefore we are not sure whether or not (f*x, f*y) € Ob(WV).

Example 4. Consider C one category with Ob(C) = {U, V} and the class of morphisms is
{idy,idy,V L> U}, where f is an abstract arrow. We can picture this category as is shown in

the following diagram:
idy C v—L.u D idy

Then C is a category with fibre products and there is a natural topology in C where {f : V —

U} is a covering. In fact, the only four possible fibre products are:
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v-"oy u--u v-L.u v-"Yoy
| | | |
idy | Ltdv idy | LidU idy | idy idy | Lf
\i \ Y Y
1 2 3 4

In the first two cases the fibre product is clear since all arrows are identities. In the third
one, in order to verify the universal property there is only one option for an object in C with
morphisms to U and V, namely V and the morphisms idy and f respectively. Then idy is a
morphism such that f o idy = f and idy o idy = idy and is the only one with this property.
In the fourth case there is also only one option V with idy as arrow in both cases. Then C has

fibre products.

We shall see Covt = {{idy}, {idy},{f}} is a topology in C. The only isomorphisms in C are
idy and idy and {idy}, {idy} € Covt. Given {V —f> U} € Covt and any covering of V, that
is to say {idy}, then {V ld—v> |% L> U} = {f} € Covt. In the same way, given {U ﬂ U} and

any covering of U, that is to say {f} or idy itself, then {V —> U ld—U> U} = {f} € Covtor

{U ld—U> U ld—U> U} = {idy} € Covt. With respect to change of base, the result follows from

the analysis done before with the fibre products. Therefore C is a site.

Consider also X' = idy, C x| —— xzj idy, and ) = idy, C Vi P yQD idy, as before and

Z the category whose graph is pictured in the diagram

Car——20

\/

where loop arrows means identity and bidirectional arrows means isomorphism. We ask also
the diagram to be commutative. We define p : X — Candg: )Y — Cby p(x;) =V =
q(y1), p(x2) = U = ¢q(y,) and p(a) = f = q(p) we can see X and ) are fibred over C. We

32



1. FIBRED CATEGORIES

define also r : Z — C by r(z;) = r(z2) = V and r(z3) = U in the objects and r(y) = () = f
and r(¢) = idy in the morphism which are not identities. Then y and ¢ are strongly cartesian

lifts of f and we may choose any as pullback. Hence Z is a fibred category over C.

Now, consider F : X — Z and G : Y — Z functors defined by F(x;) = z1, GO1) = 2
and F(x;) = zz = G(y,) in objects and F(a) = vy and G(B) = ¢ in the not identity morphisms.
Then F and G are trivially 1-morphisms of categories over C and send strongly cartesian
morphisms to strongly cartesian morphisms, so they are 1-morphisms of fibred categories
over C. Then (x;,y;) € X Xz Y, but (x1,y1) ¢ (X Xz )). Indeed (x,,y,) is the only object
of X Xz Y and its identity is the only morphism. Hence X Xz ) is the trivial category
and therefore the projections are also trivial. The natural functor ¢ : X Xz ) is given by
t(x,y2) = V and 1(id,,, y,)) = idy. Thus X Xz Y is not fibred over C because f has not even a

lift, and much less a strongly cartesian one.

The handicap here is that in general it can not be proved that (f*x, f*y) is an object of X' Xz Y
and therefore the strongly cartesian lifting may not exist. This does not imply that a fi-
bre product doesn’t exists, but the fibre product constructed in categories over C, in general
doesn’t work in fibred categories. However we can prove that in this example none con-
struction can be done. Suppose there exists a fibred category ¢ : YW — C which is a fibre
product. Hence there are 1-morphisms pry : W — X and pry : W — Y such that
F o pry = Go pry. There are two classes of objects in W, those {wil}iel who are sent to x; via
pryx and therefore are sent to U via the functor ¢ and {w?} jes Which are sent to x, via pry and
to V via t. Then {w} };c; must be mapped to {y,} and {w?} je; must be mapped to {y,}. However,
when we apply F and G, the w;’s are sent to z; and z, respectively, and commutativity implies
they must be equal, which is not true. Therefore there is only one family of objects, namely
the w?’s. This means all objects of WV are sent to V via s and the same argument as before

shows that YV can not be fibred.
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Then, we need to ask (f*x, f*y) € Ob(W) for every U € Ob(C), (x,y) € Ob(W) and f :
V — U a morphism in C. We need to ask also (a, ) € Homy, ((f*x, f*y), (x,y)) which does
not follows directly from (f*x, f*y) € Ob(W).

Example 5. Consider C, X’ and ) as in the previous example, but this time Z is the category
whose graph is
Y
® C 21 22

~—~+7
0

Where @ is a non trivial automorphism such that y = 6 o . Define r(z;) = V, r(zo) = V
and r(y) = r(0) = f. Thenr : Z — C is a fibred category over C. Define F : X — Z
and G : Y — Z by F(x;) = zz = G(y;) fori = 1,2, but F(a) = y and G(f) = 6. Then
(x1,y1) € W, but (a, B) is not a morphism of W.

However, if we are in the case (f*x, f*y) € Ob(W) for every U € Ob(C), (x,y) € Ob(W) and
f:V — U amorphism in C and (a, ) is a morphism in W from (f*x, f*y) to (x, y) then we
can prove that VV is also a fibre product in the 2-category of fibred categories over C. Before

that we present the following definition.

Definition 1.3.5 (Componentwise pullbacks). Given [-morphisms of fibred categories F :
X — Zand G : Y — Z over C, we say that X Xz ), considered as category over C, has
componentwise pullbacks if given (x,y) € Ob(X Xz V) over V and f : U — V a morphism
in C we have (f*x, f*y) and (f*x — x, f*y — y) are respectively an object and a morphism

of X xz V.

Theorem 1. If F : X — Z and G : Y — Z are I-morphisms of fibred categories over C

such that the X Xz Y has componentwise pullbacks, then X Xz ) is a fibred category over C.
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Proof. We shall prove that (o, 3) is the strongly cartesian lift of f in W, so we can write
f*(x,y) = (f*x, f*y). For construction we have s(f*x, f'y) = p(f*x) = V and s(a,}) =
p(a) = f, so f*(x,y) — (x,y) is a morphism in W over f. Let (x’,y") be an object of W
over W, g : W — V a morphism of C and (u,v) : (x’,y") — (x,y) a morphism in JV over
f o g. Let us show that there exists a morphism (u’,V’) : (x’,y") — (x,y) in W over g such

that in the following diagram the upper triangle is commutative

(u,v)

(X/’ y’) \
g W) A

(fx, f*y) W (x,y)

4

T

Then f o g = s(u,v) which is equal to both p(«) and g(v). The diagram can be splitted in two

Vv U

diagrams one of them in & and the other one in ) respectively, as follows:

U Vv U

Since f*x — xand f*y — y are strongly cartesian, there are morphisms ' : X’ — f*x and
Vv 1y — f*y over g which are unique making the respective triangles commutative. Now,
aou’ =wuandfov =v,then F(a)o F(u') = F(u) and G(B)oG(V') = G(v). Since F(u) = G(v)
and F(a) = G(f), then F(a) o F(u') = F(a) o G(V') in Z. But F is a 1-morphism of fibred
categories and therefore F (o) is a strongly cartesian morphism and so, F(u’) = G(v'). Hence
(u’,v") 1s a morphism in YV and by construction is clear that this is the only one making the

triangle commutative. Then s : WW — C is fibred.
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We must prove that pry : W — X and pry : W — Y are 1-morphisms of fibred categories
over C, that is to say, they preserve strongly cartesian morphism. Let (y,9) : (x',y") — (x,y)
be a strongly cartesian morphism in W over f and (o, B) : (f*x, f*y) — (x,y) the strongly
cartesian lift built before. Since VV is fibred, there is an isomorphism (¢, y) : (x',y") —
(f*x, f*y) unique such that (a, ) o (¢, y) = (y,6). Then oo = yand poy = ¢ and
therefore vy and ¢ are each one composition of two strongly cartesian morphism in X" and Y
respectively. Hence vy and ¢ are also strongly cartesian morphisms. The conclusion follows
from the fact pry(y,0) = vy and pry(y,d) = 6. A similar argument shows that if ) is a fibred
category and A : V — X and B : VV — ) are 1-morphisms of fibred categories over C, the
I-morphism y : YV — X Xz Y of categories over C given by the universal property is also a

I-morphism of fibred categories over C. O

Relation between X’ Xz Y and X x% Y

There is a close relation between the fibre product and the 2-fibre product, more precisely we

have the following statement

Proposition 1.3.1. Letp : X — C, g : Y — Candr : Z — C be categories over C and
F:X — Zand G : Y — Z I-morphisms of categories over C. There is a canonical
1-morphism

H:Xxz)—XxLY

of categories over C. Furthermore, this is a fully faithful functor. If X,), Z are fibred cate-
gories, F, G are 1-morphisms of fibred categories and X Xz Y has componentwise pullbacks,

then H is a 1-morphism of fibred categories.

Proof. The fibre product X Xz ) and the 2-fibre product X xzz Y are the categories with the

following data:
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1. Ob(X xz ) = {(x,y) | x € Ob(X),y € Ob(), F(x) = G(y)}
Hom ., y((x, ), (&', ¥")) = {(f, &) | f € Homx(x, x'), g € Homy(y, y"), F(f) = G(g)}

2. Ob(X x% V) ={(U, x,y,a) | U € Ob(C), x € Ob(Xy),y € Ob(Vy), . : F(x) «— G(y)}

Homy,2 y((U, x,y, @), (U, x',y", o)) = {(f, &) | f € Homx(x, x"), g € Homy(y, y"),

o' o F(f) = G(g) o a}

Define H : X Xz Y — X xfz Y as follows: given (x,y) € Ob(X Xz V) let H(x,y) =
(U, x,y,1dp)), where U = p(x) = g(y) and since F(x) = G(y), then idp, is a morphism
from F(x) to G(y) which is actually an isomorphism in Z; and therefore (U, x,y, idpy)) €
Ob(X XZZ V). If (f, g) € Homuyy . y((x,y), (x",y")), then F(f) = G(g) and so, the diagram

id, F(x)

F(x) ——=G(y) = F(x)
F(f)l G(g)=lF(f>
F(x') =~ G0) = F(x')

is trivially commutative. Hence (f, g) € Hom A y(H(x,y), H(x',y")). Moreover, the compo-

sition rule and identities are the same, so H is a functor. This functor is fully faithful.

Now, if X Xz ) has componentwise pullbacks, we have proved before that X Xz ) is a fibred
category over C. Let (f,g) : (x',y") — (x,y) be a strongly cartesian morphism in X Xz )
and h = p(f) = q(g). Consider h*(x,y) = (h*x, h"y) and the pullback (h*x — x,h*y — )
of (x,y) over h. Hence there is an isomorphism (x’,y") — (h*x, h*y) such that the following

triangle commutes

',y (h"x, h*y)

~ 7

(x,y)
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Since isomorphisms are strongly cartesian morphisms and H is a functor, is enough to show
that H(h*x — x,h*y — y) := (h"x — x,h"y — y) is a strongly cartesian morphism in
X x% Y. But it follows from this pair is exactly the pullback of (x,y) over . Hence H is a

I-morphism of fibred categories over C. O

As we will see in the next examples, in general this functor is not essentially surjective and
therefore H is not an equivalence of categories, even if we are in the case X, ) and Z are

fibred categories and X Xz ) has componentwise pullbacks.

Example 6. Let idv C v—L.u D idy be the site with the same topology as in previous
examples. Consider the following graph, where Ob(X) = {x, x,}, Ob(})) = {y1, 2,3} and

Ob(Z) = {z1, 22, z3}. The curly arrows means 1-morphisms of fibred categories.

()

x1—>x2 Y1—>)’2

\/3\/

e

f

Then ) has an additional object zz with only the identity morphism, and p, r and F are
defined as in the first example, so p : X — C and r : Z — C are fibred categories over C
and F : X — Z is a 1-morphisms of fibred categories over C. Defining g(y;) = g(y3) = V
q(y2) = U and ¢(B) = f we have g : Y — C is a fibred category in which f3 is a strongly
cartesian lift of f. The I-morphism G : ) — Z is defined by G(y;) = z1, GO») = z3,
G(y3) = and G(3) = y. This time we have (x;,y;) and (o, ) are in X Xz ) and therefore
X Xz )Y is a fibred category over C. Moreover, Ob(X Xz V) = {(x1,y1), (x2,¥2)}. On the
other hand, Ob(X ><22 V) = {(V,x1,y1,id;,)), (U, x2, y2, id;,), (V, x1, 3, )}, but since there are
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no morphisms between y; and y; nor y, and y;, then (V, xy,ys, @) is neither isomorphic to

H(x{,y;) norto H(x,,y,). Hence H : X Xz Y — X xé Y is not essentially surjective.

In the previous example the problem is that the fibre category Zy was disconnected. However,
even if every fibre category is a connected groupoid we can not conclude H is essentially

surjective.

Example 7. Consider the following graph,! where Ob(X) = {x;,x}, Ob(}) = {y1,y2},
Ob(Z2) = {z1,22,z3} and C is the same as before. The curly arrows means 1-morphisms of

fibred categories.

o B
VRN 7N

X2

X1 M Y2
e VL
2\5_@/73
1%
fl
U

Then &X', ) and Z are fibred categories over C, whose fibre categories are always connected

grOUpOidS. We have X Xz y = {(Xl,)’l)} and X X% y = {(‘/’ X1, Y1, idzl)’(U’ X2, Y2, CP)} The
pair (a, 3) is a morphism from (V, xy, y1, id;,) to (U, x2, y2, @) because F(a) = v, G(B) = 6 and

therefore the diagram

Fx) 2 Gn)

F(a)l lG(ﬁ)

F(x2) —~ G(32)

I'The shape of this diagram was inspired in Amelia, my newborn daughter.
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i1s commutative. However we don’t have (V, x;,y1,1d;,) = (U, x2,y,, ¢) because there is not a
morphism in the other direction. Note that in this example X’ Xz ) is still fibred, since there

is no object over U it is not necessary that exists a strongly cartesian morphism over f.

1.4 Fibred category associated to a functor

Suppose that C is a category and F' : C°” — Cat is a functor from C to the 2-category of

categories. We will construct a fibred category Sy over C as follows:
Ob(SF) = {(U, x) | U € Ob(C), x € Ob(F(U))}
For a pair (U, x) and (V, y) in Ob(Sr) we define

Homg, (V. y), (U, x)) = {(f,a) | f € Home(V, U),a € Hompy,)(y, F(f)(x))}

In order to define the composition of morphisms we we use F(g) o F(f) = F(f o g) for a
pair of composable morphisms in C. More precisely, composition of (V,y) vq (U, x) and

(W, 2) % (V,y) is defined by (f o g, F(g)(a) o b), which is showed in the next diagram

U——sFU)>x

SN

fog| Vi——=F(V)3y——=F(f)(x)

RS

Wi——=FW) 3z ——=F@O) 755 F@EF (X))

It is easy to see that (f o g, F'(g)(a) o b) is in Homg, (W, z), (U, x), since f og: W — U and
F(g)a)ob:z— F(fog)(x). If (h,c)is a morphism such that the composition (A, c) o (g, b)

is well defined, then

(h,c) o ((g,b) o (f,a)) = (h,c) o (g o f, F(f)(D) o a)
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= (ho(go f),F(go f)c)o F(f)(b)oa)

and on the other hand

((h,c) o (g,b)) o (f,a) = (hog,F(g)(c)ob)o(f a)
= ((hog)o f,F(f)(F(g)(c)ob)oa)
= (ho(go ), (F(f) o F(g)c)o F(f)(b) o a)

and so the composition is associative. Moreover, given (V,y) € Ob(Sr), the pair (idy, id,) is in
Homg, ((V,y), (V,y)), since idy : V — V eid, : y — (idy)"y, inasmuch as F(idy) = idg,).
Thus we have (idy, id,) o (g, b) = (idy o g, F(g)(id,) o b) = (g, b), because F(g) is a functor and
so F(g)(idy) = idp(g)y). Also (f,a) o (idy,idy) = (f o idy, F(idy)(a) o id,) = (f,a), insomuch
as F(idy)(a) = idr((a) = a. Then Sf is a category.

The functor pr : S — C is defined by (U, x) — U and for (V,y) vl (U, x), pr(f,a) = f.
The fibre category over U € Ob(C) is clearly Sy = F(U). We shall show that the pair
(Sr, pr) is a fibred category over C. If (V,y) € Ob(SF), then pp(V,y) =V.Let f: U — V a
morphism in C. We will build an object f*(V,y) € Sr over U and a morphism F(f)(V,y) —
(V,y) strongly cartesian over f. Since F(f) : F(V) — F(U) is a functor and y € Ob(F(V)),
then F(f)(y) € F(U) and so (U, F(f)(y) € Ob(Sr). Thus define f*(V,y) := (U, F(f)y).
The pair (f, idp(syy)) is clearly a morphism from (U, F(f)(y)) to (V,y). Let (W,z) € Ob(Sp),
g: W — U morphismin C and (f o g,a) : (W,z) — (V,y) a morphism in S over f o g as
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showed in the next diagram
(fog.a)

T
~ (&)

(U, F(H)) —— (V.)

(foidr )

w

T

U Vv

7
Hence a : z — F(f o g)(y) or equivalently a : z — (F(f) o F(g))(y) and therefore
(g,a) is a morphism in Sp from (W, z) to (U, F(f)(y)) and satisfy (f,idp(sy) © (g,a) =
(f o & F(@)idr)y) ©a) = (f o g idFori)m ©a) = (f o g,a). If there exists (g, b) from
(W, 2) to (U, F(f)(y)) such that (f, idr(sy)) © (8, b) = (f o g,a), then F(g)(idrsyy) © b = a and
so b = a. Consequently (f, idrs)y) is strongly cartesian and therefore pr : Sp — Cis a

fibred category.

Summarizing, if (V,y) € Sy and f : U —> V is a morphisms in C, then we can define
F*(Vy) = (U, F(f)(y) and (f, idr(py) is the strongly cartesian lift of £. Let g : W — U
be another morphism, then g*(U, F(/)(y)) = (W, F(g)(F(f)(»))) and (g, idryr(syy) is the
strongly cartesian lift of g. Then we have
g (V.y) =g (WU F(H)

= (W, FQF(f)))

= (W, (F(g) o F(f))()

= (W, F(f o))

=(fo)(V.y)

and so (f o g)" = g* o f* in the objects. Furthermore

(fs idr ) © (8 1dryrinon) = (f © & F(@)idrfyy) © idryrry))
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= (f © &, idr F(pp) © MrE)Fpr))
= (f o & idryF(py)

= (f o g, idFr(fog)y))

Therefore strongly cartesian liftings are compatible with composition in C and we may con-

clude (fog)* =g"o f".

Functoriality

In this subsection we are going to see some functorial properties about the fibred category
associated to a functor. The most important in this research is the related to the compatibility
with fibre products when those exist. At the end we put together these results in a useful

theorem.

If o : F — G is a natural transformation of functors, there is a canonical 1-morphism
« of fibred categories over C from Sy to S;. Indeed, given U € C, there is a functor?

oy : F(U) — G(U) and for U —f> V a morphism in C the rectangle

F(U) 2~ G(U)
F(f)T TG(f)
F(V)——=G(V)

is commutative. If (U, x) € Ob(Sr), then x € Ob(F(U)) and so ay(x) € G(U). Hence
a(U, x) := (U,ay(x)) € Ob(Sg). If (f,a) : (U,x) — (V,y) is a morphism in S, then f :
U— Vanda: x — F(f)(y). Therefore ay(a) : ay(x) — ay(F(f)(y)) and oy (F(f)()) =
G(f)(ay(y)). Hence a(f, a) := (f, ay(a)) is a morphism in Sg from (U, ay(x)) to (V, oy (y)).

2In Cat the morphisms are functors
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Let us show compatibility with composition and identity. Given (f,a) : (U, x) — (V,y) and
(g.b) : (V,y) — (W, z) we have

a((g,b) o (f.a) = alg o f, F(f)(b) © a)
= (g o fay(F(f)D) o )
= (g o f, ay(F(f)D)) ° ay(a))
= (g o f,G(NHay(D)) o ay(a))
= (8, ay(b)) o (f, ay(a))
= a(g, b) o alf, a)

and so we have compatibility with composition. On the other hand if (V,y) € S, then

Wideyy) = Aidy, id,)
= (idy, (lv(id)v))
= (idy, idq,(y))
= idvay ()

= idg(vy)

and so we have compatibility with identity. Then o : S — Sg is a functor. Moreover,
pc © o = pr and therefore is a 1-morphism of categories over C. In order to see that this is a
I-morphism of fibred categories over C we need to prove that this functor preserves strongly
cartesian morphisms. Let (f,a) : (U,x) — (V,y) be a strongly cartesian morphism in Sr,
we shall see a(f, a) : a(U, x) — a(V,y) is a strongly cartesian morphism in S;. It is enough
to see that for the strongly cartesian lift (f, idrsyy)) : (U, F(f)(y)) — (V,y) of f with target

(V,y) in Sp, the morphism (f, idg(s)y)) is strongly cartesian in Sg. This is immediate since

a(f, idpy) = (fs au(idpiy))
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= (fs idayF (o))

= (f, ida(pyavin)
which is the strongly cartesian lift of f with target (V, ay(y)) in Sg.

Ifn: P— Rand O : R — T are natural transformations of functors R, S, T : C°”? — Cat,
we claim 0 o n = 0 o7]. In fact, given (U, x) € Ob(Sp) we have (U, x) = (U, ny(x)) € Ob(Sk)

and then

(© oMU, x) = OG(U, x))
= (U, ()
= (U, 0y(mu(x)))
= (U (0y o y)(x))
= (U, (6 o my(x))
=0 onU,x)

In the same way if (f,a) is a morphisms from (U, x) to (V,y), then ©(f,a) = (f,ny(a)) and
we have 0(f,1u(@)) = (f, (0 o My (@) = 6 oN(f, a).

Fibred categories of the form Sy forms a sub 2-category of the 2-category of fibred categories.
We want to see if they are a complete sub 2-category. Given X = S, )Y = SgandA = X —
Y a 1-morphism of fibred categories over C, we have this question: there is a unique natural
transformation o : F — G such that o = A? Unicity is true, since if o, : F — G are
natural transformations such that a = B, then for any U € Ob(C) and every x € F(U) we
have (U, x) € Ob(Sr) and so a(U, x) = E(U, x) which means (U, ay(x)) = (U,By(x)) and
therefore oy (x) = By(x). Hence a = PB. In other words, the functorial assignation F' +— Sp
and (o : F — G) +—> (o : S — Sg) is faithful. However, we will see this is fully faithful

if and only if A commutes with choice of pullbacks.
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As before, given U € Ob(C) and x € Ob(F(U)), (U,x) € Ob(SF) and so A(U, x) € Sg.
Since g(A(U, x)) = p(U,x) = U we have A(U, x) = (U,y) for some y € Ob(G(U)). If we
have A(U, x) = a(U, x) := (U, ay(x)) then we must to define ay(x) = y. If a : x; — x
is a morphism in F(U), then (idy, a) is a morphism in Sr from (U, x;) to (U, x;,). Therefore
A(idy, a) is a morphism in Sg from A(U, x) = (U, ay(x;)) to A(U, x;) = (U, ay(x3)). Since
q(A(idy, a)) = p(idy, a) = idy we have A(idy, a) = (idy, b). Again, if A(idy, a) = a(idy, a) =
(idy, ay(a)), then we must define oy (a) = b. In particular, since (idy, id,) = id(y,y in Sp and

A is a functor, then

(idy, ay(idy)) = A(idy, id,,)
= A(idv,x))
= idaw.

= id(v.atphay (x))

= (idy, idocy(x))
and so oy (idy) = idy, . If a; : x; — xp and a, : x, — x3 are morphisms in F'(U) and then

(idy, ay(az 0 ay)) = A(idy, az o ay)
= A((idy, @) o (idy, a1))
= A(idy, @) o A(idy, a;)
= (idy, ay(ap)) o (idy, ay(ar))

= (idy, oy(ay) o ay(a))

and therefore oy : F(U) — G(U) is a functor. Now, these functors define a natural trans-

formation {ay},.Qpc, if and only if for every morphism U N V in C the following square
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1S commutative

F(U)—~G(U)

F( f)T TG(f)

F(V)——~G(V)

That is to say ay(F(f)(z)) = G(f)(ay(z)) for all z € F(V). Given (V,z) € Sr we have
(Vo) = (U F(f)2) and (f, idrr) @ (U, F(f)(z)) — (V,z) is the strongly cartesian
lift of f in Sg. Hence A(f*(V,2)) = AU, F(f)(z)) = (U, ay(F(f)(2))). On the other hand
A(V,2) = (V,ay(2)), and so f*A(V, z) = (U, G(f)(ay(2))). Therefore, f*A(V,2) = A(f"(V,2)) if
and only if ay(F(f)(2)) = G(f)(ay(2)).

Since o : Sp — S comes from a natural transformation, then o send the strongly cartesian

lift of f in Sr into the strongly cartesian lift of f in Sg.

Now we are going to show that this construction preserves fibre products. Let F,G,H :
C°? — Cat functors and o : F — H and § : G — H are natural transformations. Hence

there exists the fibre product F Xy G : C°? — Cat defined as follows:

Given U € Ob(C), we have morphisms oy : F(U) — H(U) and By : G(U) — H(U), and
so we can consider the fibre product F(U) Xy G(U) wich is the category whose objects are
pairs (x,y) where x € Ob(F(U)), y € Ob(G(U)) and ay(x) = Py(y) and the morphisms from
(x,y) to (x',y") are pairs (a,b) witha : x — x" and b : y — y’ morphisms in F(U) and G(U)
respectively such that oy (a) = By(b). The composition law is (a, b) o (a’,b’) := (aoa’,bob’)
which is well defined because of ay and 8y are functors. Projections prp(y) and prgy, are
defined as . Define (F Xy G)(U) := F(U) Xy, G(U) and for f : U — V a morphism in C,
(F Xy G)(f) : (F Xg G)(V) — (F Xz G)(U) is the only morphism such that in the following
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cube the upper and left faces are commutative

(Fxu O GW)
ENGP) ‘ Yf)
(F Xy G)(U) G(U)
Bvl
) Y V) |w
H(f)
FU H(U)

ay

which is given by the universal property of the fibre product F'(U)X g )G(U). More precisely,
if a and  are natural transformations, then the lower and right faces are commutative and
front and back are commutative because are indeed cartesian. Hence we can use this and
the universal property of fibre product in order to prove the existence and unicity of such a
morphism. This morphism is indeed (F(f), G(f)), which is defined for (x,y) € (F Xy G)(V)
by (F(f),G())(x,y) := (F(f)(x),G(f))). If g : V — W is another morphism, the same
argument shows that (F' Xy G)(g o f) = (F Xg G)(f) o (F Xy G)(g). Also, considering
idy : U — U, F(idy) = idrw), G(idy) = idgw) and H(idy) = idy), and so (F' Xy G)(idy) =

id(rx,6ywv)- Therefore F Xy G : C°? — Cat is a functor.

We will define now the projections. Let prp : F Xy G — F defined for U € C by prgy :
(F Xy G)(U) — F(U) as the projection prpwy : F(U) Xgw) G(U) — F(U). Hence,
given U L> V, since the cube’s left face is commutative, pg 1s a natural transformation.
Analogously prg : F Xy G — G is defined. Clearly o o prg = p o prg. In order to prove the

universal property, let R : C°? — Cat be a functor with natural transformations y : R — F
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and ¢ : R — G such that aoy = fod. Then for U € Ob(C) we have a commutative diagram

R(U) Sy

PrGwu)

(F X G)\(U) 2L G(U)

PWU)l lﬁu

F(U) H(U)

ay
Lets show {ey},, <Ob©) defines a natural transformatione : R — F Xy G. If f : U — Visa

morphism in C, we want to see the next square is commutative:

R(V) R(f)

R(U)
ey &y

(F Xy G)(V) Fno0 (F xg G)(U)

For this look at the following diagram

R(U) 5u

AN

PrGé)

R(V) (F Xy G)(U) ——=G(U)
N St
ev %Gm ‘ {
(

5
(F xg G)(V) V) Bu

Yv X

PrEY) F(U) H(U)

By
F(f) H(f)

H(V)

DPrG(v)

PTFU)
ay

F(V)

Consider the two morphisms (F Xy G)(f) o €y and €y o R(f) and compose them with both

prr and prg. Then we have:

prew) © (F Xg G)(f) o ey) = F(f) o prpw) o gy
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=F(f)oyy
=vyu o R(f)
= prrw) © (€y © R(f))

and

prow) © (F Xy G)(f) o &v) = G(f) © prow) © &y
=G(f) ooy
=6y o R(f)
= prew © (8u © R(f))

But, for the universal property of the fibre product (F Xy G)(U) there is only a morphism
with this property and so they are equal as we wanted. Then ¢ is a natural transformation and
the construction shows this is the unique such that prp o€ =y and prgoe =6. Then F Xy G

is a fibre product in the Cat and we are done.

Considering the corresponding associated fibred categories pr : S — C, pg : S¢ — C,
pu : Sy — C and ppy,c — C we have 1-morphisms of fibred categories o : Sp —
Sy, E : S¢ — Sy, pr ¢ Srxyc — Sr and pg such that E o pg = O o pg, where pr is
prr. Furthermore, this is more then simple commutativity, the associated square is actually
cartesian. We need only to show the universal property is satisfied. Let g : Z — C be a
fibred category overand vy : Z — Spand 6 : Z — Sg, 1-morphisms of fibred categories

over C such that the following diagram commutes
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We will construct a 1-morphism € : Z — Sy, ¢ Which is unique making the triangles in
the diagram commutative. If z € Ob(Z), then y(z) € Ob(Sr) and so y(z) = (U, x), with
U € Ob(C) and x € Ob(F(U)). Since vy is a morphism of categories over C, then pr oy = ¢
and then ¢g(z) = pr o v(z) = pr(U,x) = U. Therefore 6(z) = (U,y) with y € Ob(G(U)).
Moreover, o. o y = B o ¢ and so a(U,x) = E(U, y), which means (U, ay(x)) = (U, By(y))
and we have oy(x) = By(y). Then (U, (x,y)) € Ob(Spx,c). We define e(z) = (U, (x,y)),
where U = ¢(z), (U,x) = y(z) and (U,y) = 6(z). If ¢ : 77 — 2z, is a morphism in Z,
then v(c); y(z1) — v(22) is a morphisms in Sg. Writing v(z;) = (U, x1) and y(z2) = (V, x»),
where U = ¢(z;) and V = ¢(z;), we have y(c) = (f,a) with f : U — V a morphism in C
and a : x; — F(f)(x;) a morphism in F(U). Moreover, g(c) = pr o y(c) = f. Therefore
6(c) : 6(z1) — 0(22) is a morphism in Sg. Writing 6(z1) = (U, y;) and 6(z2) = (V,y,), we
have y(c) = (f, b) with b : y; — G(f)(y2) a morphism in G(U). Since ooy = B o ¢ and by
definition Goy(¢) = A(f,a) = (f, (@) and o 5(c) = B(f.b) = (. pu(®)), then (f, ay(@)) =
(f,Bu(b)) and so ay(a) = Py(b). Hence (a,b) € Homrx,c)((x1, F(f)(x2)), (y1, G(f)(¥2)))
and therefore (f, (a, b)) € HomgFXHG((U, (x1,y1)), (V, (x2,¥2))). Define e(c) = (f, (a,b)). then
pr o &@) = pU, (x,y) = (U,x) = y(z) and pr o &(c) = pr(f.(a,b)) = (f.a) = (c), and s0
pr o€ =v. In the same way pg o € = §. If there exists ) : Z — Spy, ¢ With these properties,
if n(z) = (U'(xX,y)), then pr o n(z) = (U’, x'), but pr oM = v and it follows (U’, x") = (U, x)

and so 1(z) = &(z). Similarly, n(c) = €(c) for any morphism c in Z.

The proof ends once it is stablished that € : Z — Spy,,¢ is a 1-morphism of fibred categories
over C. For this only rest to show pry,c o€ = g and € preserves strongly cartesian morphisms.

If z € Ob(Z), then

PFxyG © €(z) = PFXHG(U» (x, y))
= pF(U’ .X)

= pr(v(2))
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=4q(2)

Now, if z € Ob(Z) and f : U — ¢g(z2) a morphism in C, let ¢ : z; — z; be the strongly
cartesian morphism lift of f in Z. Is enough to show that (c) is strongly cartesian in Sgyx,,G-
By hypothesis y(c) and d(c) are strongly cartesian in Sy and S¢ respectively. Writing &(z;) =
(U, (x1,y1), &(z2) = (V, (x2,y2)) and &(c) = (f, (a, b)) we have U = q(z1), V = q(z2), (U, x)) =
Y@, Uoy) = 6@, (Vox) = ¥(@), (V) = 8z), (fra) = ¥(©) and (f,b) = 6(c). If
(W, (x,y)) is an object of Sgx,6, § : W — U is a morphism in C and (f o g,(d,e)) :
(W, (x,y)) — (V,(x2,2)) is a morphism, then y(f o g,(d,e)) = (f 0 g.d), 6(f o g,(d,e)) =
(fog,e)and doy(fog,(d, e)) =Pod(fog,(d,e). Hence a(fog,d) = B(f og, e). Consider
the following array of diagrams where arrows connecting them means the respective functor

transforms one diagram in another, using the notation as above

og.(d, G og,
(W, (x,)) Ll ~~- (W) Lo
é T~ &) g RN
N
~ N
A

W (U, (01, 30) s (V. (32, 32)) W U)o (Vi)
S é \é
U 7 \% U

mé éﬁ
(W, x) (fog.d) (W, m) (fog.)
\ h A

W W) (V) W (U,my) —= (V)
S 3 S !
U 7 \% U V
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The morphisms (f,a) and (f,b) are strongly cartesian in Sp and Sg respectively, and so
there are morphisms (g, ) and (g, s) which are unique such that the triangles in the respective
diagrams are commutative. We shall see (g, (r, 5)) is a morphisms in S, . We already know
AU, x) = BU,y) = (U,m), AU, x1) = BU, y1) =: (U,my), AV, x,) = BV, y2) = (V, my) and
also a(f,a) = E(f, b) =: (f, k) is strongly cartesian. Since a(f o g,d) = E(f o g, e) we have
ay(d) = Py(e) := [ and so (f o g,[) is a morphism in Sy. Therefore there exists a morphism
(g,1) : (W,m) — (U, m;) unique such that the respective triangle commutes. But a(g, r) and

E(g, s) satisfy that property and so are equal. Hence ay(r) = By(s) and it follows (g, (r, 5)) is

a morphism in Spy,¢ and is such that

(f.(a,b)) o (g, (r,5)) = (f 0 & (F Xu G)a,b) o (r, 5))
= (f o & (F(&)a),G(g)b)) o (1, 5))
= (fog (F(g)a)or,G(g)b) o s))
=(fog.(de)

where we use (f o g,d) = (f,a)o (g, r) := (fog, F(g)a)or)and (fog,e) = (f,b)o(g,s) :=
(f o g,G(g)(b) o 5). Is easy to see that (g, (r, s)) is unique satisfying the equality above.
Therefore there exists Sp Xs,, Sg and is given by Spy,c, that is to say, there exists fibre
product in the category of fibred categories as long as these are fibred categories associated

to functors and the 1-morphism are induced by natural transformations of such functors.

We can summarize the previous results in the following theorem.

Theorem 2. Given a functor F : C°? — Cat there is a canonical fibred category pr :
S — C. If o : F — G is a natural transformation of functors, there is a 1-morphism of
fibred categories o. : Sp —> Sg such that the construction is compatible with composition,

identities and fibre product.
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With the notation as before, another fibre product can be constructed as follows:

Define the category Srg.n With
Ob(Src.n) ={(X,Y) | X € Ob(SF), Y € Ob(S¢) and a(X) = E(Y)}

Hence, if X = (U, x) and Y = (V,y) then A(X) = a(U, x) = (U, ay(x)) and B(Y) = B(V,y) =
(V,Bvy) and therefore U = V and ay(x) = PBy(y). Then an object of Spgy has the form
(U, x), (U, y)). A morphism from ((U, x1), (U, y1)) to (V, x2), (V,y2)) in Sgc.nu is a pair (1, 5)
with r : (U, x;) — (V,x;) and s : (U,y;) — (V,y,) morphisms in S and S; respectively
such that a(r) = B(s). Hence r = (f,a) where f : U — V amorphisminC and a : x; —
F(f)(x;) amorphism in F(U). Similarly s = (g,b) withg : U — V and b : y; — G(f)(y2).
Now, a(r) = E(s) if and only if f = g and and ay(a) = ay(b). Therefore a morphism has
the form ((f, a), (f,b)). Given a morphism (+’, s") from ((V, x,), (V,y,)) into a third object
(W, x3), (W, y3)) of Skg.n we define (', s") o (r, 5) := (¥’ or, s’ o 5), making the compositions
in Sr and Sg according to the case. Then S y is a category and is easy to see that Sgg p =
Srxyc- Let @ @ Spx,6 — Srke.m be the functor defined by @(U, (x,y)) = (U, x), (U, y)) in
the objects and @(f, (a,b)) = ((f,a),(f,b)) in the morphisms. Then ¢ is an isomorphism.

Therefore Sk y is a fibre product of a : S — Sy and E 1 Sg — Sy.

In particular, if X = Sg, ) = Sg and Z = Sy, the construction X’ Xz ) we have done before
in categories over C is also valid in fibred categories which are induced by functors. Here

(f*x — x, f'y — y) : (f*x, fy) — (x,) is the strongly cartesian lift of f.

Then if the categories are associated to functors F' : C — Cat and the 1-morphisms comes
from natural transformations, the fibre product always exists and is given like any of the both
equivalent constructions. In particular we can do this when the fibred categories are quo-

tients [U/R], of groupoids (U, R, s,t,c) and the 1-morphisms are induced by morphisms of
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groupoids. From now on we will concentrate the efforts in fibred categories and 1-morphisms

of such type looking for a quite general result.

Definition 1.4.1 (Split fibred category). (02XW) Let C be a category. A split fibred category
over C is a fibred category over C I-isomorphic to one of these categories Sg, where F

C°? — Cat is a functor.

Lemma 1.4.1. (02XX) Let C be a category. A fibred category p : S — C is split if and only
if for some choice of pullbacks, the functors (f o g)* and g* o f* are equal.

Lemma 1.4.2. (004A) If p : S — C is a fibred category, then there exists a functor F :
C°? — Cat such that S is equivalent to Sr as fibred category over C. In other words, every

fibred category is equivalent to a split one.

The following sections introduce some classes of fibred categories depending in what addi-
tional structure the fibre categories have. The most important are groupoids, sets and setoids.
There are some results that we have for any fibred category, but also each of these clases has
particular properties. For the subsequent results in this work is enough with fibred categories
in general or in some cases fibred categories in groupoids. Fibred categories in sets and se-
toids are important in order to define when a fibred category is representable, so we expose

here the principal results.

1.5 Fibred categories in groupoids

Definition 1.5.1 (Fibred category in groupoids). A category p : S — C over C is a cate-
gory fibred in groupoids if this is a fibred category over C and for any U € Ob(C), the fibre

category Sy is a groupoid.
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Remark. This definition is different than the presented in Stacks Project and some books,
although they are equivalent. We prefer the presented here because is easier to recall and is

more like the definitions for fibred categories in sets and setoids.

Lemma 1.5.1. (03WQ) Given a fibred category p : S — C, let S’ be the sub-category of S
defined as follows:

1. Ob(S") = Ob(S)

2. For x,y € Ob(S’), the set of morphisms from x to y is the set of the strongly cartesian

morphisms from x to y.

Then p’ : 8" — C, defined as the restriction of p to S’, is a fibred categories in groupoids

over C.

Lemma 1.5.2. (003V) If p : § — C is a fibred category in groupoids, then every morphisms

of S is strongly cartesian.

Proof. Let x N y a morphism in § and f = p(¢). Since p : § — C is fibred, there is a
strongly cartesian morphism f*y N y which is a lift of f. Then, there exist o : x — f*xin
Sy unique such that x = [y N y=x N y. But Sy is a groupoid and therefore a is

an isomorphism and therefore is strongly cartesian. Then ¢ = y o a is strongly cartesian. O

Definition 1.5.2. (02XS) Let C be a category. The 2-category of fibred categories in groupoids

over C is 2-category defined as follows:

1. Its objects are fibred categories in groupoids over C.

2. The 1-morphisms (S, p) — (S', p’) are functors G : S — S’ such that p’ oG = p
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3. Its 2-morphisms t : G — H for G, H : (S, p) — (&', p’) are natural transformations
such that p’(t,) = id,, for all x € Ob(S).

Remark. The 2-category of fibred categories in groupoids is a sub 2-category of the 2-
category of fibred categories. Note that since every morphism of § is strongly cartesian, then
any functor G : S — &’ preserve them. Moreover, every 2-morphism is isomorphism, and

therefore this 2-category is actually a (2,1)-category.

Lemma 1.5.3. (0041) Let C be a category. The 2-category of fibred categories in groupoids

over C has 2-fibre products and they are described as in categories over C.

Proof. Given U € C we have that Xy, Yy and Zy are groupoids. Then let (a,b) :
U, x,y,0) — (U,x',y’,a’) be a morphism in (X xzz WMy. Since s(a,b) = idy, then
p(a) = q(b) = idy and therefore a : x — x’ and b : y — y’ are morphisms in Xy and

I,b71) is a morphism

Yy respectively. Hence a and b are isomorphisms. We shall see that (a~
from (U’, x',y", o) to (U, x,y, 0) in (Xx%Y)y. Since F(b)oa = o’oF(a)and F(a™") = F(a)™,
F(b™") =F®)™', thenao F(a') = F(b") o o and is clear that s(a~',b™") = id;;. Moreover,
(a',b" o (a,b) = (id,,idy) = idw.yw and (a,b) o (a',b7") = (idy,idy) = idy: vy« and

so (a, b) is an isomorphism and therefore (X XZZ Y)y is a groupoid. O

Lemma 1.5.4. (003Z) Let p : S — C and p’ : 8" —> C be fibred categories in groupoids

and let G : S — S’ be a functor over C.

1. G is faithful (resp. fully faithful, resp. an equivalence) if and only if for any U €
Ob(C) the induced functor Gy : Sy — Sy, is faithful (resp. fully faithful, resp. an

equivalence).

2. If G is an equivalence, then G is an equivalence in the 2-category of fibred categories

in groupoids over C.
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Lemma 1.5.5. (06N6) Let p : § — C be a fibred category in groupoids, x — zandy — z
morphisms of S. If exists p(x) X, p(y), then exists x X,y and p(x X, y) = p(x) X, p(y).

Proof. 1t follows from the analog statement for categories over C taking in account that in
a fibred categories in groupoids all the morphisms are strongly cartesian and therefore the

conditions are satisfied automatically. O

Remark. If F : X — )Y is a 1-morphism of fibred categories in groupoids, X is not
necessarily a fibred category over ). However, the next lemma states that we are really close

to this.

Lemma 1.5.6. (O6N7) If F : X — Y is a I-morphism of fibred categories in groupoids over
C, Then there exists a factorization X — X' — Y of 1-morphisms of fibred categories in
groupoids over C such that X — X’ is an equivalence over C and X' is a fibred category in

groupoids over ).

If F: C°? — Gpds is a functor, then it induces a fibred category pr : S — C which is a
fibred category in groupoids. The same constructions made in fibred categories are possible
here. In particular, a split fibred category in groupoids is a fibred category in groupoids
equivalent to a category Sp, where F : C°? — Gpds is a functor. The same result as before
allow us to conclude that every fibred category in groupoids is equivalent over C to a split

one.

1.6 Fibred categories in sets

Definition 1.6.1 (Discrete category). (02Y0) A category is discrete if its only morphisms are

the identities of the objects.
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Definition 1.6.2 (Fibred category in sets). (0043) Let C be a category. A fibred category in

sets is a fibred category whose fibre categories are discrete.

Remark. Is easy to see that every category fibred in sets is a fibred category fibred in

groupoids.

Example 8. If F' : C°? — Sets is a functor, then Sr is the category fibred in sets with:
Ob(Sr) :={(U,x) | U € Ob(C), x € F(U)}

where we have used that F(U) is a set, that is to say, a discrete category. If (V,y) and (U, x)

are in Ob(Sr) we have

Homp)((V. ), (U, %) := {f € Home(V, U) | F(f)(x) = y}

More precisely, this is the set of pairs (f,a) where f € Homg(V,U) and a €
Homgy)(y, F(f)(x)), but in this case F(V) is a discrete category and this means y = F(f)(x)

and a is the identity map. The functor pr : S — C is given by (U, x) — U and f +— f.

The composition in Sr is inherited from the composition in C and so g* o f* = (f o g)* for
any pair of composable morphisms in C. The functor pr : Sp — C is given by pr(U, x) = U
and pr(f) = f. Since every fibre category Sry = {(U, x) | x € F(U)} is isomorphic to the set
F(U), then SF is a fibred category in sets.

Definition 1.6.3 (2-category of fibred categories on sets). (04S8) Let C be a category. The
2-category of fibred categories in sets over C is the sub 2-category of the 2-category of fibred
categories in groupoids over C defined as follows:

1. The objects are categories p : S — C fibred in sets.

2. The 1-morphisms (S, p) — (S’, p’) are functors G : S — S’ such that p’ o G = p.
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3. The 2-morphismst : G — H for G,H : (S, p) — (&', p) are natural transformations
such that p’(t,) = id,), for all x € Ob(S).

Remark. Since this is a full sub 2-category of the 2-category of fibred categories in

groupoids, all the 2-morphisms are isomorphisms and therefore this is in fact a (2,1)-category.

Lemma 1.6.1. (0047) Let C be a category. The 2-category of fibred categories in sets over C

has 2-fibre product and is the same as fibred categories in groupoids.

Here is a result that relate fibre and 2-fibre products imposing a strong condition over the

fibred category Z.

Proposition 1.6.1. Let p: X — C,q: Y — Candr: Z — C be fibred categories over C
and F : X — Z and G : Y — Z I-morphisms of fibred categories over C. If Z is fibred
in sets, then the 2-fibre product 2-fibre product X XZZ Y is also a fibre product, and therefore

X Xz Y is a fibred category.

Proof. Recall that the objects of X XZZ Y are cuadruples (U, x,y,a), where U € Ob(C),
x € Ob(Xy), y € Ob(Vy) and o : F(x) — G(y) is an isomorphism in Zy. Since Z is fibred
in sets, then the fibre category Z, is discrete and therefore F(x) = G(y) and «a is the identity
morphism. Hence (x,y) € Ob(X Xz )), where X’ Xz ) is the fibre product which exists in

categories over C. Moreover, the morphisms are the same and so X XZZ YV=Xxz). m]

Lemma 1.6.2. (02Y2) Let C be a category. The only morphisms between fibred categories
in sets over C are identities, that is to say, the 2-category of fibred categories in sets is a

category. Moreover, there is an equivalence

{category of presheaves} {category of fibred cate—}
“—>

of sets over C gories in sets over C
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The functor from left to right is F +— Sr and the functor in the other direction assign to

p: S — C, the presheaf U — Ob(Sy).

Example 9. (0044) Let C be a category and x € Ob(C). Recall that C/X is the category whose
objects are morphisms ¥ — X in C and the morphisms from ¥ — X to Y’ — Y are the

morphisms ¥ — Y’ in C such that the next triangle commutes

N

Consider the representable presheaf iy = Hom¢(_, X), and the forgetful functor p : C/X —

Y Y’

C. Since the fibre category (C/X)y has as objects the morphisms # : U — X and the

morphisms are only the identities, the correspondence from the previous lemma implies
hy «— C/X

Therefore the category C/X is canonically isomorphic to the category Sy, associated to hy.

Hence we could define a category to be representable if it is a fibred category in sets whose
correspondent presheaf is representable in the usual sense. However it is preferable to have a
notion which is invariant under equivalences. In order to make this precise, we are going to
show which are the fibred categories in groupoids that are equivalent to fibred categories in

sets.

1.7 Fibred categories in setoids

Definition 1.7.1 (Setoid). (02XZ) A setoid is a groupoid where every object has exactly one

automorphism: the identity.
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If C is a set together with an equivalence relation ~, then we can construct a setoid C as
follows: Ob(C) = C and for x,y € C we define Hom¢(x,y) = @ unless x ~ y in which case
Home¢(x,y) = {1}. Transitivity of ~ means that morphisms can be composed. Reciprocally,
every setoid defines a equivalence relation in its objets (isomorphism) such that the category

can be recovered up to unique isomorphism with the previous construction.

Discrete categories are setoids. For any setoid C there is a canonical way to construct an
equivalent discrete category, namely we replace Ob(C) by the set of isomorphism classes and
identities morphisms are added. In terms of sets this corresponds to take the quotient by the

equivalence relation.

Definition 1.7.2 (Fibred category in setoids). (045SA) Let C be a category. A fibred category

in setoids is a fibred category whose fibre categories are setoids.
Definition 1.7.3 (2-category of fibred categories in setoids). (02Y1) Let C be a category.
The 2-category of fibred categories in setoids over C is the sub 2-category of fibred categories
in groupoids over C defined as follows:
1. The Objects are categories p : S — C fibred in setoids.
2. The 1-morphisms (S, p) — (S’, p’) are functors G : S — S’ such that p’ o G = p.
3. The 2-morphismst : G — H for G,H : (S, p) — (&', p’) are natural transformations
such that p’(t,) = id,), Yx € Ob(S).
Once again this is a (2, 1)-category.

Lemma 1.7.1. (04SB) Let C be a category. The 2-category of fibred categories in sets over C

has 2-fibre product and is the same as fibred categories in groupoids.
Lemma 1.7.2. (0045) Let p : S — C a fibred category.
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1. If S — &' is an equivalence over C and S’ is fibred in sets, then:

a) S is a fibred category in setoids over C,

b) For each U € Ob(C) the map Ob(Sy) — Ob(S))) identify Ob(S},) with the set of

isomorphism classes of Ob(Sy).

2. If p : § — C is a fibred category in setoids, there is a fibred category in sets p’ :

S’ — C and a canonical equivalence S — S’ over C.

Lemma 1.7.3. (04SC) The construction from the previous lemma gives a functor

2-category of fibred cate- Category of fibred cate-
& = A |

gories in setoids over C gories in sets over C

This functor is an equivalence in the following sense:

1. If f,g : S — &, are I-morphisms satisfying F(f) = G(g), then there is a unique

2-isomorphism [ — g.

2. For any morphism h : F(S)) — F(S5,) there is a I-morphism f : S| — &, such that
F(f) = h.

3. Every fibred category in sets S is equal to F(S).

Definition 1.7.4 (Representable fibred category). (0046) A fibred category p : S — C is
representable if there is X € Ob(C) and an equivalence j: S — C/X. As usual we say that

X represents S.

Lemma 1.7.4. (02Y3) Let p : S — C a fibred category.

1. S is representable if and only if the following conditions are satisfied:
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a) S is fibred in setoids.

b) The presheaf U — Ob(Sy)/ = is representable.

2. If S is representable, the pair (X, j) is determined in a unique form up to isomorphism.
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Chapter

Stacks

2.1 The Mor(x, y) presheaves

Assume C is a category and p : § — C a fibred category. Given U € Ob(C) and x,y €

Ob(Sy) we will define a functor
Mor(x,y) : (C/U)’? — Sets

Recall that C/U is the category whose objects are morphisms f : V — U in en C and for
f:V—Uand f" :V — U, Hom¢,y(f’, f) is the set of morphisms g : V' — V such

that the next diagram commutes

V/

! 14
N A
U
For f : V — U we define Mor(x, y)(f) := Homg,(f*x, f*y), wich make sense, since f*xy

f*y are objects in Sy and we can consider the set Morg, (f*x, f*y).
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It f : VvV — U is a second object in C/U, then Mor(x,y)(f" : V' — U) =
Homg,, (f"x, fy). Letg : V' — V € Mor¢,y(f’, f), that is to say, fog = f'. We
want to define a function Homg, (f*x, f*y) — Homg,, (f"*x, f”y). For this, remember that
exists a unique invertible natural transformation o, s : (f o g)* — g*f* such that for each

x € Sy the following diagram is commutative

(fogrx=Ligf
\ /

Therefore, we can do the next composition

(ag,f))c
f/*x g*f*x
oy | g¢
£

Y
fry<=—-——¢f"

(ag,_/');

and then we can define

Homg, (f*x, f*y) Homsg,, (f™x, f*y)

0l

That is to say (Mor(x, y)(@))(¢) = (0 )y 0 8"¢ © (0t ).

We shall show that Mor(x, y) thus define is a functor. Let f”” : V" — V'’ another object in
C/Uand g : V" — V' in Hom¢,y(f”, f’). Hence f” o g’ = f and therefore f” = f' o g’ =
fogog . If ¢ € Homg,(f*x, f*y), then Mor(x, y)(g © &) = (Ggog.p);"' © (g0 &) © (Olgog f)x-
Now, by definition of a, , the next diagram is commutative

I\E L3 (@ g )f*x 7% £\ L3k
(gog) frx———=(g"0g)f"x

(gog' )@ g"g e
(aé"-g).;ly
o, ST—————— * * %
(gog)fiy___ (87 og)f"y
(g7 @)y
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and we have (08')" = (0l 4)7), 088" 9 0 (cty o) . Thus Mor(x, y)(g 0 8)(®) = (lgoy 1)y 0
(O )7y © 8787 P 0 (Gge) pr © (Ogog p)r- Like the quadruple (U +— Sy, f + f*, 0 5, )
is a pseudo functor from C° to the (2,1)-category of categories, then (O o) © Ogrog s =
g+ (0l £)0 0Ly 4o and in particular, for x,y € Ob(Sy) it follows (0L, £y ! O(ocgf,g)}}y = (g r), o

g”"((xg,f)y‘l and (0Lg o) pex © (Ogogr. f)x = 8 (0g £)x © (O f7)x. Therefore

Mor(x, y)(g © g)(@) = (g p);" © 8" (g )y © 878" P 0 8" (0l )x © (Ogr p)s

= (0g )y © 8" ((01g,p);" 0 8" @ 0 (clg p)) © (Dt )
Consequently we have

(Mor(x, y)(g") o Mor(x, y)(g))(¢) = Mor(x, y)(g")(Mor(x, y)(g)(¢))
= Mor(x, y)(g" ) (g p); " © 8" 0 (ttg f)y)
= (ag’,f’);l o g,*((ag,f);l © g*cp o (ag,f)x) o (ag’,f’)x

= Mor(x, y)(g o g')(p)

Since @ is arbitrary Mor(x, y)(g o g’) = Mor(x, y)(g’) o Mor(x, y)(g), and we have stability by

composition. Moreover, as (g, f) = ids and id; = idy, then Mor(x, y)(idy)(¢) = (%g,, f)y‘1 )

idy, 9o (tay.r)x = ¢ and thus Mor(x, y)(idy) = idpjor s (Fufy) = idMor(« DO We have stability
v\ 2, o, »

by identity and we are done.

Definition 2.1.1 (Presheaf of morphisms). (02ZB) Let p : C — C be a fibred category.
Given an object U of C and a pair of objects x,y € Sy, the functor Mor(x,y) defined as

before is called presheaf of morphisms from x to y.

Lemma 2.1.1. (042V) If F : S — &, is a I-morphism of fibred categories over C, U €
Ob(C) and x,y € Ob(Sy), then exists a canonical natural transformation of presheaves in
c/U

o : Morg, (x,y) = Morg, (F(x), F(y))
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Moreover, if F : S1 — S, is an equivalence of categories, then o. is invertible.

Proof. We want to define for any f € Ob(C/U) a function ay : Morg (x,y)(f) —
MOI'Sz(F(X), F(y))(f)’ that iS to Say’ af : HomS]yv(f*-x, f*)’) —_— H0m32yv(f*F(x)7 f*F(y))
so that a = {ay}sec/y be a natural transformation. Thus, given ¢ € Mors, ,(f*x, f*y), we

want a;(¢) € Mors, , (f*F(x), f*F(y)).

The morphism f*x — x is strongly cartesian and then F(f*x) — F(x) is strongly cartesian
and like p’ o F = p, then p'(F(f*x) — F(x)) = p’ o F(f'x — x) = p(f'x — x)
and therefore F(f*x — F(x)) is over f. But, as by definition f*F(x) — F(x) is also
strongly cartesian over f, then there exists an unique isomorphism wy : f*(F(x)) — F(f"x)
such that f*(F(x)) LN F(f") — F(x) = f"(F(x)) — F(x). Moreover, p’(F(f*x)) =
p(f*x) = V and therefore F(f*) € Sy. Similarly, given another y € Ob(Sy) there is an
unique isomorphism ny : F*(F(y)) — F(y) such that f*(F(y)) 2, F(f"y — F@) =
f*(F(y)) — F(y). Therefore, given ¢ € Morg, ,(f*, f*y) we define a (@) = f*(F(x)) ,
(7 25 P 2 (F)), thatis to say, ay() = ' o F(@) oy and like gy and vy
are isomorphisms, o.¢(¢p) is the unique morphisms in Sy such that ny o a(¢) = F(¢) o py.
We shall see that a = {a} is a natural transformation from Morg, (x, y) to Mors,(F(x), F(y)).
For this, we will prove thatif g : V' — V € Mor¢,y(f, f), then the following diagram

commutes

af

Mors, (x,y)(f) Mors, (F(x), F(y)(f)

g g

Mors, (x, Y)(f © &) —g— Mors, (F(x), F()(f © &)
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This is the same as for ¢ € Morg, (x,y)(f), we have g"(as(@)) = 0r,(g"(¢)). To do this

consider the next diagram:

g (o)
/NI y
s & (F(x) grE)_
S~
Cfog(g*p)

PEQ vl e v FED)

| |

z yF(g*f*x) e F(g*f*y% w
g F(p) g
\ \

gfx————g'f'y

\_//f*y—>y
¢

F(x) =——F(f"x) F(f'y) —=F(@)

x<—f"x

We want to prove that the two morphisms at the top are equal. By construction we have:

e as(¢p) is the only morphism in Sy such that ny o a (@) = F(¢) o uy.

e g"as(¢) is the only morphism in Sy, such that € o g*os(¢p) = 0 y(p) 0 6.

® Oo.(g"®) is the only morphism in Sy such that 1y, © 0 f.(g° @) = F(g"¢p) o uy.
In order to see aso,(g" @) = g*04(@), is enough to show € o 0Lr,(g" ) = 0 () o ¢ ans since
Ny is an isomorphism, this is equivalent to show My(€ o Goe(g°P)) = My(0s(@p) o 6). Now,

Nvoas(p)od = F(¢p)ouyod and in the other hand F(f*x) — F(x) and F(f*y) — F(y) are

strongly cartesian, and thus F(3) o uy» = uy o 6 and F(y) o Ny = ny o €. Therefore we have
T]V OE€O afog(g*(p) = F(’Y) (o] ']"IV/ o (x'fog(g*cp)
= F(y) o F(g"®) o py-

69



DESCENT DATA IN FIBRED CATEGORIES

=F(yog'g)ouy
=F(pof)ouy
= F(g) o F(B) o wyr

=F(p)ouyood

So, g a () = af.(g"p) and then o is a natural transformation. If F : §; — S, is fully
faithful, then Homg, ,(f*x, f*y) «<— Homg, ,(F(f*x), F(f*y)). Moreover, by construction
Homsg, ,(F(f*x), F(f*y)) «<— Homsg, y(f"F(x), f*F(y)) and then a; is bijective. Further-
more, following the previous proof, we may see a]:l defines a natural transformation which
is the inverse of a. Therefore, if F : §; — &, is fully faithful, a is an invertible natural

transformation. O

2.2 Descent data in fibred categories

Before we treat about descent datums, we shall define the category of families of morphisms

with fixed target in C, which will be useful in the definition of the category of descent data.

Definition 2.2.1 (Category of families of fixed target). Let C be a categoryU = {f; : U; —
UlicrandV = {g; : V; — V} families of morphisms in C with fixed target.

1. A morphism fromU to V is a system (h, o, h;), where h : U — V is a morphisms in C,
o : I — Ja function and h; : U; — Vi) a morphism for each i € I, such that the

following diagram commutes

hi
U——Vui
fi

lgu(i)

U V

h
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2. Given another family W = {W,, — W},enm, and (k, B, k;) a morphism from V to VW we
define the composition of such morphisms as the system (k o h,3 o o, kg, o h;). Then,

commutativity of the next diagram is clear

hi kagi)
Ui Vag) Wiy
fi j lg ali) l Kp(atiy)
U - \% Z w

Moreover, there is a canonical morphisms from U to U given by (idy,id, idy,), which

is the identity of the composition defined before.

3. Inthe case V = U and U — 'V the identity, we say U is a refinement of V.

Assume C is a category with fibre product and p : § — C a fibred category. Let U =
{fi : Ui — Ulig be a family of morphisms of C. We will denote U;; = U; Xy Uj, Ujjx =

Ui xy Uj xy Uy, prgk : Uijx — Ujj as prij and prfj : Uij — Uj as pr;. Suppose this family

is such that for all i € I exists x; € Ob(Sy,) and for all (i, j) € I? exists an isomorphism
@ij 1 priXx; — prix;in Su,;- Hence, considering pr;; there exists a unique morphism prigij
(pri;) xi — ( pr{'jk)*x ; such that the following diagram commutes

pri ) — e (i e,
Prip) Xi Prip) Xj

| |

Priti ¥ P

i — Io\: * * tegt
Here we use pr;, = pr; o pri and then (prl.jk) = prj; o pri, because we are omitting the

2-isomorphisms a,,,. ,,, and compatibility of this 2-isomorphism with the commutativity of
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the diagram above. Therefore consider the next diagram:

®ij

(pri) i (pri)"x;

(prij))* @ij
s (pr ),
(pri)*x; / Uijk \ (P”j:k)*xj
Prik Prjk
\ pd N U y/
ik (pric)” ik (prik)" @k Jk
Pik P jk
(p r f'(jk)*xk
(pr,]‘(k)*xk (pr];k)*xk

If the central triangle is commutative in Sy, that is to say, if Pra@ji © Pri®ij = Pry ik, We

say cocycle condition is satisfied for (f;, x;, ¢;).

Definition 2.2.2 (Category of descent data). (026B) Let C be a category with fibre product,
p: S — C afibred category and U = {f; : U; — U}ic; a family of morphisms in C.

1. A descent datum in S relative a the family U is a system (x;, ;), where x; is an object

of Sy, for each i € I, for each pair (i, j) € I* a morphisms ¢;; : prix; — prix;in Su,j»
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such that for every triple (i, j, k) € I’ the triangle

(prl‘jk) xiﬁ'(prijk) Xj

prm Apﬂ(

(pr{'(jk)*xk

is commutative, i.e, cocycle condition is satisfied for (f;, xi, @;j)-

2. A morphism @ (x;, ¢ij) — (x;,@;;) of descent data is a family of morphisms ; :

X; — x; in Sy, such that the diagrams:

* Pij *
PriXi ——=prix;
pr;‘\v,l Priv;

x *

/
r.X.——— pr.Xx.
PIiXi — Pri%;

are commutative in Sy,,.

Lemma 2.2.1. Let C be a category with fibre product, p : S — C a fibred category and
U : {f; : Uy — Ul a family of morphisms. Then, descent data and morphisms of descent
data defines are a category called category of descent data relative to U, which is denoted

DDU).

Proof. 0y = (y) : (i i) — (-} and ' = (y)) : (x-q,) —> (/' ¢!7) are morphisms

of descent data, we define W' oy = (W] o ;). Since pr; is a functor from Sy, to Sy, then
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pri(y; o ;) = priy; o priy; and therefore the following diagram commutes

* Pij *
priXi———=pr;x;
privi Priv;

pri(wiow:) prix, —— prj.x;. pri(Wioy;)

i

priv; priv;

* I * S

PriX] — = PriX;

This prove that y’ oy is a morphism of descent data. Moreover (id.,) : (x;, @;;) — (X;, @;;) 1S
the identity of the descent datum (x;, ¢;;), because of pr; is a functor, then pri(id,,) = idpri*xi

thus commutativity of the respective triangle is trivial. O

Remark. Although the main interest in the definition of descent data is when C is a site and
{U; — U} is a covering in the respective Grothendieck topology, the concept makes sense in
general situations. For example we can consider the collection of all the families for which

every descent datum is effective as we will see later in order to define stacks.

Pullback of descent data

Lemma 2.2.2. (02XZD) Let C be a category with fibre product, p : S — C a fibred category,
U=1{f:U — UlandV = {g; : V; — V} families of morphisms in C and (h, o, h;) a

morphism fromU to V.

1. If (Y;, @u) is a descent datum relative to )V, then the system

(h; Yoy, (hi X h j)*cpa(i)cx( )
is a descent datum relative to U.

74


http://stacks.math.columbia.edu/tag/02ZD

2. STACKS

2. This construction defines a functor DD(V) — DD(U).

Proof.

1. Consider the following diagram

Paial))
—_
P oy Yo ProyYoip
\\\ (hi Xh]).“(-Pa(l)a(]) / ’
Ya(z) priliYo
Yai =—h; Yo (z)a(;) R Yoty —= Ya())
/ AN
(hi ><h b
|
pra(z) Ulj prcx(/)
i J

The lower rectangles are commutative by definition of morphism of families. Hence

8u(i) © hi © pri = gq(j) © hj o pr; and the universal property of the fibre product Vi)

implies the existence of a morphism h; X hj : U;j — Vqa(j) unique such that prq o

(hiXh;) = hjopr; and prygjo(hixh;) = hjopr;. Then (h;xh;)* Opi’a(,)Ya(,‘) = prih;Yy; and

(hi X hj)* o pra(])Ya( B = pr;‘.hj. Y,j) and therefore (h; X hj)* Qy(ia(j) 1S the only morphism

such that te upper square commutes. Hence, considering a triple (i, j, k) € I°, in the
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next diagram the central triangle is commutative

prij((hixh )" Pagiya))

/\

(przl"jk)*h? 0 (P”,-jjk)*h; Yo(j)

N\ e

ali) N Praghacy Patrat a(j) N
(T otiapay) Yoty == (PToyna(jam) Yo

Pl Pata®) Pyt Patiath)

Pri((hiXhi)* Qagiyack) P (R} Qaga))

atk) )
(PTyiiyapagie)” Yo

(pr fjk)*h;t Yo

This is because of the cocycle condition on (Y}, ¢;,). Moreover, in the same way we
construct h; X hj, there is a morphism h; X h; X hy : U;jx — Vagiya(jat Unique such that
DTagiyaj) © (hi X hj X hy) = (h; X hj) o pr;;. Therefore (h; X hjx h)* o prz(l.)a(j) = pr;."j o(h;x
hj)* and so pri((hi X h;j)*®a@a() 18 the only morphism making the upper rectangle
commutes. Similarly, the other two rectangles are commutative and for unicity of
pri((hi X h)* Qogiyac)s the external is commutative. Then for each triple (i, j, k) € &

cocycle condition is satisfied and so (A} Yo), (hi X h;)* Qqiacj)) is @ descent datum in S

relative to .

2. Let (Y], @) be another descent datum in S relative to V and o = (0)ier : (Y1, Qi) —

(Y], @;,) a morphism of descent data. Then oy : ¥; — Y] is a morphism in Sy, such
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that the next diagram commutes

Pi
pr) Y, —————=pr;Y,
prioi PrmOm
sk ’ k 4
prY, —g —pr,Y,

We shall show that (h!o;))ier 1s a morphism of descent data from (h!Y,), (h; X

hj) Qaiyajy) to (h: Y(;(l.), (hi X h j)*cP:x(i)a(j))' In fact, recall that prih? = (h; X hi)*(pr;(i)

and so in the following diagram

(hixh;)* Qagiaj)

prih; Yo priliYa)

N

PToiy Yo

) -y
ProcjyXaip

pri(hioan) PragT et ‘ ‘pr&f‘)(r“m priieap)

k 7 3k ’
ProwYan =5 PragyYac

a(al)) \

* * 7
prilYi;,

1%
prihY. ali) —
v (hixh;)* Doy j

the central square commutes because o is a morphism of descent data in S relative to

V and as (h; X h;)* is a functor we have

priioag) © (hi X 1)) (Qagyacy) = (i X 1) (ProyTac) © (hi X hp) (Qagiag)
= (i X 1)) (Proy T ag © Patiac))
= (hi X 1) (Pgiyay © ProhTa)
= (hi X h ) (©ypac) © (hi X 1) (DT oy T aii)

= (hixXh j)*(cP:x(i)a( popr i (h; 0 a)
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and so we have commutativity of external square, which is what we want. In particular,

for (idY])IGL : (Y[9 cP[m) — (Yl’ (le) we haVC h;'k(idYa(i)) = idh?Ya(i)'

This shows that the asignation (Y}, @y,) V> (1 Yoq), (hi X 1) Qogiyaciy) and (o) +—
(0 qi))ier 18 a functor from DDV to DDU. |

Effective descent data

Lemma 2.2.3. (026E) Let C be a category with fibre product, p : S — C a fibred category
and U = {f; : U; — U} a family of morphisms in C

1. If x is an object of Sy, then (x,id,) is a descent datum relative to the family {idy :

U — U} called trivial descent datum asociated to x.

2. Given an object x of Sy, we have a canonical descent datum relative to the family
of objects f’x, obtained by changing of base the trivial descent datum (x,id,) via the
obvious morphism of families {f; : U; — U} — {idy : U — U}. We denote this

descent datum (f; x, can;;).

3. The morphisms can;; : pr; fx — pr’;.f;‘x are equal 10 (0, 1)y © ((xprl.,f[);l.

Proof.

1. Clearly (x,id,) is a descent datum relative to the family {idy : U — U}, because as
idj,x = xand U Xy U = U, we can take a choice of pullbacks with id},x = x and so the

conditions of descent are trivially satisfied.

2. The morphism of families {f; : U; — U} — {idy : U — U} is given by (idy, a., f;),

where a : I — {1} is the constant function, being {1} the set of indexes of the family
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{idy : U — U}. In this case the diagram

Ut

|
U

U
Ji
U

—
idy

is obviously commutative. Since (x,id,) is a descent datum in S relative to {idy :
U — U}, then changing the case with the morphism above we have a descent datum

in S relative to U given by the system
(ff x, (fi X fj)idy)

This can be summarized in the following diagram

canij
~— X\

/\/\
/’\

4
/

AN

where can;;, = (f; X fj)"id, is the canonical isomorphism given by the equality f; o

U

pri = fj o prj, that is to say, is the only morphism such that the upper face of the
cube commutes. Hence (f"x, can;j,) is a descent datum in S relative to the family

fi:U, — U.
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3. We use f; o pr; = prjo fjas morphisms U; Xy U; — U. Then in the next diagram

can;jx

T

rifix——(fiopr)'x——prifix
p llfl (@pry )3 (Jiopri) (@prj.fi)x Prj fj

fix X f;x

the isomorphisms (0, ;). and (a,,, r,), are unique such that the lower rectangles are
commutatives an so (0yr,.f,)x © (Upr,, ) is unique such that the compose rectangle is
commutative. But for previous numeral can;;, is the unique with such property and

therefore can;jx = (G, 1)x © (Qpr f)y - O

Definition 2.2.3 (Effective descent datum). (026E) A descent datum (x;, @;;) relative to {f; :
U; — Uy} is called effective is there exists an object x of Sy such that (x;, ¢;;) is isomorphic

to (f"x, can;).

Therefore a descent datum (x;, @;;) relative to {f; : U; — U} is effective if there is x € Ob(Sy)

and morphisms y; : x; — f;"x such that for each i € I the following diagram is commutative

priXi ——>= prx;

pri \uzl LW_’;W/'

* L % L
prifi'x can;j prjfj‘x

Now, given a morphism x N y en Sy, we shall see that (f;"¢);e; is a morphism of descent

data (f’x,can;;,) — (fy,can;;y). For this we must prove that for every (i, j) € I? the
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external rectangle in the next diagram is commutative

can,-j,x

prifix prifix

AN e

fi*x —_— X~ f;x
prife fiwt . lf:cpj prifa
[[y——=y=—1Fjy

e N\

Prl*fl*y canjy pl’jf]*y

can;jx
can;j, is the only morphism such that pr} fx —5 prifix — fix — x = prifix —
f*x — xanso in the previous diagram all the sub rectangles are commutative. Consecuently

we have the following equality of diagrams

% L% Canijx * L% * % L% *
prifix——=pr;fjx fix X = prifix I 1
prf.ﬂ*cpl P’}fffp\ f}'fP‘ \ Pffﬁ*fPI ff‘fPI
prifly —m= Prif;y fiy y = prifiy £y y
canjjx prifi®

On the right side both rectangles commutes and so pr; fx — prifix — pr;f/y and

* ok

canijy

prili . . .
prifix — priffy — pr; f]?‘y are morphisms which composed with pr; f] y — f;y —y
are equal, and since the last one is strongly cartesian, being the composition of strongly

cartesian morphisms, thus are equals y we have the required commutativity.

Now, if y — z is another morphism in Sy and (f;y);e; is the canonical morphism of descent

data obtained as before, then (f(y o @))ic; = (fW o £ @)ier = (f7Wier © (f7@)ier turns to be
a morphism of canonical descent data. Also, considering x i) x, by construction (id fi*x)ie,

is an endomorphism of the canonical descent datum (f;"x, can;;) and is indeed the identity
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morphism. Thereby, given a family ¢/ = {f; : U; — U} of morphisms in C we have a functor

Therefore, a descent datum is effective if this is in the essential image of that functor.

2.3 Stacks

Definition 2.3.1 (Stack). (026F) Let C be a site. A stack over C is a fibred category p : S —

C satisfying the following conditions:
1. For any U € Ob(C) and every x,y € Sy, the functor Mor(x,y) is a sheaf in the site
C/U.

2. Foreach coveringU = {f; : U; — U}ics of the site C, every descent datum in S relative

to U is effective.
Lemma 2.3.1. (02ZF) Assume C is a site and p : § — C a fibred category. The follow

conditions are equivalent:

1. S is a stack over C.

2. For any covering U = {f; : U; — Ul of C, the functor Sy — DDU) which
associate to each object its canonical descent datum relative to U is an equivalence of

categories.

Proof.

LetUd = {f; : U — U} € Cov(t). The functor Sy — DD(U) is defined for x € Ob(Sy)

0 L :
as the descent datum (f;"x, can;;,) and for x — y a morphism in Sy as the morphism of
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descent data (f;@);e;, where f @ : fx — fy is the only morphism such that the following

diagram commutes
fie
* £
fix—=1y

|

x—>q) y

Therefore Sy — DD(U) is essentially surjective if and only if fiven (X;, ¢;;) in DD(U) there
exists x € Ob(Sy) such that (f"x, can;;,) = (X;, ¢;;), that is to say every descent datum in &

relative to U is effective.

Now, Sy — DD(U) is fully faithful if given x,y € Ob(S /), the canonical function

€ : Mors, (x,y) — Morppuy((f; x, canij,), (f]y, can;y))

is bijective. This function is defined as follows: given x N y, there is a morphism y =

(f"P)ier from (fx, can;j,) to (fy, can;;,) and we define E(¢) = .

If C is a category with fibre product and t is a Grothendieck topology on C, Then for U €
Ob(C), the category C/U has fibre product and there is a induced topology on C/U denoted

t/U. The fibre product in C/U is defined according to the next diagram:

Vij
Pri f,j prj
5
Vi U~——V,
\%

More precisely f; X; fj = fij, where f;; := f;o pri = fjo pr;, being the last two equal because
of V;j = V; Xy V; and so the external square commutes and since g;, g; are morphisms of C/U

the internal triangles are commutatives. We define Cov(t/U) as the families {g; : V; — V}
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in Cov(t) wichV;, V € Ob(Sy) and g; € Mor¢,y(V;, V). Then it makes sense that Mor(x, y) to

be a sheaf when C; is a site.

In general, given a functor F : C°? — D in asite C,; and D a category with arbitrary products,

F is a sheaf provided that for all {V; N V} € Cov(t) the following diagram is exact:

FO) == |Fovn — [] Fvixw v

. TT
iel P Gjer

In order to construct the morphisms s, 7y, 715, consider the following: for each i € I, F(V;) €

Ob(D) and as D has arbitrary products, there is HF (V). Now g; : Vi — U and so F(g;) :
iel

F(V) — F(V;) is a morphism in D for any i € I. By the universal property of fibre product
there is = l_[F (g):F(V) — HF (V;) unique such that the diagram

iel iel
F(V)
|
I F! &
Y
[ [Fv) 5—Fw

i€l
is commutative. Given (i, j) € I? we have a fibre product

prl;
V; )(y"/} — ‘/j

Prﬁjj lgj

Vi U

8i

) ] F(pri) m F(pri)
Hence there is a morphism F(V;) — F(V;xyV;)anso l—[F(Vi) — F(Vi) — F(VixyV)).
i€l
As before the universal property of the fibre product leads the existence of a unique morphism
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7ty such that the diagram

[ [Fov) ———Fwy

m F(pr)

1_[ E(Vixy V) == F(Vixy V)

(i, jel?
is commutative. Hence m;j oy = F (pr’f ) o m;. In the same way there is 7, unique such that
;0 Ty = F(pr ) o ;. Therefore we have 7, = rlF(prfj) om; and m, = ﬂF(prfj) o 7;.
(9)) @.J)
In the case of interest ¥ = Mor(x,y), where where given V i> U € 0ObC/U),
Mor(x, y)(f) := Homg, (f*x, f*y) and V' Sve Home,y(f, f/), Mor(x, y)(g) is the function
defined as:

Homs, (f*x, f*y) Homs,, (f"x, fy)

P (ag,f);l © g*Cp o (ag,f)x

Then Mor(x,y) is a sheaf if and only if given {g; : V; — V} € Cov(t/U) the following

diagram is exact

Mor(x, () —= [ [Mor(x. () — [ Morte (£

iel 2 (a, j)e[Z

where T = l_[Mor(x, v)(g), T = 1—[ Mor(x, y)(prffj)oni and m, = 1_[ Mor(x, y)(pr{})on j-
iel (i, j)el* (i, j)el?
Therefore Mor(x, y) is a sheaf if the next diagram is exact

Homs, (f"x. )~ | [ Homs, (£"x. £ = [ | Homs, (pri frx. pri f7y)

iel N (i, j)el?

Ifvy = (V) € l—[ Homsvi (f7x, f7y) is such that 7t;(y) = m,(y), there exists a unique

i€l
x = y € Homg, (x,y) such that (@) = y. Now, mi(y) = [ | (Mor(x,y)(pr) o m)(w) =

G,j)el?
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[ | Morey)priw = | | @prp)s! © priwi o (cpr, ) Then s (w) = ma(w) if and only
(i.jel? (i, j)el?
if por each (i, j) € I we have

(apr,‘,f,-);l © P”;k\lfi © (apr,-,fi)x = (aprj,fj);l © P”;\V/ © (aprj,fj)x
On the other hand, an element of Hompp)((f"x, cany;,), (fy, can;jy)) is a family y = (y;)jes,

where y; : fx — f;y are morphisms in Sy, such that the diagram

canjx

prifix——=prifix
privi \ ‘Pr}f‘l’j
prifiy —am ISy
is commutative in Sy, so can;;, o priy; = pr;‘.wj o canjj,. Since canij, = (O f)x ©
(@ )y s it FOllows (0 p)y © (Aprp)y' © Priwi = priy; o (G p)s © (Oprs); . Hence
Homppe((f*x, cany;,), (fy, can;jy)) is equal to the set of y = (y;);es € 1—[ Homsvi (fx, f7y)

iel

such that 7t;(y) = (V).

Given y = ()i, if exists ¢ € Homg,(x,y) satisfying E(p) = w, then n(f*p) :=

[ngf](f*fp) = l_[(gff*(P) ~ (ff@)er = (@) and so f*¢ is the unique such that
i€l i€l

nt(f*¢) = y. Reciprocally, given ¢ = (y;);c; such that 7t () = m,(y), there exists f*x LN [y
such that m(p) = v, that is to say g;p = ;, for all i € I. Then there exists ¢ : x — y with
p=ro

This shows that 7 is the equalizer of m; and m; if and only if a is bijective. In other words,

Mor(x, y) is a sheaf if and only if Sy — DD(U) is fully faithful.

Summarizing p : § — C is a stack if and only if for every covering 4 = {f; : V; — V}
of C, the functor Sy — DD(U) is fully faithful and essentially surjective, in other words

Sy — DD(U) is an equivalence of categories. O
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Now we are going to give a result which implies that any scheme or algebraic space can be

seen as a stack.

Proposition 2.3.1. Let C be a site. If F : C°? — Sets is a sheaf, then the fibred category in

sets pr : Sp — C is a stack over C.

Proof. If F : C°? — Sets is a functor, then Sy is the category fibred in sets with:
Ob(Sr) :={(U,x) | U € Ob(C), x € F(U)}

where we have used that F(U) is a set, that is to say, a discrete category. If (V,y) and (U, x)

are in Ob(Sr) we have

Hompy,((V,y), (U, x)) := {f € Home(V, U) | F(f)(x) = y}

More precisely, this is the set of pairs (f,a) where f € Homg(V,U) and a €
Homgy)(y, F(f)(x)), but in this case F(V) is a discrete category and this means y = F(f)(x)

and a is the identity map. The functor pr : S — C is given by (U, x) +— U and f +— f.

Letd = {f; : U; — Ul be a covering in C. We want to show the functor Spy —
DD(U) is an equivalence of categories. If (x;, ¢;;) € DDU), then x; € Spy, = F(U;) and
@ij - (prffj)*x,- — (pr{j)*xj is an isomorphism for every i, j € I. Since F(U; Xy U;) is
discrete ¢;; must be the identity. The cocycle conditions are always satisfied and therefore
are not required. Hence a descent datum is a collection (x;);c; such that x; € F(U;) and
(pr;fj)*xi = (pr{/.)*xj for all i, j € I. On the other hand if x € Sgy = F(U), the canonical
descent datum relative to U is (f;x, can;;), where can;;, = (0pr,.f.)x © (0, ﬁ.);l = id(fxf) xs
because we are in the case the pullback is compatible with composition. Now, since F is a
sheaf the following diagram is exact

F)y—=[[Fwn—= [] Fixw Up

, T
iel 2 (i,j)e[2
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This says that if (x;);c; 1s such that (prfj)*x,- = (pr;f})*xj for all i, j € I, then there exists a
unique x € F(U) such that F(f;)(x) = x;. Therefore, if F is a sheaf, then Sy — DDU) is

an equivalence of categories and so py : Sp — C is a stack. O

Corollary 2.1. If C is a site where every representable functor is a sheaf, then for any X €

Ob(C) the category fibred in sets px : Sx — C is a stack over C.

Lemma 2.3.2. (042W) Let C be a site and S| and S, categories over C which are equivalents

as categories over C. Then S is a stack over C if and only if S, is a stack over C.

2.4 Stackification of fibred categories

The statement of the following proposition is different from the correspondent in Stacks
Project. The principal ideas of the proof are inspired in the ones exposed there, but some
definitions have been changed in order to make more convenient the subsequent construc-
tions. Also, although they are not presented here, we wrote all the details, since they are

necessary in the functoriality properties that we have found.

Lemma 2.4.1. (02ZN) Let C be a site and p : S —> C a fibred category over C. There exists a
stack p’ : 8" — C and a 1-morphism G : § — S’ of fibred categories over C satisfying the
following universal property: For any stack q : X — C and every I-morphism H : § — X
of fibred categories over C, there exists a 1-morphism H' : 8" — X of stacks over C such

that the following diagram is 2-commutative

Proof.
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We will construct the stack S” in three stages.

1. Locally equal morphisms: Given x € Ob(S) over U and y € Ob(S), we say that two

morphisms a,b : x — y of § such that p(a) = p(b) are locally equal if there is a covering

{fi : Ui — U} of C such that f’x — x N y=fix —x i> y. We shall see this

define an equivalence relation. Clearly @ ~ a and a ~ b implies b ~ a. Now, if a ~ b and

b ~ c, there are coverings {f; : U; — U}; and {g; : V; — U}, such that f'x — x N
b

b . .
y=fix —x —yadgix — x —y=gx —x —> y. Consider the covering

{gjo f] = fiog,: Uixy V; — U} pictured in the diagram

f,"
U; Xy Vj—> Vj

g;.l ng

U, U

Then we have

’ a ’ b
(fiog)x— fix—x—>y=(fiog)x— ffx—x—y
, b
=(@gjofi)yx—gx—x—y

=(gjof)x— gx—x—y

That is to say, (f; og'j)*x — x5 y = (f; og'j)*x — x5 y and so a ~ c¢. Hence
~ is an equivalence relation and we can consider S/ ~ in order to obtain a new category
S! identifying locally equal morphisms. We use the following fact: if a,b : x — y and
¢,d : y — z are locally equal, then c o a,d o b : x — z are locally equal and therefore the
composition of equivalence classes is well defined. Since p(a) = p(b) when a ~ b, we also
have a functor p' : S' — C which is a fibred category over C. Moreover we can define a 1-
morphism G! : § — S! of fibred categories over C defined as the identity in the objects and
for a morphism a : x — y, we denote [a] the equivalence class of a in the previous relation

and we make G'(a) := [a]. Let p' : 8! — C defined by p'(x) = p(x) in the objects and
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p'([a]) = p(a) in the morphisms. Note that the definition in the morphisms does not depends
on the representative, because a ~ b implies p(a) = p(b). Then is clear that p' : S' — Cisa
category over C and G' : S — S! is a morphisms of categories over C. We shall see that G!
preserves strongly cartesian morphisms and therefore S is a fibred category. Leta : x — y

a strongly cartesian morphism in &, we want to show that [a] : x — y is strongly cartesian

in S

b y=[b]
Z\ Z\
N N
N N
N G! [l ~
N A N

p(2) X—F—Y p(2) XY
N N
p(x) — = p(y) p(x) — = pQ)

Given z € Ob(S) and a pair (y, g) where y : z — y a morphism in 8! and g : p(z) — p(x)
such that p'(y) = p(a) o g, we have y = [b] for some morphism b : z — y in S. Hence
p'(w) = p(b) and so p(b) = p(a) o gin S. Since a : x —> y is strongly cartesian, there exists
aunique ¢ : z — xin S such that p(c¢) = gand aoc = b. Then [¢] : z — x is a morphism in
S! such that p'([c]) = p(c) = g and [a] o [c] = [aoc] = [b] = y. Moreover, [c] is unique with
that property, because if v : z — x is a morphism in S! such that [a] o y = v, then for any
representative d : z — x of yin § we have [aoc] = [b] = [a]o[d] = [aod], that is to say, there
is a covering {f; : U; — p(2)} satisfying [z — z SN LIN y=flz—z 4, x — y.
But a : x — y is strongly cartesian and therefore f'z — z S x= fflz—z LN x and
this means that [c¢] = [d]. Hence [a] is strongly cartesian. Since the objects are the same,
this prove both S! is a fibred category over C and the functor G! is a 1-morphism of fibred

categories over C.
Then without lost of generality we can assume S = S'.
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2. Locally defined morphisms: We will construct the category of locally defined morphisms
associated to S by adding, if necessary, more morphisms as follows: Given x over U and y

over V alocally defined morphism from x to y is a system (f, { f;}, a;) where:

1. f: U — Vis a morphism of C.
2. {f; : U; — U}, 1s a covering of the topology on C.

3. Foreveryi €, a;: ffx — yis amorphism such that p(a;) = f o f;. The compositions
(fix f)'x — fix N yand (f; X f)'x — fix BN y are equal. Here f; X f; denotes

both f; o pr; and f; o pr; which are equal.

We can see it better in the next diagram:

< D
s

Here we are using the 2-isomorphisms a.,,, r and o, r,. In rder to be more clear, consider the

(fi X fi)°

/

/

diagram
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( ri ,)x f)x
ik (f><f,)xL>prfx

1>
\/\/g
\/

Then both (f; X fj)"x — f x and (f; X fj))"x — f;x are strongly cartesian lifts of pr; and
pr;j respectively, and so the upper square is cartesian. A morphism a : x — y in S deter-
mines a locally defined morphism (p(a), {id,)},a). We say the locally defined morphisms
(filfi : Ui — Ul,ay) and (f,{g; : U; — U}, b)) are equal if f = g and the compositions
(fixg)x — fix % x and (fi xg)'x — gix ﬁ) x are equal (they coincide in the
intersections). This is the right condition because we are assuming that locally equal mor-
phisms are equal. We are going to define the composition of locally defined morphisms. Let
(f,{fi : Ui — U}, a;) be a locally defined morphism from x to y and (g,{g, : Vi — V}, bp)
a locally defined morphism from y to z and denote p(z) = W. Take gof :U — W, the

covering {hj, : U; Xy V,, — U} and the morphisms c¢;, : h}, x iR gy —> z as 1s showed in
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the following diagram:

Ui Xy Vm Vm

Since fx — x is strongly cartesian, there is a morphism 4? x — fx, unique such that the
triangle is commutative. The morphism a; : h; x — g, v is the only one over pr,, making the
square commutative in S, which exists because g,y — y is strongly cartesian over g,, and
using that i x — f'x N y is a morphism over (f o f;) o pr; and the commutativity of the
lower square. We are going to show that (g o f, {h;,}, cin) 1S a locally defined morphism from
x to z and we will call this the composition of (f,{f; : U; — U}, a;) and (g,{gm : Vi —
V1, by).

Then we can consider the category S? with Ob(S?) = Ob(S) and for x,y € Ob(S?),
Homg:(x, y) is the set of locally defined morphisms from x to y in S. Then, S? is a fibred
category over C and for any U € C and every x,y € Ob(S7,), the functor Mor(x, y) is a sheaf.
There is also a 1-morphism of fibred categories G> : S — S? given by the identity in the

objects and for a morphism a : x — y, G(a) = (p(a), id ), a). Then we can assume S = S2.

Finally, let p : S — C a fibred category such that for all U € Ob(C) and x,y € Ob(Sy) the
functor Mor(x, y) is a sheaf in the topology ty. We will define a stack S” and a canonical

I-morphism G’ : § — §&".
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3. Effective descent data: Define Ob(S’) the class of pairs (U4, E), where U = {f; : U; —
Ulics is a covering of T and § = (x;, ;;) is a descent datum in S relative to /. Given (U, &) =
{fi + Ui — Uk (i, qip) and (V,m) = ({gn @ Ve — V} s W) in Ob(S”) we define
Homg (U, E), (V, 1)) as the set of pairs (f,a;,) where f : U — V is a morphism in C and

Aim * Xiluxyv,, — Ymluixyv, are morphisms in Sy« v, satisfying the following condition:

Given i,j € I and m,n € M and denoting A = (U; Xy Uj) Xy (V,, Xy V,), the following

rectangle is commutative:

aimlA
Xila = Ymla

(pilel lenA

Xj|A m)ynh

Given another W, 0) = ({hy : Wiy — W}, (%, 0)) in 8" and (g, b,) : (V,m) — WV, 0) a
morphism in &’ we want to define a morphism (g, b,,) © (f, ;) from (U4, E) to W, 0)in &’

Consider the following diagram:
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N

Aim

X1|U,><Vv,,, ymlU Xy Vi ym|vm><wwk — ZklvmeWk
xz|ul><vv,,,><wwk )’m|U,><vaxWWk — ZklU,xVVmXWWk
Xi dy Tk
inU,-xWWk dn Zk|U,-><WWk
1

Here afin denotes the restriction of a;,, to U; Xy V,, Xw W, and the same is for bink and d7}. Then
we can make the composition bink oafm and write d. It can be proved that {d}},,cy determines
a locally defined morphism di : Xily,x,, w, — Zlu;xy,w, and this is such that (g o f, dy) is the
wanted morphism. We this on mind, we can prove &’ is a fibred category over C in which
the functors Mor(x, y) are sheaves and any descent datum relative to a covering is effective,
that is to say, S’ is a stack over C. There is also a canonical 1-morphism G’ : § — &’
defined for x € Ob(S) by G'(x) := ({idyy}, (x,id,)) and for a : x — y a morphism in
S we define G'(a) = (p(a),a,), where a, : x — Y|, is the only morphism such that
x Yy — ¥y = x N y. Here we are using the canonical identification id;(x)x = xin

order to keep the notation simple. O

Definition 2.4.1 (Stackification). Given fibred category p : S — C, the stack p’ : 8’ — C

constructed in the previous lemma is called stackification of the fibred category S.

Next we are going to give some conditions that allow us to conclude when a fibred category

is actually a stack. This is used in the example that follow the result.
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Proposition 2.4.1. Let S be a category over C satisfying the following conditions:

e Every object of C has a lift.

o For any morphism f : U — V in C and lifts x and y of U and V respectively, there is

exactly one lift of f from x to y.

Then S is a stack over C.

Proof. We will show that S is fibred category. Given y over V and f : U — V, there exists
x over U and a unique morphism ¢ : x — yover f. If z € Ob(S) over W, g : W — U is
a morphism in C and y : z — y is a morphism in S over f o g, which is unique with such

property. There is a unique morphismy : z — xandso g oy = y.

1. Letx € Sy, y € Sy and (f, {fi}, a;) a locally defined morphism in & from x to y, this is

pictured in the following diagram

By hypothesis, there is a morphism ¢ : x — y and ¢|y, = a;. Therefore, ¢ is the

global extension of (f,{f:}, ;). Hence Mor(x, y) is a sheaf.

2. LetU = {f; : U; — U} a covering in C and (x;, ;;) a descent datum relative to .
Given x over U, there is a morphism x; — x and therefore we have that f'x — x

and x;, — x are strongly cartesian lifts of f; and so there is a unique isomorphism
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y; : f*x — x; such that the following triangle commutes
f;.* X<~—>X;

N

This defines an isomorphism y = {y;} from (x;, ¢;;) to (f;"x, can;;). Hence any descent

datum is effective.

Numerals (1) and (2) shows that S is a stack over C. O

Example 10.Let p : X — C and r : Z — C be the fibred categories pictured in the

following diagrams:

Y

TN

X1 —a>X2 21 22 <3
VT U |% r U
X Z

The previous result shows that X and Z are stacks over C. In the three cases the topology is

the same.

2.5 Functoriality in stackification

Stackification has functorial properties. In this section we are going to show some of them.

As in the stackification lemma, we will proceed in three stages.

Theorem 3. Let X' and ) fibred categories over C. If F : X — Y is a I-morphism of fibred

categories over C, then there exists a canonical 1-morphism F' : X' — Y’ such such that
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the following diagram commutes

Furthermore, if F : X — Y is fully faithful (respectively essentially surjective) also is
F': X — Y. IfR:)Y — Z is another morphism, then (Ro F) = R o F’.

Proof.

The proof will be done in three stages, and in many parts of this we will use the following
fact: If x € X isover U, f : U — V is a morphism in C and F is a I-morphism of fibred
categories, then if f*x — x is the pullback of x over f, so is F(fx) — F(x) and therefore
there exists an isomorphism a : f*F(x) — F(f;x) over idy which is unique such that the

triangle

;i

fiF(x) F(f %)

NS

F(x)

is commutative. So, pullback of F(x) over f is up to a unique isomorphism equal to
F(f*x — x), that is to say, the image of the pullback is almost the pullback of the image.
Another fact that we will use extensively is the following: If x € Ob(X) and f : U — p(x)

and g : V — p(x) are morphism in C, then in the following diagram the upper square is
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cartesian:
F(fx)
F((fxg)é iﬁ/bF(X)
P > >
UXpw V F(g"x) p(x)
Vv

This is because f*x — x and (f X g)*x — g"x) are strongly cartesian, and since F is a
I-morphisms also are F(f*x) — F(x) and F((f X g)*x) — F(g"x)), and the lower square

is cartesian.

1. Locally equal morphisms: There is a canonical 1-morphism F' : X! — P! of fibred

categories over C such that the following diagram commutes
XLy
Xl — 1
If F: X — Y is fully faithful (resp. essentially surjective) also is F' : X! — Y.

Let F'(x) = x in the objects and for a morphism a : x — x’ a morphism in X define
F'la] = [F(a)]. Lets see that if [a] = [b], then [F(a)] = [F(b)] and therefore F'! : X’ — )’
is well defined. The equality [a] = [b] means that p(a) = p(b) and this is the same that
g o F(a) = q o F(b). Moreover, there is a covering {f; : U; — U} such that f'x — x N
y = fx — x —> y and therefore F(f*x) — F(x) —3 F(y) = F(f*x) — F(x) —3 F(y).
Hence f7F(x) — F(f*x) — F(x) — F(y) = ffF(x) — F(f’x) — F(x) — F(y) and

this means [ f(a)] = [f(b)]. Given [a’] : X — x”, the equality [a’] o [a] = [a’ o a] and the
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fact F is a functor implies F'([a’] o [a]) = F'([a’]) o F'([a]) and since id, in X' is [id,], then

F'[id,] = [idF(y] proving that F' : X' — V' is a functor.

Now we will see that F! is a 1-morphisms of fibred categories over C. Clearly ¢! o F! = p!
in the objects. If [a] : x — x’ is a morphism in X!, then ¢' o F!([a]) = ¢'([F(a)]) =
g(F(a)) = p(a) = p'([a]), and so F' is a 1-morphism of categories over C. We need to show
that if [B] : x — X’ is strongly cartesian in X!, then F'([B]) is strongly cartesian in )'. Let
f =p)and a : f*x’ — X’ the strongly cartesian lift of f in X. Hence [a] is the strongly
cartesian lift of £ in X! and so there exists an isomorphism [y] : x — f*x’ unique such that

in the following diagram the upper tirangle is commutative

Y [a]
“
AN

[A]
f

SN

E

Hence F'([B]) = F!([a]) o F!([y]) and since F' is a 1-morphism of fibred categories, F'([a])

’

is strongly cartesian. Moreover F!([y]) is isomorphism and therefore is strongly cartesian.
Hence F!([B]) is strongly cartesian being the composition of strongly cartesian morphisms.

Then F' : X! — P! is a 1-morphism of fibred categories over C.

In particular, in the following diagram all the triangles and therefore the rectangle are com-

mutative
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We are going to prove now the second part of the statement.

If F: X — Y is fully faithful, then given x,x’ € Ob(X!) = Ob(X) we have F :
Homy(x, x") — Homy(F(x), F'(x")) is a bijection. We want to prove that the same is

true for F! : Homy:(x, x') — Homy: (F(x), F(x)).

Surjectivity: If [c] € Homy: (F(x), F(y)), then ¢ € Homy(F(x), F(x")) and so there

exists a € Homy (x, x’) such that F(a) = ¢ and therefore [F(a)] = [c].

Injectivity: If [a],[b] € Homy(x, x’) are morphisms such that F'([a]) = F'([b]),
then [F(a)] = [F(b)] and so F(a) and F(b) are locally equal morphisms in ).
Hence g(F(a)) = q(F(b)), that is to say p(a) = p(b), and there exists a covering
(fi : Ui — p(x)} such that fF(x) — F(x) —3 F(x') = f7F(x) — F(x) - F(x')
and thereflore F(fix) — F(x) ia; F(xX') = F(ffx) — F(x) ib)) F(x’), where

F(f7x) &, fiF(x) — F(x) = F(fx — x). Since F is bijective f'x — x ¥ =

fix—x i> x’ and this means that [a] = [b].
Then F! is fully faithful.
If F: X — ) is essentially surjective, given y € Ob()”) = Ob()), there is x €

Ob(X) = Ob(X”’) and an isomorphism ¢ : F(x) — yin ). Hence [¢] : F(x) — yis

an isomorphism in )! and therefore F! : X — ) is essentially surjective.

Now, given R : ) — Z we have (R o F)! = R! o F! in the objects, and for a morphism [a]

in X,

(Ro F)'([a]) = [(R o F)(a)]
= [R(a) o F(a)]
= [R(a)] o [F(a)]
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= R'([a]) o F'(la])

= (R' o F)([a])

Therefore (R o F)! = R! o F! in the morphisms.

2. Locally defined morphisms: If X' = X and )' = ), then there is a canonical 1-
morphism F' : X? — Y? of fibred categories over C such that the following diagram
commutes

X —=y

L

2 2
X — Yy
If F: X — Y is fully faithful (resp. essentially surjective) also is F? : X? — )2

The previous result says that we can assume that X' = X and V! = Y, that is to say, locally
equal morphisms are equal. Let F?(x) = F(x) in the objects. If a € Homy2(x, x'), then
a = (f,{f},a;) is a locally defined morphism in X. Let F%(a) = (f,{f}, F(a;) o ;) and see
that F2(a) € Homy:(F(x), F(x")).

We have g(F(a;) o o) = q(F(a;)) o g(0;) = f o f;. In order to prove that F?(a) is a locally

defined morphism, consider the following diagram

i

JF(x) F(f x)

>

Pij

(fi X [))'F(x) = == F((fi X f})"x) F(x) F(x')

T~ > | A

fiF(x) Y F(f7x)

For the remarks at beginning of this proof that in the front face the left square is cartesian.

The external one is commutative because F is a functor. Since the triangles with o; and o;
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are commutative, by the universal property of the fibre product there is a unique morphism
@ij : (fi X i)' F(x) — F((f; X fj)"x) such that the two rectangles determined by this are

commutative and therefore (f; X f;))"F(x) — fF(x) ghiny F(x') = (fi X f)'F(x) —

F(a)oa
fiF(x) — " F(x’) and we are done. We want to show that F2 : X2 —s )? is a functor. For
this, let b = (g, {gn}, b,n) be a morphism in X2 from x’ to x”. Then boa = (go f, {hin}, buod, D,
and therefore F2(boa) = (go f, {U; Xy Vi, F(byoa’)oa;,}), where o, : h% F(x) — F(hj,*Xx)

is the only morphism such that the rectangles in the following diagram commutes
F(x)

[ () —2 F(fx) —2~ F(x)

I

F(h, X)—>F(gm X)) ——=F(x")
Qim /1 ](1
Ry F (X) Ty gnF (X)

On the other hand,

F2(b) o F*(a) = (f, {fi}, F(a) © o) © (8, {8}, F(byn) © )
= (g o fi{him}, (F(by,) o ay,) o (F(a;) o o))
= (g © f’ {him}’ F(bm) o F(Cl:) o 0Lim)

= FX(boa)

Then F? is compatible with composition. Given x € Ob(X?), the identity id, in X? is

(id p) Lid ) ) zdp(x)x —> x) and therefore

F(idy) = (idy {idp}, F(id)y 0 x —> x) 0 6)
= (idp), lid o}, id), ) F(x) — F(x))
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= idF(x)

where 6 : id*

"o F() — F(d;
F(id,

(x)x) is the only morphism such that id;(x)F (%) N

x) — F(x) = id*

" o (x) — F(x). Hence F 2 preserves identities and so F2X? —

(x)
)? is a functor. Moreover, the following diagram is commutative

xX—Lt-y
‘| |
XZ — yZ

Given x € Ob(X), then F? o G(x) = F?(x) = F(x) = H(F(x)) = H o F(x), since G and H are

identities in the objects. If a € Homy(x, x”), then

F? 0 G(a) = F(p(a),{idy)}, idy ) — x — X)
: - 6 - F(a) ,
= (p(a), {idyw}, id, o F(x) — F(id,,x) — F(x) — F(x"))

= H(F(a))

Now, given a strongly cartesian morphism b = (f,{f},b;) from x to x’ in X? let a =
(f Afih, fX BN x’) the pullback of x” over f in X?. Then there exists a unique isomor-
phism ¢ : x — f*x’ in X7 such that a o ¢ = b. Therefore F?(b) = F*(a o ¢) = F*(a) o F*(c).
Since F?(c) is an isomorphism, it is enough to show that F?(a) is a strongly cartesian mor-
phism. By construction, a = G(a), where a : f*x’ — x is the pullback of x” over f in
X, and therefore F*(a) = F? o G(a) = H o F(a). Since F and H are 1-morphism of fibred
categories, then H o F also is and so H o F(a) is a strongly cartesian morphism in ))>. Hence

F?: X? — )?is a 1-morphism of fibred categories over C.

o If F : X — Y is fully faithful, then given x,x’ € Ob(X?) = Ob(X) we have
Homy (x, x") «— Homy(F(x), F(x")).
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Injectivity: If a = (f,{f;},a;) and b = (g,{gmn}, b)) are morphisms in Homy2(x, x")
such that F?(a) = F*(b), then (f,{f;}, F(a;) o ;) = (g,{gm}, F(b,,) o Bn). Hence f = g,
{f:} = {gm} and we can take M = I and f; = g; for all i € I. Then a; = (3; and therefore
F(a;) o a; = F(b;) o ;. Since q; 1s isomorphism, we have F(a;) = F(b;) and since F is

injective, a; = b;, for all i € 1. Hence a = b.

Surjectivity: If ¢ € Homy»(F(x), F(x")), then x = (f,{f;},c;), where ¢; : F7F(x) —
F(x) is a morphism in . Composing with o' we have coa;! : F(fx) — F(x’) and
therefore there exists a; € Homy(f"x, x’) which is unique such that F(a;) = ¢; o (xl.‘l or
F(a;) o a; = ¢;. We need to see that a = (f, {f;}, a;) is a locally defined morphism in X'.

For this, consider the following diagram

QA

fiF(x) F(fx)
/ / Yﬁai)
(i X f) F(x)— =% = F((f; X )" x) F(x')

N N,

FiF(x) ———— F(f}x)

Since ¢ = (f, {fi}, ¢;) is a locally defined morphism and ¢; = F(a;) o a;, then the external
diagram and the two rectangles at the left are commutative. But ¢;; is an isomorphism
and so the rectangle at the right is also commutative. The conclusion follows from F is
fully faithful. Hence a = (f,{f;}, a;) is a morphism in X? and F*(a) = ¢ which means

that F? is is surjective.

The same proof done before for F!' aloow us to conclude that if F : X — ) is

essentially surjective, also is F? : X — ).
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Given R : Y — Z we have again (R o F)*> = R? o F? in the objects. Let (f,{f;},a;) be a

morphism in &X', and consider the following diagram

Yi (RoF)(a;)

£ (R o F)(x) 2= R(FF(0)) ~2(R o F)(frx) — (Ro F)(x)  (Ro F)(X)

Tt

JIFE() F(fx) F(x) F(x')

\l/? .

fix———x X

Then (R o F)*(f,{f:},a) = (f,{fi}, (R o F)(a) o v;), where v; : ff(RoF)x — (Ro F)f’xis

the only morphism such that the triangle with (R o F)x is commutative. On the other hand

R o FA)(f,{fi} a)) = R*(f,{f), F(ai) o o)
= (f.{f}, R(F(a;) o 0;) 0 5;)
= (£, {fi}, (R o F)(a;) o R(0;) 0 &)

where 6; : f7R(F(x)) — R(f;"F(x)) is the only morphism such that the triangle with (RoF')(x)
commutes. Since R o F is a I-morphism of fibred categories, the morphism (R o F)(f'x) —
(R o F)(x) is strongly cartesian and by construction the composition of this morphism with
R(a;)06; and v; are equal and so R(a;)o8; = v;. Then (Ro F)*(f,{f},a;) = (R o F?)(f,{f},a

and so (Ro F)> = R* o F2.

3. Effective descent data: Suppose that X> = X! = X and Y>* =)' =Y

Given (U,E) = ({f; : Ui — U}, (x5, @;;)) in Ob(X”), then F(x;) is an object of ) such that

q(yi) = go F(x;) = p(x;) = U; and since @;; : prix; — pr;‘.xj is an isomorphism in Xy, , then
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F(@ij) : F(prix;)) — F( pr‘jfx ;) is an isomorphism in Vy, .. Consider the following diagram

M
priF(x;) priF(x))
a'l F(pij) LO‘/

—

F(prix;) F(prix;)

= ~
F(x) g " g F(x)
—
g Prix; pr;x] g

where o; : priF(x;) — F(prx;) is the unique morphism such that the respective triangle is

commutative. Hence y;; = (x]‘.l o F(g;j) o a; is an isomorphism from pr} F(x;) to pr;'fF (x;). We
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will see that (F(x;), y;;) is a descent datum in ) relative to /. For this, consider the diagram

F(®ij)
/\ )

F((pri) x) F((pr])x;)

NS

(priy F(x) — (pr])'F(x))

Fpri;ij)
F((pri )y xy TF((prl)x)
/ \ PrijVij / \

F ((Pr,k) X;) (Pr,,k) F(x:) (P'J )F (xj) F ((pr ) X7)

(prlk) F(x)) WK / - (pri)’ F(Xj)
F(prijix) F(prigjo)
' (prl,k) F(xk) " /

F(oir) F(pjk)
(pri)” F(xk> (prjk) F(x) ’

F((prt, ) xo)

— ™~

F((pri) ) F((priy) xe)

We want to prove that the central triangle commutes. Because (x;, ¢;;) is a descent datum
relative to U, and F is a functor, the rectangles and the triangle in the back of the diagram are
commutative. By definition, y;; is the only morphism such that the rectangle with F(¢;;) is
commutative. Also, prj;y;; is the only morphism such that the rectangle with ;; is commuta-
tive. The squares with none of its arrows labeled are commutative by construction and all the
morphisms in they are strongly cartesian. Therefore, the rectangle with pr;;y;; and F(pr;;¢i;)

is commutative. In the same way, the other two rectangles connecting the two triangles are
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commutative. Hence PryVix © privi and pr; y; are morphisms such that the rectangle

(pri) F(xn) —= (pré, ) Fx)

| |

F((pri ) x) —= F((prs,) x)

is commutative, but there is only one such morphism with this property and therefore pr y o
Pr}'}\lfi i = privii- Then (F(x;),y;;) is a descent datum in ) relative to ¢/ and so F(U,§) =
(U, (F(x;),Vyij)) is an object in )".

If (V’ n) = ({gm . Vm B V}a (ym’ pmn)) is another ObjeCt in A" and (f’ aij) : (Z/{, E) — (V7 7]) is
a morphism in X”, we have f : U — V is a morphism in C and a;», : Xilyx,v,, — Ymluixyv,,
i1s a morphism over idy,«,y, such that for i, j € I and m,n € M, the following rectangle

commutes:

Qima
Xila —— Ymla

(Pi_/lA \j l‘l’mn IA

x.
J|A W}’nh

By construction F(U,§) = U, (F(x;), ;) and FQV,m) = V,(F(Ym) Tmn)), Where y;; =
OLJTI o F(qij) oo and 0y = " 0 F(Pyun) © Py With o = priF(x;) — F(prix;) is the canonical

isomorphism making commutative the right triangle in the next diagram
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F(xi)la P’”?F(Xi) \
F(xila) F(pr;x;) — F(x;)
Cimla F(aim|A)L Cim lF(“im)
F(ymla) F(pryym) — F(ym)
F(ym)la P vm)

In the same way, we have an isomorphism ;4 which is unique such that the triangle
with F(x;) is commutative. Since F is a 1-morphism of fibred categories, the morphism
F(prix;)) — F(x;) is strongly cartesian and therefore o, 4 is the only morphism such that
the square o, is commutative. We have analog properties for f8,, and f3,,4. Also, the central

~1 o F(aj,) o 0;, we will show that

square is commutative since F is a functor. Letting ¢;,, = 3,

(f, cim) 1s @ morphism from F(U, €) to F(V,n). By definition, c;,|4 is the only morphism such
that the back rectangle commutes. Note that all the horizontal arrows are strongly cartesian
morphisms and so ¢;;,|4 is the only morphism making the left rectangle commutative. We can
make the same with the descent data, that is to say, changing F'(a;,,) for F(q;;) (resp. F(pmu))
and c;,, for y;; (resp. o). Hence, in the following diagram c;,, ¢jn, F(@;j)|a and F(o,)la

are unique making its respective rectangle commutative
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Cimla
F(x;)]a F(ym)la
F(aim |A) /
F(xila) —— F(ymla)
F(CPIj)|A F(cp[le)L lF(pmnlA) F(pmn)lA

F(xjla) i F(yala)

/ Bn,A

F(x;)la

F(yn)lA

Cinla

Since the centrar rectangle is clearly commutative, and 3, 4 is isomorphism, then the external
rectangle is also commutative and so (f, ¢;,) is @ morphism in )’ and therefore F’ : X — )’

is well defined in the morphisms.

Now, if W, 0) = ({h; : W, — W}, (2, W) is an object of X’ and (g, b)) : (V,m) — (W, 0)
1s another morphism, then (g, b,) o (f, aim) = (g © f,di), where di : Xilux,w, — Zluxyw,
is the only morphism such that djf = bl o at . Applying the funtor F to the composition

diagram we have the next diagram in
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N

F(xiluseyv,) —— FQmluxyv,) FQmlv,ww)

NN

F(xllU,va XWWk F(Ym|U,><va><WWk

F(atm) F(bmk)

———— F(zlv, xyw,)

/

)
k
= F(ZklU,va XWWk

F(x;) Fidy) F(z)

N e

F(xiluxyw,) o F (v, w,)

Now we make the identification F(a} ) = F(aum)luix,v,xyw, and the same for F(b' ) and
F(d}). Then we use F(dy) = F(bﬁnk) o F(af.‘m). Letting F'(f, aim) = (f,Cim), F'(g bpr) =
(g,em) and F'(g o f,dy) = (g o f, ti), we have the following diagram

/ (ym)\

F(x)lusyv,, FOuluxyv,, F v, xww, F(z)lv, sww,

NN S

F(Xi)|U,-><VmeWWk F(Zk)|U Xy Vi Xy Wi

UiXy Vinxw Wi

F(x;) l F(zx)

N /

F(xi)lU,-xWWk F(Zk)lU,-xWWk

tik
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For each vertex there is a canonical arrow towards the corresponding vertex in the previous
diagram, such that for any arrow in one of the diagram, the square with the corresponding
arrow is commutative and this arrow is unique with such property as was proved before.
Then #} = efnk ) cfm and therefore (g o f, i) = (g, emx) © (f, Cim), thatistosay F' : X' — )’

preserves composition.

Moreover, given (U, §) as before, idy, ) = (idy, ¢;;) and F'(idy, ¢;;) = (idy, oaj‘.l oF (g;j)o0;) =
(idy, Vij) = idru. Hence F' : X' — )’ is a functor. We shall prove that the following

diagram commutes

xX—*t.y
|l
X/?yl

Given x € Ob(X), we have G'(x) = ({idy), (x,id,)) and if x — ¥’ is a morphism in X,
G'(a) = (p(a),a,), where a, : x — X'|, is the only morphism such that x LN X pey —

X' = a. Hence H'(F(x)) = ({idyr(x)}, (F(x),idF))) and also
F'(G'(x)) = F'({id )}, (x, id,))
= (lidye), (F(x),0”" o F(id,) o @)
= ({idp}, (F(x), idFp(x)))
Then we have the equality in the objects. On the other hand H'(F(a)) = (q(F(a)), F(a),) =
(p(a), F(a),) and also
F'(G'(@) = F'(p(a),a,)
= (p(a),a”" o F(a,) 0 idp(y)
= (p(a), F(a).)
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as is showed in the next diagram

F(X)pw
.

F(X'|peo)

é F(ay)
\Fu) L F)
p(x) =@ p(x’)

Here, F(a), is the only morphism such that the triangle with F(x") commutes. The two
triangles at the right commute because F is a functor and by definition of a. Hence F(x) ey
F(X ) — F(¥|pw) — F(X') = Flay) F (X'py) — F(x') and since F(x'|) —
F(x') is strongly cartesian, it follows that a o F(a), = F(a,), and we have commutativity in

the morphisms.

In order to see that F’ : X’ — )" is a 1-morphism of fibred categories, we must to show that
q’' o F’ = p’ which is easy and that F” preserves strongly cartesian morphisms. The difficulty
here is that the objects in X’ are not necessarily the same as the objects in X’ and therefore,
the argument used with F!' and F? cannot be applied. However, we can do it partially. Given
an object (V,n) = ({gm : Ve —> V}, (i, W) of &7, Tet (f, pun) + fF (VM) — (V,m)
be the pullback of (V,m) in X" over f. Then f*(V,m) = (g, : Wu — U}, (2, Prun))s
where W,, = V,, Xy U, 2y = Xulw, and ppy = Yuulw,,. Hence F'(f, ppn) = (f, Ymn) Where
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Yon = B © F(Pmn) © P as showed in the next diagram

F(Zm)lwm,, 6 F(-xm)lvm,,
F(znlw,,) F(xuly,,)
Y”U’l F(pmn)l 6"1)1 |F(Wmn)
F(Zn|Wm,,) F(-xnlvm,,)
F(zo)lw,, F(xo)lv,,

As before, it remains to show that F’(f, p,u.,) 1S a strongly cartesian morphism in ). We have

F,(V’ n) = F,({gm}a (-xm’ Wmn))
= ({8}, (F(xm), 04, © F(Wn) © )

= ({g}s (F(xn), n))

and therefore f*F'(V,n) = ({g,,}, (F(X)lw,,, Ymn)) and in the other hand

F'(f*OV,m) = F'({g,,}> @n> Pinn))
= ({g;n}’ (F(Zm)’ B;l o F(pmn) © Bm))

= (g} Fxnlw,,), Ymn))

and so F'(f*(V,n)) = f*F’(V, ) via the canonical isomorphism induced by the identification
between F(x)|w,, and F(x,l|w,, ). Then F’'(f, pm,) 1s the composition of the pullback of F'(V,n)
over f in )’ and one isomorphism and so this is a strongly cartesian morphism and therefore

F'X" — )’ is a 1-morphism of fibred categories.

Suppose now that F : X — ) is fully faithful. Given (4, &) and (V, 1) in Ob(X’) we want
to see that Homx- (U, §), (V,m)) «— Homy, (F'(U, E), F'(V, ).
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Injectivity: If (f, a;,) and (g, b;,,) are morphisms from (i, §) to (V, n) such that F’(f, a;,) =
F'(g, biy), then (f, ¢;) = (g, din), Wwhere c¢;,, and d;,, are defined as in the following diagram

pr, l* F(x)
F(P’”;xi) F(P”fxi)
F(a,',n)l Cim dim lF(bim)
F(pry,ym) F(pr,ym)
m B
PrnF(ym)

Hence f = g and ¢;,, = d;,,. Since o; and 3 are isomorphims we have F(a;,,) = F(b;,) and so

aim = Cim, because F is fully faitfull.

Surjectivity: Given (f,c;,) : F'(U,E) — (V,m), we want to construct a morphism
(f,aim) : U, &) — (V,m) such that F'(f, ain) = (f, cim). Let v, © F(prix;) — F(pryym)
the composition B, o ¢, o o', Since F is fully faithful there is a unique morphism
Qjm . prix; — pr,y, such that v, = F(a;,). We will see that (f,a;,) is a morphism,
which by construction satisfies F’'(f, ain) = (f, cim). Letting A = (U; Xy U;j) Xy (V,y Xy V)
we have, in a reciprocal way to the part when we proved that F’ : X’ — )’ is well defined

in the objects, that in the following diagram the external rectangle is commutative

Cimla
F(x;)la F(ym)la
e S
F(aimlA)
F(xila) ——= F(mla)
F((pij)lA F(‘Pij|A)L lF(pmnlA) F(an)|A
/f(xiA) Fann F(ynla)

F(x))la F(yn)la

Cinla
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Then, because o, 4 1s isomorphism, the internal rectangle is also commutative and since F is
a functor F(p,ula © aimla) = F(ajula © @ijla) and therefore p,u,la © @imla = ajula © @ijla and we

are done.

Given F : Y — Z, if (U, E) is an object of X', where U = {f;} is a covering and & = (x;, @;;)

is a descent datum in X relative to I/, then

(R o F)U,E) = RWU, (F(x)), a7 o F(py) © &)
= (U,5;" o R(a;" o F(g;;) 0 o) 0 5;)
= U, 67" o R(0,))™" o R(F(¢;5)) © R(0;) © &)
= U, (R(aj) 06)~" o (R o F)(wiy) o (R(a;) © 6))
= U.Y;" o (Ro F)(@ij) o Vi)
=(Ro F)U,E)

and therefore, (R o F)’ = R’ o F’ in the objects.

If (V,m), with = (¥, Pun), 18 another object of X" and (f, a;,) is a morphism from (I, &) to

(V,n), then letting A,, and x,, the analogs of v,, and ¢,, respectively, we have

(R o F')(f,aim) = R'(f, B, © F(in) © 0;)
= (f.x,' o R(B;! o F(ajn) o o) 0 6;)
= (%, o RBw)™" © R(F(aim)) o R(a;) © 5;)
= (fs R(Bm) © Kn) ™" © (R 0 F)(@im) © (R(04) © 6))
= (fi )y, o (R o F)(@im) © Vi)

= (Ro F)'(f, ain)

and therefore (R o F)’ = R’ o F’ in the morphisms. In particular stackification preserves

commutative diagrams. O
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Corollary 3.1. Let p : X — C, q: Y — Candr : Z — C be fibred categories over C
and F : X — Zand G : Y — Z I-morphisms of fibred categories over C such that the

category X Xz Y over C has componentwise pullbacks. Then
H 2 (X %z Y)Y — (X x5 VY

is a fully faithful functor. If the functor H is essentially surjective, then H' is an equivalence

of categories.

Stackification and fibre product

It is a known fact that stakification preserves 2-fibre products, that is to say, the stackification
of a 2-fibre product of fibred categories is the same as the 2-fibre product of the stackifications
of the fibred categories. When we begin this research, we though it can be proved that stacki-
fication of a fibre product will be isomorphic to the stackification of the 2-fibre product, since
in Stacks Project we find that stackification sends commutative squares to 2-commutative
squares. However a similar result about fibre product, when this exist is not available in the
literature and doesn’t follows from the result about 2-fibre products. We are going to prove
that this functorial properties are also compatible with fibre products, provided that the fibre

product is the constructed in categories over C.

Theorem 4. Let p: X — C,q: Y — Candr : Z — C be fibred categories over C such

that the category X Xz ) over C has componentwise pullbacks, then

(X Xz V) =X Xz )

Proof.
The proof is again divided in three stages:
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1. Locally equal morphisms: (X xz V)! = X! xz1 Y'.

The objects in X xz YV, (X xz Y)! and X! xz, V! are the same. Given (x,y),(x,y") €
Ob(X xz ))! we have x,x' € Ob(X), y,y € Ob()) and F(x) = G(y), F(x') = G('). Let
[(a,b)] : (x,y) — (x/,¥’) be a morphism in (X Xz V)!. Hence (a,b) : (x,y) — (x,y)
is morphism in X Xz Y andsoa : x — x" and b : y — y’ are morphisms in X and )
respectively such that F(a) = G(b). Then [a] : x — X" and [b] : y — Yy’ are morphisms
in X’ and ) respectively such that F'[a] = G'[b], which means ([a], [b]) is a morphism in
X’ Xz Y from (x,y) to (x',y"). If [(a,b)] = [(a’,])], then letting U = p(x) = g(y) and
V = p(x") = q(y'), there is a covering {f; : U; — U} such that (a, b)|y, = (a’,b')|y,, that is
to say, (aly,, bly,) = (@|y,,b’|y,) and so aly, = d'ly, and bly, = b'|y,. Thus a,a’ : x — x" and

b,b’ : y — y’" are two pairs of locally equal morphisms in X and ) respectively.

Defining K' : (X xz ))' — X! xz1 V! as the identity in the objects and by K'[(a, b)] =
([al, [p]) in the morphisms is easy to see that if [(c,d)] : (¥',y) — (x”,y”) is another
morphism in (X xz V), then K'([(c, d)] o [(a,b)]) = K'[(c,d)] o K'[(a,b)] and K'[id(, )] =
id(yy). Therefore is a well defined functor. Reciprocally, if ([a], [b]) is a morphism in X U 21
V!, then [a] : x — x’ and [b] : y —> ¥’ are morphisms in X! and )! respectively such that
F'[a] = G'[b], that is to say F(a) = G(b) and so (a, b) is a morphism in X Xz ) and therefore
[(a, b)] is a morphism in (X xz V)!. This defines a functor L' : X! xz1 V! — (X xz V)!

which is the inverse of K.

In particular K is an equivalence of categories and therefore X' xz1 Y is a fibred category.

Moreover, (X xz ))! is a fibre product.
2. Locally defined morphisms: (X xz ))* = X% x5 )°.

As before, Ob((X Xz V)?) = Ob(X? Xz V?) = Ob(X Xz V), an without lost of generality
we can assume X! = X, Y!' = Y and Z' = Z. Given (x,y),(x,y) € Ob(X xz ) a
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morphism from (x,y) to (x’,y") in (X Xz V) isa locally defined morphism in X Xz )/, that
is to say, a triple (f,{f:},c;) where f : U — V is a morphism in C, {f; : U; — U} is
a covering and ¢; : f(x,y) — (x’,)’) is a morphism in X Xz Y such that cily,, = ¢;ly,
for all i, j € I. Now, we are in the case f’(x,y) = (f’x, f"y) and therefore ¢; = (a;, b)),
where a; @ ffx — X, b; © fy — Yy and F(a;) = G(b). Now, cily, = cjly, if and
only if aily,, = ajly; and bily,;, = bjly,, and therefore (f,{f;},a;) and (f,{f:}, b;) are locally
defined morphisms in X and ) respectively such that F>(f,{fi},a;) = G*(f,{f}, b:), and so
((f, i} @), (f, £}, b)) is a morphism in X? Xz V? from (x,y) to (x,y’). This defines a
functor K2 : (X Xz V)? — X2 Xz V2. If (g,{gm}, (dn,en)) : (X',y) — (x”,y") is another

morphism, then

(8, {8m}s (A, en)) o (f, i) (@i b)) = (g © fi{him}, (@i, b)) © (A 1))
= (g o f { } (ap ,) (dm7em))
= (g o f,{hin},(dy 0 a}, ey 0 b))

and therefore

K*((8, 48} (dms en))o(f, (i}, (@i b)) = (g © [ {him}, d © a},), (8 © follin}, € © b))
= ((g{gm}s dw) o (f S} @), (g, {gm}s em) o (5 (i}, Bi)
= (8- {8m): dn): (8- {8} em)) © (- (i} @), (o {fin)s )
= K*(g.{gm}, (dm: €m)) © K*(f{fi), (air b7))

Then K? is compatible with composition and is easy to see that is also compatible with

identities. Reciprocally, if ((f,{fi},a:), (g, {gn}, b)) is a morphism in X? xz )2, then

F2(f,{fi} ai) = G*(g,{gm}, bw) and so (f, {fi}, F(a;)00;) = (g, {gm} G(bw)oPy). It follows that
f = g {fi} = {gn} and therefore by a change of index we have F(a) o o, = G(b,,) o a;. Since

0, 18 an isomorphism, F(a;) = G(b;) and so (a;, b;) is a morphism in X' Xz Y from (fx, f7'y)
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to (x’,y"). Moreover, since a;|ly,; = ajly,; and bily,, = bjly,;, then (a;, b)ly,, = (a;, b))y, and
therefore (f, {f}, (a;, b;)) is a locally defined morphism in X Xz ) from (x, y) to (x’,y’). This

defines a functor L? : X% x,» V> — (X xz V)? which is clearly the inverse of K?.

In particular K? is an equivalence of categories and therefore X2 x z» J)? is a fibred category.

Moreover, (X Xz ))? is a fibre product.
3. Effective descent data: (X Xz )) = X' Xz V'

Without lost of generality we can assume X? = X, > = ) and Z? = Z. Stackification
preserves commutative diagrams, and therefore in the following diagram the external square

1S commutative

(X xz )

Since the internal square is cartesian, there exists a I-morphism K’ : (X xz)) — X' Xz )’

of categories over C, unique such that the triangles are commutative.

Given an object ({f;}, ((x;, yi), (i}, pij))) of (X Xz V) we have (x;,y;) and (¢;;, p;;) are an ob-
ject and a morphism in € Ob(X Xz )). Then F(x;) = G(y;) and F(g;;)) = G(p;;) and so
privAfid (e yi)s (@i, pip) = Afid (prac(xi y), v;' o pra(@ip) o ) = (fi, (i i) We
are used that since pri(x;,y;) = (prix; priy;) and pry, pry are defined pointwise, then
the morphisms v; : priprx(x;,y;) — pra(pri(x;y;)) is the identity. In the same way
prS,({fi}, ((xi, ¥, (ij» pij))) = U fi, (xi, @ij)}). Since pra. and pry. are also defined pointwise
this implies that K'({f;}, ((x;, yi), (@i, pij))) must be equal to (({fi}, (xi, @ij)), {fi}, Ois pi))-

If (f,(aim, bin)) 1s @ morphism in (X Xz ))’, following a similar argument we have
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pr’)((f’ (@ims> bim)) = (f, @) and P”S;(fa (Qim> bim)) = (f’ bip) and K’(f, (@ims bim)) must be
((f’ aim)’ (f’ blm))

Reciprocally, if (({fi}, (xi, 9ij)), {&m}s Om> Pmn))) 1 an object of X’ Xz V', we have
({/fi}: Cxis i) € Ob(X?), ({gm}, V> Pun)) € Ob(Y’) and F'({ £}, (xi, @) = G' ({8}, (YimPomn)),
that is to say ({fi}, (F(x), 0" o F(qij) © 0)) = ({8} (FGm)s B, © G(pn) © Br)) and so
{fi} = {gn} and we can change the index m to have f; = g; for all i € I. Also F(x;) = G(y;)
and therefore (x;,y;) € Ob(X Xz V). Moreover pri(x;,y;) = (prix; priy;) and the pull-
back pri(x;,y;)) — (x;,y;) is the pair (prix; — x;, priy; — y;). This means that
F(prix; — x;) = G(priy; — y;) and this implies that a; = f; for all i € I. Since
0(/71 o F(g;)) oa; = B,' o G(p;j) o B and @, is isomorphism, then F(¢;;) = G(p;;) and
therefore (¢;j, p;;) 1S a morphism in X Xz ). Hence ((x;,y:), (¢;j, pij)) is a descent datum
in X xz Y relative to {f;} and so ({fi}, ((xi,¥:), (¢ij, pij))) 1s an object in (X Xz ))’. More-
over, if ((f, aim), (g, bin)) 1s @ morphism in X’ Xz ), then (f, a;,) and (g, b;,,) are morphisms
in X’ and )’ respectively and F'(f,a;,) = G(g,b;,), that is to say (f,B,! o F(a,) o o) =
(g, [3;11 o G(b;y)oa;)and so f = g and F(a;,) = G(b;,), which means (a;,, b;;,) 1s a morphism
in X' X z )/ and since restrictions are made pointwise, (f, (@i, biy)) 1S @a morphismin (X' X z))'.
We shall prove that this defines a functor L' : X" Xz V' — (X Xz V). If (g, cnk)> (g5 €mi))

is another morphism wich is composable with ((f, a;), (f, bin)) then we have

L'(((8: cmi)s (85 €mi)) © (fs @im)s (fs bim))) = L'((8, €u) © (f, @im), (85 €mt) © (f bim))
= L'((8 © f Cmk © ), (g © [, €mic © D))
= L'(g o f,(Cpk © Qim» €k © Di))
= (g © f, (Coks i) © (a5 D))
= (g 0 f, (€t L) © (@ims bim)")
= (&, (Cok> €mi)) © (f, (@ims Dim))
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= L,((gv ka)a (ga emk)) © L/((.ﬂ aim)7 (fa btm))

and therefore L’ is compatible with composition. In the other hand, the iden-
tity of (({/fi}, (xi» @ij), i} O pi))) 18 ((idy, @ij), (idy, pij)) and L'((idy, @ij), (idy), pij) =
(idy, (@ij, ¥;j)) which is the identity of L'({ f;}, (x;, @i;), ({ fi}, i, Wij)) = (fi}s (xi, ), (@ijs Wi j)-
Then L’ is a functor and is easy to see that this is an inverse functor for K’. Hence K’ is an iso-
morphism and so (X Xz ))’ is a fibre product. In particular K’ is an equivalence of categories

over C and therefore X’ Xz )’ is a fibred category over C. O

Remark. Previously we give an example, the heart shaped diagram, of fibred categories X,
Y and Z suchthat ¥ Xz ) and X xé Y where not equivalent categories. Later we proved that
these categories are actually stacks and therefore their stackifications are isomorphic to them.
Hence X Xz ) is a stack, not equivalent to the stack X XZZ Y, which is indeed the 2-fibre
product of the stackifications. This shows that the fibre product of the stackifications is not in

general isomorphic nor categorically equivalent to de 2-fibre product of the stackifications.
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Chapter

Groupoids in Algebraic Spaces

3.1 Groupoid Categories

We are going to define groupoid categories since they are the basic concept in order to con-
sider quotient stacks. The theory presented here is more general than the found in Stacks
Project, since we are not restricting C to be the category of schemes of algebraic spaces and
therefore the objects U, R and the morphisms s, 7, c, e, i in the next definition has not to be
functors and natural transformations respectively. Instead our approach is based on the rela-
tions between the objects and morphisms without having to go down to the category of sets.
The most important construction here is the fibre product, which is going to be really useful
in the next chapters. Originally, this was the first chapter in this work, since the existence of
this fibre product was the first important step in the solution of the wanted results in quotient
stacks. However, it was move down in order to have a more comprehensive structure. The

reader can notice the difference in the tag (0231).
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Definition 3.1.1 (Groupoid category). Let C be a category with fibre products. A groupoid
category is a quintuple (U, R, s,t,c), where U and R are objects of C and s,t : R — U and

¢ : R Xy, R — R are morphisms satisfying the following properties:

1. (Associativity) c o (c,1) = c o (1,c) as morphisms R X;y; R X;y: R — R, i.e. the
following diagram commutes:

(1.c)

RXURXURﬁRXUR
(c,l)j jc
R xy R R

2. (Identity) There exists a morphism e : U — R such that:
a) soce=toe=idy
b) co(l,eos)=co(eot,1)=1idg
3. (Inverse) There exists a morphism i : R — R such that:
a) soi=tandtoi=s
b) co(l,i)=eotandco(i,l)=eos
Example 11. Recall that a groupoid is a category C in which every morphism is an isomor-

phism. In that case, we can consider U = Ob(C) the class of objects and R = Ar(C) the class

of all the morphisms on C.

The morphisms s, ¢ : Ar(C) — Ob(C), are the source and target maps, ¢ : Ar X Ob.s Ar —
Ar is the usual composition and e : Ob — Ar and i : Ar — Ar are the identity and inverse

maps.

The morphisms s,¢ : Ar(C) — Ob(C), are the source and target maps which are defined as

follows: forany f : X — Y in Ar(C), s(f) = X and #(f) = Y. The fibre product Ar X, Ob. Ar
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is the class of pairs (f, g) such that s(f) = #(g) that is to say the source of f is the target of g.
The morphism ¢ : ArX gy, ,Ar — Ar is the usual composition c(f, g) := fog. Associativity

says that given f, g, h with s(f) = #(g) and s(g) = #(h) we have

fo(goh) =c(f,c(g ) =(co(,0)(f gh)

= (co(c, D)(f. 8 h)

= c(c(f. 8), h)

=(fog)oh
which is the usual associativity property on C. The identity of an object X is given by e(x) =
idx, which satisfy s o e(X) = X = toe(X), co(l,eo 5)(f) = c(f,idyy) = foidys = f and
co(eot,1)(f) = clidyy, f) = idyys o f = f. Since every morphism is actually isomorphism
then each morphism has an inverse f~!. The morphism i : Ar — Ar is given by i(f) = f'.
Hence, if f : X — Y, then f~! : ¥ — X is such that f o f~! = idy and f~' o f = idy.
Therefore s o i(f) = s(f™) = t(f), t o i(f) = t(f™") = s(f), c o (LD(f) = co(f,i(f) =
fof ! =idp =eot(f)and co (i, )(f) = c(i(f), f) = f" o f =idyp = eos(f)

Consequently every groupoid defines canonically a groupoid category.

Lemma 3.1.1. The morphisms e : U — R and i : R — R are uniquely determined by the

properties 2) and 3) in the definition. Furthermore ioi = lg.

Proof. Letey,e; : U — R be morphisms satisfying the conditions above. Then e, = co(e; o
t,1)oe; = co(ejotoey, €3) = co(ey, ez) and e; = co(l, e;05)0e; = co(eg, e2050€1) = co(ey, €2)

and so ¢ = e,.

Suppose now that iy, i; : R — R are morphisms which soi; =t =s501i,t0i; =5 =101,
co(l,ij) = eot =co(l,ip)and co (i;,1) = eo s = c o (ip,1). Using associativity,

co(c, 1)o(iy, 1,i2) = co(l,c)o(iy, 1,i2). Butco(ce, 1)(iy, 1,i2) = co(co(iy, 1),i2) = co(eos, ir)
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and co (1,¢)(i1,1,i2) = co (i;,co(1,i3)) =co (ij,eot). Thenco(eo s,i) = co (i1,e01).
Also s = toiyandt = soi;, hence co(eotoi,i) = co (ij,eosoi) and we have
co(eot,1)oiy = co(l,eos)oi, but from definition of ¢ : U — R we know that

co(eot,1)=co(l,eos)=idg and we conclude i; = i,.

We shall show that i is idempotent. Again by associativity co(c, 1)(ioi, i, 1) = co(1, ¢)(ioi, i, 1)

and also soioi=s,assoi=tandfoi = s. But
co(c,D)(ioi,i,l)=co(co(ioii),l)=co(co(il)oil)
=co(eosolil)
=co(eot1)
:idR
and on the other hand

co(l,o)ioi,i,1)=co(ioi,co(il))
=co(ioi,eos)
=co(ioi,eos0ioi)
=co(l,eos)oioi

=joi
because c o (1, e o 5) = idg. Therefore i o i = idy. O

Definition 3.1.2 (Morphism of groupoid categories). Ler G = (U,R,s,t,c) and G' =
(U',R,s',t,c") be groupoid categories. A morphism F : G — G’ is a pair of morphisms

¢@:U— U and@:R— R suchthats’ o =cqos, t'o@g=qotandc o(g,¢)=¢oc.

Lemma 3.1.2. Let (¢, @) : (U,R, s,t,¢c) — (U',R',s',t',c") and (y,vy) : (U,R,s',t',c’) —

(U",R",s",t"”,c") be morphisms of groupoid categories.
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i) The pair (yo@,yo@) is a morphism of groupoid categories, called composition of (¢, )
and (y, ), which is denoted (¢, ) o (¥, ).
iit) The pair (idy:, idg') is a morphism (U',R’, s',t',¢') — (U',R’, s', ¢, ¢") and for all (¢, ¢)

and (y, ) as before we have (idy., idg) o (¢, ®) = (¢, @) and (y, ) o (idy., idr) = (¥, V).

Then that pair is de identity with the composition rule defined as in part i).

Proof.

. . . . P v
i) In fact, that pair makes sense, because there exist the compositions U — U’ — U”

@ v . . .
and R — R’ — R”. We must to show that pair is a functor of groupoid categories.

e We have

s"o(yo@)=(s"oy)op
=(yos)ogp=yo(s o)
=yo(poys)

=(yo@)os

e In the same way 1’ o (W o @) = (y o @) o 1.

e Also

" o(Wo@,yog) =c"o((v,y) e (@, )
=(c" o (¥, ¥) ° (¢, )
=(Woc)o (e, )
=yo (o (@)
=Vyo(goc)
=(yo@)oc
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This shows that (y, o, yo) is a functor of groupoid categories. In particular (yo@)oe =
¢ o(yo@) and (Wo)oi=i"o(Woq)

1) Once again, the pair (idy,idg) makes sense. Moreover, s’ o idg = s" = idy o s,
t o idR/ =1t = ide ot and ¢’ o (ide,idR/) = (¢ = idR/ o ¢’. Then (idU/,ide)
is a functor from (U’,R’,s’,t,c") to (U',R’,s’,t',c’). Furthermore, composing we
have (y,y) o (idy:,idr) = (y o idy,y o idp) = (y,y) and (idy,idg) o (9, ¢) =
(idy: o @, idg o @) = (@, ). m

Definition 3.1.3 (Category of groupoids categories). The category of groupoid categories

is the category whose objects are groupoids categories and the morphisms are morphisms

of groupoid categories, with the composition and identities given by the previous lemma.

Consequently (v, ) o (¢,$) =(yo cP,F\I7 © Eﬁ) and idy g s = (idy, idg).

Lemma 3.1.3. With the notation as before, if (¢,¢) : G — G’ is a functor of groupoid

categories, then poe =€ o@and oi=1 oq.

Proof.

In order to show that @ o e = ¢’ o (, consider the following:

i) co(e,e) = co(e,eosoe) =co(l,eos)oe = e Therefore ¢’ o (¢, @) o (e,e) =
poco(e,e)=qoe.
i)
co@oq,poe=co(',1)ogoe
—dos oFoe
= ogosoe
=eoq
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1i1)

co(oq,ploe=c"o(ogoe,poe)
=c'o('oe,c o(p,9)o(ee)

=co(l,d)o(o@, @, p)oe

o, Do("og,p,@oe

= o(c ol oG G)oe,Goe)

c'o(eop,poe)
=c oot oqoe,poe)
=co(eot,l)ogoe

:(poe

The last two equations show ¢ o e = ¢’ o @ that is to say, the compatibility with identity. On

the other hand, to show @ o i = i’ o @, consider the following equalities:

1)
oo, p)=co(@,1)ogp
=¢éos o
=éo@os
=@oeos
ii)

oo, o(p,goi))=c o o, o(p,@)o(l,i)
= o oG Goco (L)
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— o oG Goeon

:c'o(i'of@e’ocpot)

c’o(i'oﬁc‘ﬁ,e'ot'o—(‘pi)

:clo(i/’elot/)o’c‘é

C/o(i/,elosloi/)o"(‘ls

c'o(l,eos)oi" o

:io(p

iif)

o’ o@,c’o(@,goi))=co(l,c')o (0@, ¢, @oi)

=co(d,)o ("o, ¢, poi)

=co(co(l" 0@, §),¢poi)

c'o(poeos,poi)

¢ o (@, @) o (eos,i)

:F(Eoco(eos,i)
=@oco(eotol,i)

ol

S|

Once again, the last two equations show that ¢ o i = i’ o ¢ and we have compatibility with

inverse. m]

Remark. In categories in general is not automatic that ¢ o e = ¢’ o ¢p. Note that here we have

used the existence of inverse.
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3.2 Fibre product of groupoid categories

In this section we will see that in groupoid categories the fibre product always exists provided

that the base category C admits fibre products.

Theorem 5. If C is a category with fibre products, then the category of groupoid categories

on C have fibre products.

Proof.

Let (U,R,s,t,c), (U,R,s',t',c") and (U",R"”,s”,t”,c") be groupoids on C and (¢, ) :
(U,R,s,t,c) — (U",R",s",t",¢')and (W, V) : (U',R,s",t',c’) — (U",R",s"”,t’,c"”) mor-
phisms of groupoids. Hence ¢ : U — U’ and ¢ : R — R’ are morphisms on C such that
ssogp=q@os, o =qgortandc o(p,p) = ¢oc. Inthe same way y : U — U”
and y : R — R” are morphisms on C satisfying s” oy = yo s, " oy = yorand
"o (y,y) =yoc.

177

We will construct a groupoid category (U"”,R"”,s",t"”,c”””) and morphisms of (p,p) :
w”,R”,s",t", ") — (UR,s,t,c) and (o,0) : (U"”,R",s",t",c") —
(U',R',s',t,c") such that the diagram
(U”’,R”’,s”',t”’,c”’)(0—’5)>(U’,R’,s’,t’,c’)
(p,ﬁ)l l(wiﬁ)
(U,R, s,t,¢) (U",R",s",t",c")

(.9

is cartesian in the category of groupoids on C. For this, using the fact on C there are fibre

product, define U"’,R”’, @, v, ¢, ¥ so that the following diagrams are cartesian squares:
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U/// g U/ R/// g R/
pt l\v Bl lﬁ
U 7 U// R _@) R”

to define the morphisms s”’,¢”" : R — U’” look at the next diagrams:

RH/ a R/ R/// T R/
e s e p
Ur/r o Ur v U/// g U/ I
| |
p R ~—R” p R =R
s \4 t 14
s” 1’
U ; U” U ; U”

where in each case the front and back faces of the cube are cartesian squares and by con-

struction of U”" and R’”, the lower and right faces are commutative because of definition of

morphism of groupoids. The universal property of fibre product ensure the existence of the

morphisms s”’,¢” : R”" — U’” as the only ones such that po s’/ = sop,co0s” = s o0,

pot” =topandoot” =t o0.
Now we will define ¢’ : R X gy v R — R”’. Consider the following diagrams:
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R X o R pra R R N R pr2 R

o \ " X
e, .
pri RXxy R R pri R Xy R

jt’” Lt

R/// s U/// ¢ R/// i U///
\ X

P G
R U U

Both are commutatives and again for the universal property of fibre product R X, ¢, R there
exist o and § unique such that the respective cubes commute. Then o = (p o pry,p o pry) =
CO@,B)O(prl’prZ) = 00(575) andﬁ = (Eoprl’ 5Opr2) = C,O(E,&)O(prlap’é) = C’O(E’E),

since (pry, pry) = idg~. To define ¢”’ regard the following diagram:

RIN XU’” RIN ﬁ Rl XU’ Rl

.C”,\ lcr

R o
o RIII RI
al E
R Xy R— R———R"

We claim the external rectangle commutes. In fact,

pocoa=c"o(pyp) oa
=c"o(qp,p)o(popri,popr)
=c"o(gopopr,gopopr)
=c"o(yodopr,yooopr)
=c¢" o (y,y) o (o pr,T 0 pr)

:ﬁoc'oﬁ
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Thus, for the universal property of fibre product, there exists ¢’”” : R”' Xy~ R"”" — R’ unique

such thatpoc¢” =coaand oo c¢” = ¢ o . Moreover ¢’ = (c o (p,p),c’ o (0,0)).

Let us see that this is a groupoid category. By construction we have s/ = (s o p, s’ o 0),
group gory. by P
" = (@{op, o) and ¢ = (co (p,p),c o (o,0)). To see that (U, R"”,s"”,t",c") is a
p (S Y

groupoid category we need to show that the morphisms satisfy the properties:

1. Associativity.

o o(c” 1) =Eoc") o, 1)
=co@P o)
=co(poc”,p)
=co(co(p,p),p)
=co(c,1)o(p,p,p)

In the same way p o (¢’ o (1,¢”")) = co (1,¢) o (p,p,p) since co (¢, 1) = c o (1,c¢), it follows
thatp o (¢ o (¢, 1)) = p o (c”,(1,¢")). In the same way o o (¢ o (¢"’, 1)) = o o (1,¢").
But the universal property of the fibre product R = R Xz~ R’ ensure the unicity of such a

morphism. Then we have ¢””’ o (¢”’,1) = ¢’ o (1,c"").
We will define now the morphisms ¢’ : U"”" — R and " : R — R'".
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2. Identity. In order to define ¢’ : U — R’” consider the diagram

U/// a U/

e

U .y g
“y _
e R/// T R/
y o /
v
R — R//
¢

The upper and lower faces are cartesian squares, the front and back ones are commutative,
since (¢, ¢) and (y, ¥) are morphisms of groupoids. Then by the universal property of fibre

product, exists a unique morphism e”’ : U — R’ such that ooe’”” = ¢’oo~ and poe’”’ = eop.

a) We have the equality

44 /7

oe” =(sop,s0od)o(eop,e o0)
=(sopoeop,s’ocoe 00)
=(soeop,s o€ o0)
= (p, o)

= idU///

7

Similarly ¢ o e = idy».

b) Also we have

C/// o (1,6" 1o SI/I) — (Co (5”5)’ C/ o (E’ E)) o) (l,e”/ o S/I/)
— (CO (5"‘5) 1o (1,6/” o S’”), Cl o ("O_"‘, 5) o (1’61// o SIII))

44

= (co@poe” 05")c 0@ Foe" 05"
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243

=(co(p,eopos”),co(c,e 0coos))
=(co(p,eosop),c o(o,e os o00))
=(co(l,eos)op,c’o(l,e’0s)o0)

=(p,0)

= idR///

where we have used c o (1,e o s) = idg and ¢’ o (1,€¢’ o §’) = idg. In the same way

C/// o (elll o t///’ 1) — idR"’.

24

3. Inverse. Likewise, to define i’ : R”" — R’ consider the diagram

RA/I/ E RI
L v
R— " ~FR" i
l Y —
; RH/ a R/
P ; /
v
R — RI/
@

Just as before there is a morphism i’ : R”” — R"’ such thatpoi”’ = iopand coi” =i’ o0.

a)

244

oi” =(sop,s’o0)o(iop,i' 00)
=(soiop,s oi'00)
:(IOB,[,OE)

1244

=t

Thus, by using the properties ¢ o i’ = s"".
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b)

¢ o (1,i") = (co@p) o (1,i")
=(co(p,p)o(L,i"),c o(o,00i"))
= (co(p,ip),c o (0,i' 0 0))
= (co(l,i)op,c o(l,i')od)
=(eotop,e ot o0)

244

=(eopot”,eoTot”)

- p o elll o t’”,&o elN o) t/l/)

- (5’ 5) o elll o l/N

1244 177
=e of

and also ¢’ o (i"",1) = €"" o s"".

Consecuently (U, R"’, s, ", c""") is a groupoid category. Furhermore we have shown that

44

sop=pos”,top=por” andco(p,p)=poc’”,sothat(p,p)isamorphism of groupoid

777

categories from (U"”,R"’,s"",t",c""") to (U, R, s, t,c). In the same way (o, o) is a morphism

from (UI/I’R//I’ S/I/’ t///’ C///) tO (UI,R/, sl’ t/, C/).

We now can show that (U, R, s, t"”’,¢””") and the morphisms (p, p) and (o, o) are a fibre
product in the category of groupoids on C. At this point we only need to prove de universal
property. Let (U*,R*, s*,t*,c¢*) be a groupoid and (o, @) : (U*,R*) — (U, R) and (B,E) :
(U*,R*) — (U’, R") morphisims such that (¢, @) o (o, @) = (¥, y) o (B,E). Hence (poa,@o
@) = (yoB,¥op)and we get poo = yofand §od =y o f. Then, the following diagrams

are commutative:
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U*__ B

«/

U/// a U/

|

UT U/I

R ﬁ' R//
0
Moreover the inner squares are cartesian and therefore there exist y : U* — U”’ and v :
R* — R’ unique making the respective diagrams commutative. More precisely y = (a., )
and ¥ = (a, B). We claim the pair (y, V) is a morphism of groupoids. For this look at the next

diagram:

Here s” o7y and y o s* are morphisms from R* to U”” satisfying po (s’ oY) = sopoy = soa =
0os*,0o(s” oY) =s0F oy ==s0f =Pos", po(yos’) =aos and ro(yos’) =pos". But

there is a unique morphism with that property an thus 5"’ oy = yo s*. Similarly " oy = yor".

We know that ¢ o (a,0) = o ¢* and ¢’ o (B,E) =B oc*. Wesee that ¢’ o (7,7) =V o c". In
fact
¢ o (v,¥) = (co(p,p),c o (0,0)) o (V. V)
=(co(p,p)o (v, y), ¢ o(d,0) 0 (V,Y))
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=(co(poy,poy),c o(Toy,ad0%))
= (co @, a@),c o (B.B))
=@oc"Boc)

=@poc

P %

=Yoc
Then (v, y) is a morphism of groupoids and by contruction (p, p)o(y,y) = (poy,poy) = (a, )
and also (o,0) o (v,¥) = (Coy,00%) = (B,E). If (6,0) is a morphism from (U*, R*) to
(U”, R") such that (p,p) o (6,0) = (0, @) and (0, 7) 0 (5,9) = (B, B), then (po5,p o) = (0, @)
and (00 6,0 og) = (B,E). Therefore § : U* — U and 6 : R* — R are morphisms such
thatpoS=a,006 =B, pod=0ydod = E But y and v are the unique with such property
(6,6) = (v,7). It follows that (y,7) is the only morphism satisfying (p,p) o (v,¥) = (o, @) and
(0.3) 0 (1.7) = (B, B)-

All this shows (U”’, R, ", ", ¢"’") togehter with the morphisms (p, p) and (o, o) are a fibre

product of (¢, ) and (y, ), so we are done. O

3.3 Groupoids in algebraic spaces

The category of algebraic spaces has fibre products, so the following definition makes sense.

Definition 3.3.1 (Groupoid in algebraic spaces). A groupoid in algebraic spaces is a

groupoid category in the category of algebraic spaces.

Therefore, a groupoid in algebraic spaces is a septuple (U, R, s,t,c,e,i), where U and R
are algebraic spaces and s,1¢,c, e, i are morphisms of algebraic spaces. Since an algebraic
space is a functor F : Sch/S — Sets and a morphism of algebraic spaces is a nat-

ural transformation, then por each scheme 7 over § it can be considered the septuple
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(U(T),R(T), sy, tr,cr,er,ir). It is easy to see that this septuple is a groupoid category in

the category of sets and this determines a groupoid in the usual sense.

7 -5 Tisa morphisms of schemes, there are functions U(a) : U(T) — U(T’) and
R(a) : R(T) — R(T’"). Also, as s,t : R — U and ¢ : R X,y, R — R are natural

transformations, the following diagrams are commutative

R(0) , (RX,u,:R) (V)
R(T) —2- R(T") (R X0 R)(T) e~ (R X,y R(T)
t 5 ST trr ‘
T T T R(T) %7001y RD) — = RA) Xy vy R
CT crr
U(T) — U(T") L L
e R(T) — R(T")

Hence U(a) oty = t77 o R(a), U(a) o s7 = s o R(a) and C7 o (R(a), R(a)) = R(a) o ¢r. Thus

(U(a), R(a)) is a morphism of groupoids in the category of sets.

3.4 Group algebraic spaces
Definition 3.4.1 (Group algebraic space). (043H) Let B— S an algebraic space over S.

1. A group algebraic space over B is a pair (G, m), where G is an algebraic space over
Band m : G X G — G is a morphism of algebraic spaces satisfying the following

property: For every scheme T over B, the pair (G(T), m) is a group.

2. A morphism vy : (G,m) — (G’',m’) of group algebraic spaces over B is a morphism
v : G — G’ of algebraic spaces over B such that for every scheme T over B the

induced map yr : G(T) — G’(T) is a homomorphism of groups.
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If (G,m) is a group algebraic space over B, then we have morphisms of algebraic spaces
e: B— Gandi: G — G such that for every T the quadruple (G(T), mr, er, i7) satisfies

the axioms of a group.

3.5 Actions of group algebraic spaces

Definition 3.5.1 (Action of a group category). (0430) Let (G, m) be a group algebraic space

over B and X an algebraic space.

1. An action of G on X is a morphism a : G Xg X — X over B such that for every scheme
T over B the map ar : G(T) X X(T) — X(T) defines an action of G(T) on X(T), that
is to say, the following diagrams commute.

(m,idx) (eG,idx)
—_—

GXxXpGxpX GXxpX X=BXxpX G XxpX
(idG,U)L La i la
G x5 X —— X X

2. Suppose that X and Y are algebraic spaces over B each endowed with an action of the
group algebraic space (G,m). A G-equivariant morphism v : X — Y is a morphism
of algebraic spaces over B such that for every T over B the map vy : X(T) — Y(T)

is a morphism of G(T)-sets, which means the following diagram is commutative.

"
Gxp X —Y _ GxyY

X Y
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3.6 Groupoid category associated to a group action

Lemma 3.6.1. (0444) Let B — S an algebraic space over S, let (G,m) a group algebraic
space over B with identity e and inverse ig. Given an algebraic space X over B and a
G xg X — X a group action of G into X over B, then we have a groupoid in algebraic

spaces (U, R, s,t,c,e,i) over B in the following manner

1. U=XandR = G X3 X.

N

s : R — U is defined by (g, x) — x.

3. t: R — U is defined by (g, x) — a(g, x).

4. ¢ : RX,y,R— R given by ((g, x),(g’,x")) +— (m(g,g"), x).
5. e: U — Ris defined by x — (eg(x), X).

6. i: R — Ris given by (g, x) — (ig(g), a(g, x)).
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Chapter

° Quotient Stacks

4.1 Fibred category associated to a groupoid in algebraic

spaces

Let (U, R, s,t,c) be a groupoid in algebraic spaces. Consider the functor
F :Sch /S — Gpds

defined for a scheme T by (U(T),R(T), st,tr, cr) and for a morphism 7" 5 T of schemes
as the morphism of groupoids (U(a), R(a))). We can consider the fibred category associated

pr : S — Sch /S. Then Sk is the category with
Ob(Sr) ={(T,x)| T € Ob(Sch /S),x € U(T)}
and for (7, x) and (T, y) in Ob(SF)
Homs, (T",3), (T, %)) = {(0,@) | o € Homgep ;5 (T', T),a € R(T"), s:(a) = y, tr:(a) = U(a)x]

o,a b
Composition of (77,y) (—; (T,x) and (T”,2) Q (T',y) is thus defined by (a o

B, cr+(R(B)(a), b)). This composition rule makes sense because y U ()x € R(T"), z R
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U(PB)y € R(T") and R(B)(a) is such that s7(R(B)(@)) = (s77oR(P))(a) = U(B)osr(a) = UP)y,
so that there exists cr»(R(B)(a), b).

idr.er(x . . . . .
Now, (T, x) ( T—>T( ) (T, x) is an endomorphism of (7', x), inasmuch as idy : T — T is a mor-

phism of schemes, and er(x) € R(T) is such that sr(e7(x)) = (s7 o er)(x) = x and t7(er(x)) =
(tr o er)(x) = x = U(idr)x. Moreover, (o, a) o (idr, erx) = (a o idr, cr(R(idr)(a), er(x))) =
(0, cr(idrer)(a), er(x))) = (a, cr(a, erx)) = (a, a). In the same way (idr, er(x))o (3, b) = (B, b)

and then (idr, er(x)) = id(r . By construction pp(T,x) = T and pr(a,a) = o.

In this case, the fibred category Sy is fibred in groupoids. Indeed, given U € Ob(C), the fibre
category (Sr)y is equivalent to the category F(U):
Ob((Sr)v) ={(U, x) | x € Ob(F(U))}
~ F(U)
and
Hom(SF)U((U’ X), (U’ x,)) = {(f? Cl) | pF(fa Cl) = ldU}
= {(idy, a) | a € Homgy)(x, x)}

~ Homp(y)(x, x')
The result follows because F(U) is a groupoid by hypotesis.

Definition 4.1.1 (Fibred category associated to a groupoid in algebraic spaces). The fibred
category in groupoids Sy constructed as before is denoted as [U/R], and is called quotient

prestack associated to the groupoid in algebraic spaces (U, R, s,1t, c).

Functoriality of quotient prestacks

In this subsection we are going to show functorial properties about the fibred category as-

sociated to a functor when this comes from a groupoid in algebraic spaces. We found that
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this construction is compatible with fibre products, but in general this not a 2-fibre product.
This is the reason why we decide to investigate the relation between fibre product of fibred

categories and stackification.

Consider now a morphism of groupoids in algebraic spaces
f=(p,¢):(UR,s,t,c)— (U,R,s',t',c)
We will see that this induces a canonical morphism

[f1, : [U/R], — [U'/KR'],

of fibred categories in groupoids. In fact, given (7, x) € Ob([U/R],), we define [f],(T, x) :=
(T, pr(x)), which is in Ob([U’/R’],), because T € Ob(Sch/S) and, since ¢ : U — U’
is a natural transformation we have that ¢y : U(T) — U’(T) is a function, and be-
cause x € U(T) we have @r(x) € U'(T). Also, given (a,a) € Homyg),((T",y), (T, x)),
we define [f],(a,a) := (o, p7/(a)), which is in Hom[U//R,]p([f]p(T’,y), [f1,(T,x) =
Homyy:/z, (T', @7 (¥)), (T, pr(x))), insomuch as o € Homgp, /s (T’,T),a e RT"), st/(a) =
y, tr(a) = U(a)x and since @ : R — R’ is a natural transformation, then @z : R(T’) —
R'(T’) is a function and therefore @7-(a) € R'(T’). Moreover s7/(¢r(a)) = (57, © pr)(a) =
(7 o sp)a) = @r(sr(a)) = @r(y) and 17, (97 (a)) = (17, o r)a) = (@ o tr)(a) =
¢r(tr(a)) = er(U()x) = (7 o U()(x) = (U'(a) o gr)(x) = U'(a)(pr(x)), where we

used that ¢ : U — U’ is a natural transformation and then the following diagram commutes

U(T) —2~ Un(T)

U(a)l lU’(a)

U(T") —— U'(T")

Which means @7 o U(a) = U’(a) o 7. In order to prove the compatibility with composition,

(B.b) . . . ...
let (T”,z2) B—> (T”,y) be another morphism in [U/R],. We can consider the composition
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(a,a) o (B,b) = (o, cr (R(P)(a),b)). Then we have

[f1p((a, @) o (B, D)) = [f]p(a 0 B, cr(R(B)(a), D))
= (a0 B, gr(cr(R(B)(@), b))
= (a0 B, (7~ © cr)(R(B)(@), b))
= (a0 B, (o (@1, pr))R(B)@), b))
= (a0 B, (@r (R(B)(@), b))

On the other hand

[f1p(a, @) o [f1,(B, b) = (o, §7+(@)) © (B, Pr (D))
= (@ o B, 7. (R (B) @7 (@), §r(b))

Is enough to show R’() o @7 = 7~ o R(f3), which follows the fact ¢ : R — R’ is a natural

. p . .
transformation and so for 7”7 — T’, the following diagram commutes

R(T") =Y~ R/(T")

R(B)L lR'(ﬁ)

R(T//) V_R/(T'//)

Then [f],((a, @) o (B, b)) = [f1,(a,a) o [f1,(B. ). Also [f],(idr, er(x)) = (idy, gr(er(x))) =
(idr, e .(@(x))) and on the other hand idjs,rn = idrg,) = (idT,e’T('cE(x))) and so
[f)(ider.o) = idig 7. Therefore [£1, : [U/R], —5, is a functor and the following tri-

angle is clearly commutative

[@lp

[U/R], [U'/R'],

~

Sch /S

Hence [f], is a 1-morphism of fibred categories in groupoids over Sch /S .
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We will see that if g = (y,y) : (U,R’) — (U”,R”) is another morphism of groupoids
in algebraic spaces, then [g o f], = [g], o [f], as 1-morphisms of fibred categories from
[U/R], to [U”/R"],. Given (T, x) € Ob([U/R],) we have [g o f],(T,x) = (T, (y o ¢)r(x)) =
(T, yr o @r(x)) and on the other hand ([g], o [f1,)(T, %) = [gl,(Lf1p(T, %)) = [g]p(T, @r(x)) =
(T, yr(pr(x))) and we have the equality in the objects. Let (a, @) € Homyy,g,((T", y), (T, x)).
Hence [g o fl(a,a) = (a, (¥ © §)r(@)) = (o, Y7 © ¢r(a)) and also ([g], o [f])(a,a) =
[g1,([f1,(a, ) = [gl,(a, @7 (a)) = (o, Y7 © 7/(a)) and we have the equality on morphisms.

In this way we have a functor [ |, : GpdsAlgSp — FibCatGpds from the category of
groupoids in algebraic spaces to the 2-category of fibred categories in groupoids. We shall
see that this functor preserves fibre products. Consider a cartesian square in the category of

groupoids in algebraic spaces

(U/II’RH/) k (UI’R/)

| |

(U, R) (UN’RH)

where f = (¢, 9), ¢ = (W, W), h = (p,p) and k = (o, 0) are like in the construction of the
fibre product of groupoids as before. We are going to show that the following square is also

cartesian in the category of fibred categories in groupoids over Sch /S

[U///R//] [k]l’ [U//R/]p
[h]pl l[g]p
[U.Rl) —= [U"/R"]p

This diagram is commutative, inasmuch as [f], o [i], = [f o h], = [g o k], = [g], o [k],. We

shall see this satisfy the universal property of fibre product.

Let p : C — Sch /S be a fibred category in groupoids and let u : C o pandv:C e » be

I-morphisms of fibred categories in groupoids such that [f], o u = [g], o v. Look at the next
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diagram

.'.;\// 12 (k]p ’ /
[U”/R"], —=[U'/R'],

[A] ,,l l (glp

[U, R]p W [U///R//]p

Given A € Ob(C), we have u(A) € Ob([U/R],) and so u(A) = (T, x), with T € Sch /S and
x € U(T). In the same way v(A) € Ob([U’/R’],) and so v(a) = (T”, x"). Hence it follows

[f1p 0 u(A) = [f1,(T, x) = (T, pr(x))

[g]p 0 v(A) = [8],(T", x) = (T", yr(x))

and by hypotesis (7, @r(x)) = (T’, yr(x")) and therefore T = T’ and @r(x) = yr(x’). Thus
u(A) = (T,x) and v(A) = (T, x"), where x € U(T), x’ € U'(T) and @r(x) = yr(x"). Therefore
(x,x") € U(T)Xqpx,uyy = U (T) and so (T, (x,x")) € Ob([U"”'/R"],). We define

w(A) = (T, (x,x))

Hence [h],(Ww(A)) = [h],(T,(x,x")) = (T,pr(x,x)) = (T,x) = u(A) and [k],(w(A)) =
[A],(T,(x,x")) = (T,07(x,x")) = (T,x') = v(A). Let B € Ob(C) and B A morphism
in C. Thereby u(B) = (T’,y), v(B) = (T’,y’) and w(B) = (T’,(y,Y’)) as before. Moreover,
u(m) € Moryg,,((T',y), (T, x)) and therefore u(m) = (a,a), where a € HomSch/s (T, 7),
a € R(T"), sy/(a) = y and t-(a) = U(a)(x). Consecuently [f], o u(m) = (o, ¢r(a)). Sim-
ilarly v(m) = (B,b) and [g], o v(m) = (B, ¥ (b)) y by hypotesis (a, §r(@)) = (B, ¥r (b)),
B and §r(@) = Vr®). Then (@b) € RT)Xg,wang, = R'(T)

and so o
and satisfy satisface s7/(a,b) = (sp o pr, 8y © o )a,b) = (sp(a),s7.(b) = ,)),
t7(a,b) = (tp(a), t7., (b)) = (U(a)(x), U'(B)(x")) = U"(a,B)(x,x"). Therefore (a,(a,b)) €
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Homyg» g1, ((T7, (7)), (T (x, x'))). We define
w(m) = (a, (a, b))

Then [A], o w(m) = (a, p(a, b)) = (a,a) y [k], o w(im) = (a, 0(a, b)) = (0, b) = v(m).

Let us show that w : C — [U""/R"’], defined in this way is a 1-morphism of fibred cate-
gories in groupoids. For this it is suffices to show compatibility with composition and identity.
Consider the identity morphism idy : A — A. Then u(ids) = idya) = idry = (idr, er(x)).
Similarly v(ids) = (idr, e (x")) and so w(id,) = (idr,(er(x),e7(x"))) = (idr, e} (x,x)) =

idirxyy = idya. Let C 5 B be another morphism in C. Hence u(C) = (T”,z),
v(C) = (T",7)) and w(C) = (T",(z,7')). Also u(n) = (y,c) and v(n) = (y,d) where
Y :T" — T’ € Homgp, (T”, T"), c € ROT”, d € R'(T") and w(n) = (v, (c,d)). Therefore
u(mon) = u(m) o u(n) = (a,a) o (v,c) = (a oy, cr-(R(y)a), c)) and v(m o n) = v(m) o v(n) =
(a,b) o (y,d) = (a0 v, ¢4, (R'(y)(b),d)) and then we have

w(m on) = (a0, (cr(R()(@), ), ¢ (R'()(D), d))

On the other hand

w(m) o w(n) = (0, (a, b)) o (v,(c,d))

= (a0, 7 (R”(Y)(a, b), (¢, d)))

= (a0, e (R(Y)(@), R’ (V)(D)), (¢, d)))

= (a0, (crr o (pr, pr), v © (07, T )(R(Y)(@), R’ (V)(D)), (¢, d)))

= (oo, (er (Pr7, pr)((R(Y)(@), R (V)(B)), (¢, D)), crn(0rr,
ar)(R(Y)(@), R’ (V)()), (¢, d)))

= (@ oy, cr (pr-(R(Y)(@), R (V)(D)), (¢, d)), crn (T (R(¥)(a),
R (1)), (c,d)))
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= (a0 v, (er7(R(Y)(@), ©), c7.(R'(Y)(D), d)))

and therefore w(m o n) = w(m) o w(n).

Sow :C — [U""/R"], is a functor and by definition [A],ow = u and [k],ow = v. Let’s see
this is unique with such a property. Letn : C — [U"”"/R""'], be a functor such that [2],on = u
and [k], om = v. Since m, u and [Ah], are morphisms of categories over Sch /S, given A €
Ob(C) if u(A) = (T, x) and v(A) = (T, x’) it follows that n(A) = (T, (y,y’)) where y € U(T)
and y’ € U’(T) and therefore [h], o n(A) = (T,y) and [k], o n(A) = (T,y’). But, for hypotesis
(T,y) =(T,x)and (T,y") = (T, x"), so that (y,y") = (x, x") and then n(A) = (T, (x, x")) = w(A).
In the same way, if B S Aisa morphism in C and if u(m) = (a,a) and v(m) = (a,b)
it follows n(m) = (o, (c,d)) where ¢ € R(T’) and d € R'(T’) and so [h], o n(m) = (a,c¢)
and [k], o n(m) = (a,d). Again by hypotesis (a,c) = (a,a) and (0,d) = (a,b) so that
(¢c,d) = (a,b) and then n(m) = (0, (a, b)) = w(m). Therefore w is the unique morphism with

those properties and this proves that [U"’, R"”’], is a fibre product.

we can summarize the previous results in the following statement

Theorem 6. Let f = (¢, ) : (U,R, s,t,c) — (U',R’,s',t,c’) be a morphism of groupoids

in algebraic spaces. This induces a canonical morphism of quotient prestacks

[f1p : [U/R], — [U'/R],.

In this way we have a functor [ ], : GpdsAlgSp — FibCatGpds from the category of
groupoids in algebraic spaces to the 2-category of fibred categories in groupoids. This func-

tor is compatible with fibred products.
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4.2 Quotient stacks

Let (U,R, s,t,c) a groupoid in the category of algebraic spaces. Consider the functor

(Sch /S)°?P Gpds
T'———(U(T),R(T), st,tr,c7)
This functor determines a category fibred in groupoids over Sch /S which is denoted

[U/R], — Sch /S.

Definition 4.2.1 (Quotient stack). (044Q) Let B an algebraic space over S.

1. The quotient stack p : [U/R] — Sch /S associated to a groupoid in algebraic spaces
(U,R, s,t,c) over B is the stackification of the fibred category in groupoids [U/R], —
Sch/S.

2. If (G,m) be a group algebraic space over B and a : G Xg X — X is an action of G in
the algebraic space X, the quotient stack p : [X/G] — Sch /S is the stack associated

to the groupoid in algebraic spaces (X, G Xp X, s, t,C).

Lemma 4.2.1. Let (U, R, s,t,¢) a groupoid in algebraic spaces.

1. (044R) There are 1-morphisms of stacks v : Sy — [U/R] and [U/R] — S such that
the composition Sy —> [U/R] — Sp is the I1-morphism associated to the structural

morphism U — B.

2. (044S) There is a canonical 2-isomorphism making 2-commutative the following dia-
gram:
Sp—= Sy
Su—=[U/R]
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From now on we won’t distinguish an algebraic space from its associated stack Sx. Therefore
we can consider t : U — [U/R] and [U/R] — B. After we are going to show this square

is actually 2-cartesian.

4.3 Presentations of algebraic stacks

Given an algebraic stack over S we are going to build a groupoid in algebraic spaces over S

whose associated quotient stack is the initial algebraic stack.

If (U,R,s,t,c) is a groupoid in algebraic spaces over S, then [U/R] Is not in general an

algebraic stack.

Lemma 4.3.1. (0474) Let X be an algebraic stack over S, U an algebraic stack over S which

is representable by an algebraic space U, and f : U — X a I-morphism. Then:

1. The 2-fibre product R = U X x ¢ U is representable by an algebraic space R.

2. There is an equivalence

U Xf,;\{,fu xf,XJ-L{ =R Xprl,u,prz R

3. There is a 1-morphism induced via 2.

pr3 R Xprypr, R— R
4. Ift,s : R — U and ¢ : R X,y; R — R are the morphisms pry, pr, : R — U and
pr3 i R Xpr yprn R — R, then (U, R, 5,1, ¢) is a groupoid in algebraic spaces over S.

5. The morphism f induces a 1-morphism f.,, : [U/R] — X of stacks in groupoids over
S, which is fully faithful.

154


http://stacks.math.columbia.edu/tag/04T4

4. QUOTIENT STACKS

6. If f : Sy — X is surjective and smooth, then the 1-morphisms s, t are smooth and the

1-morphism f.., : [U/R] — X is an equivalence.

Remark. If the morphism f : Sy — X is only assumed surjective, flat and locally of finite
presentation, then f.,, : [U/R] — X is also an equivalence, and the morphisms s, ¢ are flat

and locally of finite presentation, but not smooth in general.

Definition 4.3.1 (Smooth groupoid). (04TH) A groupoid in algebraic spaces (U,R, s,t,c)
over a scheme S is said to be a smooth groupoid if s,t : R — S are smooth morphisms of

algebraic spaces.

Definition 4.3.2 (Presentation of an algebraic stack). (0471) Let X be an algebraic stack
over S. A presentation of X is an equivalence f : [U/R] — X, where [U/R] is the quotient

stack associated to a smooth groupoid in algebraic spaces (U, R, s,1t,c).

The previous lemma states that every algebraic stack has a presentation. Reciprocally, we

will see every smooth groupoid determines an algebraic stack.

Lemma 4.3.2. Let (U, R, s,t,¢) a groupoid in algebraic spaces over S. Then

1. (04WZ) The diagonal 1-morphism of [U/R] is representable by algebraic spaces.

2. (04X0) If (U,R, s,t,c) is a smooth groupoid, the 1-morphism ©© : Sy — [U/R] is

smooth surjective.

Theorem 7. (04TK) Let (U, R, s, t, c) a smooth groupoid in algebraic spaces over S. Then the

quotient stack [U/R] is an algebraic stack over S.
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QUOTIENT STACKS AND FIBRE PRODUCT

4.4 Quotient stacks and fibre product

Here is a proposition which result from applying which results from the union of the lemmas
about fibre product of groupoids, the functorial properties of the fibred categories associated

to a functor and functorial properties of stackification.

Theorem 8. Let (U,R), (U',R’) and (U”,R") be groupoids on C and (¢,¢) : (U,R) —
(U”,R”) and (y,y) : (U',R") — (U”,R”) morphisms of groupoids. Then

1. The following diagram is cartesian in the 2-category of stacks over C.

[U Xy» U/R Xg» R']

[U’/R']

[U/R] [U”/R"]

2. If (U,R) and (U’,R") are smooth groupoids in algebraic spaces and s”,t" : R — U”
are monomorphisms, then (U Xy» U’,R Xg» R") is a smooth groupoid, and therefore

[U Xy» UJ/R Xg» R'] is an algebraic stack.

Proof.

1. The construction of the fibre product of groupoids categories shows that (U, R) Xy~ g+
(U',R") = (U Xy» U’",R Xg» R") and then we construct the associated fibred categories
and the functorial properties which means [U, R], X{y» g, [U’, R'], = [U Xy» U’, R Xg»
R’],. Finally, since those fibred categories comes from functors, then the fibre product
has componentwise pullbacks and so, when we take the stackification of each fibred
category, the functorial properties show that [U, R] X[y» g} [U",R'] = [U Xy» U’, R Xg~
R’].
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2. This is because smooth morphisms are a stable class which is local in the domain.

4.5 Open immersions

Open immersions have interesting properties. In this chapter we will see some of them. In
particular we are going to study the case when an algebraic stack has a coarse moduli space
and we will give some results that are helpful when we want to know what is the change
of base via an open subscheme of the moduli. The initial question that leads to this work
was: if we have an algebraic stack X which has a coarse moduli space X and ¥ — X is an
open immersion, what is the form of the 2-fibre product U Xx X'? Since many of the most
interesting algebraic stacks arise from the action of an algebraic group on an algebraic space,
and on many cases the coarse moduli space is the action of a subgroup, then we fall in the
case of quotient stacks of the form X = [U/R] and X = [U/R’]. In those cases U Xx X is easy
to compute. We generalize this idea and give some considerations. Also, at the end some

more questions arise and we explain possible ways to solve them.

Invariant subspaces

Definition 4.5.1 (Invariant open subspace). (044F)

Let (U, R, s,t,c) a groupoid in algebraic spaces over B.

1. We say an open subspace W C U is R-invariant if t(s"'(W)) C W.

2. A locally closed subspace Z C U is called R-invariant if t (Z) = s~ '(Z) as locally

closed subspaces of R.
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3. A monomorphism of algebraic spaces T — U is R-invariant if T Xy, R=R X,y T as

algebraic spaces over B.

Remark. For an open subspace W C U, the R-invariance is equivalent to require s~ (W) =

=Y (W). If W c U is R-invariant, the restriction of R to W is Ry = s /(W) = ' (w).

Immersions

Definition 4.5.2 (Open immersion). (04YL) A 1-morphism ) — Z of algebraic stacks is
called open immersion if it is representable and for every scheme X and any I-morphism

X — Z, the morphism of schemes X XZZ Y — X is an open immersion.

Lemma 4.5.1. (0501)(0502)(0504) Open immersions are monomorphisms and they are sta-

ble by change of base and composition.

In the same way, closed immersions or general immersions are defined and the same lemma
is true mutatis mutandis. Note that the morphism X xzz Y — X is the change of base of
Y — Z via X and it is a 2-fibre product. This consideration is important in the results we

are going to give in the last part.

Lemma 4.5.2. (0505) Let (U,R, s,t,c) be a smooth groupoid in algebraic spaces and i :
Z — [U/R] is an immersion, then there is a locally close subspace Z C U, R-invariant and

a presentation [Z|/R;] — Z such that

Z

[Z/Rz]

N A

[U/R]
is 2-commutative. If the morphism i is an open (resp. closed) immersion, then Z is an open

(resp. closed) subspace of U.
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Lemma 4.5.3. (04YN) Let (U, R, s, t, c) be a smooth groupoid in algebraic spaces, X = [U/R]

the associated quotient stack, and Z C U a locally closed R-invariant subspace. Then

[Z/Rz] — [U/R]

is an immersion of algebraic stacks. If Z C U is open (resp. closed), then the morphism is an

open (resp. closed) immersion of algebraic stacks.

Definition 4.5.3 (Open substack). (04YM) Let X, X’ be algebraic stacks with X’ a strictly
full subcategory of X. We say X’ is an open (resp. closed, locally closed) substack if X' —

X is a open (resp. closed, locally closed) immersion of stacks.

Remark. If f : X — ) is an equivalence of algebraic stacks and X’ is an open substack
of X, then it is not necessarily the case the subcategory f(X”) is an open substack of )). The

problem is that it may not be a strictly full subcategory, but this is also the only problem.

Lemma 4.5.4. (0506) For any immersion i : Z — X of stacks, there exists a unique locally
closed substack X’ of X such that i factors as the composition of an equivalence i’ : Z — X’
Jollowed by the inclusion X' — X. If i is an open (resp. closed) immersion, then X’ is an

open (resp. closed) substack of X.

Lemma 4.5.5. (0507) Let [U/R] — X a presentation of an algebraic stack. There is a
canonical bijection between the locally closed R-invariant subspaces of U and the locally
closed substacks of X, where if Z corresponds to Z, then [Z/|R;] — Z is a presentation

such that the diagram

[Z/Rz] —=[U/R]
|
Z X

is 2-commutative. Similarly for open and closed substacks.
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OPEN IMMERSIONS

With previous definitions and lemmas in mind, and using the results given in the other chap-
ters we can prove the following result and its corollary, which led to the realization of this

work.

Theorem 9. Let [X/R] — [X/R’] and [U,R'] — [X/R},] be 1-morphisms of stacks induced
by the morphisms of algebraic spaces @ : R — R and i : U — X, where U is an open R’-
invariant algebraic subspace of X, then U is a R-invariant subspace of X and the following

diagram is a cartesian square

[U/Ry] — [X/R]

I

[U/R,]—[X/R']
Moreover, [U/Ry] — [X/R] is an open immersion of stacks and therefore if [ X/R] is alge-
braic, so is [U/Ry].

Proof. Let (X,R,s,t,c) and (X,R’,s’,t,c’) be groupoids in algebraic spaces, (idx, @) :
(X,R) — (X,R’) a morphism of groupoids and U and open R’-invariant subspace of X.
We shall see that U is also R-invariant. Indeed, we have s = s’ o @ and r = ¢ o ¢ and

therefore:

(™' (U) = (1 o @5 0 )~ (V)
CWoP@ (s (U)))
S Ca(%)

cU

Then by a previous lemma in this section [U/Ry] — [X/R] is an open immersion of stacks
and when we have open immersions and the target is algebraic, so is the source. The diagram
is cartesian, because at the level of groupoids, the fibred product is taken component-wise

and we already proved that this induces the same at the level of stacks. O
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Corollary 9.1. Let G be a group space acting over an algebraic space X and consider G’ to be
a quotient of G. If U is an open subspace of X which is G’-invariant, then [U/G’] — [X/G']

and the following diagram is cartesian

[U/G] —[X/G]

L

[U/G'] —[X/G]

Moreover U is also G-invariant.

Proof. This is only a restatement of the theorem considering the groupoids in algebraic

spaces induced by the actions. O

Remark. This corollary was the initial question we have to give an answer. The problem was

to ensure U is G-invariant.
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