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ABSTRACT

In this paper we have given a method of constructing generalized Loday alge-
bras with bar-unit. It turns out that it is very intimately related with functional
analysis. In order to make progress in the search for an analogous concept of Lie
groups for Liebniz algebras we introduce the notion of digroup. The basic results
of the digroups are proved and some open problems are enunciated.
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1. Introduction

The Leibniz algebras and Loday algebras (dialgebras) first arose in K-
theory and are objects of current interest. They were introduced by J.L.
Loday and these constitute an extension of the concepts of Lie algebra and
associative algebra respectively. More exactly, the Leibniz algebras are a
generalization of Lie algebras, for which the antisymmetry condition of the
bracket is dropped and only the Jacobi identity is retained. On the other
hand the definition of Loday algebra is the following;:



DEFINITION 1.1. A Loday algebra is a vector space V together with
two associative and bilinear operators, -, -, satisfying the following re-
quirements

xd(ydz)=az4(yt 2),
(zkFy)dz=at(yd2),
(zdy)Fz=(zky)k 2

for all z, y and z of V. These operators are called respectively, right and left
products. In our paper we will modify this notion in the following way: a
generalized Loday algebra is a vector space V' together with two associative
operators, -, -, that satisfy the above properties but these operators are
not necessarily bilinear.

Clearly all Loday algebra is also a generalized Loday algebra. We say
that e is a bar-unit of a generalized Loday algebra (V,, ) if et v =v =
veforanyveV.

It is well known that if a Loday algebra is given then it gives rise to a
Leibniz algebra which is obtained by defining the bracket as

[ty =xdy—yta

see [7] and [8] for more detail.

A basic problem in this context is the construction of Loday algebras
with bar-unit which are not associative algebras. A few very special exam-
ples of Loday algebras with bar-identity were given in [7]. In this paper,
we present a huge number of Loday algebras by means of the dual space
of a vector space, more exactly we consider a certain natural construction
that associates a Loday algebra structure on this vector space with a given
nonzero linear functional on this vector space . Thus, the Loday algebra
structure is really very rich and from our point of view it ’s principal fea-
ture, as will be seen below, is that this leads us to extend the group theory
in a certain direction. Another very important problem is the construction
of an analogous of Lie group for Liebniz algebras. The apparent difficulty is
the absence of a similar concept of group for sets with two special products.
In the present paper we attempt to prepare the way to solve this problem.
We introduce the notion of digroup. Many questions arise around this con-
cept that it should be considered in forthcoming papers. Some of them
are:

i) Sets which are both a digroup and a manifold.

ii) Abstract harmonic analysis on topology digroup and construction of
new Loday algebras.



iii) Cohomology of digroups.

iv) To construct Hopf dialgebras and quantum digroups.

2. New Loday algebras with bar-unit

The main object of this section is the construction of new examples of
Loday algebras. As we will see below, associated to all nonzero elements
belonging to the dual of a vector space, are given a structure of Loday
algebras on this vector space. Starting this construction other very inter-
esting structures are defined on Loday algebras possibility related with a
new trend in the functional analysis and that has its origins in the paper
by the author [3].

Throughout this section any vector space will always be finite dimen-
sional. However, most of the definitions and results can be extended with-
out this restriction.

Let V be a finite dimensional vector space over C and V* its dual
space. If ¢ is a nonzero element of V* then we define the following bilinear
operators:

rhy=op(x)y, wHz=9(z)w

where x, y, z and w are elements of V. We start this section with the
following

THEOREM 2.1. The operators - and 4 obey the properties of definition
1.1.

Proof.  Let x, y and 2z be elements of V'
cd(yHz)=a4(e()y) =v(@R)y)r=9v(2)e ),
on the other hand
zd(yFz)=a4(e@z)=ve@2)r=vl) ¢z,

from the two last equations it now follows that © 4 (y 42) =« H (y - 2).
Next we must prove that (x - y) dz=aF (y 42)

(xhy)dz=(p@)y) Tz=p()¢(@)y

and
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then, as was claimed, the equality holds. Finally we have

Ay Fz=(pWaz)Fz=p(py)r)2z=9Y)e()z2,

also we have

(hyFz=@@@ykFz=p@y)z=v@)e¢Qy) 2
so(zdy)kz=(zFy)kz N
COROLLARY 2.1. (V,F,) is a Loday algebra.

Proof.  Since it is readily verified that the operators - and - are both
associative. W
From now on, we will denote this Loday algebra by V,,. Let x € V,, such
that ¢ () # 0 then e = ﬁ is a bar-unit in Vi, In fact, for any z € V,
1y
o(x)
bar-unit is not unique.

we have e - 2z = ¢ ) z =z 1 e = 2. Thus, in this Loday algebra the

DEFINITION 2.1.  An element z in a generalized Loday algebra (£, +, )
is said to be (F) —regular ((H) — regular) with respect to a bar-unit e pro-
vided there exists x- € L (x4 € L), such that x - 2~ = (e —z) + (v F e)
(x4 dxz=(e—x)+ (e 4z)). The element xr (z4)is called a (F)-inverse
((H) -inverse) for x with respect to e. An element which is both () —regular
and () —regular with respect to e, is called regular if it has a (F) —inverse
that is also a () —inverse, both with respect to e.

Observe that if a Loday algebra has a bar-unit e which satisfies also
that e 4 x = x = x F e for any z, then - = - and £ is an associative
algebra with unit. In this case the definition 4 coincides with the usual one.
On the other hand e is regular while the null element 0 of V' is not regular
with respect to e.

PROPOSITION 2.1. In V,, the regular elements are those vectors x such
that x ¢ VO, where VO ={2 €V | (2) =0}.

Proof. First according to Definition 2.1 we must prove that if x
satisfies the condition ¢ (z) # 0 then it is () —regular and also () —regular
and has a (F)—inverse that is also a (-) —inverse with respect to e. To
begin, let x be a (F) —inverse of x then we must have

p@)ar =azkFar=(—x)+(zkFe)=(e—z)+p(x)e (1)

since ¢ (z) # 0, it follows that x- is necessarily of the following form:



As we will show this vector zr is also a () —inverse of = that is x4 = xr;
in fact

(55
(e—2)+p(x)e
=(e—x)+(edx)

Reciprocally, let  be a regular element with respect to e in V,. If
x = e then p(e) =1 # 0. If x # e is regular then from (1) it follows
that @ () # 0 since in the other case we will have ¢ (e) = 0 but it is
impossible. Thus, we have proved that the set of the regular elements of
Vi, with respect to e consists of all the vectors don’t belong to Vo, |

Next we introduce the concept of ideals in a generalized Loday algebra
with a bar-unit e.

DEFINITION 2.2. A subset I of a generalized Loday algebra L, is said
to be a (F) — ideal provided it is a linear subspace of Land x -y, yFx € T
for all z € I and all y € L. Tt is a () — ideal if the latter condition is
replaced by y 1z, x 1y € [ forallz € T and all y € L. If T is both a (F) —
ideal and a () — ideal, then it is called a two-sided ideal of £. Any ideal
of some type, different from L is called proper.

We note that if e is a bar-unit and I is an ideal of some type such that
e€ I then I = L.

LeEmMMA 2.1. Let (L£,F,4) a Loday algebra with a bar-unit e, let x € L
be a (F) —regular element with respect to e, then for all z € L

(xkaz)Fz=2 (2)

where x- s a (F) —inverse of x. Also in the same context, if v € L is
() —regular with respect to e then we have

z4(zqgH2) =2 ()

for any z € L. In (3), x4 is some (1) —inverse of x.



Proof. Let & € L be () —regular with respect to a bar-unit e, as we
have already seen this means, that

zhar=(e—z)+(xke),

for some xr € L and hence, for all z € £

(zhFao)Fz=(e—z)+(zFe))kFz
—z)kFz+(zke)l 2
2)—(zk2)+(xde) bk 2z

hence the equality (2) holds. The proof of (3) is very similar. W

COROLLARY 2.2. Let (L,F,) be a Loday algebra. If x is (F) —regular
with respect to a bar-unit e, then it can’t belong to a proper () —ideal.

Proof.  Since, if x is an element (F) —regular with respect to a bar-
unit e and I a (F) —ideal, such that x € I, we have that for all z € L,
z=(zbtar)Fz=aF (x F 2) € I, where x is a (F) —inverse of x with
respect to the bar-unit e. W

A similar statement holds for (4) —regular elements of a Loday algebra
L and proper () —ideals, to be more precise: if x is (d) —regular with
respect to a bar-unit e, then it can’t belong to a proper () —ideal.

ExAMPLE 2.1. Having in mind that V* = Mor (V,C) is also a finite
dimensional vector space and its dual (V*)* can be identified with V', then
we can choose a nonzero element z € V and define the following Loday
algebra structure in V'*

017 0 = Pu (1) 92, P35 Ty = Pu (p4) 3 (4)

where @y, @y, @3 and ¢, are in V*, moreover ®,, is defined in the following
form: @, (p) = ¢ (x) for any ¢ € V*. This Loday algebra will be denoted
by V*. Notice that if z # 6 there exits ¢ € V* such that ¢ () # 0, then

e() = % is a bar-unit of V*. Let V' = {p € V* | ¢ (z) =0} C V* the
annihilator of the set {x} C V. It is easy to show that ¢ € V* is regular if
and only if ¢ ¢ V

‘We have

THEOREM 2.2. If x # 0 then V' is a two-sided proper ideal in V.
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Proof. It is clear that V{ is a subspace of V*. Now let ¢ € V" and
v € Vi then (o F7) (1) =z (9) 7 () =@ (x)y () =0 that is (p ) () =
O (.) is the null functional. On the other hand (yF ¢) (.) = @, (7) ¢ (.) =
v(x)@(.) but ¢ € V5 hence v F ¢ is zero in = and v F ¢ € V. The
following step is to see that ¢ 4 v and v - ¢ belong to V. Indeed
(p479) () = @, (7) ¢ (.) that as we already have seen belong to Vi, finally
observe that (v 4 ¢) (.) = O (.). It remains to be proved that V{ is a proper
subspace, but this assertion is trivial. Il

DEFINITION 2.3. Let (£1,,) and (L2,>, <) be two generalized Lo-
day algebras over C; a linear mapping T: £; — L5 is called a homomor-
phism of generalized Loday algebras if

T(xtky)=Tx> Ty, T(wHz)=Tw<Tz, (5)

for all x, y, w, z € L£1. In this case, one can say that £; and L5 are homo-
morphic; if T is invertible, T' is said to be an isomorphism of generalized
Loday algebras moreover we say that £; and Lo are isomorphic.

Apparently this definition for Loday algebras was first introduced in [4]
and [5].

Let T be a homomorphism of £; into £5 where (£1,F, ) and (L3, >, <)
are two generalized Loday algebras over C. It is called unital if the image of
any bar-unit is a bar-unit. Note that if e is a bar-unit of £; and TL; = Lo,
then Te is a bar-unit in L. On the other hand, if T" is unital and if x € £4
is (F)—regular with respect to the bar-unit e, then Tz is (>>)—regular with
respect to Te. In fact, since x is (F)—regular with respect to e, there is xr
in £y suchthat x -2 = (e—z)+ (z+e) hence T(x bk 2zr) =Tx > Tay =
T(le—z)+(zxke)=T(e—2x)+T(xtre)=(Te—Tx)+ (Tx > Te). Also
it is easy to see that if x is (H)—regular with respect to e, the vector Tz is
(<1)—regular with respect to Te. It shows that if x is a regular vector with
respect to the bar-unit e then T'x is regular with respect to Te.

We recall that if u € L (E, V), that is, if u is a linear mapping of E into
V', where E and V are finite dimensional vector spaces then the adjoint
mapping u’ associated to u is defined in the following form u': V* — E*
and u! (f) = fowu for any f € V*. We have

THEOREM 2.3. Let E and V be finite dimensional vector spaces. Let
u € L(E,V) and x € E nonzero such that u(x) # 0. Then the mapping
T defined as Tf = u' (f) for all f € Vi) i @ homomorphism of Loday
algebras between V5 and E;.

Proof. It is obvious that T is a linear mapping. Let f, g € u*(r) then



T
=T (u(x)h())
l

ExAMPLE 2.2. Let V be a vector space of dimension n over C and let
{e1,....en} be an ordered basis of V; the corresponding dual ordered basis
will be denoted by {e*{)___7e;§} that isif x € V and © = z1e1 + - + xpep

then ef (z) = x; for i =14,...,n. It is well known that
(wy) = ¢ (@) e (y) (6)
i=1

for any z, y € V defines a scalar product in V, let e be an element of V
such that (e, e) = |le|| = 1. It follows that the operators - and - defined in
the following way: =y = (z,e)y, 2z 1w = (w,e) z convert V in a Loday
algebra that will be denoted by V (e).

This particular example of Loday algebra gives rise to the following

DEFINITION 2.4. A normed Loday algebra is a Loday algebra (£,+, )
over the field C together with a norm = — ||z, such that,

e =yl < [l [l Ayl < ] Iyl Vozyel (7)



Hence we have
PROPOSITION 2.2. V (e) a normed Loday algebra

Proof.  Obviously it remains to be proved (7) but it follows of Cauchy-
Schwarz inequality. H

Observe that V (e) is complete, hence it is a Banach-Loday algebra
in the sense introduced by the author in [3]. Thus, now it is justified to
introduce the following definition

DEFINITION 2.5. Let (£,F, ) be a complex Loday algebra. A mapping
x — x* of L onto itself is called an involution of classic type provided the
following conditions are satisfied:

(4) (2*)" ==,

(i) (@ +y)" =2*+y,
(uit) (xFy)" =y* Ha*,
(iv) . (ax)" =z,

note that from (iz7) it follows the following equality

(zHy)" =y" ko,

A complex Loday algebra with an involution of classic type is called a
Loday #—algebra of classic type.

We shall write L (V' (e)) for the space of bounded linear transformations
from V (e) to V (e); with each linear transformation T of this space is
associated a linear transformation T* € L (V (e)) called the adjoint.

DEFINITION 2.6. The adjoint of T € L (V (e)) is the bounded linear
transformation 7%:V (e) — V (e) defined by the equation

(T, y) = (&, T"y) (8)

It is well known that this definition makes sense and
THEOREM 2.4. L(V (e)) is a Loday x—algebra of classic type.

Proof.  In the first place observe that L (V (e)) can be converted in a
Loday algebra in the following way, we introduce in L (V (e)) the following
associative operators
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(AF B) (x) = (Ae) - (Bx), (CH4D)(y) = (Cy) 4 (De)  (9)

forall A, B, C'and Din L (V (e)) and any z,y € V (e). Then (L (V (e)),F,)
is a Loday algebra. Let us see it in detail, first of all note that A+ B and
C - D are linear operators. On the other hand, since V' (e) is a normed Lo-
day algebra it follows that A+ B € L(V (e)) for any A and B in L (V (e))
and moreover C' 4D € L(V (e)) for all C and D also in L (V (e)).

By (9), we have that for A, B and C in L (V (e))

(A4 (BAHQ))(x) =Az 4 (BAC)(e)
= Az + (Be - Ce),

on the other hand

(A4 (BFQ))(z) =Az 4 (BFO)(e)
= Ax 4 (Bet Ce),

since V (e) is a Loday algebra then Az - (Be 4 Ce) = Az - (Bet Ce).
Therefore we have A 4 (B4 C) = (A (BF()).

In a similar way one can show that (AFB) 4 C = AF (B4C). In
fact

(AFB)H4C)(z) = (AF B)(z)1Ce
= (Ae F Bzx) - Ce,

and we check

(AF(BAHQO)(z) = Aet (BHC)(x)
= Aek (Bx 4 Ce),

using now the fact that V' (e) is a Loday algebra we have ((A+ B)
(AF (BHC)). The reader easily examines that also (A 4 B)
(AF B)FC.

Finally let A and B be two bounded linear transformations of L (V (e))
and z,y € V (e) then we have

C)

4' pu—
FC =

(AF B)z,y) = ((Aet Bx),y)
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= ((Ae, e) Bx,y)

= (Ae, e) (Bx,y)

= (e, A¥e) (x, B*y)
= (z, (e,A*e)B*y>
= (z,(A%,¢) By)
= (z,B*y - A¥e)
= (z,(B" 4 A% y)

from this it follows that (A - B)" = B* 4 A*. The rest of the conditions for
a Loday x—algebra of classic type clearly hold. This proves the Theorem.
|

Observe also that L (V (e)) is a normed Loday algebra.

3. Generalized Loday algebras and digroups.

We begin this section with a very interesting result

THEOREM 3.1. All vector space can be equipped with a generalized Loday
algebra structure.

Proof.  Let X be a vector space. We define z - y = y for any =,
y € X and z 4w = z for all z, w € X. Observe that in general y = x -y
#x 1y =2x. Then

xh(ykz)=akz=z,
(zhy)bFz=ykz=2
(zHdy)Fz=akz=2
zd(ydz)=z-dy ==z,
(xdy)dz=axz=x,
xd(ykFz)=cdz=ux,
(rFy)dz=yHz=y,
rh(ydz)=aky=y,

these equalities show that X is a generalized Loday algebra. The Theorem
is proved. W
Let us denote this generalized Loday algebra by Xj.

THEOREM 3.2. Let V be a finite dimensional vector space and11:V —
V a linear operator such that II? = II and

zky=1Iz+y, wz=w+1lz
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where z, y, z and w are elements in V. Then (V,F,) is a generalized
Loday algebra.

Proof. It must be shown that x 4 (y 42) =2 - (y F z). We have

zd(y-d2z) =2 (y+1z)
=z + I (y +Iz)
= o+ Iy + 1%z = x4 Iy + Iz,

now

zd(yk2z) =24 (Ily + 2)
=z + I (Ily + 2)
=+ 1Py + 11z = 2 + Iy + Iz,

this proves the equality required. On the other hand we have that (z - y) -
z=Tlz+y+Tzand 2+ (y4z) =Hx +y+ Iz, thatis (zFy) dz=2aF
(y 1 2). The last property of these operators is (x 4y) F z = (x Fy) F 2.
Let us prove it

(xdy)Fz=(z+Ty)F 2
=1 (x+1y) + 2
=Tz + 1%y + 2
=Ilz + 1y + z,

and

(xby)kFz=Mz+y)F 2z
=Mz +y)+=
=1z +1ly + 2
= llz + Ily + 2,

the last two equalities show that (z 4y) F z = (z + y) F z as required. The
proof the that each operator is an associative mapping is straightforward.
|

This generalized Loday algebra will be denoted by V' (II). Observe that
0 is a bar-unit of V (II) and if moreover « € V (II) such that # # 6 then x
is a regular element of V (II) for which z = 24 = —x.
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Historically the groups have been one of concepts more studied and it
is one of the most fundamental concepts of contemporary mathematics,
however after almost two century of development this theory has not been
extended to sets with two special operators. A deeper analysis of the
spaces X;, V,, and V (II) lead us to extend the group theory to sets with
two particular products. We hope that this concept helps to construct an
analogous of Lie group for Liebniz algebras.

DEFINITION 3.1. A digroup is a pair (G, e) where G is a nonempty set
and e € (G, such that, the set G is equipped with two associative maps
called respectively right product and left product:

F:GxG— G,
4+ GxGE -G,

satisfying the following requirements:
a)Forallz, y, z€ G

xdydz)=c4 @yt 2),
(xky)dz=azF(ydz2),
(zdy)Fz=(zky) k2

b) For any g € G it holds that
eFg=g=g-e,

the element e is called the bar-unit of G.
c) For all g € G there exists an unique element g~! € G such that with
respect to e we have
-1

ghgt=e=g""4g,

1 is the inverse of g¢.

we say that g~

It must be noted that from this definition it does not follow that e is
the unique identity in G; in fact in general the digroup can have many
identities (that is several elements € such that ¢ - g = g = g 4 € for all
g € G). The notation (G, e) only suggests that between all the identities
we have chosen e as the bar-unit of (G, e) with respect to which have means
the point ¢) of the Definition 3.1.

The Theorem 3.1 allows us construct finite digroups, for instance: Let
G = {x,y} be an arbitrary set of two elements. We can introduce a 2 x 2
(F)—multiplication table and a 2 x 2 (4)—multiplication table in G of the
following form:
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Flxz |y 4l x|y
x|y x| x|,
ylxrly Yylyly

it is easy to show that (G, z) is a digroup.
Below we establish the basic properties of a digroup.

ExAMPLE 3.1. Let X be an arbitrary vector space and xg an element
in X. Then (X;,x) is a digroup. In fact o F 2 = z = z 4 z( for all
z € X;, moreover z - xg = x9 = xg 1 z for any z € X.

EXAMPLE 3.2. Theset V (II) is a digroup. Here e = § and g~! = —Ilg
for all g € G.

ExAMPLE 3.3. Let V be a finite dimensional vector space and let ¢
be a nonzero element of V* then the set V, = {x € V | p(z) #0} C V,

is 211 digroup with bar-unit e = % for some xzo € V,,. If z € V, then

1
z = me.

REMARK 3.1. Let (G,e) be a digroup and f € G some unit of G then
flt=e.

REMARK 3.2. Tt is easy to show that if (G, e) is adigroupand g =e g
for any g € G then F=- and G is a group, thus all groups are digroups.

A digroup (G, e) is called abelian if x 4y =y x for all z, y € G. A
nonempty subset H C @G is said to be a subdigroup of (G, e), provided that
(H,e) is a digroup for the same products that (G, e).

LeEMMA 3.1. Let (G, e) be a digroup then for all g € G we have (gfl)f1 =

gFe=e-g.

Proof. Let g€ G then g7l F (gke) = (g’1 F g) Fe= (gfl o g) F

e = e. On the other hand (e 4g) 4g~ ! = e (g - gil) =e- (g F gil)

e. Now since the inverse of any element is unique it follows that g - e =
-1 —1

e 1 g moreover (g ) =glte=c-dg. N
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THEOREM 3.3. In order that (H,e) can be a subdigroup of a digroup
(G,e) it is necessary and sufficient that for all f, g, I, m, n € H the
elements f e, g F1 and m 4n~! belong to H.

Proof.  The conditions are clearly necessary. Let x € H then (:c_l F x) F
e = (x_l n x) e =e € H. Since now we know that e is an element of
H oz lre=z1F (xl—x_l) = (3:_1 l—x) Fol= (:c_l—M:) Fol =
eba ' =271 € H, thus for all z € H also 2~ € H. It follows from the
Lemma 3.1 that fFg= (fde)Fg=(fFe)Fg=(f1)"FgeH
for all f, g € H. Finally, also using the referred Lemma 3.1 we have
mAadl=m-d(eFl)=m-d(edl) =m - (171)71€Hforanym,l€H.
Hence H is closed under the products F and -. Consequently the theorem
is proved. W

The intersection of two subdigroups (H,e) and (K, e) of a group (G, e)
is not an empty set, since all subdigroups contain the element e. The
intersection is really a subdigroup of G: if D = H N K and if the elements
f, g, 1, m, n belong to D then the elements f Fe, g ' F 1l and m 4 n~!
belong to H as well as to K and hence to D, that is (D, e) is a subdigroup.

Let (Hy,e), (Ha,e€), -+, (Hp,e), - be subdigroups of a digroup (G, e)
which form an ascending sequence, that is, H,, C Hy41,n =1, 2, ---. We
show that (UH,,e) is a subdigroup of (G,e). It is clear that e € UH,,.
Each g € UH,, lies in some subdigroup H, then also ¢~! € H, and hence
g~' € UH,. Now if f, g, I, m, n belonging to UH,, are chosen lying in Hy,,
Hy,, Hy,, Hy, and Hj, respectively, then if k > k; i =1, ---, 5 we have
that f, g, [, m, n € Hy hence the elements f e, g' -1 and m 4 n~!
belong to Hy and also to UH,,.

From now on all operators in any digroup will be denoted by F and -,
this should cause no confusion.

DEFINITION 3.2. A mapping v of a digroup (G,e) into a digroup
(G, €) is called a digroup-homomorphism (or homomorphism) if v (a - b) =
v (a) kv (b) and also y (¢ 4d) = v (c) 4v(d) for all a, b, ¢, d € G. A homo-
morphism one-to-one correspondence is called a digroup-isomorphism (or
isomorphism).

Let v be a digroup-homomorphism of (G,e) into (G',¢), if v(G) =
G’, then 7 (e) is a unit of G'. Observe that v (e) # ¢ can happen. We
now assume that v (e) = €/, we shall show that (v =y (z71) for
all z € G, in fact ¢ = y(e) = y(zka™!) = v(x) (z7'), on the

v (2~

Y
other hand we have ¢’ = y(e) = y(z7* H42) = y(z7') 4 ~v(z). Hence,

(@) =7 ().
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EXAMPLE 3.4. If (G,e) and (G', €') are digroups, the direct product of
G with G, denoted G'x G’ is the set of all ordered pairs (g, ¢’) , where g € G
and ¢’ € G, with the two operators (g,9') - (f, f') = (g F f, ¢+ f') and
(9,9") A (f, f)= (g f,¢ A f). It is easy to check that (G x G, (e,€’))
is a digroup containing homomorphic copies of G and G’ namely, G x {e’}
and {e} x G".

Now we have

THEOREM 3.4. Let vy be a digroup-homomorphism of (G, e) into (G',€’)
such that v (e) = €'. Then, if we define N ={g € G|~v(g9) =€}, (N,e) is
a subdigroup of (G, e) and is called the kernel of ~.

Proof. Note that e € N. Let us assume that © € N then ¢ =
ol (afl — :E) =y (:E’l) de =+ ($71). Thus, 2~ € N. It is now obvious
that if a, b, ¢, d and f are arbitrary elements of N then a e, b~ F ¢ and
d - f~! belong to N. The Theorem is proved. Wl

THEOREM 3.5. Let v be a digroup-homomorphism of (G, e) into (G',¢e’)
such that v (e) = €'. We define I' = {y(g) | g € G} C G', then (I',€') is a
subdigroup of (G',¢€').

Proof. First let us note that ¢’ € I'. Suppose that A’ € I’ then
W = 7 (h) for some h € G. Hence, we have (h')"" = (y(h))™' =y (h7").
It is then clear that (k' )_1 € I'. Finally, it is a simple matter to verify that
if a’, V', ¢/, d and f’ are arbitrary elements of I’ then o’ ¢', (/)1 F ¢/
and d’ - (f')~! are also elements of I’. W

A subdigroup (H,e) of the digroup (G, e) is called invariant or normal

if (@'Fz)4a=a"'t (xHa) € H for all a € G and any z € H. Then
we have

PROPOSITION 3.1. Under the conditions of the Theorem 3.4, (N,e) is
an invariant or normal subdigroup.

Proof. Let z = (a‘l + ﬂc) < a where x € N and a € G then from
Lemma 3.1 it follows that

(a_l F x) n a)

a! Fx) 4v(a)
(@) Fvy (@) 47(a)
(™) Fe) H7(a)
= (v(@) " (e 47 (a)
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this establishes that z € N . Hence N is a normal subdigroup. H

LEMMA 3.2. Let (G,e) be a digroup and let (H,e) be a normal subdi-
group of it. Then (afl F H) da=H for any a € G.

Proof.  Since (H,e) is an invariant subdigroup we have that

(a'FH)4aCH (10)
for all @ € G. Let b € G arbitrary then taking a = b~! in (10) we have
((bFe)F H) 4b~t C H, now multiplying this inequality by b to the left
and by b~! to the right we obtain that

b ' ((bFe)FH)4b™ ") H4bC (b7 F H) b, (11)
but b=+ (((b+e) - H) 4b~') = H, Hence from (11) it follows that

Hc (b"'FH)Ab (12)

for all b € G. Thus (10) and (12) show that (¢c™'+ H) 4 ¢ = H for any
ceG. 1

COROLLARY 3.1. If (H,e) is a normal subdigroup of (G,e), then also
we have (b H) 4b~1 = H for allb € H.

Proof. By the preceding Lemma (a‘l + H) < a = H for any a € G.
Let b € G and a = b" then we have ((57)) ™"k H) 4 b7} = H hence
(bFe)FH)Ab ' =H thatis (b (eFH))4b'=H. B

The notion of equivalence plays an important role in almost all branches
of mathematics, since it is related to the partitioning of a set, that is, to
its representation in the form of a union of mutually disjoint subsets. Let
(H,e) be a subdigroup of (G,e). We say that a and b in G are right
relationed and we write a «~ b if a=! - b € H. Let us see that « is an
equivalent relation in (G, e) under appropriate conditions. It will be called
the right equivalent relation determined by H, but first we prove some
results.

LEMMA 3.3. The following two results: (al—b)_1 =b!'Fatl and
(a4b) ' =b"t 4athold for any a, b € G.

Proof.  In fact, let a, b € G then

(abb)F (" Fa™t)

atb (bE (b 'Fa™h)
=ak ((bFb ") Fa™)
ab (e = a_l)

=e



18

on the other hand from Lemma 3.1 it follows that

b lraHHd@Fb)=0B"tFa )4 (aD)
(b'+a ) Ha)Hb

=0 "'F(a"Ha)) Hb
(b'Fe)db=b""F(eb)

thus, it shows that (a b)f1 = 0! a!. We complete the proof by
noting that

and moreover using Lemma 3.1 again we have

(a4b)F (b Ha ) =(arFb)F (" Ha)
=ak (bF (07" Ha™))
=ak ((bFb7 ") H4a™)
=ak (e n a_l)
=(ake)da?

hence (a 4b)"" = b~ 4a~L. The Lemma is proved. W
From the Lemma proved, now holds the following

COROLLARY 3.2. Let (G,e) be a digroup then for all ¢ € G we have
(97 Fe)=(edg7) =97

Proof.  We recall that e~! = e. Then from Lemma 3.3 it follows that
(9 Fe)=(ek g)_1 =g~ ! and in the same way (e 4g') = (g e)_1 =
—1
| _
Let (G,e) be a digroup. We now introduce the following set G =
{z € G| 2! = e}, notice that if € is an identity then € € G (since € F
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e =e =e €). We are going to prove that (é, e) is a subdigroup. Let z,

yeéthen7 clearly (x}—y)_l =y lFz'=eFe=candif 2 w e G we
also have (z - w)_l =w ' 427! =e-e=e From these considerations
it follows that G is closed under the operations - and -. On the other hand
observe that if z € G then 2! € G. Lastly, it is easy to show that if x, y,
zZ, w € G then z + e,z ' Fyand z 4 w™! belong to G. Thus (é,e) is a
subdigroup.

We say that (G, e) is a reduced digroup if G = {e}.

We turn to the proof that « is an equivalent relation in (G, e) if G= {e},
that is when (G, e) is a reduced digroup. Assume that (H,e) is a given
subdigroup of (G,e) with respect to which is defined the right relation
. We begin with the proof of the reflexivity of «~~. Let a € G then
(a7t F a)_l =(atF(ate)=((atta)le)=((a'Ha)le)=et
e =c¢. Since G ={e} wehave a™' Fa=e € H. Hence a~* F a € H and
a « a. The symmetry of « follows from the following facts: if a «~ b then
a~'+ b€ H and since (H,e) is a subdigroup from Corollary 3.2 it follows
that (a2 +b) " =b1F (e4a) = (b"*Fe) 4a=0b"14a € H. Hence
(b= Ha)Fe€ H then (b=* Ha) F (a™* Fa) € H, but

(7' Ha)F(a7'Fa))=(""Fa)F (a'Fa)
=b"'F(ak (a7 Fa))
=b'F((aka")Fa)
=b'F(eta)=b""ta

it shows that b v a.

Suppose now that a «~ b and b v~ ¢ then a™' F b, b= ¢ € H. Hence
we must have (a_1 + b) H (b_1 H c) € H, but

((a'Fo)F (O o)) =((a'Fb)Fb ) F
(a "RV F
a 1}—e)}—C—a 1|—c
a_l}—c

again by Corollary 3.2. Thus a «~ ¢ and hence the relation is transitive.

LEMMA 3.4. Let (G,e) be a reduced digroup and (H,e) a subdigroup
of it. Then, all right equivalent classes determined by H are of the form
at H for some a € G. A set of this type is called the right dicoset of H
determined by a.
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Proof.  Let A be a right equivalent class determined by H and a € A
then for any x € A we know that a=! - 2 € H. Hence, a I (a‘l F x) =
(a F a‘l) Fexz=etax=x Thusx € a - H. We now proceed to prove
that a - H is a right equivalent class determined by H. Indeed, if z, y € H,
having in mind Theorem 3.3 and Lemma 3.3, we have

(al—x)_l Flaky) = (x_l l—a_l) Flaky)

=z 1F (a_l F(aky))
=z 1F ((a_l I—a) }—y)
=z 1F ((a_l —|a) }—y)
=g ! Fy

that is (a - 2)"' + (e y) € H in other words (a F z) «~ (at y). Since
a=at (a'Fa) €at H then A=at H. Here we have made use of
the fact that @« a thus (a™'Fa) € H. W

PROPOSITION 3.2. Let (G,e) be a reduced digroup and let (H,e) be a
normal subdigroup of it. Let a, b € G arbitrary. We have (a - H) +
(b H)=(aFb)FH and (a- H) = (b H) = (a-b) - H.

Proof.  Since that (H,e) is a normal subdigroup, by Corollary 3.1 it
follows that

(aFH)F(bFH)=(ak (bFH)4b ")) (bF H)
=((ak (bFH))4b"") - (bF H)
=(((aFb)FH)4b"") - (bF H)
=(((aFb)FH)Fb ') - (bF H)
=((aFd)FH)F O 'F (bF H))
=((aFb)FH)F((b"'F0b)F H)
=((aFb)FH)F (b7 Hb) - H)
=((aFb)FH)FH
=(aFb)F (HFH)

(aF0d)F H,

here we have taken into account that (H F H) = H. We now give the proof
of the second equality. Using Corollary 3.1 again , we have

(ai—H)—((bl—H):(a}—((bl—H)—|b_1))—|(bl—H)
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=((ak(FH)Ab™ ") A (bF H)
=(((aFbd)FH)4b" ") H (bF H)
=(((a-4b)F H)4b"") A (bF H)
=((a-b)FH)4 (b7" 4 (bF H))
=((a-b)FH)4 (b7" (b4 H))
=((a-b)FH)4((b" 4b) 4 H)
=((a4b)FH)H (e 4 H)
=((a4b) - H)H (e H)
=((a4b)FH)4AH=(a-b)F (H-H)
=(a-b)F H,

since (H1H)=H. &

Note that this Proposition holds even when (G, e) is not reduced.

We turn attention now to the set G/H of the right dicosets determined
for the normal subdigroup H of G when (G, e) is a reduced digroup.

THEOREM 3.6. Let (G,e) be a reduced digroup and let (H,e) be a nor-
mal subdigroup of (G,e). In this case G/H is a digroup.

Proof. From Proposition 3.2, to prove the Theorem, it remains to
establish the existence of the identity element in G/H and moreover we
must prove that all right dicosets admit an inverse right dicoset. It is easy to
show that H = e - H is the unit of G/H. Now by the previous Proposition
it follows that (a+ H) F (a™*F H) = (ata ') - H=ekF H=H, and
(a’l I—H) d(ak H) = (a’l —|a) HH =el H= H. Observe that this
inverse is clearly unique. H

Let (G,e) be a digroup, a homomorphism f: (G,e) — (G, e) is called
an endomorphism of (G, e); an isomorphism f: (G,e) — (G, e) is called an
automorphism of (G, e).

PROPOSITION 3.3. Let (G, e) be a digroup and the mapping u,:G — G
defined by the following form u.g = (a=' & g) 4 a for a € G. Then u, is
an automorphism of (G, e). It is called an inner automorphism of (G, e).

Proof.  1In fact, if a € G then
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a_l}—g) ((al—(a_ll—f)—m)
al}—g) ( ((a a)
a_l}—g)l—a) (a_ll—f a)
a_l}—g)—m)l—(a_ll—f a)

)

—~ o~~~

hence u, (g F f) = (uag) F (ugf). On the other hand

ua (g4 f)=(a" (g4 f)Ha
=(a'F((gH (al—a_l))—|f))—|a
—(a_ll—(g—(((al—a_l) 4f)da
—(a_ll—(g—(((al—a_l) Ff)da
:a_l}—((g—(((al—a 1)|—f))—1a)
:a_l}—(g—|(( al—a_l)l—f)—|a))
=a 'k (g—|((a|—a_1)l—(f—|a)))
:a_l}—(g—|(al—(a_1l—(f—|a)))
= (a_l}—g)—|(al—(a_1l—(f—|a)))
= (a_l}—g)—|(a—|(a_1l—(f—|a)))
= ( a )
(

therefore u, (94 f) = (¢eg) 3 (uof). In order to prove that w, is an
automorphism of (G, e), we must show that u, is one-to-one. Assume that
Uof = uqg then (a™' F f) 4 a = (a=' F g) - a, but it implies that
(a '+ f)=(a"'Fg) and hence f =¢g. W

The following Lemma will be useful.

LEMMA 3.5. Let x, g € G, being (G, e) a digroup, then

((gil + ZE) - g)_1 = (gil F xil) g

Proof.  Because of Lemma 3.1 we have

(" Fa)H4g)E (g Fa ) 4g) = (g Fa) ko) F (g Fa™') Hg)



on the other hand

(g7'Fa ) Hg) A (g7 F(zHg) =

<

L

T

8

L
~— — —
1 1L L

—~

<

T

S

—

S—

here, again we have used Lemma 3.1. H

Let (G, e) be a digroup, the center Z (G) of (G, e) is the set of all x € G
such that (g7'Fx) 4 g =z for all g € G. It is routine to check that it
implys the equality  1g =g F z.

THEOREM 3.7. Let (G,e) be a digroup. Then (Z (G),e) is a subdigroup
of (G e)

Proof. It follows from Lemma 3.1 that (g’1 I—e) 49 =g"'F
(e 4g) = e, thus e € Z(G). Suppose now that x € Z (G) then (9—1 - x) 4
g = z for all ¢ € G, taking the inverse in the last equality we have

((g_l F :c) - g)_l =2~ ! and by Lemma 3.5 it follows that (g_1 F 33_1) -
g=a2"1 thatis 27t € Z(Q). Let z € Z (GQ), then for all g € G

(g_1 F(zk e)) Hg= (g_1
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=(((g'Fa)d(gFg ")) Fe -y
=g Fa)d(gdg ")) ey
=(((g7"Fa)dg)Hg e g
=(((g7"Fa)dg) kg ey
=(((g7'Fa)dg) (g7 Fe) g
=((g7'Fa)H4g)F ((g7" Fe) yg)
=xte,

(7' F @t hy))dg=(g"F (@ H(grg ") Fy) g
=@ 'F (@ H (g4 ) Fy) dg

=@ 'F{("Hg) g HEy) g

('F (" Hg Fg DY) g

(' (@t HgF (g Fy) g

=((g7'F @ Hg)F (g ) g

=(((g7'Fa )9 (g Fy) g

=gt Fa ) H4g (g Fy) Hg)

thus 27t F y € Z (G). Finally, it is easy to show that if z, w € Z (G) then
z"w™t € Z(G). This concludes the proof of the Theorem. W

THEOREM 3.8. Let (G, e) be a digroup. Then (Z (G),e) is an invariant
subdigroup.

Proof.  In fact, we must prove that ((a™!+z) Ha) € Z(G) for any
r € Z(G) and all a € G. Now if ¢ is an arbitrary element of G we have

*lFx)

(g*1 (o ((ail (o a:) b a))

(9
= (a7 o)A
it implys that ((a™' F2z) 4a) € Z(G). A

4. Acknowledgements

This research was partially supported under CONACYT grant 37558E
and partially supported by CITMA-ICIMAF through project 818. Thanks



25

are due to Stephanie Dunbar for helping me with the English language.

REFERENCES

[1] R. Felipe, N. Lépez-Reyes, F. Ongay, R-Matrices for Leibniz Algebras. Let-
ters in Mathematical Physics v63, n2 (2003) 157-164.

[2] R. Felipe, Manifolds and digroups. Work in progress.

[3] R. Felipe, An analogue to functional analysis in dialgebras. Submitted to
Studia Mathematica.

[4] A. Frabetti, Dialgebra (co)homology with coefficients, in Dialgebras and re-
lated Operads, Springer Lect. N. Math. 1763 (2001).

[5] F. Goichot, Un theorie de Milnor-Moore pour les algébres de Leibniz, in
Dialgebras and related Operads, Springer Lect. N. Math. 1763 (2001).

[6] A.G. Kurosh, The theory of groups. Chelsea Publishing Company 1960

[7] J.L. Loday, Dialgebras, In: Dialgebras and related operads, Lecture Notes
in Math. 1763, Springer-Verlag, New York, 2001, pp. 7-26

[8] J.L. Loday, Une version non commutative des algébres de Lie: Les algébres
de Leibniz. L'Enseignement Mathématique t.39(1993), p.269-293.

[9] J.L. Loday and T. Pirashvili, Universal enveloping algebras of Liebniz alge-
bras and (co)homology. Math. Ann. 296(1993) 139-158.

[10] J.J. Rotman, The theory of groups. An introduction. Allyn and Bacon, Inc.

1978.





