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Abstract

We prove that a positive self-similar Markov process (X,IP) that hits 0 in a finite
time admits a self-similar recurrent extension that leaves 0 continuously if and only if the
underlying Lévy process satisfies Cramér’s condition.
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1 Introduction and main result

Let IP = (IP,, z > 0) be a family of probability measures on Skorohod’s space DT, the space of
cadlag paths defined on [0, oo[ with values in IR". The space D" is endowed with the Skohorod
topology and its Borel o-field. We will denote by X the canonical process of the coordinates and
(Gt,t > 0) will be the natural filtration generated by X. Assume that under IP the canonical
process X is a positive self-similar Markov process (pssMp), that is to say that (X,IP) is a
0, co[-valued strong Markov process and that it has the scaling property: there exists an o > 0
such that for every ¢ > 0,

({cX,p10,t > 0}, IP,) & ({X,,t > 0}, IP,)  Va > 0.
We will assume furthermore that (X,IP) is a pssMp that hits 0 in a IP-a.s. finite time T =
inf{t > 0: X; = 0}, and dies. So IPy is the law of the degenerated path equal to 0. According
to Lamperti’s transformation [16] the family of laws IP can be obtained as the image law of the
exponential of a RU{—oc}-valued Lévy process £ with law P, time changed by the inverse of
the additive functional

t— /0 exp{&s/a}ds, t>0. (1)
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As usual, any function f : R — R is extended to RU{—oc} by tacking f(—oc) = 0. Thus,
the state {—oo} will be taken as a cemetery state for £ and denote by ( its lifetime, viz
¢:=inf{t > 0:& = —o0}, and by {F;,t > 0}, the filtration of £. A consequence of Lamperti’s
transformation is that the law of Ty under IP, is equal to that /I under P, where I denotes
the exponential functional associated to &

. /0 " explé. Jads.

Lamperti proved the following characterization for pssMp that hit 0 in a finite time: either
(X, IP) hits 0 by a jump and in a finite time

IP,(Ty < 00, Xppo > 0, Xpy 0 =0, V¢ >0)=1, V2 >0,
which happens if and only if P({ < co) = 1; or (X, IP) hits 0 continuously and in a finite time
IP,(Ty < 00, Xppo = 0, Xqy e =0, V¢ >0)=1, Yz >0,

and this is equivalent to P({ = oo,lim; .. & = —oo) = 1. Reciprocally, the image law of
the exponential of any RU{—oo} valued Lévy processes time changed by the inverse of the
functional defined in (1) is the law of a pssMp that dies at its first hitting time of 0. For more
details, see [16] or [18].

The main purpose of this note is continue our study initiated in [18] on the existence and
characterization of positive valued self-similar Markov processes, X , that behave like (X, IP)
before its first hitting time of 0 and for which the state 0 is a regular and recurrent state. A
such process X will be called a recurrent extension of (X,IP). We refer to [18],[21] and the
references therein for an introduction to this problem and for background on excursion theory
for positive self-similar Markov processes.

We say that a o-finite measure n on (D, G,) having infinite mass is an ezcursion measure
compatible with (X, IP) if the following are satisfied:

(i) n is carried by
{we D' | Th(w) > 0 and X;(w) =0,Vt > Ty};

(i) for every bounded G,—measurable H and each t > 0 and A € G,
n(Houwu, AN{t <Ty}) =n(lEx,(H),AN{t <Tp}),
where ¢; denotes the shift operator.
(iii) n(1 —e 1) < oo;

Moreover, we will say that n is self-similar if it has the scaling property: there exists a 0 < v < 1,
s.t. for all @ > 0, the measure H, n, which is the image of n under the mapping H, : D* — D,
defined by

H,(w)(t) = aw(a™Y°t), t>0,



is such that
H,n=a""n.

The parameter v will be called the index of self-similarity of n. See Section 2 in [18] for
equivalent definitions of self-similar excursion measure.

The entrance law associated to n is the family of finite measures (n¢, ¢ > 0), defined by

n(X; € dy,t < Ty) = ny(dy), t>0.

It is known that there exists a one to one correspondence between recurrent extensions of
(X,IP) and self-similar excursion measures compatible with (X, IP), see e.g. [21] and [18]. So
determining the existence of the recurrent extensions of (X, IP) is equivalent to doing so it
for self-similar excursion measures. We recall that the index of self-similarity of a self-similar
excursion measure coincides with that of the stable subordinator which is the inverse of the
local time at 0 of the associated recurrent extension of (X, IP).

We say that a positive self-similar Markov process for which 0 is a regular and recurrent state
leaves 0 continuously (respectively, by a jump) whenever its excursion measure, n, is carried by
the paths that leave 0 continuously (respectively, that leave 0 by a jump)

n(Xor >0)=0; (respectively, n(Xo. =0)=0.)

Vuolle-Apiala [21] proved, under some hypotheses, that any positive self-similar Markov process
for which 0 is a regular and recurrent state either leaves 0 continuously or by jumps. In fact
his result still holds true in the general setting as it is proved in the following Lemma.

Lemma 1. Let n be a self-similar excursion measure compatible with (X,1P), and with index
of self-similarity v €]0, 1. Then

either n(Xor >0)=0 or n(Xe =0)=0.

Proof. Assume that the claim of the Lemma does not hold. Let n® = c(c)n\{x(pr:o} and
n = c(j)n|{XO+>0}, be the restrictions of n to the set of paths {Xy, = 0}, and {Xo, > 0},
respectively, and ¢'® and ¢U) are normalizing constants such that

n(l —e ) =1=n/(1-e").

The measures n° and n/ are self-similar excursion measures compatible with (X, IP), and with
the same self-similarity index . According to Lemma 3 in [18] the potential measure of n® and
that of n/ is given by the same purely excessive measure

TO . TO
n° (/ 1{Xt€dy}dt> = Oa,'yy(liai’y)/ady =n’ (/ 1{Xt€dy}dt) , y>0, (2)
0 0

where C, ., €]0,00[ is a constant. So by Theorem 5.25 in [13]|, on the uniqueness of purely
excessive measures, the entrance laws associated to n® and n’/ are equal. So, by Theorem 4.7
in 7] the measures n¢ and n’ are equal. Which lead to a contradiction to the fact that the
supports of the measures n® and n’ are disjoint. O]



If n” is a self-similar excursion measure with index v = Sa €]0, 1[ and that is carried by the
paths that leave 0 by a jump then the self-similarity implies that n® has the form n® = ¢, 5 P,,,
where 0 < ¢, g < 00 is a normalizing constant and the starting measure or jumping-in measure
g is given by

ns(dr) = Br~Pda, x> 0.
The choice of the constant c, s depends on the normalization of the local time at 0 of the
recurrent extension of (X, IP).

In the work [18] we provided necessary and sufficient conditions on the underlying Lévy
process for the existence of recurrent extensions of (X, IP) that leave 0 by a jump. For sake of
completeness we include an improved version of that result.

Theorem 1. Let (X, IP) be an a-self-similar Markov process that hits the cemetery point 0 in
a finite time a.s. and (£, P) the Lévy process associated to it via Lamperti’s transformation.
For 0 < g < 1/a, the following are equivalent

(i) E(e%1,1 <) < 1,
(1) BE(I*P) < oo,

(i4i) There exists a recurrent extension of (X,IP), say X¥ | that leaves 0 by a jump and its
associated excursion measure n° is such that

0’ (Xo, € dz) = capfr Pz, x>0,
where c, 5 15 a constant.

In this case, the process XP) is the unique recurrent extension of (X,IP) that leaves 0 by a
Jump distributed as cq gngs.

The equivalence between (ii) and (iii) in Theorem 1 is the content of Proposition 1 in [18]
and the equivalence between (i) and (ii) is a consequence of Lemma 2 below.

Thus only the existence of recurrent extensions that leave 0 continuously remains to be
established. In this vein, we proved in [18| that under the hypotheses:

(H2a) (&, P) is not-arithmetic, i.e. its state space is not a subgroup of r Z, for any r € R.

(H2b) Crameér’s condition is satisfied, that is to say that there exists a § > 0 s.t.
E(",1<() =1,

(H2c) for @ as in the hypothesis (H2b), E(£ %!, 1 < () < cc.

and provided 0 < af < 1, there exists a recurrent extension of (X, IP) that leaves 0 continuously.
In a previous work, Vuolle-Apiala [21] provided a sufficient condition on the resolvent of (X, IP)
for the existence of recurrent extensions of (X, IP) that leave 0 continuously. Actually, in [18]
we proved that in the case where the underlying Lévy process is not-arithmetic the conditions
of Vuolle-Apiala are equivalent to the conditions (H2b-c) above. So, it is natural to ask if the
conditions of Vuolle-Apiala and ours are also necessary for the existence of recurrent extensions
of (X,IP) that leave 0 continuously? The following counterexample answers this question
negatively.



Counterexample 1. Let o be a subordinator with law P such that its law is not arithmetic
and has some exponential moments of positive order, i.e.

E:={1>0, 1 <E(") <o} #0.
Assume that the upper bound of &, say ¢, belongs to £N]0, 1] and that the function

m(z) :=E (1{01>m}eq”1) , x>0,
is regularly varying at infinity with index —fg, for some # €]1/2,1[. Let (£,P) be the Lévy
process with finite lifetime (, obtained by killing o at an independent exponential time of
parameter = log (E(e?")). By construction, it follows that Cramér’s condition is satisfied

E(e®,1<() =1,

and by Karamata’s Theorem the function
mh(x) = / E(1{51>u}qul, 1 < ()du, x>0,
0

is regularly varying at infinity with index 1 — 3. As a consequence, the integral E(£,e%, 1 < ()
is not finite. We will denote by P?, the Girsanov type transformation of P via the martingale
(e%s, s > 0), viz. P%is the unique measure s.t.

P? =%t P, on F, t>0.

Let (X, IP) be the 1-pssMp associated to (£, IP) via Lamperti’s transformation and let V) denote
its A\-resolvent, A > 0. We claim that the following assertions are satisfied:

(P1) For any A > 0,

st wtog(1/e) P — ot [ B (o { o [ esash )y

for every f :]0,00[— R, continuous and with compact support;

(P2) the limit
lim mi(log(1/z)) Eel =€)

x—0+ x4

= Cy,
exists and Cy €]0, 0o

(P3) there exists a recurrent extension of (X,IP) that leaves 0 continuously.

That the properties (P1-3) are satisfied in the framework of Counterexample 1 will be proved
in Section 3.



In the previous counterexample we have constructed a pssMp that does not satisfy the
hypotheses of Vuolle-Apiala [21] nor all the hypotheses in [18], and that nonetheless admits a
recurrent extension that leaves 0 continuously. This allowed us to realize that only Cramér’s
condition is relevant for the existence of recurrent extensions of pssMp. That is the content of
the main theorem of this paper. To state the result we need further notation.

First, observe that if Cramér’s condition is satisfied with index @, then the process M :=
(e%t.t > 0) is a martingale under P. In this case, we will denote by P% the Girsanov type
transform of P via the martingale M, as we did in the Counterexample 1. Under the law P*
the process £ is a R-valued Lévy process with infinite lifetime and that drift to co. We will
denote by J, the exponential functional

J = /OOO exp{—&s/a}ds.

A straight consequence of Theorem 1 in [5] and the fact that (¢, P%) is a Lévy process that
drift to oo, is that J < oo, Pf-a.s. More details on the construction of the probability measure
P’ and its properties can be found in Section (2.3) in [18]. This being said we have all the
elements to state our main result.

Theorem 2. Let (X,IP) be an a-self-similar Markov process that hits its cemetery state 0
in a finite time IP-a.s. and ({,P) be the Lévy process associated to (X,IP) via Lamperti’s
transformation. The following are equivalent:

(i) There exists a 0 < 0 < 1/a, such that E(e’1,1 < () = 1.

(1) There exists a recurrent extension of (X,IP) that leaves 0 continuously and such that its
associated excursion measure from 0, say n, is such that

n(l—e ) =1.
In this case, the recurrent extension in (ii) is unique and the entrance law associated to the
excursion measure n is given by, for any f positive and measurable

1 N
T = o) BT (f (ﬁ) ! 1> . >0, (3)

with 0 as in the condition (i).

n(f(Xy),t <Tp) =

Observe that the condition (ii) in Theorem 2 implies that the inverse of the local time at
0 for the recurrent extension of (X,IP) is a stable subordinator of parameter af for some
0 < 6 < 1/a. It is implicit in the Theorem 2 that this is the unique 6 > 0 that fulfills the
condition (i), and viceversa. Moreover, the expression of the entrance law associated to n
should be compared with the entrance law of Bertoin and Caballero |2| and Bertoin and Yor [4]
for positive self-similar Markov processes that drift to oco.

Besides, we can ask whether the recurrent extension in Theorem 2 is of the type obtained in
Theorem 2 in [18].



Corollary 1. Assume that there ezists a recurrent extension of (X,IP) that leaves 0 contin-

uwously and let IP and n denote its law and excursion measure at 0, respectively. For 0 as in
Theorem 2 the integrability condition

E(& e’ 1 < () < oo, (4)

15 satisfied if and only if
n(X? 1< Ty) < . (5)

Furthermore, the latter holds if and only if

E,(X)) <00, VYa>0,Vt>0. (6)

During the elaboration of this work we learned that in [12]| P. Fitzsimmons essentially proved
the equivalence between (i) and (ii) in Theorem 2. He proved that Cramér’s condition and a
moment condition for the exponential functional I are necessary and sufficient for the existence
of a recurrent extension of (X, IP) that leaves 0 continuously. Actually, the moment condition
of Fitzsimmons is a consequence of Cramér’s condition, as it is proved in Lemma 2 below.
Besides, Fitzsimmons’ arguments and ours are completely different. He used arguments based
on the theory of Kusnetzov measures and time change of processes with random birth and
death, while our proof uses some general results on the excursions of pssMp obtained in our
previous work [18] and some facts from the fluctuation theory of Lévy processes.

The rest of this note is organized as follows: Section 2 is mainly devoted to the proof of
Theorem 2 and in Section 3 we establish the facts claimed in Counterexample 1.

2 Proofs

To tackle our task we need some notation. The Laplace exponent of (£, P) is the function
¥ :[0,0] — RU{oo} defined by

E(e* 1 < () == W, AeR.

Holder’s inequality implies that 1 is a strictly convex function on the set £ ;== {A € R: ¢(\) <
o0}. So, if Cramer’s condition is satisfied then the equation ¥(A) = 0, A > 0, has a unique root
that we will denote hereafter by 6. Observe that [0,0] C &, and that v is derivable from the
right at 0 and from the left at 6§ and

E(glu 1< C) = wi&-(o) S [—O0,0[, E(fle%l, 1< C) = W_(@) 6]07 OO]

Our first purpose is to prove that (i) and (ii) in Theorem 1 are equivalent and that in
Theorem 2, (i) implies (ii). To reach our end we will need the following Lemma.

Lemma 2. Let ({,P) be a Lévy process and let f > 0 be such that

E(e 1 <) <1,



and assume that f < 1/a. Then
E (1) < oo.

Furthermore,
E(®,1<() <1, ifandonlyif E (]O‘ﬁ) < 00.

Proof of Lemma 2. For t > 0, let (); denote the random variable

Q= /0 exp{€u/at uce)du.

The main argument of the proof uses that E( ?B ) < o0, for all ¢ > 0. Indeed, the strict convexity

of the mapping A — E(e*!,1 < () implies that for any p > 1, E (e@/P% ¢ < () = eV0/P) < 1,
t > 0. Thus,

E(Q") < tE | sup {655“1{u<<}}}

L0<u<t

r p
—{*E (Sup {e(ﬁ/p)gul{u«}}) 1

o<u<t

B p

O<u<t

p
=1 (pﬁ 1) = [{e(ﬁ plee et/ p>1{t<<}}p}

p
< taﬂ (L) e*tlﬂl’(ﬁ/m?
p—1

owing that the process e(#/95—ub(B/e) 4 > () is a positive martingale and Doob’s L,, inequality.
We now prove the first claim in Lemma 2. On the one hand, using the well known inequality

|22 = y|*?] < [z —y|*®, z,y€ER,

we get that

% af 00 af
(/0 exp{{s/a}l{sq}ds) —(/t exp{&s/a}1{3<<}ds>

On the other hand, we have a.s.

0 af 00 af
( / exp{gs/a}l{s«}ds) —( / exp{gs/a}l{s«}ds)

af—1

=af /0 exp{&u/atliuce ( / eXp{és/a}l{s«}dS) du

E

SE( f‘ﬂ><oo.

af—1

= aﬁ/{) exp{ﬁfu}l{u<4} (/0 GXp{gn/O(}l{r<Z}d7"> du,



where £~T =&auw — &, r > 0, and QN“ = ( — u. Thus, by taking expectations, using Fubini’s
Theorem and the independence of the increments of £ we get the identity

oo af oo af3
E X s lrse d - X s 1< d
((/ exp{E/0} Ljucq) ) (/ exp{E 0} Ljucq) ) )
t [e%¢] . af—1
= E [ ex 3 S xp{&, 1, =d d
af ; (e p{B&}H fu<cy (/0 exp{&./a} {r<C} 7’) ) u

t
:aﬁE(Iaﬁl)/ E (exp{8&} fu<cy) du.
0
The first claim in Lemma 2 follows. To prove the second assertion, we assume first that

E (eﬁfl, 1< C) < 1. Thus, by making ¢ tend to infinity and integrating in the latter equation
we get the identity

E (I°°) = % E (1°°71). (7)

This relation is well known, see e.g. [5] and [17]. Which together with the first assertion of the
Lemma implies that E(/*?) < co. We now prove the reciprocal. If E(1*?) < oo, then we have

that
oo ([ exnteogas) )

-5 (( [ ewtejans) ) 1{1«;})

oY e (( [ el - &)/atgecods) aﬁ) 1{1<<})

=E (") E (( /0 C exp{fs/a}ds) aﬁ) :

owing to the fact that £ is a Lévy process. So, we get that in this case E (eﬁfl, 1< C) <1. 0O

Theorem 2, (i) implies (ii). The proof of this result is based on Theorem 3 in [18], but to use
that result we first need to establish some weak-duality relations.

By assumption (i) and Lemma 2 we have that E(I*°~!) < co. Morcover, let (£, P?) :=
(—&,P?) denote the dual of (&, P¥). Then (&, P%) drift to —oo, because (&, P¥) drift to oo, and
as a consequence [ < oo, Pias. Furthermore, (5,13”) satisfies the hypotheses of Lemma 2
with 3 = 6 due to the identity

B (%) = B (¢7%) = B (e %1¢% 1 < ¢) < 1.

Thus we can also ensure that E? ([a9_1) < 00. Now, let If’u be the law of the a-pssMp associated

to (&, ].3“) via Lamperti’s transformation. Then (X I/lsu) is an a-pssMp that hits 0 continuously

9



and in a finite time P'-a.s. and according to Lemma 2 in [4], (X,IP?) and (X,If’h) are in
weak duality with respect to the measure a2/ 1dx, z > 0, and given that the law IP? is the
h-transform of the law IP via the invariant function h(x) = ¥ for the semigroup of (X, IP) (see

Proposition 5 in [18|) it then follows that (X,IP) and (X,I/E’h) are in weak duality w.r.t. the
measure o 'z =0z, x > 0. Furthermore, we have that for any A > 0,

oz_l/ dagt/o—1-0 IE, (e ) < o0, ofl/ dggt/o—1-0 ]Eux(e_)‘TO) < 00. 9)
0 0
Indeed, for A > 0

ol /°° dzz'/o 10 1R, (e—ATo) _ 4! /°° dep /10 | (e—)\xl/al)
0 0

(0]
) (a—l/ dxxl/‘“_l_ee_’\xl/a])
0

= XY E([IHI(1 - af) < .

The same calculation applies to verify the finiteness of the second integral in equation (9). This
being said, Theorem 3 in [18] ensures that there exists a unique recurrent extension of (X, IP),
such that the A-resolvent of its excursion measure, say n, is given by

n Y — 1 - 1a—1-0 757 (AT
(/0 e f(Xt)dt> aF(l—@H)f}U([ael)/o flx)x IE (e 0)dx, (10)

for A > 0, and any function f, positive and measurable on [0, co[. An easy calculation proves
that the A-resolvent of n satisfies the self-similarity property in Lemma 2 in [18] and therefore
the excursion measure n is self-similar. In particular, n(1 — e~7?) = 1, and the potential of n
is given by

n( " f(X )dt) = ! /OO f(x)z/ 10y
0 ' al'(1 — ab) Eh(laefl) 0 '

Which compared with the result in Lemma 3 in [18| implies that
Ef (19071 = B (1°°°1) . (11)

Actually, Theorem 3 cited above establishes also that there exists a recurrent extension of

(X, If)n) with excursion measure n such that

~ o B 1 - 1/a—1— —X\To
() 0 ) = S [, S e

Moreover, the recurrent extensions of (X,IP) and (X, ]f)h) associated to n and n, respectively,
still are in weak duality. To verify that n is carried by the paths that leave 0 continuously,
we claim that the image under time reversal at time T of n is n. This follows from the fact
that n and n both have the same potential and an application of a result for time reversal
of Kusnetzov measures established in Dellacherie et al. [10] Section XIX.23. Thus, using the

10



Markov property and that (X,If’h) is a pssMp that hits 0 continuously and in a finite time

ﬂsu—a.s., given that the underlying Lévy process (&, ]/.:\’“) drifts to —oo, we get that n is carried
by the paths that hit 0 continuously and therefore

0 =1n(Xg_ >0) =n(Xe. > 0).
0

We will next prove that in Theorem 2, (ii) implies (i). The proof is long so we will give
it in two main steps: with the first we will prove that if it is possible to construct recurrent
extensions of (X, IP) that leave 0 by a jump then the condition in (i) in Theorem 2 is satisfied;
and with the second step, we will prove that if (ii) holds then it is indeed possible to construct
recurrent extensions of (X, IP) that leaves 0 by a jump.

2.1 Step 1

The Step 1 of the proof that in Theorem 2, (ii) implies (i) relies on the following Proposition.

Proposition 1. Assume that there exists a recurrent extension, )N(, of (X,IP) that leaves 0
continuously and let o €]0, 1] be the index of self-similarity of the subordinator inverse of the
local time at O of X. We have that for any 0 < B3 < o there exists a recurrent extension X® of
(X,TP) with associated excursion measure n° = c, g IP,,,, where ng is the jumping-in measure
defined in the Introduction and c, 3 s a normalizing constant.

The proof of this Proposition will be given in Subsection 2.2. Roughly, the process X ) will
be obtained by erasing randomly the debut of all the excursions out from 0 of X. Formally,
this will be done using a time change associated to a fluctuating additive functional.

If we take for granted the existence of X¥), for all 8 €]0, 9], the rest of the proof is rather
elementary as we shall next explain. Owing to the Theorem 1 this has as a consequence that
for any 0 < 8 < 9 the Lévy process £ has positive exponential moments of order 3,

E™, 1<) <1, v5€0,9]

So we have that
Bl_igl_E (6651,1 < C) =E (67951,1 < C) <1

Nevertheless, it does not happens that E (eﬁgl, 1< C) < 1. Because, if this were indeed the case
Theorem 1 would imply that (X, IP) admits a recurrent extension that leaves 0 by a jump and
with jumping-in measure proportional to 7y. Thus, that the measure m =27'n+27'¢, yIP,,,
is a self-similar excursion measure compatible with (X, IP), and with index of self-similarity o,
as before ¢, y is a normalizing constant. Therefore, there exists a recurrent extension of (X, IP)
with excursion measure m and that may leave 0 by a jump and continuously, which leads to a
contradiction to the fact that any recurrent extension of (X, IP) either leaves 0 by a jump or
continuously. Therefore, Cramér’s condition is satisfied.
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2.2 Step 2. Construction of the auxiliary processes

The main purpose of this section is to prove the Proposition 1.

Our first concern will be ensure that there exists a measure I on Skorohod’s space D of
cadlag real valued paths defined on [0, 00), such that under IP the canonical process Y is a
strong Markov self-similar process that has the following properties:

o (Y, IF’*) is a real valued a—self-similar Markov process that leaves 0 continuously,
e 0 is a recurrent and regular state for (Y, ]f)*),
° (Y,Iﬁ*) is symmetric,

(Y, ]13*) killed at its first hitting time of | — 0o, 0] has the same law as (X, IP),

the measure of the excursions from 0 of (Y, ]f)*), say W, is supported by

{weD:Th(w) > 0,w(t)=0,Vt>Tyw)}Nn(DTUD")
where

Dt ={web:w() >0, ¥te,Thw)]},
D™ ={weD:w(t) <0, Vtel0,Tyw)|}.

e the restriction of W to the set of positive cadlag paths DT is equal to n.

This implies that there exists a local time L = (L;,t > 0) at 0 for (Y, ﬁD*) and that the inverse
of L, say L™!, is a stable subordinator of parameter ad.

The spaces DT, D~ are endowed with the o-algebras G, G, generated by the coordinate
maps, respectively.

Proof. We first introduce some notations. Let IP™ be the law on (D~,G_ ) which is the image
of (—X,IP). Under IP™ the canonical process of coordinates X ~ is a self-similar Markov process
taking values in | — oo, 0], that dies at its first hitting time of 0. We will denote by (P;",¢ > 0) and
(Pt_,t > O) the semigroups of (X, IP) and (X ~,IP7), respectively. We define a sub-Markovian
semigroup on R\{0} as follows, for any f: R — R* measurable

Pt*f(x) = Pt+f(x)1{x>0} + Pt_f($)1{a:<0} + f(o)l{x:()}a t Z O, reR.

The semigroup {P;,t > 0} is Fellerian on R \{0} and satisfies the hypothesis in |7] Chapter 5,
since the semigroups (P;",¢ > 0) and (P, ,t > 0) have those properties on |0, oo and ] — oo, 0],
respectively. Thus, there exists a unique strong Markov process on R whose law will be denoted
by IP*, having (P}, t > 0) as semi-group and for which 0 is a cemetery state. Observe that when
started at some x > 0 the process (Y,IP*) has the same law as (X, IP). Besides, let nn be the
image of n under the measurable mapping ® : DT — D~ defined by ®(w) = —w. The measure n
is an excursion measure compatible with the semigroup (P, ,¢ > 0). Then there exists a unique
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measure W on DF U D~ endowed with the o-algebra G = GE\/ G, such that Wiy = n

oo

and Wlp- = n, and is an excursion measure compatible with the semigroup (P, ¢t > 0). The
version of the It6 extension Theorem of Blumenthal [7] Chapter 5, implies that there exists a

unique recurrent extension of (Y,IP*), with law, say ]P*, and with excursion measure W. By
construction the process (Y,IP ) has the required properties. O]

Next, we introduce other ingredients that will be useful to prove the Proposition 1.
For ¢ > 0, let AT, A~ be the additive functionals of Y defined by

t t
Aj_ = / 1{ys>0}d5, At_’q == / ql/aﬂl{ys<0}ds, t 2 O,
0 0

and we introduce the time change 79 which is the generalized inverse of the fluctuating additive
functional AT — A9, that is

7@O(t) = inf{s > 0: AT — A7 > t}, t >0, inf () = oco.
Now, let Y(+9) be the process Y time changed by 7(@,
Y(+’q) _ YT(‘?)(t) if T(q) (t) < X0 .
' A if 7@ (t) = 0o’

where A is a cemetery or absorbing state. The proof of Proposition 1 is a straightforward
consequence of the following Lemma.

Lemma 3. Under IP the process Y9 s a positive a-self-similar Markov process for which 0
s a reqular and recurrent state and that leaves 0 by a jump according to the jumping-in measure
Ca,p9T)p9; Wit

N (dx) = pdzr 1P de, x>0,

where p s given by

1 1 1—gq Ta)
= — 4+ ——arct t — 0,1
P 2+7Tm9arcan(l+q an( 5 ))G], B

and 0 < co 9 = n(X}?,1 < Ty) < 00, is a constant.

That the process Y+ is a pssMp follows from standard arguments. We should prove that
the measure n™? of the excursions from 0 of Y59 is such that n™4(Y; € dy) = ca po7,0(dy).
This will be a consequence of the following auxiliary Lemma.

Lemma 4. (i) The processes Z+,Z 9 defined by

Zt=(ZF=A 120y Z70=(Z71= A0t >0)

-1
Lt

are independent stable subordinators of parameter o, and their respective Lévy measures
are given by 7 (dr) = cx™7dx, and 779(dz) = qez™"?dx, on 0, 00, and ¢ €]0, 00|
18 a constant.
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(1) The process Z = ZT —Z 1 is a stable process with parameter a and positivity parameter
p=P(Zy >0), with p as defined in Lemma 3

(11i) The upward and downward ladder height processes H and H associated to Z are stable
subordinators of parameter adp and ad(1 — p), respectively.

The proof of Lemmas 3 and 4 uses arguments from the fluctuation theory of Lévy processes,
we refer to [1| for background on this topic.

Proof. That the processes Z1, Z7% are independent subordinators is a standard result in the
theory of excursions of Markov processes and follows from the fact that they are defined in terms
of the positive and negative excursions of (Y, ITD*), respectively. The self-similarity property for
(Z+,Z1) follows from that of (Y, ]f)*) The jump measure 7F of Z* is given by

7 (dt) = n(Tp € di),
while that of Z77 is
7 9(dt) = qn(T, € dt).

And given that the jumps of the stable subordinator L™! are given by the measure n(Tj € dt),
it follows that n(Ty € dt) = ct~1=*%d¢, ¢t > 0, for some constant 0 < ¢ < co. The proof of the
assertion in (ii) is straightforward. It is well known in the fluctuation theory of Lévy processes
that the upward and downward ladder height subordinators associated to a stable Lévy process
have the form claimed in (iii). O

Proof of Lemma 3. By construction, the closure of set of times at which the process Y (+:4)
visits 0 is the regenerative set which is the closure of the image of the supremum of the stable
Lévy process Z. So 0 is a regular and recurrent state for Y9, The length of any excursion
out of 0 for Y9 is distributed as a jump of Z to reach a new supremum or equivalently as
a jump of the upward ladder height process H associated to Z. Let N denotes the measure of
the excursions from 0 of Z — Z, the process Z reflected at its current supremum, viz.

(Z - Z); == sup {0V Z,} — Z,, t>0;

0<s<t

and let R denote the lifetime of the generic excursion from 0 of 7 — Z. Let Il be the Lévy
measure of Z and V be the renewal measure of the downward ladder height subordinator H

that is -
V(dy) = E ( /0 1{ﬁsedy}ds> .

It is known in the fluctuation theory for Lévy processes that under N the joint law of Zz_ and
Zr — Zpr_ is given by

N(Zg_ € de,—(Zr — Zr_) € dy) = V(d2)T4(dy) 1 {ocrey)-

Moreover, the Lévy measure of H, say po(dz), is such that

polx, oo[= // ‘A/(ds)HZ(du)l}Loo[(u —s), x> 0.
{0<s<u}
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cf. [20]. In our framework, —(Zr — Zg_) denotes the length of the generic positive excursion
from 0 for (Y,]P*) and Zp_ is the length of the portion of the generic positive excursion
from 0 of (Y,]P*) that is not observed while observing a generic excursion from 0 of Y+,

Furthermore, —(Zp — Zp_) — Zg_ is the length of the generic excursion from 0 for Y9 so
n™9(Ty € dt) = po(dt).

Let n(-|7y = -) denote a version of the regular conditional law of the generic excursion under
n given the lifetime Ty. Similarly, the notation n™?(-|Ty = ) will be used for the analogous
conditional law under n™%. These laws can be constructed using the method in [9].

Finally, it follows from the verbal description above, that for any positive and measurable
function f: R — R

(£ (Yp)) = / T 0T € dupnt (F(Yo)|Th = u)
:/]0 /] [N(ZR_ Gdt,—(ZR—ZR_) €d3>n(f<Y;)|T0:S)
_ / 7 (dt) / Hz(ds)n(f(Yo)|To = )
t€]0,00[ s€]t,00]
_ / 7 (de) / n(Ty € ds)n(f(Y))|T = s)
t€]0,00[ €]t,00[

:/t]o [XA/(dt)n(f(Yt)J < Ty).

Given that the downward ladder height subordinator H is a stable process with index ad(1—p),
it follows that

(£ (V) = ad(1 - p)k / 200" "0 (£(¥;), ¢ < Ty)

€]0,00[

/ At === (£(t°Y}), 1 < Tp)
10,00[

/ n(Y; € dr, 1 < Tp) / dtt=?°=1 f(t°x)
0,00]

t€]0,00]
kn < 1< T0> / duu™""71 f (u)
u€]0,00]
= Ca,pﬂnpfa

where k is a constant that depends on the normalization of the local time at zero for the reflected
process Z — Z; which without loss of generality can be and is supposed to be k=1 O

Remark 1. The previous proof is inspired by the work of Rogers [19].
We finally have all the elements to prove the Proposition 1.

Proof of Proposition 1. By construction the process Y™ is a recurrent extension of (X, IP)
that leaves 0 by a jump according to the jumping-in measure ¢, 9,m9,.- Thus, for any 3 < o the
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process X in Proposition 1 is the process Y+ with ¢ > 0 such that p = 3, recall that
p and ¢ are related by the formula in Lemma 3. Which finishes the proof of the Proposition
because if ¢ ranges in |0, oo, then p ranges in ]0, 1[. O

We have so finished the proof of the equivalence between the assertions (i) and (ii) in The-
orem 2. Observe that the # in the proof of the implication (i) = (ii) is equal to the ¥ in the
implication (ii) = (i).

We next prove the uniqueness and characterization of the entrance law associated to the
excursion measure claimed in Theorem 2.

2.3 Uniqueness and characterization

Assume that there exist two recurrent extensions of (X, IP) that satisfy the conditions in (ii) in
Theorem 2 and let n and n’, be its associated excursions measures. Then there exist #; and 6,
such that Cramér’s condition is satisfied. The strict convexity of the mapping A — IE(e*!,1 <
¢) implies that s = 6 = ;. As a consequence, the potential of both excursion measures is
given by equation (2) with « replaced by a#. Therefore, arguing as in the proof of Lemma 1 we
show that n = n’. Which finishes the proof of the unicity.

The characterization of the entrance law follows from our proof of the fact that (i) implies
(ii) in Theorem 2. On the one hand, by construction the resolvent of the excursion measure n
is given by equation (10). On the other hand,

To oo
n </ e_’\tf(Xt)dt) :/ e M (f(t* X)), 1 < Tp)dt
0 0
=n (/ duof1ul/o‘_l_ef(u)Xf_l/ae_’\ul/aXl1/a1{1<T0}) (12)
0
— / dua—lul/a—1—9f<u)n (Xle—l/ae—)\ul/(xX;l/(x1{1<T0}> 7
0

where we used thee times Fubini’s Theorem combined with the scaling property of n and a
change of variables. Comparing the results in equations (10) and (12) we get the identity

1
I'(1— af) Et ([06-1)

n (Xffl/a exp {—Aul/aXfl/a} 1{1<T0}) = Iﬁlhu (e*)‘To) ,

for all A > 0 and a.e. u > 0. As a consequence,
H(Xle_l/a].{1<TO}> < 0.

By the dominated convergence theorem, the latter identity holds for all A > 0 and all u > 0.
Recall that by Lamperti’s transformation, Ty under If’hu has the same law as u/*J under P?.
So by the uniqueness of Laplace transforms it follows that

: B (/ (1)
(1 — af) Et (100-1) ’
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The claim in Theorem 2 follows from this identity using the scaling property of n, and that the
law of I under P? is equal to that of J under P?.

We have finished the proof of Theorem 2 and we next prove the Corollary 1.

2.4 Proof of Corollary 1
Owing that the left derivative of ¢ at 6 exists, it follows from Proposition 3.1 in [8] that
B (/) =E (1) = —E*(&) = E(Ge™, 1 < (),

and the leftmost quantity is finite if and only if E(§e%!,1 < {) < oco. So, that (4) and (5)
are equivalent is an easy consequence of the representation of the entrance law obtained in
Theorem 2. We will next prove that (5) is equivalent to (6). Let V) denote the A-resolvent
of (X,IP) and U, be the A-resolvent of the unique recurrent extension of (X, IP) that leaves 0
continuously. The invariance of h(x) = 2%,z > 0 implies that

n(X! 1 <T)) =n(X t<Ty), t>0.
Using a well known decomposition formula and Fubini’s theorem we get
NUsh(z) = AVyh(z) 4+ IE, (e ) AU, h(0)
An ( % e*Ath(Xt)dt>
n(l — e )

= h(z) + IE, (e M)\ —? / e M (h(X,),t < Tp)
0

= h(z) + B, (e )

= h(z) + E (e M)A n (h(X)),1 < Tp).

Thus AUyh(z) < oo for all z if and only if n(X? 1 < Ty) < oo. From where we get that if (5)

holds then IINEgC (Xf) < oo for all x > 0, and a.e. t > 0. The self-similarity implies that in this
case the latter holds for all x > 0, and all ¢ > 0. Which finishes the proof of Corollary 1.

3 Proof of Counterexample 1

A key tool in the establishment of (P1) and (P2) is the following version of Erickson’s renewal
theorem [11].

Lemma 5 (Erickson’s renewal theorem [11]). Let G be a non-arithmetic probability distribution
function on R™ such that 1 — G is a reqularly varying function at infinity with index v €]1/2,1],
U the renewal measure associated to G, and m(x) := [ (1 — G(u))du, x > 0. Then

(i) for any directly Riemann integrable function g : RY — R,

tliggom(t)/o g(t —y)U(dy) = m/ooo 9(y)dy;
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(ii) For any directly Riemann integrable function g : R — R,

Jim m(t) /OO gy —)U(dy) = m /OO 9(y)dy.

The statement in (i) in Lemma 5 is the content of Erickson’s renewal theorem 3 and so only
(ii) requires a proof, which is postponed to the end of this Section. Next, we proceed to prove
the claims in Counterexample 1. To that end, observe that the law P is that of a subordinator
with infinite lifetime such that the tail probability P%(¢; > ) is a regularly varying function
with index 8 €]1/2,1]. Let U® be the renewal measure of the subordinator with law P?, that is
to say

U¥(dy) = / TPiG edy)dt,  y >0,

According to Bertoin and Doney [3], the measure U* is the renewal measure associated to the
probability distribution function given by F(-) = P%(&, < -), where e is a standard exponential
r.v. independent of ¢ under P%. Let IP be the law of the 1-pssMp associated to (£, P?) via
Lamperti’s transformation. The measure IP" is such that

PP = X’TP on G, t> 0.
It follows that the resolvents of (X,TP%) and (X,IP) are related by

Vi) = 21 g e, (13)

hy(z)

with h,(z) := 29,z > 0. Moreover, we have that for any function f : R* — R™, such that the
application y — f(e¥)e?, is directly Riemann integrable

1 o0
W/o f(y)dy. (14)

Indeed, by applying Lamperti’s representation and (ii) in Lemma 5 we get

Jim mé(log(1/)) V5 f(x) =

(1231 0) = i og(1 /) BF | [ slaeacea]
— m(log(1/2) [ fler-tonier- ey

1 Yy Yy
or T )T0) /Rf (e%)e"dy.

And by making a change of variables in the rightmost quantity we obtain (14). Moreover,
repeating the arguments in [4], we prove that for every f :]0,00[— R, continuous and with
compact support and A > 0,

i, o1/ 0)ViF @) = =i [ S8 [ { - [T eeast i 09

z—0+

Therefore, the claim in (P1) is a straightforward consequence of (13) and (15).
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Besides, in [18] Lemma 4, we proved that in general the exponential functional I satisfies
the equation in law

1
7 e Q-+ MI, with (Q, M) := (/ exp{fs/a}l{s«}ds,eo‘1511{1«}) , and [ Law I,
0

and the pair (@, M) is independent of I. Moreover, under the hypotheses (H2) in Lemma 4
in [18] we obtained, as a consequence of Goldie’s Theorems 2.3 and 4.1 in [15], an estimate of
the tail probability of I. A perusal of the proofs provided by Goldie to those theorems allows
us to ensure that the arguments can be extended, using Erickson’s renewal theorem instead of
the classical renewal theorem, to prove the following Lemma.

Lemma 6. Under the hypothesis of Counterezample 1 we have that

lim m*(log (1))t TP, (Tp > t)

B m]ﬂ ((/0“’ exp{fs}l{s<c}d3)q - (/100 exp{§s}1{s<<}ds)q)

= qu(IQ‘l) €0, ool.

Therefore, Lemma 6 and Karamata’s Tauberian Theorem imply that the property (P2) is
satisfied.

Remark 2. The expression of the value of the limit in Lemma 6 is a consequence of the proof
of Lemma 2.

Finally, to prove that the condition (P3) is satisfied, we argue as in [21| page 556-557 to
ensure that there exists a family of finite measures on |0, 00|, say (ny, A > 0), such that

Vif(x)

o z—0+ ]Ew(l — G_TO)’

for any f, continuous and with compact support on ]0, o[, and for A > 0. Moreover, the family
(ny, A > 0) satisfies the resolvent type equation, for A, u > 0
n,f —n
n,\V,f = M7
A—p
for any f continuous and with bounded support on ]0,00[. Thus, Theorem 6.9 in [14] and
Theorem 4.7 in [7] imply that there exist a unique excursion measure n such that its A-potential

is equal to ny,
T
Y _
n (/ (& 1{Xt€dy}dt) = n,\(dy).
0

for any A > 0. In fact, all the results of Vuolle-Apiala [21] are still valid if we replace the
power function that gives the normalization in his hypotheses (Aa) and (Ab), by a regularly
varying function. Therefore, Theorem 1.2 therein ensures that n(X,, > 0) = 0. According to
Blumenthal’s [6] theorem, associated to this excursion measure n there exists a unique recurrent
extension of (X, IP) that leaves 0 continuously. Which finishes the proof of Counterexample 1.
Now, we just have to prove that (ii) in Lemma 5 holds.
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Proof of Lemma 5. The claim in (i) is Theorem 3 of Erickson [11| and that (ii) holds is a
consequence of the latter. We next prove the result for step functions and the general case
follows by a standard argument. Let (ax,k € Z) be a sequence of positive real numbers such
that ), ., ar < oo, and h > 0 a constant. A consequence of Theorem 1 of Erickson [11] is that
for any k € N,

m(t + kh) /R Likn,eryny (y — U (dy) —— €, /R Lionp (y)dy = €, /R Ln. e+ 0npy (),

with C, = (I'(y)I'(1 —v)) ™!, and uniformly in k. Thus, given that m is an increasing function,
we get that

/Zakl{[kzh k+0n (v — U (dy)

keN
< Zakm (t + kh) / Lk, ey (y — 1)U (dy).
keN
Therefore,

lim sup m(t /Zakl{[kh wrnap(y — U (dy) < C, Zak/l{[kh e+ 1m0 (y)dy

kEN keN
< C'y/ Zakl{[kh,(k+l)h[}(y)dy-
R ken
Owing that m is regularly varying with positive index the following limit
. m(t)

1 - 7 =

i m(t + kh) ’
holds uniformly in £ € N . A standard application of Fatou’s Theorem and an easy manipulation
gives that

ligci)gfm / Z arlpn, e+ (y — U (dy) > C, Z L (o, (e 1)n]y (1) dy.
R ken R ken
Let g be the step function defined by
= Z L (h,(k+1)n[ (1), teR.
keZ

It follows from the arguments above that

lim m(t) / 9y — )1y U(dy) = C, / 9(y)Ly>0dy.
R R

t—o0

Moreover, the assertion in (i) implies that

lim m(¢) /Rg(y _ t)l{y—t<0}U(dY) = tlg& m(t)/o g(—(t —y))U(dy) = C, /OOO g(—

t—o00

From where the result follows. O
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