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Abstract

We consider an age-dependent branching particle system in R¢, where the particles
are subject to a-stable migration, 0 < a < 2, critical binary branching, and general
(non-arithmetic) lifetimes distribution. The population starts off from a Poisson ran-
dom field in R? with Lebesgue intensity. We prove functional central limit theorems
and strong laws of large numbers under two rescalings: high density, and a space-
time rescaling. Properties of the limit processes, such as Markov property, almost sure

continuity of paths, Langevin equation and spectral measure, are also investigated.

1 Introduction

In this paper, we investigate high density and space-time scaling limits of a random popu-
lation living in the d-dimensional Euclidean space R%. The evolution of the population is
as follows. Any given individual independently develops a spherically symmetric a-stable
process during its lifetime 7, where 0 < o < 2 and 7 is a random variable having a non-
arithmetic distribution function, and at the end of its life it either disappears, or is replaced
at the site where it died by two newborns, each event occurring with probability 1/2. The
population starts off from a Poisson random field having Lebesgue measure A as its intensity.
We postulate the usual independence assumptions in branching systems.

Two regimes for the distribution of 7 are considered: either 7 has finite mean p > 0, or



T possesses a distribution function F' such that F'(0) = 0, F(z) < 1 for all z € [0, 00), and
Fu):=1—Fu)~uT(1+7)" as u— oo, (1)

where v € (0,1) and I" denotes the Gamma function, i.e. F' belongs to the normal domain
of attraction of a vy-stable law. In particular, this allows to consider lifetimes with infinite
mean.

Let X = {X(t), t > 0}, where X (¢) denotes the simple counting measure on R? whose
atoms are the positions of particles alive at time t. When 7 has an exponential distribution
it is well known that the measure-valued process X is Markov. In the literature there is
a lot of work about the Markovian model. Our objective here is to investigate the case
when 7 is not necessarily an exponential random variable, in whose case {X(t), ¢ > 0}
is no longer a Markov process. Another striking difference with respect to the case of
exponential lifetimes arises when the particle lifetime distribution satisfies (1). When the
distribution of 7 possesses heavy tails, a kind of compensation occurs between longevity of
individuals and clumping of the population: heavy-tailed lifetimes enhance the mobility of
individuals, favouring in this way the spreading out of particles, and thus counteracting the
clumping of the population. Since clumping goes along with local extinction (due to critical
branching), a smaller exponent «y suits better for stability of the population. As a matter of
fact, Vatutin and Wakolbinger [29] and Fleischmann, Vatutin and Wakolbinger [11] proved
that X admits a nontrivial equilibrium distribution if and only if d > ~ya. This contrasts
with the case of finite-mean (or exponentially distributed) lifetimes, where the necessary and
sufficient condition for stability is d > «. As we shall see, such qualitative departure from the
Markovian model propagates also to other aspects of the branching particle system, such as
the large-time behavior of the limit theorem mentioned at the beginning of this introduction.

As we mentioned above we investigate the so-called high density and space-time scaling
limits of our age-dependent branching system. The high density limit consist in increasing the
initial intensity by a factor K which will tend to infinity, see [22] for the physical motivation of
this rescaling. We are interested in the fluctuations process, i.e, we center the process around
its mean measure and normalize it by K'/2; this entails to change the state-space of X and

the underlaying notion of convergence. We show that the fluctuations process converges



to an S’(RY)-valued centered Gaussian process whose covariance functional is calculated
explicitly, where S’(R?) s the space of tempered distributions, dual of the space S(R?) of
rapidly decreasing functions. Also we prove several properties of the limit process, namely,
Markov property and almost sure continuity of paths in the norm |H|_p for some p > 1,
see the following section for this technical points. These results are valid for a general
non-arithmetic lifetime distribution. When the lifetime distribution possesses a continuous
density, we also show that the limit process satisfies a generalized Langevin equation. These
results were known only in the case of exponentially distributed lifetimes; see [13] for the
general mono-type branching case, and [19] for systems with multi-type branching.

For the space-time scaling limit we again assume that the lifetime distribution has a tail of
the form (1). The coordinates in space and time are respectively Kz and K°t, again K being
a parameter which will tend to infinity. In this case we need to assume that d > a7, i.e., we
require supercritical dimension for persistence. The normalizing constant for the fluctuation
process is K97 with K — oco. (Recall that, for exponentially distributed lifetimes, the
normalizing function is K%"%; see [13]). The limit process is again an S’(R%)-valued centered
Gaussian process, it is a Markov process and possesses a version which is continuous in the
norm |- _, for some p > 1. Also, it satisfies a generalized Langevin equation. Heavy-tailed
lifetimes play a key role in the space-time scaling because the power v of the tail decay
figures explicitly in the limit theorems, the effect being similar to the one that it has in the
diffusion limit approximation of [18]; see equation (5.1) there.

It is well known that, in order to prove weak convergence of a sequence {P,}> ; of prob-
ability measures in the Skorokhood space, it is sufficient to show weak convergence of the
finite-dimensional marginals, and tightness (or relative compactness) of { P, }. In our proof of
the fluctuation limit theorems mentioned above, convergence of finite-dimensional distribu-
tions is achieved by the usual method, showing convergence of characteristic functionals and
using the Minlos-Sasonov’s theorem. The proof of tightness can not be carried out as in the
classical case of exponentially distributed life times because, as we mentioned above, {X;,
t > 0} is not a Markov process, and many of the steps in the proof of tightness are based on
this property. To overcome this difficulty, we consider the Markov process {X; x X;, t > 0},
where {X;, t > 0} is a Markovianization of the branching system {X,, ¢t > 0} obtained by



enlarging the phase-state, including the “elapsed time” or “age” of each individual (see [27]
for a more detailed discussion, and [18] and [11] for a related procedure based on the residual
lifetime of each particle).

The occupation time process of a branching system is another object that has been
extensively studied in the context of exponentially distributed lifetimes (see [7], [23], [4],
[5]). [16] and [10] investigated the occupation time of Dawson-Watanabe superprocesses,
i.e., measure-valued processes which are diffusion limits of branching particle systems with
exponential lifetimes. The authors have investigated laws of large numbers for the occupation

time of the critical binary age-dependent branching system, see [27].

2 Some notation and technical points

For each p > 0 we define the reference function ¢,(z) = (1 + |z[*)™?, = € R? we denote
by M,(R?) the space of non-negative Radon measures y on RY, such that [ ppdp < o0,
and endow M, (RY) with the p-vague topology, i.e., the minimal topology under which the
maps 1 — [ ¢du are continuous for ¢ € K,(R?),, where K,(R?); = C.(R%); U {¢,},
where C.(R?) denotes the space of continuous functions with compact support. M, (R?) is
a complete, separable metric space, and the finite atomic measures are dense in it. The
Lebesgue measure on R? belongs to M,(R?) for p > d/2. D(R,, M,(R?)) denotes the space
of functions from R, to M,(R?) which are continuous from the right with limits from the
left. It is well know that D(R,, M, (R?)) equipped with the Skorokhod topology ([9]) is a
complete, separable metric space. The process X takes values on D(R,, M, (R?)).

Now we introduce the state-space which will be need when we Markovianize the process
X. Let E = R x R? and let C'p = C'p(E) denote the space of all continuous functions
1 : F — R such that

= e o |
and such that the map
U(u, )
(u, ) — 90(2)

on E can be extended continuously to a function on R, x Rd, where R and R? are the one-



point compactifications of Ri and RY, respectively. Then (C’p, |- p) is a separable Banach
space.

Let Mp = MP(E) be the set of all p-tempered measures on F, that is, measures p on E
such that the integral

(s 1) = /E bo(@)ps (d(u, 2)

is finite. Introduce the weakest topology in Mp such that for each v € C’p the mapping
p— (1, u) is continuous. Note that v x A belongs to Mp for any finite measure v (since
(¢, A) < 00). The process X takes values on D(R,, M,).

Regarding p, o and d above, we assume that p > d/2, and in addition p < (d + «)/2 if
a < 2 (see [8] and [16] on this condition).

Let S(R?) be the space of rapidly decreasing functions, i.e. functions ¢ : R? — R such
that ¢ is infinitely differentiable, and for all p =0,1,2,-- -,

1/2

oll, = Z /Rd (1+ |x|2)p | D¢ (2) | d < 00, (2)

|k|=0

where © = (z1,--+ ,24), k= (k1, -+, ka), |[k| = k1 + -+ + kg and D* = 9% 9zt ... 92%e . Tt
can be shown that S(R?) C C,(R?), where C,(R?) denotes the space of real-valued continuous
functions ¢ on R? such that |¢|, := sup,cga [¢(x)/dp(2)] < o0

The space S(R?) endowed with the topology induced by the system of Hilbert’s norms
{llll,,» > 0} is a metric space which is separable, complete and nuclear. Let S,(RY) be
completion of S(RY) with respect to the norm [[,- Then Sn(RY) C S,(RY) for n < m,
S(R?) = My>05,(R%), and for each p > 0, S,(RY) is a Hilbert space. In particular, Sy(R?) =
L*(RY). Let us denote by S/(R?) and S'(R?) the strong dual space of S,(R?) and S(R?),
respectively. S’(R?) is nuclear and is called the Schwartz’s space of tempered distributions
on R%.

For each p=10,1,2,---, S;(Rd) is a Hilbert space with norm

IFIL, = swp (o)l FeS®RY. ¢es,®) (3)

where (-,-) denotes the canonic bilinear form in S'(R?) x S(R?) and S/ (R?) x S,(R?). We
denote by D(R,,S'(R%)) the space of functions from R, to S'(R?) which are continuous

5



from the right with limits from the left, endowed with the Skorokhod topology (see [26]).

For more details on this topic see [12] and [28].

3 Results

1. High density. The initial intensity changes to KA. The resulting branching particle
system is denoted by X5K = { X% ¢ > 0}.

2. Space-time re-scaling. Let us suppose that d > avy. We recall that v = 1 can be
regarded as finite mean life times case. The coordinates in space-time are Kz and K,
respectively. The branching particle system is denoted by X% = {Xt2 K> 0}.

The fluctuation processes corresponding to these re-scalings are respectively

MZ,K — Kl (XZ,K . ]EXl,K)
, where K' = K~Y2 and K? = K~ (a2 [ =1 2.

Theorem 3.1 (Functional central limit theorems) M"* = M', 1=1,2, in D ([0, 00), S’(R?%)),

as K — oo, where M', | = 1,2, are centered Gaussian process whose covariance functionals

Kl(s,o5t,0) = E ((p, MY, M})), 1=1,2,

are given by

KL (5, 051, 6) = (S,—atb, A) + / (Ssr) (Sertd), AYAT(r), (4)

0

where U(r) = > 12y F**(r); and

K2 (s, 51, ) = ﬁ / (S ) (8o ), Ay~ du (5)

for all0 < s <t < oo and ¢, € S(RY).

Theorem 3.2 (Laws of large numbers) For each t > 0 and ¢ € S(R?):

<()07 Xt17K>

K - <(707A>>



and

in L2(RY), as K — oo.

Theorem 3.3 (Properties of the fluctuation limits) (a) Forl = 1,2, M" is a Markov process,

and
0

is a martingale with respect to the filtration F; = o{{¢, ML), r <t, ¢ € S(RY)}, t > 0.
(b) There exists p > 1 such that M', | = 1,2, has a continuous version in the norm || - ||_p.
(c) Assume that F has a continuous density f. Then, the process M satisfies the generalized

Langevin equation

dM} = A M} + dW;, (7)
My = W,

where W 1is a centered spatial white noise and the Wiener process W s associated to the

family of operators {Q},t > 0} such that for each ¢, € S(R?),

<§07 Qtw> = <§01/}7 A>u(t) - 2<¢Aa¢7 A>7 (8)

where u(t) = dU(t)/dLt.

Remark 3.4 (a) The assumption in the theorem above that F has a continuous density can-
not be dropped; without such assumption we cannot guarantee differentiability of the function
t— KN, 5, ).

(b) Assuming that F(t) =1—e V!, t >0, and o = 2 we get that U(dt) =V dt. Hence, (8)
18 equivalent to

which recovers a result from [13] for critical binary branching.

(c) By Remark (a) of Theorem 3.6 in [2], without any regularity condition on F we still have
t
(M) = (0. W) + [ (. Ma)ds + (00, £20,
0
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where {W;,t > 0} is a continuous S'(R?)-valued Gaussian process with covariance functional

E (@, We){o,Wy)] = K(sAt, ;s Nt,1)
- / (K (uty i, ) — K(uty 0510, Ath) ),

for all s,t >0 and p,1 € S(R?).
(d) When a < 2, (7) has to be understood in a generalized sense, because of A,S(R?) ¢
S(RY), see [8].

4 Some moment calculations

Let Z;(A) denote the number of individuals living in A € B(R?) at time ¢, in a population

starting with one particle at time ¢ = 0. Following [18] we define
Qup(z) =E, [l —e @], 2 eR: ¢>0, (9)

where E, means that the initial particle is located at x € R? and ¢ € CH(R?). Since the

initial population X is Poissonian, we have

Ee X = exp (— / E, [1 — e ¥Z] dg;>
— o (- [Qetoi), veom) (10)

Let {7,k > 1} be a sequence of i.i.d. random variables with common distribution function

F', and let

Ne=> lse<y, t=0,
k=1

where the random sequence {Si, k > 0} is recursively defined by
So =0, SkJrl:Sk—l-Tk, k> 0.

For any p=1,2,...,0 <, <t, 1,...,11 <00, ¢1,09,...,pp € Co(R?) and 0y,...,0, € R,
we define t = (t1,t2,...,t,), t —s=(t1 — s,ta — s,...,t, — 5), Oy = (b1,...,6,) and

Q?Q(p) (:L‘) =E,|1—¢e" Z§:19j<90j,th>] '



Let {B,, s > 0} denote the spherically symmetric a-stable process in R¢, with transition
density functions {p;(x,y) = pi(x — y), t > 0, z,y € R?}, and semigroup {S;, t > 0}, we

will use the following upper-bound
p(z) < ct|z|7*, t >0, 2 € RY, (11)
for some positive constant c.

Proposition 4.1 (/18]) The function Q70 satisfies

t
S 6.0.(By. r] 2
Q) (z) = E, {1—6 Z“9”’](3])_/0 5 (QF_6)(Bs))" dN,

p—1

t; 1 )
(1 _ e X i+19J"PJ'(Btj)> / B} (Q%—se(i)(Bs))2 st] .
i=1 tit1

As in (10), since the initial population is Poissonian we have

]E |:6_ Z?:l 6j<gpj,th>i| — exp (— /Ex |:1 — 6_ Z? 19 SOZt ] dx)
= exp (—/Qfﬁ(p)(x)dx). (12)

Using criticality of the branching, and that Lebesgue measure is invariant for the semigroup

of the symmetric a-stable process, it is easy to see that
m(t, ¢) = E[{p, X)] = (¢, A), >0, ¢ C(R?). (13)
Lemma 4.2 Let 0 < s <t < oo and ¥, € C.(R?). Then,

Co(s,0:t,0) = E, [{¢, Zs) (¢, Z4)]
_ E {¢<Bs>w<3t>+ [ = roma s = ran|

Proof: In order to preserve the notation in Proposition 4.1, we put p = 2, t; = t, t5 = s,

p1 =1 and s = . Then we have

82

Co(t1, p15ta, o) = 06,00,

Qt‘g(2 ( )

01=02=0%



where

80?(2992 iy (x) = Ex[— 01(By, )pa(By, e 1#Bn)=0202(B)
- [ e s, >691Qt O12)(B )N,
—/0 (QF -0 (By)) 80 59, Y00 (Br)AN:
—a(Byy)e 0 B) / (@.,,0:(B,)) %Qiﬂfh(&)dm
Evaluating at 6, = 6, = 0 we finish the proof. ]

Proposition 4.3 Let 0 < s <t < oo and 1, p € C.(R%). Then,

C(s, @3, 9) = Cov ((p, Xs), (¥, Xi)) = (pS1-s), A) + /:((Ss—r@) (St—rp) , A)dU(r), (15)
where U(r) = >, F*(r).

Proof: We put p = 2 in (12) and use the same notations as in the proof of Lemma 4.2.

Then,
Elfon Xublon Xl = g o (— [ Q) do)

0? 9
= [_—891802 /Q{@(g)(l’)dl’

a 2 a 2
+/8_91/Qt9(2)(x)dx/a_91/Qte(Q)(x)dm] -~

= /Cx(t17<ﬂ1;t27<ﬂ2)d$+/mz(tlasf?l)dl'/mx(t27902)d37;

01=02=0%

and from Lemma 4.2 we obtain

Clopitt) = [ B [pBI0B) + [ ma (e = rihma (s = rplan | ds (0

which completes the proof. 0

5 Markovianizing an age-dependent branching system

In this Section we discuss a Markovianized version of the the critical binary age-dependent

branching system, which will be needed to prove weak convergence in the Skorokhod space
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D(R,, S'(RY)). We recall that, by a well known result of [26], to show tightness of the
sequence {MZ’K,t >0}, K =1,2,---, is enough to prove tightness of the sequence of real-
values processes { (¢, MI'™),t >0}, K =1,2,---, for each ¢ € S'(R%).

Let X = {X,, t > 0} be the branching system defined in Section 1. For any t > 0, let X,
denote the population in R x R? obtained by attaching to each individual 6, € X, its age.

Namely, for each t > 0,
Xe=2 O (17)

where 1! and £ denotes respectively, the age and position of the i** particle at time ¢, and the
summation is over all particles alive at time ¢. Let us assume that X, is a Poisson random
field on R, x R? with intensity measure F' x A. Here, F also means the Lebesgue-Stieltjes
measure corresponding to F'. The probability generating function of the branching law is
denoted by ®. Thus, for critical binary branching, ®(s) = %(1 +s?), -1 <s<1.

Given a counting measure v on R, x R? and a measurable function ¢ : R x R? — (0, 1],

we define
Gy(v) = exp ({log 6,)) .

It can be shown that the infinitesimal generator of {X;, t > 0} evaluated at the function

Gy(v) is given by

06,0) = Gyt { L OO0 00,0 ), "
where
Au) = < f (;zu), u>0, (19)
and
£, 2) = 228 Ao, 2) — M) [B(us ) — (0,2)], (20)

ou
where the function ¢ is such that ¢(-,z) € C}H(R,) for any z € R?, and ¢(u,-) € C®(R?)
for any u € Ry. Here C} (R, ) denotes the set of all bounded functions with continuous first
derivative, and C>°(R?) denotes the space of infinitely differentiable functions from R? to R,
having compact support. The operator L is the infinitesimal generator of a Markov process

on R x R? whose semigroup is denoted by {T},t > 0}, see [27] for details.

11



Now consider the process X = {X,x X;, t > 0}, which is a Markov process taking values
in the Skorokhod space D(R., M,(R%) x M,). Next we give the infinitesimal generator of

the process X for certain cylindrical functions. Define

9(i, p2) = G((ip, 1)) for € S(RY), j1y € M(R?), pp € M(Ry x RY),
where G' € C3(R) is such that G = 0. It can be seen ([27]) that the infinitesimal generator
g, is given by

Go(pnsri) = (Basp )G (9, 1) + 580 = 26800, 1n)G (0, )

) Y o[G o+ (k= 1)8)) = G{, )], p2)- (21)

k=0

Putting G(y) = y for all y € R, from (21) we get that

Gg(pr, p2) = (Aap, pr) + (A(*) Zpk(k — (), p2)
= Bopm)

where the second equality follows from criticality of the branching. Then, from the Markov

property we have that
t
Vo) = {0 X0 — [ {Bup Xds, 120 and € SR, (22)
0
is a martingale (with respect to the filtration generated by the process X ).

Proposition 5.1 Let X = {X;, t > 0} as before and let X, be a Poisson random field on
R x R® with intensity measure F x A. The joint Laplace functional of the branching particle

system X and its occupation time is given by
E e~ WX0-Jg@Xads| — o=(VFoFxa) 4>

for all measurable functions ), ¢ : Ry xR — R, with compact support, where Vf/’gb satisfies,

in the mild sense, the non-linear evolution equation

CVEOua) = LV 0(u,7) ~ NwI@(1 - VEp(0,)) (1= V(0. 2))]
—|—¢(U, 33)(1 - V;:qu(u’ 33)), (23)
Vop(u,z) = 1—e Vo),

12



Proof: The proof is carried out using the martingale problem for {X;, ¢t > 0}, and It&’s
formula. We omit the details. 0J

6 Proofs

6.1 Proof of Theorem 3.3
Proof of (a): First, we show that C(s, ¢; s, S;—s10) = C(s, p;t,9) forall s <t and p,9 € S.
In fact,
Clogis.Siat) = (@SaSieabe M)+ [ (SuerSt)Sumrid) MU
— S M)+ [ (S (Sier) MU

= C(s,034,0). (24)

Hence, the Markov property follows from Theorem 6 in [22]. O

Proof of (b): We will show that there exists p > 1 such that M is almost surely continuous
in the norm |[|-||_,. To this end, we will use that

LS Vr ()
TeR g(T)

< 00, (25)
where ¢ is a positive locally bounded function on [0, c0) and

Vr(¢) :=E { sup (9, Mt>2:| )
0<t<T
with ¢ €. Taking for granted (25), the result follows from a theorem in [24].
The proof of (25) follows along the same lines as in [13]. Namely, by applying Doob’s

inequality to the martingale (6). We omit the details. O

Proof of (c): We will show that M! satisfies all the conditions of Theorem 3.6 in [2].

Condition 1 follows from part (b) and condition 4 follows from part (a) of this theorem;

13



condition 3 holds by hypothesis. It remains to show Condition 2. We have that, for each
t >0 and ¢ € S(RY),

Ktoito) = () + / (i) AU (1)
= (¢2,A>—I—/0((St_,ncp)2,A>u(r)d7“,

the second inequality is a consequence of lifetimes distribution with continuous density.
Hence, the function t — K1(¢, ¢; 1, ) is continuously differentiable. Then, M! satisfies all
the conditions in Theorem 3.6 from [2].

It remains to show equation (8). Notice that for s =t, (4) can be written as follows

KX (t, 01 t,10) = (i, A) + / (o Saert), Au(r)dr, 0<t, o, b€ S'RY.  (26)

Therefore,

d
(p,Qup) = EICl(t,sO;t,so)—2/C1(t,Aa<,0;t,s0)

= (©*,A) = 2{(Asp)p, A).

Notice that, (8) can be deduced from

(0. Qu) = 5 {6+ ), Qulo + ) — (. Qup) — (. Qui].

6.2 Proof of the limit theorems

We give the proofs only for the case [ = 1, since the case [ = 2 are similar. Notice that, from

Proposition 4.3, for 0 < t; <ty < 0o and @1, s € S(Rd),
Cov({io1, Xi,™), (02, X1J7)) = KK (1, p13 2, 02). (27)

The next lemma gives convergence of finite-dimensional distributions of M to those

of M.

14



Lemma 6.1 MK = M as K — oo, i.e., foreachp > 1,0 <t, <t,_; <--- <t < o0,
Q01,"',<,0p€S(Rd) and@l,---,Qpe]R,
1 22

ZZ] 193¢ J]M1 K> )
E[ 2 ]—>eXP <—§Z 9j9k’C1(tj,¢j7tk’%0k))>

Jj=1 k=1

as K — oo.

Proof: The proof of this lemma uses Minlos-Sasonv’s theorem ([17]). First we note that

1,K
90j>Xt-7 > - K(QOWA)
exp( ZH JK—1/2

Em |:1 N eizg'):l 9jK*1/2<(pj,th>:| dx)

E ¢S5 M) 2

= exp (—K
R4

p
X exp (—iKW > 05w A>)

= exp ——/ (Ze (05, Zs, > dz

X exp (/K [EmeiZ“ﬁ-’:lel/zej(%,ztj) 1

—iK~ 1/2ZQE {0y Z4,) + K 'E, (Ze (), Z, ) dr | |

7=1

where the integrand converges to 0, as K — oo, and is bounded by ¢} ?_, 0?E,(¢;, Z;,)*

J=1"J
for some constant ¢ > 0 (see [6] Proposition 8.44). Hence,

2
z 1,K 1 P
Kh—{noo]E Z] 1 0;{w; M] >:| = exp —§/RdEx <29]<¢],Zt]>> dx
7=1

0
Proof of Theorem 3.2. Note that, from (27), for all ¢ € S(R?)
(. X") 2 1
; Xy _ LEV) _ 1 .
E (T - <¢,A>> = gVar (. X09)) = LKA n gt o)
Letting K — oo yields the result. ([l
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Proof of Theorem 3.1. We will show that the sequence { M5 K = 1,2, ...} satisfies all
the conditions in Theorem 2.1 from [14]. First we note that, by Theorem 3.3 (b), the process
M possesses continuous paths. Condition (b) is proved in Lemma 6.1. To prove conditions
(c) and (d) we show that

sup sup E{p, M'5)? < oo, (28)
K>10<t<T

for each T' > 0 and ¢ € S(R?), see Remark (1) after Theorem 2.1 in [14]. In fact, from (27)

we have that
t
E(p, M) = (9, A) +/ (Sirp)?, N)dU (), (29)
0

for each ¢ > 0 and ¢ € S(R?). Note that, (29) can be bounded from above as follows

t

Ep, M) < (¢ A) + / (Seelil)? AU (1)

Hence, without loss of generality we can assume that ¢ > 0. Now, we observe that

‘St—TQO
Pp

((St-rp)* s A) = { DpSi—rp, A) < [plp (0, A). (30)

Hence

IN

sup B3 < sup () + [ el U ())

0<t<T 0<t<T

< (D% A) + Jelp (e, NU(T),

A

which implies (28).
It remains to verify Condition (a), for this we use the Markovianized process discussed in

Section 5. From (22) and the fact that (A,p, A) = 0, we can deduce that for all ¢ € S(RY),
t

(. M) = [ (B MIds, ¢ 0, G1)
0

is a martingale, seen as a process in D ([0, 00), 5"(R?) x S'(R*1)).

Finally, notice that Lemma 6.1 gives M"* =, M, from this follows that (M 0) =,
(M,0). Hence, we have shown that (M1 0) = (M, 0), this convergence holds in the space
D ([O, ), S"(R%) x S’(Rd“)). The proof can be completed by using Continuous Mapping
Theorem. U

16



References

1]

[11]

[12]

Bingham, N. H., Goldie, C.M. and Teugels, J.L. (1987). New York : Cambridge University
Press. Encyclopedia of Mathematics ans Its Applications, 27.

Bojdecki, T. and Gorostiza, L.G. (1986). Langevin equations for S'(R%)-valued Gaussian pro-
cesses and fluctuations limits of infinite particle systems. Probab. Th. Rel. Fields. 73, 227-244.
Bojdecki, T., Gorostiza, L.G. and Talarczyk, A.(2004). Sub-fractional Brownian motion and
its relation to occupation times. Statist. Probab. Lett. 69, 405-419.

Bojdecki, T., Gorostiza, L.G. and Talarczyk, A. (2006a). Limit theorems for occupation time
fluctuations of branching systems I: Long-range dependence. Stoch. Proc. Appl. 116, 1-18.
Bojdecki, T., Gorostiza, L.G. and Talarczyk, A. (2006b). Limit theorems for occupation time
fluctuations of branching systems II: Critical and large dimensions. Stoch. Proc. Appl. 116,
19-35.

Breiman, L. (1992). Probability. Philadelphia : STAM Clasisics in Applied Matemathics.
Cox, J.T. and Griffeath, D. (1985). Occupation times for critical branching Brownian motions.
Ann. Probab. 13, No. 4,1108-1132.

Dawson, D.A. and Gorostiza, L.G. (1990). Generalized solutions of a class of nuclear-space-
velued stochastic evolution equations. Appl. Math. Optim. 22, p. 241-263.

Ethier, N. and Kurtz, G. (1986). Markov Processes Characterization and Convergence. John
Wiley and Sons.

Fleischmann, K. and Gértner, J. (1986). Occupation time processes at the critical point. Math.
Nachr. 125, 275-290.

Fleischmann, K., Vatutin, V.A. and Wakolbinger, A. (2002). Branching Systems with Long-
Living Particles at the Critical Dimension, Theory Probab. Appl. Vol. 47, P. 429-454
Gelfand, I.M. and Vilenkin, N.V. (1966). Generalized Functions, Vol. IV, Academic Press,
New York.

Gorostiza, L.G. (1983). High density limit theorems of infinite systems of unscaled branching
Brownian motions. Ann. Prob. Vol. 11, No. 2, p. 374-392.

Gorostiza, L.G. and Fernandez, B.(1991). A criterion of weak convergence of generalized pro-

cesses and an application to supercritical branching particle system. Can. J. of Math. 43(5).

p. 984-997.

17



[15]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

Gorostiza, L.G. and Lépez-Mimbela, J.A. (1994). An occupation time approach for conver-
gence of measure-valued processes, and the death process of a branching particle system. Stat.
and Probab. Letters 21, p. 59-67.

Iscoe, 1., (1986). A weighted occupation time for a class of mesure-valued branching processes,
Probab. Th. Rel. Fields 71, p. 85-116.

Ito, K. (1984). Foundations of stochastic differential equations in infinite dimensional spaces.
SIAM, Philadelphia.

Kaj, I. and Sagitov, S. (1998). Limit Processes for Age-Dependent Branching Particle Systems,
J. Theoret. Probab., 11 p. 225-257.

Loépez-Mimbela, J.A.(1992). Fluctuation limits of multitype branching random fields. J. Mul-
tivariate Anal. 40 (1), no. 1, 56-83.

Loépez-Mimbela, J.A. (1994). Occupation times of multitype branching systems: a limit result.
Third Symposium on Probability Theory and Stochastic Processes (Spanish) (Hermosillo,
1994), 117-125, Aportaciones Mat. Notas Investigacion, 11, Soc. Mat. Mexicana, México.
Lépez-Mimbela, J.A. and Murillo-Salas, A. (2008). Laws of Large Numbers for the Occupation
Time of an Age-dependent Critical Binary Branchig Particle System. Preprint.

Martin-Loff, A. (1976). Limit theorems for the motion of a Poisson system of independent
Markovian particles with high density. Z. Wahrsch. verw. Geb., Vol. 34, p. 205-223.

Méléard, S. and Roelly, S., (1992). An Ergodic Result for Critical Spatial Branching Processes.
In Stochastic analysis and related topics (Silvri, 1990), 333-341, Progr. Probab., 31, Birkhauser
Boston, Boston, MA.

Mitoma, I. (1981). On the norm continuity of S’-valued Gaussian processes. Nagoya Math. J.,
Vol. 82, p. 209-220.

Mitoma, I. (1983). On the sample continuity of S’ processes. J. Math. Soc. Japan, Vol. 35 No.
4, p. 629-636.

Mitoma, I. (1983). Tihgtnes of probablities on C([0,1],S’(R%)) and D([0, 1], S'(R%)). Annals
of Probability. Vol. 11, No. 4, 989-999.

Murillo-Salas, A. (2008). Ph.D. Thesis. Limit Theorems for Critical Binary Age-dependent
Branching Particle Systems with Heavy-tailed Lifetimes. CIMAT, A.C., Guanajuato, México.
Treves, F. (1967). Topologycal Vector Spaces, Distributions and Kernels. Academic Press,
New York.

18



[29] Vatutin, V. and Wakolbinger, A. (1999). Spatial Branching Populations with Long Individual
Lifetimes. Theory Probab. Appl. 43, No. 4, p.620-632.

19



