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nt

fim�rg|�vD$�~Ö`�b4d.hifnm)d�x�f ª dgtum)m4dw~Y��Ù�{c`Gdg~��
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dS = µSdt+σSdz

�@r�m)¥�z.{cf
d lnS =

(

µ− σ2

2

)

dt+σ dz
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K
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T + v
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K
m4{�hifnx�fyhn{srg~�x�d2¦nm4opf
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S(T )
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S
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C(T + v) = max{S(T + v) −K, 0}.
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1

2
Cssσ
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Ct +
1

2
Cssσ

2S2 + rCsS = rC,
hidw~�hndw~�x�t�hit��w~0âs~sr�|

C = máx{S −K, 0}.
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ö f�âs~srg�ldwm9{c~srl~<{�fne�r2x�t ä�{�m)t��w~�hidg~Q�lfix�tur
rS∗
·�e�rgb)turg~�Ëir

σ2 S∗2
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dS∗ = rS∗ dt+ σ S∗ dz
�

¤>m«opf�fnm9fn|�`�b)d.hnfim)dlx�f%b)tufnm)vwd¡~�fn{copb)rg|K�H��mpr�~�x�dl|�r�|udwv��ó~�dwb4�2r�|�t xsrgx0xcf�|ur�xct�ä�{�m4tu�w~�opfn~�fi�ldwm

lnS∗(T + v) | lnS(T ) ∼ Þ (ln(S(T ) + (r − σ2/2)v, σ2 v).
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(−rv) E[máx{S∗(T + v) −K, 0} | S(T )],
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(σ2) = S(T )Φ(d) −K
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(−rv)Φ(d− σ
√
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d =
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σ
√
v

.
�«Ìw� ÎD�

Þ�d�opfi�ldwmÀz.{cf
v
·
K
m)dw~�xsrgx�dgm�`}dwbÀ~�dwb)�2rgmÀtu~cm4opt op{�hntudw~�rg|�fnmi�

S(T )
·
r
m4dw~0dw�cm)fib«e�rgxcdwmi�cx�fÔ�)r�~�x�d�m4�w|ud

r
σ2
hndw�2d�x�fnm)hndw~�d.hit�xsrc�.¤>~2b)f�r�|utux�rgxY�w|udgm¿`cb)fihntudgmÀx�f9dw`}hit�dw~�fnmÀfnm4opÂg~2e�rg|�{srg~�xcd�e�r�b)t�r���tu|�t xsrgxY�w¤>m«okr¨fnmÀ{�~sr

x�f¨|�rgm�`�b)t�~�hit�`srg|�fim�bprgËndw~�fnma`}dwb9|�r¡hn{srg|&|�r�e�r�b)t�r���tu|�t xsrgx�m)fnbpÂ2fi|&dg���4f�opd2hifi~@opb)rg|&x�f¨fim«op{�x�t�dÁfn~�|�dwm�rg~�Âg|ut�m)t�m
âs~srg~�hntufnb)dwm�·�~�d0fi|"fnä�fnhno)d�x�fn|�`cb)dw�lfix�t�d�x�f¡|urgm�dw�cm)fib«e�rghntudw~cfim%hidg�2d0fn~Éfi|�r�~sÂg|ut�m)t�mahn|�Âgm4tuhnd0x�f�m)fnb)tufnm%xcf
optufn�2`}dc�
¤��2`c¥ub)t�h�r��lfi~@opf��.jsr�·Áx�dgm8ä�dwb)�2rgmÀx�fa{�mprgbÒ�«Ìw� Ì2� � û ry`�b)t��lfibpr�fim�fim«optu�2rgb

σ2
·Á|�{�fivgd�hirg|uhn{�|�r�bÀfi|G`�b)fnhit�d

x�fl|�r0dw`}hntu�w~µ� û r�m4fivg{�~�xsrQhndw~�m4tum4o)flfi~Ödw��m4fib«e�rgb�`�b)fnhit�dwm�x�fl|urgm%dg`}hit�dw~�fim%`srgb)r�hirg|uhn{�|urgbqfi|"e�rg|�dwbqx�f
σ2
�

¤>m«opf4$�| opt��ld��2¦�opd.x�d¡fnm9|�|�rg�lrgx�dye�rgb4t�r���tu|�t xsrgx�fim4o)tu�2rgxsr�tu�l`�|�t�hirgxsrc�
û r$`cb)tu~chit�`srg|8x�t âshi{�| okrgxHhidg~Çfnm4o)dwm2rg~�Âg|ut�m)t�m�fnmlfn|
m){�`c{�fim«opdÖtu~�t�hiturg|Àx�fn|
`�b)d.hnfim)dc�>z<{�f�|udwm�b4fi~�xctu�ltufn~��

opdwm�m)t�vw{�fi~Ö{�~sr�x�t�ä�{cm)tu�g~Évwfidg�2¦�opb)t�h�rc� ö fÔ�)r�~�x�d�x�f2|urgx�d�|ur�tu�l`}fib4ä�fnhihntu�w~Ét�~�j�fib4fi~@opfÁr�hn{srg|uz<{�t�fib%�2d.x�fn|ud
�Ár�o)fi�2Â�opt hid��@x�fi�}f�z<{�fnxsrgb8hi|�r�bpr¨|ur¨{�optu|�t�xsrgxlx�fahidw~@okrgbÀhidw~0rg|�vD$�~Á�ld.x�fn|ud¨h�r�`srgËax�fax�fim4hib4tu��t�b�r�`�b)dw`ct�rgx�r��
�2fn~<opf�oprg~<o)dÁ|�dwm9j�fihkj�dwmafim«optu|�tuËirgx�dwm�hidg�2d2|�r�e�rgb4t�rg��t�|�t�x�rgx�dw��m4fib4e�rgxsrÁfi�l`�¥�b)t�h�rg�lfn~<o)f�fi~�x�tum«optu~@okrgm�m)fib4tufnm
âs~srg~�hntufnbprgmn�
ª rgb)ryâs~srg|�tuËirgbÀfim«okr�`�rgb4o)fqt�~<o)b)d.x�{�h�opdwb4t�r¨xcfi�}fi�ldwm�`�{�~<o){srg|�tuË�r�b8hn{sÂg|µfim
fn|µ`�b)t�~�hit�`srg|}dw�.�4fnopt ewd�x�fq~<{�fimÔ�

opb)d$opb)rg�srA�4d��¿Ü8dg�2fn~�hifn�2dgm2xctuhntufi~cx�dÉz<{�f�op¥�`�tuhirg�lfi~@opf0|udgm¡fim4o){�x�t�dwm)dwmlfi~æâs~srg~cË�rgm2t�~<o)fi~@okrg~æf�§�`�|�tuh�r�b¡d
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Yt

fnm4opÂ
xsrgx�d¡`}dwb

Yt = µt +Xt, t = 1, . . . , n,
�KÎ�� Ì2�

x�dw~�x�f
µt ∈ R

��Ù.f�r Ft−1 = σ(Yt−1, µt−1, Yt−2, µt−2, . . .)
�¿|�r

σ
�ÔÂg|�vwfi�cbpr$vwfi~cfibpr�xsr»`}dwbl|�rÉt�~cä�dwb)�2rghnt��w~

x�tum4`}dw~�tu�c|ufqrg|Y�ldw�2fn~<o)d
t− 1
��·�m){�`}dw~cv@rg�ldwm�z<{�f

Xt | Ft−1 ∼
Þ

(0, h2
t )

�KÎ�� ÎD�
x�dw~�x�f

h2
t = α0 + α1X

2
t−1 + · · · + αq X

2
t−q,

�KÎ��10��
Ì²Û
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α0 > 0,
�KÎ.� Ïk�

αi ≥ 0, i = 1, . . . , q,
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fim4o)f�`�b)dg��|ufn�Ár��
å�rg~@opfn~�v@rg�ldwm
fi~��2fn~<o)f%|�r�fihn{srghit��w~ �KÎ.��Ì��À·0hidw~cm)tuxcfib)fn�2dgm9rgj�dwb)r

Xt | Ft−1 ∼
Þ

(0, σ2
t ),

�KÎ.� ÐD�
x�dw~�x�f

σ2
t = α0 +

p
∑

i=1

αiX
2
t−i +

q
∑

i=1

βi σ
2
t−i,

�KÎ�� ÷��
hidw~

α0 > 0, αi ≥ 0, i = 1, . . . , p, βi ≥ 0, i = 1, . . . , q
�"_
z.{c¥
m)f�hirg`co){�bpr×|ur�`srgb«opf�rg{�opdwb4b)fivgb)fim4t�e�r

x�f�|udgm�fib4b)dwb4fimqfi~$fn|"�ld.x�fi|�d�x�f�b4fivwb4fim)t��w~×�ÁÂ�m�|udwmab)fnË�rgvgdwmqx�f�|urÁä�{c~�hit��w~×x�f�e�r�b)t�r�~�Ë�r�hndw~�x�t�hit�dw~srg|B� û rgm
fihi{�rghit�dw~�fnmL�KÎ�� ÐD�À· �KÎ�� ÷��8x�f�âs~�fn~�{�~��ld.x�fi|�d:�@Ú§æeâ�ì��

p
�
q
���

û rqvwfn~�fib)rg|ut�Ë�rghntu�w~�x�f1#@æeâ�ìQr;�LÚ;æ¬â�ì�fim>m4tu�ltu|�rgb�rq|�r�vwfn~�fib)rg|ut�Ë�r�hitu�g~�xcf�{�~l`cb)d.hifnm)d<#@æ�rq{�~=#@æ>�8Ú>�
û r2tux�fir2ä�{�~�x�rg�lfi~<oprg|+fnm�z<{�f�{c~?�LÚ;æeâ�ì½`�{�fnx�f�b4fi`�b4fim4fi~@okrgbq`�rgb)m4tu�ldw~�t�dwm)rg�lfn~<opf�{�~×`cb)d.hifnm)d-#@æ¬â�ìDxcf
dwb)x�fn~lrg| opd���hidg�2d�m)f
��{�fnm4opb)rqfn~¡fi|cõ+fndwb4fi�2r�Î.��Ìw� ö rgxsr�|�rat��2`}dwb«okrg~chitur�x�fn|�dw`}fnbprgx�dgb"x�f
b)fnË�r�vwdwm�fn~¡m)fib4tufnm
x�fqoptufn�2`}dc�ctu~�hn|u{�t��ldgm�|�r�m)t�vw{�t�fi~<o)fqx�fnâ�~�tuhntu�w~µ�
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����.ÿ��

B
�sfim«okÂ¡xsrgx�d¡`}dwb

B(yt) = yt−1.
�KÎ�� ÒD�

¤>~�vwfn~�fib)rg|K�
Bp(yt) = yt−p, p ∈ Z,

�BÎ�� ÑD�
x�dw~�x�f

B0(yt) = yt

�
��~NOsÿ(�	���µÿ(���KÿÁý��Öý��+ÿ�O5ý��C��.ÿ(�4.ýP�pý�
����.ÿ��%o)tufi~cf%|�ryä�dwb4�Ár

θ(B) = θ1B + . . .+ θq B
q,

�KÎ�� Í��
x�dw~�x�f

θ1, · · · , θq

m)dg~0`srgb)Âg�lfnopb4dwmÀd�hidw~cm4okr�~<opfnmi� û rgmE��� A þký��>x�faoprg|G`}dg|ut�~�dw�lt d¨fnm4okÂ�~0x�fnâs~ctuxsrgm8hidg�2dy|udgm
qe�rg|�dwb)fnm�x�f

B
z<{�f�m)r�opt�m4ä�rghnfi~

θ(B) = 0.
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σ2
t = α0 + α(B)X2

t + β(B)σ2
t ,

�BÎ�� Ì²Û��
x�dw~�x�f

α(B), β(B)
m)dw~�`}dw|�tu~�dw�¡t�dgm�fi~Qfn|�dw`}fib)rgx�dwb
x�f�b4fiËirgvwdwm�x�f%dwb)x�fn~

p
·
q
��b)fim4`}fih�opt�e�rg�2fn~<o)fg�GÙ�t�|urgm

bprg¥�hifim
x�f
1 − β(B)

·@rghnfi~�ä�{�fib)r¡x�fn|�hn¥ub4hi{�|�d¡{c~�t�oprgb)t�d���fi~@opdw~�hnfim�r�$�~�`}d.x�fn�2dgm�fim4hib4tu��t�b
σ2

t =
α0

1 − β(1)
+

α(B)

1 − β(B)
X2

t

�BÎ���ÌgÌ2�
·0fi~@opdw~�hnfim

σ2
t = α0

(

1 −
p
∑

k=1

βk

)−1

+
∞
∑

k=1

δk X
2
t−k,
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x�dw~�x�f

δk
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α(B)/(1 − β(B))
�
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b)fi`cb)fim4fi~@okrghntu�w~Qfnm4opÂlxsr�xsr¡`}dwb

ln(σ2
t ) = α0 + α1 ln(X2

t−1) + · · · + αq ln(X2
t−q).

�BÎ�� Ì�0��
_am)¥B��opdw�2rg~�xcd�f §c`}dg~�fi~�hnt�r�|�r�rg���}dwm�|�r�x�dwm�x�f<�BÎ���Ì[0�� �

σ2
t

m)f�r�~�d¡~cfiv@r�opt�e�rc��·�`}dgb�oprg~<o)d��c|�r�m�b)fnm4opb4tuhihntudg~�fim
m)dw��b4f�|urgm

αi

/ m�`srgbprqrgm)fnvw{�b)rgb�z<{�f�|�rae�rgb)turg~�Ëirqhndw~�x�t�hit�dw~srg|�m)fir%~�d%~cfiv@r�o)t�e�r�`}dwm4t�o)t�e�r�·@rq~�d%m)dw~¡b)fnz.{cfib)t�xsrgmn�
ª rgb)r�xcfnopfnb)�ltu~sr�b¨m4tÀfi|¿�2d.xcfi|ud�|ut�~�f�rg|¼�KÎ��10��qd�fn|À|udgv@rgb4¥ op�¡t�hnd �KÎ.��Ì[0��%`�b4dw`}dwb4hitudg~srg~Ö{�~½�2fó�4dwb¨r��4{cm4opf

m)dw��b4fa|�dwm¿xsr�opdwm¿x�tum4`}dw~�tu�c|ufnmi�k5�tuvgvwtu~cm�·ï:8fnbprÑ� Ì²Ñ(!G`�b4dw`�{�m4tufnb)dw~Á{c~��ld.x�fn|ud<#@æ¬â�ì�~�d¨|utu~cf�rg|3�onPÚ§æeâ�ì~��� û r
b)fi`cb)fim4fi~@okrghntu�w~Qxcf�fnm4o)f��2d.xcfi|ud�fnm4opÂlxsr�xsr¡`}dwb

σ2
t =

[

φ0 ($2)δ + φ1 (X2
t−1)

δ + · · · + φq (X2
t−q)

δ
]1/δ

,
�BÎ�� Ì�Ïk�

Ì�0



Ì�Ï å�d.x�fi|�dwm¼59fnopfnb)dwm4hifnxsÂgm4o)tuhndwm
x�dw~�x�f��

$2 > 0, φi ≥ 0, δ > 0
·�|udwm

φi

/ m9m4dw~�oprg|�fim
z<{�f ∑q
i=0 φi = 1¤�m)hnb)tu��rg�2dgm�|�dlr�~<opfnb)t�dwb�hidw�ld

σ2δ
t − 1

δ
= φ0

$2δ − 1

δ
+ φ1

X2δ
t−1 − 1

δ
+ · · · + φq

X2δ
t−q − 1

δ
,

�BÎ�� ÌAÐD�
`srgbpr¨jsr�hifnb�f�e.tux�fn~<o)f�z<{�f�fn|G�ld.x�fi|�d8n8�
#Læeâ�ì×hidw~cm)tum«opfafi~0rg`c|utuhirgb>{�~sr¨o)bprg~cm4ä�dwb4�Árghntu�g~2`}dgo)fi~�hnt�r¨x�f8:8d�§<�
Ü8d²§$r�rg���}dwmq|urgx�dwm�x�fn|��ld.x�fi|�d-#Læeâ�ìædwb)t�vwt�~srg|��µ¤�m%hi|urgb)d0z<{�f

δ = 1
fi~ �BÎ���Ì²ÐD��fim%fiz<{�t e�rg|�fi~@opf¡r �BÎ��10�� �

`}dwb�dgopb4dÁ|urgx�d��shi{sr�~�x�d
δ → 0

�;�KÎ.��Ì²ÐD��rg`�b)d�§�tu�2rlfn|+�ld.x�fn|ud
ln

#@æeâ�ì���5�tuvgvwtu~cm�·a:8fib)rÁfnm4o)tu�2rgb)dw~ �KÎ�� Ì�Ïk�
fi~Öm)fib4tufnm¨xcfloprgmpr�m�x�flh�rg����t�d�m)fn�Ár�~srg|"·$fi~chidw~@opb)rgb)dw~Öz<{�f

δ
ä�{cflm)tuvg~�t�âshir�opt e�r��lfi~@opf��2fn~�dwb%z<{�fl{�~�d�·

��{ch jcdÉ�2Âgm�hnfib)hirg~�dÖr$hnfib4d���tu~�xctuh�r�~�x�d×z<{�fQrgz<{�fn|u|�dwm�x�r�opdwm�ä�r²ewdgb)fihn¥�rg~D{�~æ�ld.x�fn|ud
ln

#@æ¬â�ì m)dg��b)f�fi|
#@æeâ�ìÖ|�tu~cf�rg|B� û rgm�`}dwm4tu��|�fim
f�§.o)fi~�m4tudw~�fnm�x�f%fnm4opdgm9`�b)d.hnfix�t��ltufi~@opdwm
rg|Y�2d.xcfi|�d��LÚ§æeâ�ìÉm)dw~�x�t�b)fnhnokr�mi�

SUTWVXTPSpT qsrR]R_a`cb
��~�rÁ`}dwm)t���|uf�|ut��lt oprghnt��w~�x�fy|�rgm9b)fi`cb)fim4fi~@okrghntudw~�fnmqxsr�xsrgm�rgb4b)tu��rlfim�z<{�fy|�r¡e�rgb)turg~�Ëir2hidw~cx�tuhntudw~sr�|

σ2
t

fnm
m)tu�l¦no)b)t�h�r0fi~»|udgm

Xt

/ m¨b4fiË�r�v@rgx�dgmi�+Þ9fi|�m)dw~ �10gÛ"!¿m){cvwtub4tu��z.{cfÁ|ur�m)tu�lfno)b)¥ur0fi~å�KÎ.�¡0���`�{�fnx�fÁm4fib¨tu~�rg`�b)dg`�t�rgx�r
`srgbprab)fi`cb)fim4fi~@okrgb>hntufnb4okr�m"m)fib4tufnm"âs~srg~chitufnbprgm�·y�srgm)�qm){cm>hnb)¥�o)tuhirgm�fi~¡fnm4o){�x�tudgm�fi�l`�¥�b)tuhndwm+hidw~�d.hntux�dgm"x�dw~�x�f
m4f
fi~�hndw~<o)b)�2fne.tux�fn~�hnt�rlx�f�z<{�f¨|ur�e�rgb4t�rg~cË�r¡x�f¨rg|uvg{�~�dwm�b4fi~�xctu�ltufn~<opdgm�fnm4okÂ�~�~�fnv@r�opt e�rg�lfi~@opf%hndwb)b4fi|�r�hit�dw~srgx�dgm
hidw~ b)fn~�x�t��2t�fi~@opdwm�`srgm)rgx�dwmn�9¤�|q�ld.x�fn|udt#@æ¬â�ìèhi|uÂgm)t�hidH~�dæ`�{cfix�fÉhirg`cop{cbprgb�fnm4o)f$ä�fi~��g�2fn~�dæ`}dgb)z<{�fÉ|ur
�Árgvg~�t�o){�x½x�f

σ2
t

~�d$fnmlr�ä�fnhnokr�xsr×`}dwb�fn|�m)tuvg~�d×x�f
εt
��·½`}dwb�oprg~<o)d��

σ2
t

~cd$fim4opÂ$hndwb)b4fi|�r�hit�dw~srgxsr�hndw~æ|�dwm
fib)b4dwb)fnm
`srgm)rgx�dwmn�sÞ9fi|um4dw~0x�fnâ�~�tu�

Xt

fn~0op¦nb)�ltu~�dwmÀx�fq|uryfihn{srghntu�w~Q�KÎ�� ÷�� �sÙ.{�vwtub4tu�yz<{�fqfn~�|�ryb4fi`�b4fim4fi~<oprghit��w~
#@æeâ�ìÖvgfi~�fnbprg|

σ2
t = σ2(Xt−1, . . . , Xt−p, σ

2
t−1, . . . , σ

2
t−q),

σ2
t

`c{�fix�f%ewfnb)m)f�hidg�2d¡{�~�`�b4d.hifnm)d2fim«opd.hiÂgm4o)tuhidlfn~Qfn|�hi{sr�|
Xt

fim9hirg`sr�Ë�x�f%{�~ctub�r¡|ur�e�rgb)turg~�Ëir¡hndw~�x�t�hit�dw~srg|
·�r¡|�dwm
fnb)b)dwb4fimn�GÙ.{Q`�b4dw`�{�fnm4oprlfim«okÂ¡xsrgxsr�`}dwb

ln(σ2
t ) = α0 +

p
∑

i=i

αi g(Xt−i) +

q
∑

i=i

ln(σ2
t−i),

�BÎ�� Ì²÷��
x�dw~�x�f

g(Xt) = θ Xt + γ (|Xt| − E[|Xt|]) .
�KÎ�� ÌAÒD�

û rgm�fihn{srghit�dw~�fnmN�BÎ�� Ì²÷��a·/�KÎ�� ÌAÒD�k��x�fnâ�~�fi~½{�~Ö�2d.x�fn|uds�@Ú§æeâ�ìÇf�§�`}dw~�fn~�hiturg|E��í6çÍÚ§æeâ�ì§� ��¤�m�ä�Âghntu|"ewfnb
z.{cf�|�r�m){�hnfim4tu�w~ {g(Xt)}

fim�tu~�x�fn`}fi~�xctufi~@opfq·0hidg~Q�lfixct�r�hifnb)d���·0|ur�e�rgb)turg~�Ë�r���x�f%f�§�tum«opt�bi��m4fibpÂ¡hidg~�m4oprg~<o)fg�
_am)¥B���BÎ�� Ì²÷��ab4fi`�b4fim)fn~<oprQ{�~É�2d.x�fn|ud0|ut�~�firg|�#@æ>�8Ú�`sr�bpr

ln(σ2
t )
hndw~Éfib4b)dwb)fnm

g(Xt)
��_�|uvw{c~srgmq`�b)dw`ctufnxsrgx�fnm

x�fi|��ld.x�fi|�dÑíSçÍÚ§æeâ�ìÉm4dw~
Ì�Ï



Î�� Ïl¤�§.opfi~cm)tudg~�fim Ì²Ð

Ìg�9¤�|Yfib4b)dwb�x�fq|urye�r�b)t�r�~�Ë�r�hndw~�xctuhit�dw~srg|Gfnm�|�tu~�firg|µr�`}fix�rgËidgm�fi~
Xt

�chidw~�`}fn~�x�tufn~<o)fim
αi (θ + γ)

hi{sr�~�x�d
Xt

fnm�`}dgm)t�o)t�e�r�·
αi (θ − γ)

hn{srg~�xcd
Xt

fim�~cfiv@r�opt�e�rc��¤�m4o)d×`�b)d.x�{chif0|ur�rgm)t��2f�opb)¥ur�fi~H|�r�e�r�b)t�r�~�Ë�r
hidg~�x�tuhntudg~srg|K�

Î.�9¤�|>`�b4tu�lfib�op¦nb)�ltu~�d0fi~/�KÎ�� ÌAÒD�a`}fib4�2t opf�z.{cf2f�§�t�m4okr�hidwb4b)fn|�rghntu�w~$fn~<opb4flfi|>fnb)b)dgb%·�ä�{cop{�b)rgm%e�rgb)turg~�Ë�r�m
hidg~�x�tuhntudg~srg|ufnmi� ª dwblfó�4fi�l`�|udc��m){c`}dw~�v@rg�ldwm¡z.{cf

γ = 0
·Dz<{�f

θ < 0
�¿¤�~<opdg~�hifnmÁ{�~

Xt

~cfiv@r�o)t�ewd
h�r�{�mprgb)Â¡z<{�f�fi|�fnb)b4dwb�m4f�r¡~�fiv@r�opt�egd¡·�z.{cf�fi|�fnb)b)dgb9rgh�op{sr�|�fn~Q|�rye�r�b)t�r�~�Ë�r�x�fn|�`�b)d.hnfim)dlm)f�r¡`}dwm)t opt ewd��

0��9¤�|�m)fnvw{�~�xcd0op¦nb)�ltu~�dÁfn~ �KÎ�� ÌAÒD��`�b)d.x�{chif�fi|�|�|�rg�lrgxcdÉýW��ýkþ��óÿu#Læeâ�ì>�µÙ�{�`}dw~�vwrg�ldwmaz<{�f
θ = 0

·�z<{�f
γ > 0

�}Ü�r�xsr�ewfiË�z<{�f�|�r��2rgvg~�t�o){�x�rg��m)dg|u{copr�x�f
Xt

f §chnfixsrlm){�e�r�|udwb�fim)`}fnbprgxcd��5fi|�fnb)b)dgb
g(Xt)

m)fib)Â
`}dwm4t�opt ewd��c_am4¥K��tu�l`srgh�opdgm
vwb)rg~�x�fnm9t�~�hib4fi�lfi~@okrg~�|�rye�r�b)t�r�~�Ë�r�hidg~�x�t�hitudg~srg|B�
õ&bprg��r��)r�~�x�d0hndw~×{�~srÁm)fib4tufyx�f�¥u~�x�t�hif¨x�f�`�b)fnhit�dwmi�µÞ�fn|um)dg~×fim«optu�l�Á{�~×�2d.xcfi|�dúíSçÍÚ§æeâ�ì½·Qfi~�hndw~@opb)�

θm)tuvg~�t�âshir�opt e�r��lfi~@opf�~�fnv@r�opt ewdq·
γ
m)tuvg~�t�â�h�r�o)t�e�r��lfi~@opf�`}dwm4t�opt ewd��w¤�m4o)dwm>b)fim4{�|�oprgx�dwm"ewfib4t�âshirg~l|�r�`cb)fim4fi~�hnt�r%x�fi|

fnä�fih�opd=#@æeâ�ìÖrgm)¥�hndw�ld�okrg���ctu¦i~0x�f%{�~sr¡b4fi|urghit��w~0~�fivwr�opt e�r�fi~@opb)f%b)fn~�x�t��2t�fi~@opdwm8·�e�r�b)t�r�~�Ë�r�m
ä�{co){�bpr�mi�

SUTWVXTwv1T xyrR]R_a`jb
ö f�rghi{cfib)xcd%r�Ü8jsrg~N� ÷"!B��hn{srg~�xcdqm4f�hndw~�m4tux�fnbpra{c~��ld.x�fn|udK�LÚ§æeâ�ì �ÔÌw� Ì2��fn~�|ur9`�bpÂgh�opt�h�rc�²ä�b)fnhi{�fn~<opfn�2fn~<o)f

m)f�fn~�hn{�fi~@opbpr0z<{�f
α1 + β1 ≈ 1

�YÜ8{srg~�x�d
α1 + β1 = 1

�µfn|�`�b)d.hnfim4d
Xt

·@r�~�d0fnmqfnm4okr�hitudg~srgb)t�d2·�b)fnhit��}f�fi|
~�dw����b)fyx�f��2d.x�fn|udF�LÚ;æeâ�ì��«Ìg��Ì2��t�~<o)fivwb)rgx�d�d0m4tu�l`�|ufn�lfi~@opf;z¾çÍÚ;æ¬â�ì �«Ìg��Ì�������~sr�x�f�|�r�m�t�~<o)fib)`cb)fnoprghit�dw~�fnm
x�f%fim4o)f��2d.xcfi|ud�fnm9z<{�f�|ur�ewdg|�r�o)tu| t�xsrgx�fim6O5ý��¾���>���óý����Ôý�� ª rgbpr�ewfib�fim«opdlhi|�r�bprg�lfi~@opf���hndw~�m)t�x�fib4fi�ldwm

E[σ2
t+1 | Ft−1] = E[α0 + α1X

2
t + β1σ

2
t | Ft−1]

= α0 + (α1 + β1)σ
2
t = α0 + σ2

t .

E[σ2
t+2 | Ft−1] = E[E[σ2

t+2 | Ft] | Ft−1]

= E[α0 + σ2
t | Ft−1]

= 2α0 + σ2
t .

¤�~Qvgfi~�fnbprg|B��b)fn`�t�o)tufi~cx�d¡fn|�rg~<o)fib)t�dwb
rgb)vg{��2fn~<o)d��co)fi~�fn�2dgm

E[σ2
t+j | Ft−1] = jσ0 + σ2

t .
�BÎ�� Ì²Ñ��

Þ��go)fim)f�z<{�f�m)f�jsr�hndw~�x�t�hit�dw~srgx�dÁm)dw��b4f Ft−1

fi~$|u{cv@rgbaxcf Ft

`}dwb4z.{cf
σt+1

fimq�lfix�t���|uf¨hidw~×b)fnm)`}fih�opdQr�|ur
σ
�ÔÂg|�vwfn��bpr��2Âgm
`}fiz<{�fnØsr Ft

rgm)¥Yz.{cf
E[σ2

t+1 | Ft] = σ2
t+1.

ÌAÐ



Ì²÷ å�d.x�fi|�dwm¼59fnopfnb)dwm4hifnxsÂgm4o)tuhndwm
ö f�rghn{�fib4x�d$rQ|ur�fihi{�rghit��w~è�KÎ.��Ì�Ñ�� �&|�r�ewdw|ur�opt�|�t xsrgxÉx�fÁj�dA·Ör�ä�fnhnokrQ|�r�`�b4fix�t�hihntu�w~»x�fÁ|ur�ewdw|�r�optu| t�xsr�xÖxcf

�ÁrgØ�rg~srÉ·Vfim«opf×f�ä�fihno)dDhndw~<o)tu~k$sr»`}fib«op{�b)��rg~�x�dH|�rÖm)fnb)tuf�fi~fi|�ä�{co){�b)dc� ª dgb�|udÖokr�~<opdc�Àhi{sr�|uz<{�tufnbÁtu�l`srgh �
opdÉm)dw�cb)f

X2
t

dÉm)dg��b)f
σ2

t

m4fibpÂÖr�h�rgb4b)f�r�x�dÖfn~Çfi|�ä�{cop{�b4d���fimlx�fnhit�bi��m)fnbpÂÉ`}fib4m)tum«opfn~<opf��¿_�{�~�z<{�fQfi|
�2d.x�fn|ud
ò ñ _aô�Ü65L�«Ìw� Ì2�y`c{�fix�f�x�fim4hib)t���tub¡r�`�b)dw`ct�rgx�rg�2fn~<o)f�{�~Dä�fi~c�w�2fn~�d$hidw�ld$|ur�e�rgb)turg��t�|�t�x�rgxHxcf�{�~sr$m4fib)t�f�xcf
optufn�2`}dc�cfim�b)fihndw�lfi~�xsr���|uf�opdw�2rgb�`�b4fihirg{�hntudw~�fnm9x�f�rghi{cfib)xcdÁr�|ud�f�§�`�{�fnm4opd2fi~�fim4oprlm4fihnhitu�g~Y�

ð<x|{<x 56$&%('7) }¬w<~.w��
¤�m4opr�m)fnhihit��w~0`�b4fim)fn~<oprgbpÂ�fn|µ�ld.x�fn|udyjcfnopfnb)dwm4hifnxsÂgm4o)tuhnd¡�2Âgm8`�rgb)m4tu�ldw~�t�dwm4dyhirg`sr�Ë�x�fax�fim4hib)t���tub8rg`�b4dw`�tur��

xsrg�lfi~@opf¡|�r�e�r�b)t�r���tu|�t xsrgx×fn~Ö{�~sr�m)fib4tuf¡x�f¡o)tufi�l`}d0â�~srg~�hntufib)rc��fn|>�ld.x�fi|�ds�LÚ;æ¬â�ì �ÔÌw��Ì����µ_\x�t�ä�fnb)fn~�hitur�xcf
|udwm�`cb)fim4fi~@okrgx�dgmq`�b4fne.t�rg�lfi~@opf��Gx�f�âs~�t�b)fi�ldwmarg|&�2d.x�fn|ud9�LÚ;æeâ�ì��«Ìg��Ì2��hidw�ldÁ{�~��ld.x�fi|�dÁvg{�t�r�x�dÁ`}dwb�`srgb)Â��
�2f�opb)dgmi�H5arghnfi�ldwm
fnm4opd¡`srgb)r�fÔ�4fn�l`�|ut âsh�rgb8|urgm8ewfn~<okrA�)rgm
z<{�fqopt�fi~�f�fim4o)f%fi~cä�d.z<{�f�� û r�`�b4fim)fn~<o)f�m)fnhihit��w~�fnm4opÂ
�srgmpr�xsr¡fi~�fi|�rgb«op¥�hi{�|�d�x�f¨Ù.o)bprg{��2rg~c~�·�åQt>=gdgm)hkj �G0@Ò(!B�

SUT��pT
Y+T q9���y�+���\�+[��0���\���k���
Ù�f%x�t�hif%z<{�f%{�~sr¡m)fnb)t�f%x�fqopt�fi�l`}d

Xt

fim�{�~Q`cb)d.hifnm)d9�LÚ§æeâ�ì �ÔÌw� Ì2�Àm4t�¦im4oprlm)r�opt�m4ä�rghnf

Xt = σtZt, t ∈ Z,

·0|�r�fihn{srghntu�w~�x�f%b)fnhi{cb)b)fn~�hiturlfnm4o)d.h�Âgm«optuhir

σ2
t = α0 + α1X

2
t−1 + β1σ

2
t−1, t ∈ Z,

x�dw~�x�f {Zt}
fim�{�~sr�m){chifim4tu�w~×x�f�e�rgtut�x�m4tu�l¦no)b)t�h�rgm�hidg~

E[Z2
t ] = 1

� û r�m
α
/ ma·

β
/ m�m)dw~×~�d0~�fnv@r�o)t�e�r�m�`sr�bpr

v@rgbpr�~<opt�Ë�r�b�|�r�~�dl~�fnv@r�o)t�e.tuxsr�x�x�f%|ur�ewdw|ur�opt�|�t xsrgx�r�|�hn{srgx�b)rgx�d
σ2

t

�
Ý���m)fnb4ewfn�2dgm%z<{�f�|urÁb)fn`�b)fnm)fn~<okr�hit��w~$x�f�{c~��LÚ;æ¬â�ì �«Ìg��Ì���m)t�vw{�f�|urÁm)t�vw{�t�fi~@opf�ýkþ�+H�.þ����(� .ý��pýkþ�+-�,�ký��µþ����

ý����Ôÿ²þ�9(�����Kþ��
Xt = AtXt−1 + Bt,

�BÎ�� Ì²Í��
x�dw~�x�f

Xt =





X2
t

σ2
t



 , At =





α1Z
2
t β1Z

2
t

α1 β1



 , Bt =





α0Z
2
t

α0,



 .
�BÎ�� ÎgÛ��

¤>m«okr�b)fi`cb)fim4fi~@okrghntu�w~Öhndwb)b4fim4`}dw~�x�f2r�|�r�x�f¡{�~Ö�ld.x�fn|ud0fi~Éfi|�fnm)`srghntud�x�f¡fnm4okrgxcdwmi��_
x�fn�ÁÂ�mi�
σ2

t

rg|"~�d�m)fnb
dw��m)fnb4e�r�xsr9~�dwm�m4t�o¾$�r�fn~¨fn|@fi~cä�d.z<{�f¿xcf¿|�dwm��ld.x�fi|�dwm�vg{�t�r�x�dwm�`}dwb�`srgb)Âg�2f�opb4dwmi��_
z<{�¥B�²fnm4okr��2dwm�`�b)fnm)hit�~�x�t�fi~�x�d
x�fi|�m){c`�{�fim«opdlop¥u`ctuhid�x�f�~cdwb)�2rg|�t�xsr�xY�
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¤�|�`�b)d.hnfim4d�x�fye�rgb)turg��t�|�t�xsr�x
σ2

t

okrg����t�¦i~�mpr�o)tum«ä�rghify{�~sr�fihn{srghntu�w~×x�f�b)fnhi{�b4b)fn~�hitur0hndw�ld��KÎ�� Ì²Í��k�v:�rgm«okr
jsrghifnb

Xt = σ2
t , At = α1 Z

2
t−1 + β1, Bt = α0.

�BÎ�� Î�Ì2�
��~�r0`�b)dg`�tufnxsrgx×tu�l`}dwb4oprg~<o)fyfi~×opd.x�d0`�b4d.hifim4d�fim«opd.hiÂgm4o)tuhid�fnm%|urÖý������.þ��Kÿ(�������Ký����g�G¤�~Éfn|"hidg~<opf §.opd�xcf

m)fib4tufnm�x�f×opt�fi�l`}d��8fim«opfÉm){�`c{�fim«opdVm4{�fi|�fÉb4fi|ur��)r�b)m)f$rDfnm4oprghit�dw~srgb4tufnxsrgx¬x�f$m)fivg{�~�x�dÇdwb4x�fi~µ��fnm4o)dÇfimn��z<{�f
~�tu~�vg{�~�d�x�fÁ|�dwm¨xcdwmy`�b4tu�lfib)dgm¨�ldw�lfi~@opdwm�m)firg~»ä�{�~�hit��w~»x�fi|¿o)tufn�2`}dc� ö rg�ldwm¨{�~srQx�fnâs~ctuhit��w~»vwfn~�fib)rg|Àxcf
fim4o)f�hidg~�hifn`copd2xsr�xsr¡m4{Qtu�l`}dwb«okrg~�hntur�r¡|ud�|�r�b)vwd�xcf�fnm4o)f�fim)hnb)t opd��
����@��+���@��î}� Y � Y ��¤>m«okrghntudg~srgb)t�fixsr�xÝ���"Ù�f9xctuhif
z.{cf9fi|s`�b)d.hnfim4d¨fim«opd.h�Â�m4opt�hid {Xt}t∈T

fnmqý�������þ��Kÿ(�����,�KÿÀm)ts`srgb)r
hi{srg|�fim4z.{ctufnbpr

t1, . . . , tk
~-$��lfib4dwm�b4f�rg|�fim�·0hi{sr�|uz<{�tufnb

∆
fn~<o)fib)dc�5m4f�hn{��2`c|ufqz<{�f

(Xt1 , . . . , Xtk)
D
= (Xt1+∆, . . . , Xtk+∆) ,

x�dw~�x�f D
=
x�fn~�dgokr¡t�vw{sr�|uxsrgx�fi~�x�tum«opb)t���{�hntu�w~µ�

ö f�rghi{cfib)xcdÁrJ:8bpr�~�xco � Ï�!�m)f%mprg�}f%z<{�f�{�~�r¡fihn{srghntu�w~�hndw�lda�KÎ�� Ì²Í��¿opt�fi~�fq{�~sr¡m4dw|u{chitu�g~�fnm4okr�hitudg~srgb)tur�m)t
E ln |An| < 0

�
E ln+ |Bn| <∞ ·0m)t�fn|�f�§�`}dw~�fn~<opfÑ���	�Ôÿ�xcf û ·@rg`c{�~�d²e�x�f�âs~�t�x�dlhidg�2d

γ̂ = ı́nf

{

1

n
E ln ‖A0 · · ·An‖, n ∈ N

}

,

fim9~cfiv@r�opt�ewdc��_�z<{�¥ | · | fnm9hn{srg|�z.{ctufib
~cdwb)�2r�fn~ R
n
� ‖ ¹ ‖ = sup| � |=1 | ¹Ñc | �

ª dwb4�KÎ�� ÎgÛ��¿opfi~cfi�ldwm
¹

n · · ·
¹

0 =
¹

n

n−1
∏

i=0

(α1 Z
2
i + β1),

rgm)¥

γ̂ = ı́nf

{

1

n

(

E ln
¹

n +
n−1
∑

i=0

E ln(α1 Z
2
i + β1)

)

, n ∈ N

}

= ı́nf

{

1

n
E ln
¹

n + E ln(α1 Z
2
0 + β1), n ∈ N

}

= E ln(α1 Z0 + β1).

ö f�rghn{�fib4x�dqr�fim«opdwm�h�Âg|�hi{�|�dwmi�Afnm�m){câshntufn~<o)f�z<{�f
E ln(α1 Z0+β1) < 0

�
E lnZ0 <∞ `srgb)r�z<{�f8fi|�`cb)d.hifnm)d�@Ú§æeâ�ì��«Ìw� Ì2��m)fir�fim4oprghit�dw~srgb4tud��v��m)rg~�x�dQ|ur0j�fib4bprg�ltufn~<opr�op¥u`ctuhirc��Þ9fi|�m)dw~ã� Î�Í"!>fnm4okr���|ufnhiflz<{�f

E ln(α1Z0 +

β1) < 0
fim�{�~sr¡hndw~�x�t�hit��w~�~�fnhifnmprgb4t�r¡`srgb)r¡|ur�fnm4okr�hitudg~srgb)t�fixsr�x�x�f%{�~��@Ú§æeâ�ì��«Ìw� Ì2���

ô�fihidgb)xsrg~cx�daz<{�f
σ2

t = α0+α1X
2
t−1+β1σ

2
t−1

��xcdw~�x�f
α0 > 0, α1, β1 ≥ 0

��Ù�t
g(x, s) = α0+α1x

2+β1s
2

fi~<o)dw~�hnfim |g(sz, s2) − g(s̃z, s̃2)| = (α1z
2 + β1)|s2 − s̃2| �Àj�rghit�fi~�xcd C1(z) = α1z

2 + β1

�À|urÖhndw~�x�t�hit��w~
ÌAÒ
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E lnC1(Z0) < 0
x�fi|¿õ&fidgb)fn�Ár?0���Ì2fi~/�10wÒ(!B�&jsr�hif2z.{cf

E ln(α1Z
2
0 + β1) < 0

�&m4f�rQhidw~cx�tuhntu�w~É~�fihnfimpr�b)t�r�·
m){câshntufn~<opf%`srgbpr�fim«okrghntudw~�rgb)t�fixsr�xY�
å�Âgm9r�$c~Y�

σ̃2
t,m = α0

(

1 +
m−1
∑

k=1

k
∏

i=1

(α1Z
2
t−i + β1)

)

+ c20

m
∏

k=1

(α1Z
2
t−i + β1), m > 0.

Ü8dw�2d
E ln(α1Z

2
0 + β1) < 0

�&fn|ufnvwtu�ldwm
p
okr�|¿z<{�f

E lnC1(Z0) < p < 0
�+¤�~<o)dw~�hnfim�|�r�|�fn·×ä�{�fib«opfÁxcfÁ|udgm

vwbprg~cx�f%~-$c�2fnb)dwm�t��2`c|�t�hir�z<{�f
1

m

m
∑

i=1

lnC1(Zi) < p⇔
m
∏

i=1

C1(Zi) < emp,

rgm)¥ ∏m
k=1(α1Z

2
t−k + β1) �o� �o� ���→ 0, m→ 0

�
Ó�t�~srg|��lfn~<opf��c`}dwb�fn|Yopfndwb)fn�Ár¡rg~@opfnm9�lfi~chitudg~srgx�d

σ̃2
t,m �o� �w�→ σ2

t

��o)fi~�fn�ldwm

σ2
t = α0

(

1 +
∞
∑

k=1

k
∏

i=1

(α1Z
2
t−i + β1)

)

c.s.

SUT��pTPSpT x�[��+���y�y�o�J�4Z\�4���+�
åQfn~�hit�dw~srg�ldwm�rg~@opfib4tudwb4�2fn~<o)fÁz<{�f�fi~D{c~D�ld.x�fn|ud�vw{ct�rgxcd�`}dwby`srgb)Âg�2f�opb4dwmi��opbpr�okrg�ldwm¨hidw~½e�rgb)turg��|ufnm

|�r�o)fi~<o)fimn��¤�~Éfi|"h�rgm4d�x�f¡{�~É�ld.x�fn|ud��LÚ§æeâ�ì �ÔÌw� Ì2���G|�rÁe�rgb)turg��tu| t�xsr�x
σ2

t

~cd�fnm�dw�cm)fib«e�rgx�rc�&¤�~$okr�|"h�rgm4d���fnm
~sr�op{cbprg|�rg`�b4d²§�tu�2rgb8|�rye�rgb4t�rg~cË�r�x�f%|�r�m)t�vw{�tufn~<o)fq�Ár�~�fib)rc©
Ìg��Ù�fir

σ̃2
0 = c0

�
c0 ≥ 0

fim�{�~sr¡hndw~�m«okrg~@opf¨rgb4��t�o)bprgb4turc�
Î.� ö f�âs~�tub

σ̃2
t = g(Xt−1, σ̃

2
t−1)
�
1 ≤ t ≤ n

�
¤>~¬~<{�fim«opb)dD�2d.xcfi|udc�7�µÿ �	���µý���� �Àx�t�b)fi�ldwmÁz<{�f$|ur½m4dw|u{chitu�g~fnm4okr�hit�dw~srgb4t�r {Xt}

r½|�r»fihn{srghntu�w~ �BÎ�� Ì²Í��lfim
tu~<ewfnb4o)tu��|�f�m)t

|σ̃2
t − σ2

t |
P→, t→ ∞.

¤>~�dgo)bprgm
`srg|urg��bpr�mi��t�~<ewfnb4o)tu��t�|�t�xsr�x0v@rgb)rg~<o)tuËir�z.{cf�fi|�rg|�vwdwb4t op�¡d�x�f�rgb)b4tu�sr�hidg~<ewfnb)vwf��
5ar�·×{�~sr�m)fnvw{�~�xsr�tu~@opfnb)`�b4fnokr�hitu�g~Y�Y|�r0hn{srg|�hi|urgb)t âsh�r�|�r0b4fi|urghit��w~$fn~<opb4fltu~@ewfib«optu�ctu|�t xsrgx×fi~Ö|�dwmq�2d.xcfi|udgm

#@æ>�8Ú»·�|�r�~cd.hit��w~�xsrgxsr¡rgb)b)t��src�H5�rghit�fi~cx�d

σ̃2
t,m =







c20 m = 0

g(Xt−1, σ̃
2
t−1,m−1) m ≥ 1,

�BÎ�� ÎgÎD�

Ì²Ñ
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opfi~cfi�ldwm2|�rÉb4fi|urghit��w~
σ̂2

t = σ̂2
t,t

�¿`�rgbpr
t ≥ 0

�8å�ÂgmÁr�$�~µ�¿hidw�ldÖm){�`}dg~�fi�ldwmÁz<{�f {Xt}
fimÁfnm4okr�hitudg~srgb)turc�

(σ2
t,m, σ

2
t )t

fim�fim4oprghit�dw~sr�b)t�r�`�rgbpr�h�rgx�r
m ≥ 0

â��4dlfn~�e.tub«op{�x�x�f%|�r ª b)dw`}dwm4tuhntu�w~�Î��¡0�fn~ �G0@Ò(!B�s_�m)¥
σ2

t,m − σ2
t �= σ2

m,m − σ2
m = σ̂2

m − σ2
m,

`srgbpr�opd.xcd
m ≥ 0

� ª dwb�|�d�oprg~<o)dlt�~<ewfnb4opt���tu| t�xsrgx�fim�fiz<{�t�e�rg|ufn~<o)f�r

σ2
t,m

P→ σ2
t , m→ ∞,

�KÎ�� Î�0��
`srgbpr�o)d.x�d

t ∈ Z
â��4dc��Ü8dw�ld�fim«opd�tu�l`�|�t�hir�|�r�f�§�tum«opfn~�hitur�x�fÁ{�~srQm){��cm){�hnfim)tu�w~Hz<{�fÁhidw~@ewfib4vwf�h�� mn���

σ2
t

fnm
�2fnx�tu��|�f¡b)fnm)`}fnhnopd×r�|�r

σ
�ÔÂ�|uvwfn��bpr�vgfi~�fnbprgx�r�`}dgb¨|urgm�dw��m4fib«e�rghntudw~�fnmy`srgm)rgxsrgm {Xt−k | k ≥ 1} �&tB� f�����`sr�bpropd.x�d

t ∈ Z
�

σ2
t = f(Xt−1, Xt−2, . . .),

hg� mi�
,

`srgbpr�{�~sr�ä�{�~�hntu�w~��2fnx�t���|uf
f
�}Ù�t

σ2
t > 0

hg� mi�5`�rgbpr¡fn|��2d.xcfi|udú�KÎ.��Ì�Í��8|�r�fnhi{sr�hit��w~
σ2

t = f(Xt−1, Xt−2, . . .)okrg����t�¦i~0tu�l`�|�t�hir
Zt = f̃(Xt, Xt−1, Xt−2, . . .),

h�� mn�
`srgbpr�opd.xcd

t ∈ Z
�"xcdw~�x�f

f̃(x0, x1, x2, . . .) = x0/(f(x1, x2, . . .))
1/2
�>Ü8dg�2`�rgb)fn�2dwmyfim4opr$b4fi`�b4fim4fi~<oprghit��w~

hidw~Ö|ur�~�d.hntu�w~$x�fltu~<egfib4o)tu��t�|�t�x�rgx$fn~»{c~?#Læ>�8Ú¿��ô9fnhidwb4x�fi�ldwm�z<{�fl{�~Ö�2d.xcfi|ud9#Læ>�8Úf�
p
�
q
��hidg~»`�rgbpÂ��2f �

opb)dgm
(φ1, . . . , φp; θ1, . . . , θq)

fnml{�~æ`�b4d.hifim4dÖfim«opd.hiÂgm4opt�hid {Xt}
z<{�f�dw�}fixcfihnf�r$|ur×m4tuvw{�t�fi~@opf0fnhi{srghntu�g~Çxcf

b)fihn{�b)b4fi~�hnt�r
Xt =

p
∑

i=1

φiXt−i +

q
∑

i=1

θjZt−j, t ∈ Z,

x�dw~�x�f {Zt}
fnm�b){�t�x�dH�c|�rg~chid��8hndw~e�rgb4t�rg~cË�r

σ2
�8tK� fg� �8`srgbpr»opd.xcd

t ∈ Z, EZt = 0
· \¿rgb

Zt = σ2
·

Ü8dAe
(Zt, Zs) = 0, t 6= s

�µ¤�~×fim4o)f�hirgm)dc�µtu~@ewfib«opt���tu|�t xsrgxQfim«okrgb)Â�x�f�âs~�t�xsr�hndw�ld�m4tuvw{cfg©Gf�§�t�m4opf�{c~sr�m4{�hifnm)tu�g~
x�f%hidw~�m«okrg~@opfnmar���m)dw|�{cokr��2fn~<o)fqm){��2rg��|�f {πj}j≥0

oprg|Yz.{cf

Zt =
∞
∑

j=0

πjXt−j,
h�� mn�

d��}fn~�dgopb)rgm�`srg|urg��b)rgmi�5|ur�Osý�����+-�%M��.þ����(��rg|�o)tufn�2`}d
t
fima{c~�ä�{�~�hntudw~�rg|�|utu~cf�rg|�x�f¨|�rgm9dw��m4fib«e�rghit�dw~�fnm�`�rgmprgx�rgm

·H`cb)fim4fi~@opfim {Xt−k | k ≥ 0} �>Ù�t�|udwm�x�dwm�`}dw|ut�~�dw�¡t�dgm�hirgbpr�hnopfnb)¥�m4opt�hidgm φ(z) = 1 −∑p
i=1 φiz

i
·
θ(z) =

1 +
∑q

j=1 θjz
j
~�d�o)tufn~�fi~�bpr�¥uhnfim
hndw��{�~�fnmi��fi~@opdw~chifim�fi|Y`�b4d.hifnm)d=#Læ��8ÚÖfim
tu~<egfib4o)tu��|�fam)tµ·�m4�w|ud�m4t

θ(z) 6= 0`srgbpr�opd.xcd
z ∈ C

oprg|Yz<{�f |z| < 1
�

ª rgb)r��ld.x�fi|�dwm�x�fqm)fib4tufnm�x�fqo)tufn�2`}d �µÿJ�	���µý����uý�����m)tu~0fi���srgb4vwd��c|ur�tu~@ewfib«opt���tu|�t xsrgx�`�{cfix�f%m)fnb�{�~
`�b4dw��|�fi�2r�x�t ä�¥uhntu|�� û r¡~cd.hit��w~�x�f%tu~@ewfib«optu�ctu|�t xsrgx0xsr�xsrlrgz<{�¥�fim9{�~srlrgx�rg`cokr�hit��w~�r¡|�r�~cd.hit��w~�t�~��
o)b)d.x�{�hntuxsr�`}dwb ñ bprg~cvwfib&·¨_a~�xcfib)m4fi~ú� ÌiÏ�!cfn~�fi|�hndw~<o)f�§.opdqvwfn~�fib)rg|�x�f�{�~��2d.xcfi|udarg{co)dwb)b4fivwb4fim4t�ewd
x�f%�lfix�turgm
�l�Ae.t�|ufnm�~�dl|ut�~�f�r�|B�

Ì²Í
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ª rgb)r0Ù.o)bprg{c�Ár�~�~Q·�åQtF=gdwm)hkj �10wÒ(!B�G|urÁr�`}dwb4oprghit��w~Q�ÁÂgm9tu�l`}dwb4oprg~<o)f�x�fym4{�o)bprg�srA�4d2fim�f §�`�|u¥�hit okrg�lfn~<opf

ä�dwb)��{�|urgb+·�b)fim4dw|�egfib>`�b)dw�c|ufi�2rgm�b4fi|�fne�r�~<opfnm¿jsrghntufn~�x�d�{�m4d¨x�f�fihi{�rghit�dw~�fnm¿fim4o)d.h�Âgm«opt�h�rgm¿fn~2b)fnhi{�b4b)fn~�hiturc�k��~�d
x�fqokrg|�fim
`�b)dg��|ufn�Ár�m
fim�x�f�opfib4�2t�~srgb�|�r�tu~<egfib4o)tu��t�|�t�x�rgx0x�fn|��2d.x�fn|ud:�LÚ§æeâ�ì �ÔÌw� Ì2����fim9xcfihit�bi��fi|�jcfihkj�d2z<{�f

|σ2
t − σ̂2

t |
P→ 0, t→ ∞,

¦im4oprlfnm9{�~�r¡hidw~�xctuhntu�w~�ä�{�~�xsrg�lfi~@okrg|Y`�rgbpr�|�r�fim«optu�2rghntu�w~0xcfi|��2d.xcfi|�d��
¤�~�fn|��ld.x�fn|ud��@Ú§æeâ�ì��«Ìw� Ì2� �²|�r�hidw~�m«okrg~@opf8x�f û tu`�m4h jct�opË¿x�fÀ|�r ª b4dw`}dwm)t�hit��w~L0c� Ò9fn~N�G0@Ò(!.`�{�fixcf�m4fib�fn|ufnvwtuxsr

hidw�ld
C2(x) = β1

��·É`}dgb¨|�d�oprg~<o)d
β1 < 1

fnmym4{câshit�fi~@opfÁ`sr�bpr�|�r�tu~@ewfib4o)tu��t�|�t�x�rgxÉxcfi|1�@Ú§æeâ�ì��«Ìw� Ì2� ��¤�m4opr
hidw~�xctuhntu�w~×·@r�m4f¡opfn~�¥�r0x�f¡|�r�fim«okrghntudw~�rgb)t�fixsr�xÉ`}dgb)z<{�f

ln β1 ≤ E ln(α1Z
2
0 + β1) < 0

� ª dwb%|�d0oprg~<o)d�o)d.x�d
`�b)d.hnfim)d-�@Ú§æeâ�ì��«Ìw� Ì2�Àfnm4oprghit�dw~srgb4tud�fnm9tu~@ewfib«optu�c|ufg�
ª d.x�fn�2dgm�dw�copfn~�fnb

σ2
t,m = α0(1 + β1 + · · · + βm−1

1 ) + α1

m
∑

k=1

βk−1
1 X2

t−k + βm
1 c

2
0.

Ü8dw�2d
β1 < 0

·
E ln+X2

0 <∞ �.|�r¨m){chifim4tu�w~ {σ2
t,m}m≥0

hndw~@ewfib)vgfqhndw~0`�b4dw�srg�ctu|ut xsrgx2{�~�d�`}dwb8fn| û fn�Ár�Î�� Ì
fi~ �10@Ò2!B�}Ü8dw����t�~srg~�xcd¡fim«opf�b4fim){c|�okr�x�d¡hidw~�|�r�b)fn|�rghntu�w~Q�BÎ�� Î�0�� ��hidw~chi|u{ctu�ldwm

σ2
t = α0(1 − β1)

−1 + α1

∞
∑

k=1

βk−1
1 X2

t−k,
h�� mn� �BÎ�� Î�Ïk�

|�r�hi{srg|¿fnmy|ur�b)fn`�b)fnm)fn~<okr�hit��w~½x�f
σ2

t

fi~»o)¦ib4�2t�~�dwm%x�f2|�rgm�dw�cm)fib«e�rghntudw~cfimy`srgm)rgxsrgmn��¤�m«opfÁb)fnm){�| okrgxcdQ·@r�ä�{�f
fim4oprg��|�fihit�x�d¡fi~�fi|�hirg`�¥�o){�|ud�rg~<o)fib)t�dwbi�
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·0hndw~�x�t�hitu�g~�t�~�tuhnt�r�|
ĥ0(θ) = 0
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L̂n(θ) = −1
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(

X2
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ĥt(θ)
+ ln ĥt(θ)
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.
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ht(θ) = u1 + u2X
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t−1 + u3ht−1(θ), t ≥ 1.
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X0, X1, . . . , Xn

vwfi~cfibpr�x�dÉ`}dgb�fi|��2d.xcfi|�d �BÎ���Ì�Í��¨hidg~
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Ln(θ) = −1
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∑
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ht(θ)
+ lnht(θ)
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θ̃ =
rgb4vw�ÁrA§

θ∈KLn(θ).
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hidw~@ewfi~�t�fi~@opf�o)bprg��r��)r�b�hndw~ {Ln}
`}dwb4z.{cf {X2

t /ht + lnht}
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{X2
t /ĥt + ln ĥt}
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θ̂n
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g = gθ

· {Xt}
fim
|urL$�~�t�h�r�m)dg|u{�hntu�w~�fnb)vw�.x�t�h�r

fim«okrghntudw~�rgb)tur�`srgbpr�|�r�fihn{srghntu�w~�xcf�b4fihn{�b)b4fi~�hnt�r2Î�� ÎwÎ�hidw~
θ = θ0

�
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K ⊂ Θ
fim�{�~�hidg~��4{�~<o)d�hidw�l`srgh�opdÁhidw~

θ0 ∈ K
·�okrg|&z<{�f�|urgm�hidw~cx�tuhntudw~cfimax�fy|�r ª b)dw`}dwm4tuhntu�w~I0���ÌiÏ

m)dg~Qdg��m)fnb4e�rgx�rgmi�
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λ
okrg|Yz<{�f�`sr�bpr�opd.x�d

(x, s) ∈ R × [0,∞)
·0`srgb)r�o)d.x�d

θ ∈ K
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gθ(x, s) ≥ λ.
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K
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θ ∈ K
�

h0(θ) ≡ σ2
0

h�� mn�5m4tY·0m)�w|�d¡m)t
θ = θ0.
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∥

∥
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∥

∥
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∥
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θ̂n �o� �w�→ θ0, n→ ∞.
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θ = (u1, u2, u3)
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θ0 = (α0, α1, β1)
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θ0
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α1 = 0
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·
β1

�sÙ�fir
K
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(0,∞)× [0,∞)× [0, 1)hidw~@opfi~ctufn~�x�dlfi|�`sr�bpÂg�lfno)b)d�ewfnb)xsr�x�fib4d
θ0
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·
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K
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·
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·
ũ1 > 0
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ô�fihidgb)x�fn�2dgmqz<{�f
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hidw�@$�~

F
·0m)fir

Mn = máx
1≤i≤n

{Xi}.

Ê8�<�5�A��ºÖ� _ � X �BÓ5r��2t�| turyxcf ö t�m4opb4tu��{chitudg~�fim�x�fÒ\¿r�|udwb�¤�§.opb)fn�2da� ö \q¤���� �]\Ý+�Osÿ(�-�����Áÿ���%+5ý�ýCBD�>���óý��Öþkÿ(�����
ÎwÒ



ÎgÑ õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
�°�����óý��

an ∈ R
+ G bn ∈ R G �����uý��L%+sý

ĺım
n→∞

Pr(an(Mn − bn) ≤ x)
D→ G(x),

��0c��Ì��
.ÿ(��.ý

G
ý��fO��pÿ�O����J)<�µÿ2ý����°90þkÿ(�µþký�����������Áý��?+-�ïO�+-���ÔÿM��¨ ���óÿ"�Gþ ý��

G
Osý��,�óý��µýkþkýP�ï+-���Ñ.ýÒ���(�E������+-�Ký����óý��

�*�pý��+�.�������	���(�4.ýL��>�����,��M%+5þ����(�_^
` ���ba«��¸¬Ü�Ùdc[e J à�Ø¯z�f�g

Λ(x) = e−e−x

1(−∞,∞)(x) h
i hkj æmlÝâ�ì§Ü�înc�e J àÝØhzmz�f�g

Φα(x) = e−x−α

1[0,∞)(x), α > 0 h
o h]p Ü J ¸qa§Ù-Ùrc�e J àÝØhzmzmz�f�g

Ψα(x) = e−(−x)α

1(−∞,0](x) + 1[0,∞)(x), α > 0 h
Þ���opfim4f¡z<{�f�fim«opf�o)fidwb4fi�2r��(��+-�Áýaz<{�f

(anMn − bn)
opt�fi~�f�{�~�r�Ósx×|u¥u�¡t o)fy~�d0x�fnvwfi~�fnbprgx�r

G
�G·�|u{cfivwd

m)fq`�b){�fn�sr�z<{�f
G
x�fn�}fibpÂ�opfn~�fib
{�~sr�x�fq|�rgmÀopb)fnm�ä�dwb)�2rgm8x�fim4hib4t�okr�mi�5Ù�fq`�{cfix�fn~Qhndw~�m«opb){ctub�m){�hnfim4tudw~�fnm {Xn}tK� tK� xY�c`srgb)r¡|�dwm
z<{�f%oprg|

G
�µÿ�f §ct�m4o)fg� ª dwb�fó�4fi�l`�|udc��t�~<o)b)d.x�{�hntufn~�x�d¡|ur�m)t�vw{�t�fi~@opfq~�dgoprghit��w~

xF = sup{x | F (x) < 1}, (≤ ∞).

fim4o)dÁfnmi�
F (x) < 1

`�rgbpr�opd.xcd
x < xF

·
F (x) = 1

`srgbpr�opd.xcd
x ≥ xF

�s·0m){�`}dw~ctufi~cx�d2z.{cf¨h�rgx�r
Xn

o)tufi~cf
{�~sr0Ósx

F
okr�|�z<{�f

xF < ∞ ·�z<{�f F o)tufi~cf�{�~×mprg| opd�fn~ xF

�µtB� f��
F (xF−) < 1 = F (x)

�Y¤�~<opdg~�hifnm%`�{�fnx�f
`�b)dw��rgb)m4fqz<{�f�m)t {un}

fim
hn{srg|�z.{ctufnb8m){�hnfim)t��w~0·
Pr(Mn ≤ un) → ρ

�chn{srg~�xcd
n→ ∞ ��fi~@opdw~�hnfim ρ ∈ {0, 1} �

ö f��2d.x�d¡z<{�f�m)t
Pr(anMn − bn) → G

�sm)f�m)t�vw{�f��so)dw�2rg~�x�d
un = x/an + bn

�sz<{�f
G(x) ∈ {0, 1} �sfim4o)d2fimi�

G
fnm9x�fnvwfi~cfibpr�xsrc��\a¦�rgm4fï�G0gÏ�!B�
¤�~ �*0c� Ì2� ��|ur�hndw~<egfib)vgfi~�hnt�r¡x�fi�}f%xsrgb4m)f%`sr�bpr�opd.xsr

x ∈ C ��fi|Yhidw~A�4{�~<o)dlx�f%`c{�~<o)dwm�x�f%hndw~<o)tu~.{ctuxsrgxµ� ª dwbdgopb)rÁ`srgb«opfg�Gfim�tu~@opfnb)fim)rg~<o)f�hidw~cm)tuxcfibpr�b�m4{�hifnm)tudg~�fim {un}
|�rgm�hi{srg|�fim�`c{�fix�rg~$~�d�x�fi`}fn~�x�fnb%x�f�r�|uvD$�~�`srgb)Â��

�2f�opb)d
x
dÁ`c{�fixsr�~�m)fnb�ä�{�~�hntudg~�fim��2Âgm9hidw�l`�|�tuhirgxsrgm�z<{�f¨|�rgm9hndw����t�~srghit�dw~�fnm9|�tu~�firg|�fim�hidg~�m)t�x�fib)rgxsrgm�jsrgm«okr

rgj�dwb)rc�}òó~�hn|u{�t��ldwm9fi|&m)t�vw{�tufn~<o)f�opfndwb)fn�Árlx�fi��t�x�d�rÁz<{�fy`�b)dg`}dwb)hntudw~�r2hndw~�x�t�hit�dw~�fim�~�fnhifnmprgb4t�rgm�·Qm4{câshntufn~<opfnm
`srgbpr�v@rgb)rg~@optuËirgbP��0c��Ì�� �5rgx�fn�2Âgm�m4fibpÂ¡dw�.�4fno)dlx�f%b4fnä�fib4fi~�hnt�r¡fn~Qm4fihihntudg~�fim9`}dwm4o)fib)t�dwb4fimi�
Ê8�<�5�A��ºÖ� _ � Y ��_�`�b)d�§�tu�2rghit��w~Áxcf ª dgtum)m4dw~Ý� � N ��.ÿ

τ ∈ [0,∞]
)J+-������+sþ ý��,���"� {un} ⊂ R G ���(�7������+'�Ký����óý��.ÿ��4�pý����.þ��Kÿ(�µý��E�²ÿ(�Öý|%+-��&(���uý����Ôý��

n(1 − F (un))
n→∞→ τ,

�*0�� ÎD�
Pr(Mn ≤ x) = F n(un)

n→∞→ e−τ �*0c�10��
ÎgÑ



0c��Ì%òó~<o)b)d.x�{chihit��w~ Î�Í

N ý��Áÿ����*�C�.þ����(��� ª rgb)r
0 ≤ τ

�5Ù�t��*0�� ÎD�Àe�rg|uf���fi~<o)dw~�hnfim
Pr(Mn ≤ un) = F n(un) = (1 − F̄ (un))n

=

(

1 − τ

n
+ σ(

1

n
)

)n

→ e−τ .

ô9fnhi¥u`cb)d.h�r��2fn~<o)fg�Gm4tS�*0c�10��
e�rg|�fg�Gfn~<o)dw~�hifnm
F̄ (un) → 0

�µ¤�~×fnä�fnhno)d��µm){�`}dg~�v@rg�ldwmaz<{�f�`srgbprÁrg|uvw{c~sr2m){��cm){��
hifim4tu�w~ {unk

} ⊂ < � F̄ (unk
)
~cd×hidw~@ewfib4vwf�r�hnfib)dc�"fnm4o)d$t��2`�|�t h�rQz<{�f

F̄ (unk
)
fim4opÂ$rghndgoprgx�d×fn~D{c~D`�{c~<opd

|ufÔ�4dgm�xcfi|8hifib4d×·»xcf0fnm4opf0�ld.x�d
Pr(Mn ≤ un) = (1 − F̄ (unk

))n → 0
��hn{srg~�x�d

nk → ∞ ��fim«opd$fnm�{�~srhidw~@opbpr�x�tuhnhit��w~Y�c`}dwb�|�d�oprg~<o)d
F̄ (unk

) → 0
�

õ&dw�2rg~�x�d¡|�dwv@rgb4t op�¡dwm�fn~ ��0c�10�� ��o)fi~�fn�2dwmn©
lnF n(un) → −τ

n lnF (un) → −τ

n ln(1 − F̄ (un)) → −τ

−nF̄ (un) → −τ,
fi~�fi|Yopfnb)hnfib9`�rgm)dlm4f�jsr¡{cmprgx�dlz<{�f − ln(1 − z) ∼ z

��hi{sr�~�x�d
z → 0

�
Ó�t�~srg|��lfn~<opf��&`�rgbpr

τ = ∞ ��Ù�t8�*0c� ÎD�qe�rg|�fg�+`}fnb)d��*0c�10��%~�d��+fn~<o)dw~�hifnm�x�fn�}f0f §�tum4o)tub {nk} ⊂ < oprg|Àz<{�f
Pr(Mnk

≤ unk
) → e−τ ′ �Ghn{srg~�x�d

nk → ∞ �µ`�rgbpr�rg|�vD$�~ τ ′ < ∞ � ª fnb)d0|udÁx�fn�ldwm4o)bprgx�d�fn~×fi|�hirgm)d�â�~�t�o)d��tu�l`�|�t�hir�z<{�f
nk F̄

n(unk
) → e−τ ′ ��|ud�hi{sr�|�fim�{�~sr¡hidg~<opb)rgx�t�hihit��w~Y�

Þ���opfim4f9z<{�f9m)ts|�rgm"e}� rc� / m>·@r%~�d�m)f9m4{�`}dw~�fn~Át�~�x�fn`Gfn~�x�t�fi~@opfimn�<fi~<o)dw~�hnfimÀ~�d�jcfi�ldwm>xsrgxcd�hidw~�xctuhntudw~�fnm>z<{�f
v@rgbpr�~<opt�hifn~�z.{cf

Pr(an(Mn − bn) ≤ x)
n→∞→ G(x).

Ù�t8��t�fi~Hr�$�~H~cd×fim«okrg��|�fihnfi�ldwm�{�~sr��ldgo)t�e�r�hit��w~Ö`srgbpr�fnm4op{cx�t�r�b�fnm4okr�opfndwb)¥urQ`�b)dw��rg��tu|�¥�m4o)t�h�r��&x�fn�}f0z<{�fnxsrgb
hi|�r�b)d0z.{cfl|udgmq`�b)d.hnfim4dwm�vwfn~�fib)rgx�dwb4fim�x�f¡|urgmqm)fnb)t�fim%x�f�opt�fi�l`}d0hidw~cm)tuxcfibpr�xsrgm%jsrgm«okr�rgjcdwbpr0`}dwm4fifn~½r�|uvw{�~�r
fim4o)b){�h�op{�b)rlx�f%x�fi`}fn~�x�fn~�hit�rc�
¤�§�tum4o)fi~�e�r�b)turgm��Árg~cfibpr�mafn~×|�r�m�z.{cf�|�r2~cd.hitu�g~�xcf�{�~srÁm4{�hifnm)t��w~×tK� tK� xY�5`�{�fnx�f�vwfi~cfibpr�|ut�Ë�rgb4m)f¨`srgb)rÁ`}fibÔ�

�2t opt�b9x�fn`}fi~�x�fn~�hit�r��Yd0`}fnb)�lt�o)tub9z<{�f�|urgm
Xn

/ maopfn~�v@rg~×x�t ä�fib)fn~<o)fim�x�tum«opb4tu��{�hntudw~cfimi�}d�rg���sr�mi�YÜ8dw~@opt�~.{�fn�2dwm
m){�`}dw~ctufi~cx�dlz<{�fq|�rgm

Xn

/ m�opt�fi~�fn~�x�tum«opb)t���{�hntu�w~�hndw�@$�~Y��¤�~�fn|�hirg`�¥ op{�|�d�rg~<o)fib4tudwb8fim«op{�x�turg�ldwm�|�rgm�hndw~�x�t�hit�d��
~�fim�~�fihnfim)rgb)turgm%·$m4{câshntufn~<opfnm¨`srgbpr�z<{�fl{�~É`�b)d.hifnm)dc�LÚ;æeâ�ì��«Ìg��Ì2��m4f�r�fim«okrghntudw~�rgb)t�d��Ym4tuvg{�tufn~�x�d�fim4opr�|u¥�~�f�r
hidw~�m4tux�fnbprgb4fi�ldwm
m){�hnfim)t�dw~�fnm¡ý������.þ��Kÿ"�Ý�D�,���(���

ÎgÍ



0wÛ õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
_am4{��2rg�2dgm�z<{�f¡|urÁx�fi`}fn~�x�fi~chit�r�fn~<o)b)f

Xi

·
Xj

x�fihirgf¡x�f¡r�|uvw{c~srÁ�Árg~cfibprÁfim)`}fnhi¥ âsh�r�hn{srg~�xcd |i − j|hib)fnhif��s¤>|GfÔ�4fi�l`�|�d��2Âgm8m4tu�l`�|uf9x�f�fim4o)f�o)tu`}d�xcfqb4fim«opb)t�hihntu�w~�fnm
|ur
m
��.ý�Osý���.ý��Gþ����g�<|uryhn{srg|µb4fiz<{�tufnb)f�z<{�f

Xi·
Xj

m)firg~�t�~�x�fn`}fi~�x�t�fi~@opfim9m)t |i− j| > m
�Ý��~sr¡b)fnm4opb4tuhnhit��w~��2Âgm�{�m)rgxsrl`�rgbpr¡m4{�hifnm)tudg~�fim�fim«okrghntudw~�rgb)turgm
fim

|�r�|u|�r��2r�xsr �Áý�
�þ����1�,+sý����óý��
����@��+���@��î}� _ � X �KåQfnËihn|�rÉÓs{�fib«opf�� �8��~�rÉm4{�hifnm)t��w~ {Xn}

m)f�x�t�hif�z<{�f�m)r�opt�m4ä�rghnf�fi|
m){c`�{�fim«opd»x�f��Áý�
�þ����
�,+5ý��,�óý
m4t�jsr²·�{�~sr�ä�{�~�hntu�w~

g(·) �s|urJ�,+-�µþ����(��.ýP��ý�
Aþ����g�coprg|Yz<{�f

|Pr(A ∩B) − Pr(A) Pr(B)| < g(k), g(k) → 0,
hi{srg~cx�d

k → ∞,
�*0�� Ï��

x�dw~�x�f��
A ∈ F(X1, . . . , Xp)

·
B ∈ F(Xp+k+1, Xp+k+2, . . .)

`sr�bpr$hi{�rg|uz<{�t�fib
p
·
k
K F(·) x�fi~�d�okrgb)ÂÉ|ur

σ
�ÔÂg|�vwfn��bpr�vwfn~�fnbprgxsr¡`}dwb
|�rgm8eG� rc� / m�tu~�x�t�h�rgx�rgmi�
¤�m4o)d¡m)fqtu~@opfnb)`�b)f�okr�xcfq|�rym)t�vw{�t�fi~@opfa�Árg~cfibpr�©c��r��4d�|uryhidw~cx�tuhntu�w~�x�fq�lfnËihi|uryä�{cfib4o)fg��hn{srg|�z.{ctufnb�fnewfn~<o)d

AM��"�.�k.ÿ�ý��æý��ÝOH�(�%��.ÿlü��(���°��ý��;���Ký��EOsÿ
p
�²ý���9ts þ��(��� ����.ý�Osý�����Ký����ÔýBuAx�f�hn{srg|�z.{ctufnb�fnewfn~<o)d

B
M��(�%��.ÿ�ý��æý��

�,+'��+'�pÿÑ�4O����,�*��� .ý��v�*�Ký��EOsÿ
p+ k + 1

�copd.x�d¡fim«opd��shn{srg~�x�d
k
fnm9vwb)rg~�x�f��

û r�þkÿ(���pý����.þ����(��fn~<opb4f
Xi

·
Xj

okr����ctu¦n~l`c{�fix�f9`�b)dw`}dgb)hit�dw~srgb"{�~sr��lfix�t�xsrqx�f9x�fn`}fi~�xcfi~�hitur¨fn~<opb4f9fim4oprgm
e�rgb)turg��|�fimn� ª dgb�|�dloprg~@opd2dgo)bprlb4fim4o)b)t�hihit��w~Qx�f¨xcfi`}fi~cx�fi~�hiturÁxcfi|&�ltum)�ld�opt�`}dlfim | Ü8dwb (Xi, Xj)| ≤ g(|i− j|) �x�dw~�x�f

g(k) → 0
�µhn{srg~�xcd

k → ∞ �µ¤>m«okr�b4fim4o)b)tuhnhit��w~�b4fim){c|�okrÁ��{c·a$�optu|&m4t�|�r�m Xn

/ maä�dgb)�2rg~�{�~srÁm){�hnfim)t��w~
~�dwb)�2rg|B�
\¿rgb4tudwm�b)fim4{�|�oprgx�dwm�xcfÉ|�r»opfndwb)¥urHx�f×e�rg|�dwb)fnm�f�§.o)b)fi�ldwm�jsrg~ m)t�x�dæf §.opfi~cx�tuxcdwmQrg`�|ut�h�r�~�x�dDrg|uvg{�~srgm0xcf

|�rgmyb)fim«opb4tuhihntudg~�fim��lfi~chit�dw~srgxsr�m�rgb)b4tu�sr�� û dA·.~�fnmú� Î�Ï�!�`�b){cfi�sr×{�~sr�h�rg~@opt�xsrgxHhndw~�m)t�x�fib)rg��|�f0xcf0b)fim4{�|�oprgx�dgmi�
tu~�hn|u{�m4t�ewf�|�r%ewfib)m4tu�w~�`srgb)rym){chifim4tudw~cfim
fim«okrghntudw~�rgb)turgmÀx�fn|µõ&fidgb)fi�2r@0c� Î�����r��4dyfi|Gm){�`c{�fim«opd¡x�fa�2fnËihn|�r�ä�{�fib«opfg�
û r�hndw~�xctuhit��w~$x�flxcfi`}fi~cx�fi~�hiturQfnm4oprg��|�fihit�xsr�`}dwbqoprg|>r�{copdwbqm)t���tufn~Éfim4$co)tu|"fi~É��{ch j�dgm�hndw~<o)f�§.opdgmi�&b4fim4{�|�opr
��{�·�b)fnm4o)b)tuh�opt e�rc�5_Ohndw~@optu~<{srghntu�w~Qt�~�hi|�{�tub4fi�ldgm9{�~�rÁhndw~�x�t�hit��w~��2Âgm9b)fi|urA�)rgxsrlz<{�fy~�dwma`}fnb)�lt�o)f�fim4oprg��|�fihifnb
b)fim4{�|�oprgx�dwmam)tu�lt�|ur�b)fimarÁ|udwm�r�~<opfnmq�lfi~chitudg~srgx�dgmi�µrgm4¥�hidw�ld�fn|�j�dw�l�w|udgvwdÁrg|+õ&fidwb4fi�2rN0c� Ì�`�rgbprÁm){�hnfim4tudw~�fnm
fim4oprghit�dw~sr�b)t�r�mi�
ª rgb)rÁx�fn��tu|�t�oprgb�|�rlhidw~cx�tuhntu�w~�xcf��lfiËnhi|urlä�{�fib«opfg�Gx�fn�}fi�ldwma~�dgokr�baz<{�fy|udwm�f�ewfi~@opdwm�x�fytu~<o)fib4¦imafi~�opfndwb)¥ur

x�f�e�r�|udwb4fim>f §.opb)fn�2dgm¿m)dg~lop¥�`�tuhirg�lfi~@opf
rgz<{�fi|�|udwm�x�f�|�r�ä�dgb)�2r {Xj ≤ u} d�m4{�m¿tu~@opfib4m)fnhihit�dw~�fnmi� ª dwb>fó�4fi�l`�|udc�fi|�fnewfn~<opd {Mn ≤ u} =
⋂n

i=1{Xi ≤ u} � ª dwbl|ud$oprg~<o)d��>{c~�d»xcfi�}fQ`�b)dw`}dg~�fibl{�~srÉhidw~cx�tuhntu�w~æ`sr�bprÉm4fibmpr�o)tum4ä�fnh j�r¡`}dwb�f�ewfi~@opdwm9x�f%fim«opf%opt�`}d��
Þ�d�okrghntu�w~µ�}¤�m)hnb)tu�ctub)fn�2dgm

Fi1,...,in(u)
`�rgbprlx�fi~�d�okrgb

Fi1,...,in(u, . . . , u)
m4t
Fi1,...,in(x1, . . . , xn)

x�fn~�dgoprÁ|ur
Ósx�hidg~��4{�~<opr¡x�f

Xi1 , . . . , Xin

�
0wÛ



0c��Ì%òó~<o)b)d.x�{chihit��w~ 0�Ì
����@��+���@��î}� _ � Y � ö tub)fn�2dgmlz<{�f�m)fQmpr�o)tum«ä�rghif�|�r$hidw~�xctuhntu�w~æx�fQ�2fnËihi|ur

D
m)t9`srgb)rÖhn{srg|�fim)z<{�t�fib)rÖfi~@opfib4dwm

i1 < · · · < ip
·
j1 < · · · < jp′

`srgbpr�|udgm
hi{sr�|ufnm |j1 − ip| ≥ l
�c·0hi{sr�|uz<{�tufnb
b)firg|

u
�

|Fi1,...,ip,j1,...,j
p
′
(u) − Fi1,...,ip(u)Fj1,...,j

p
′
(u)| ≤ g(l),

x�dw~�x�f
g(l) → 0

hi{�rg~�x�d
l → ∞ �

_a{c~�z<{�f�fim4opr×hidw~�xctuhit��w~½fim¡{c~sr×b)fnx�{�hnhitu�g~æm4tuvg~�t�âshir�opt e�rQx�f0|udwmyb)fiz<{�fnb)t��2t�fi~@opdwm�t��2`c{�fim«opdwm�`}dwb�{�~sr
�2fnËihn|�r½ä�{�fnb4opf���r�$�~ `}d.x�fn�2dgm��lfÔ�4dwb)rgb)|urÖ·m)fnvw{�t�b�dg�copfn~�tufn~�x�dæb4fim){c|�okr�x�dwm0o)tu`}dHfi|qõ&fidwb4fi�2rDx�f ö \q¤
�
Ü8dw~�m)t�x�fib)rgb)fn�ldwm�{c~srDhndw~�x�t�hit��w~Y�8|�r½hn{srg|�tu~�hn|u{�t�bpÂ»{�~¬b)fiz<{�fnb)t��2t�fi~@opdHhidw�ldHfi|%r�~<opfnb)t�dwb�`}fib4dÇrg`�|�tuhirgx�d
$�~�tuhirg�lfi~@opf�ry{�~sr�hntufib«okryhn|�rgm4f�x�f�m4{�hifnm)t�dw~�fim {un}

��·@r�~cd�~�fnhifim)rgb)turg�lfi~@opfqr¨opd.xsr
u
��õ+rg|Ghidw~�xctuhit��w~Áfim4opÂ

xsrgxsr�`}dwb�|ur�m4tuvw{�t�fi~@opf
����@��+���@��î}� _ � _ �KÜ8dw~cx�tuhntu�w~»x�f û f�r�x��}fno)o)fib¾��� ö fihntu�ldwmyz<{�f�m)f�mpr�o)tum4ä�r�hifÁ|�r�Ü8dw~cx�tuhntu�w~

D(un)
`srgbpr�|ur

m){�hnfim)t��w~ {un} ⊂ R
m4t�`�rgbpr�hi{�rg|ufnm)z<{�tufnbpr¡fn~<o)fib)dgm

1 ≤ i1 < · · · < iq < j1 < j2 < · · · < jp ≤ n,

x�dw~�x�f
j1 − iq > l

��o)fi~�fn�2dwm

|Fi1,...,iq ,j1,...,jp
(un) − Fi1,...,iq(un)Fj1,...,jp

(un)| ≤ αn,ln ,
�*0c� ÐD�

x�dw~�x�f
αn,ln → 0

��hi{srg~cx�d
n→ ∞ `sr�bpr¡rg|uvw{c~sr�m4{�hifnm)t��w~ ln = o(n)

�
��~�`�b)d.hnfim)d�z<{�f�m)r�opt�m4ä�rghnf¨|�rÁÜ8dw~�xctuhit��w~

D(un)
m)fib)Â �(�������\�(���Kþ����Áý����Ôý4����.ý�Osý�����Ký����ÔýL�LOsý����
�ÿ����GÝ����

m)¦ib«ewfim4f�z<{�fy|�dwm9fn~<opfnb)dwm
1 ≤ i1 < · · · < iq < j1 < j2 < · · · < jp ≤ n

x�t e�t�x�fn~�fn|&`�b)d.hnfim)d
X1, . . . , Xn

fn~
O5ý����
�ÿ��&·�fi|sj�fihkj�d¨z<{�fL�*0c� ÐD��m)f9hn{��2`c|�rq`sr�bpr%fnm4opdgmÀfn~<o)fib4dwm¿v@rgbpr�~<opt�Ë�r��wx�f9rghn{�fib4x�dyr%|�r�~�d.hit��w~lxcf9�2fnËihn|�r
ä�{�fib«opfg�}z<{�fy|udwm9f�ewfi~@opdwm {Xi1 ≤ un, . . . , Xiq ≤ un}

· {Xj1 ≤ un, . . . , Xjp
≤ un}

m4dw~���O��pÿ.BD���<������Áý��H�Ôý
����.ý�O5ý��ÝD�Ký��H�Ôý��¿x�fi��t�x�d2r�z<{�f�|ur�ä�{�~�hntu�g~

αn,ln

x�fihirgf¨r¡hnfib4d2hn{srg~�xcd
n→ 0

�
ª {�fixcfi~Vjsrghifnb)m4fQ�2d.xct�âshirghit�dw~�fnm¡hndw~@ewfi~�t�fi~<o)fimÁr$|�rÉÜ8dw~�xctuhntu�w~

D(un)
� ª dwb¡fi| û fi�2rQ0c� Î�� Ì�fi~ � Î"0"!B�

αn,ln

`�{�fnx�f¨fim4hidwvgfib4m)f¨okr�|�z.{cf¨m)fir2~�dlhib)fnhit�fi~@opf¨fn~
ln
`sr�bpr¡h�rgxsr

n
�}rgxcfi�2Âgm�`srgbpr�okr�|

αn,ln

�5|ur¡hndw~�x�t�hit��w~
αn,ln → 0

�}hi{sr�~�x�d
n → ∞ `�{cfix�f�b)fnfim4hib)t���t�b)m)fyhndw�2d αn,[nλ] → 0

�}`srgb)rÁhirgxsr
λ > 0

�G_
z<{�¥
[·] xcfi~�dgoprÁ|�rä�{�~�hit��w~�`srgb«opf%fn~<opfnbprc�

û r0x�t âshi{c|�okr�x×x�f�fim«okrg��|�fihnfib%m4t¼��0c� ÐD��m)f¡m)r�opt�m4ä�rghnf�`srgb)r0{�~$`�b4d.hifim4d�xsrgx�d0fim4o)b)t��sr0fn~É|�rÁ~�fihnfim4tuxsrgxÉxcf
hidw~�d.hnfib8|ur�x�tum«opb4tu��{�hntu�w~lhidg~��4{�~@okr¨·lf §cjctu��t�bÀ{c~sr¨ä�{c~�hit��w~

αn,ln

hidg~�|�r�mÀ`cb)dw`�t�fixsr�x�fimÀ�2fn~�hit�dw~srgx�rgm8r�b)b)t��src�
¤>m«okr¡fim�{�~sr¡|ut��lt okr�~<opfax�f%fim4o)f�fi~cä�d.z<{�f��}r¡hndw~@optu~<{srghntu�w~�rgb)vg{��2fn~<oprgb)fn�2dgm
|urgm�ewfi~@okrA�)rgm�x�fi|��ltum4�2dc�

0cÌ



0@Î õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
3Ñx�ð<x % ô»z3}Nõ�|~ò4�N�Lz�øúòwvv� õ%ò ' � óú�N�.�f�m�Ló

D(un)

û r0tuxcf�r��sÂgm)t�h�r�`srgbpr�`}d.x�fibqf�§.opfn~�x�fnb�|�rÁo)fidwb4¥�r�hn|�Âgm4tuhir�x�f�e�rg|udwb4fimqf §.opb)fn�2dgm�rg|�h�rgm4d�fnm4okr�hitudg~srgb)t�d0fnm
�2dwm«opb)rgb
z<{�f

Pr(Mn ≤ un) − Prk(Mrn
≤ un)

n→∞→ 0,
�*0�� ÷��

`srgbpr�h�r�xsr
k = 1, 2, . . .

hi{�rg~�x�dl|�r¡Ü8dw~�x�t�hit��w~
D(un) D(un)

m)f�m)r�opt�m4ä�rghnfq·
rn = [n/k]

�
¤�m4oprlfim9{�~�rlt�x�f�r���b)t�|u|ur�~<o)fg�cõ&fi~�fn�2dgm�|ur�opfndwb)¥ur�m){�âshit�fi~<o)f¨`�rgbpr¡fnm4o){�x�t�r�b�|�r�xctum4o)b)t���{�hit��w~0x�fi|��ÁÂ�§�t��2d

x�f9o)d.x�d¨fn|}`cb)d.hifnm)d��<|u|urg�2r�x�d%`}dwb>~�dwm4dgopb4dwm¿fi|�, �2Â�§�t��2dqvw|udg�srg|w/��D��m)rg~�x�d¨|�r%`�b4dw`�t�fixsr�x2x�f9fim4oprghit�dw~sr�b)tufnxsrgx
x�fi|À`cb)d.hifnm)d��+`}d.x�fn�2dwm¨x�t e�t�x�tub%fn|À�ltum4�2d�fn~H`}fnxsrgËndwm�x�fÁt�vw{srg|>|�dw~�vgt�o){�xÉ·Éfim4o){�x�turgb¨|�r�x�tum«opb4tu��{�hntu�g~Öx�fi|
�ÁÂ�§�t��2d�fn~Qfnm4opdgmLM%�uÿ�%+5ý����c|u|urg�2r��ldgm
r¡fnm4o)dwm�, �ÁÂ�§�t��2dgm�|ud.hirg|ufnm�/ �
Þ�d�okrghntu�w~µ��Ù�t

E
fim�hi{sr�|uz<{�tufnb8hidw~A�4{�~<o)d�x�f�fi~@opfib4dwmi�

M(E)
xcfi~�dgoprgbpÂyfi|

máx{Xj | j ∈ E} ��~��go)fim)fqz<{�f
M(E) = Mn,

m4t
E = {1, . . . , n} �c¤�~0fim«opf�hidw~@opf §�o)d��c{�~I�����Ôý��,&(���uÿ�m)fnbpÂ�hn{srg|uz<{�t�fibÀhidw~A�4{�~<o)d E xcf�fi~@opfnb)dwmhidw~�m4fihn{copt ewdwm9x�tuvwrg�ldwm {j1, . . . , j2} K�m){Q�uÿ(�-�����*+�qm)fib)Â j2 − j1 + 1

·
E,F
fnm4okÂ�~��²ý�O����C��.ÿ��À`}dwb

k1 − j2
��m)t

F = {k1, . . . , k2}
fim�dgopb4d¡tu~@opfib«e�rg|�d�hidw~

k1 > j2
�

ç¿�.º»� _ � X ��\Ý+�Osÿ"�k���D�Áÿ��X%+5ý¼����©Àÿ(����Kþ����(�
D(un) D(un)

�²ý»�%�����>�W�.�.þký©O����C�����G��+-���4��+5þký������(� {un}
�x\Yý����

n, r
)
k
ý����óý��pÿ���RÁ	�ÿ�� )

E1, . . . , Er

��+HM%�����óý��,&(���uÿ��@.ý {1, . . . , n} �����uý��;%+5ý
Ei

)
Ej

ý����°9��I�²ý�O����C��.ÿ��SOsÿ(�
�����Áý��µÿ��

k
þ�+�����.ÿ

i 6= j
�>¨f���óÿ(�µþký��

∣

∣

∣

∣

∣

Pr

(

r
⋂

j=1

{M(Ej) ≤ un}
)

−
r
∏

j=1

Pr(M(Ej) ≤ un)

∣

∣

∣

∣

∣

≤ (r − 1)αn,k.

N ý��Áÿ����*�C�.þ����(���
¤�m4o)fq|�fi�2r���{cfim4o)bpry{�~�vwbpr�x�d�xcf�tu~cx�fi`}fn~�x�fi~chitur�fi~0|�dwmÀ�2Â�§�tu�ldwm¿m)dg��b)fatu~<o)fib«e�rg|�dwmÀm)fn`srgb)rgx�dwmn�c|udyhn{srg|

m)fib)Âl|ur���rgm)f%`srgbpr�fim«okrg�c|ufihnfib�|�r�`�b){�fn�sr¡x�fi|�m)t�vw{�t�fi~@opf
Ê8�<�5�A��ºÖ� _ � _ � û fn�Ár%Î���Ì�fn~?� ÎwÎ2! ��� \Yý��

un

+-���4��+5þký������(��.ý�þkÿ(�����°�����óý��»)P��+�Osÿ"�k���D�Áÿ��X%+sý¼���:©Àÿ(����Kþ����(�
D(un) D(un)

ý��J�%�����>�W��ýkþkü��JO5ÿ(�J���a��+sþký������(�Vý������.þ��Kÿ(���������
Xn

� \Yý��
kn

+-���a��+sþký������(� .ý0þkÿ"�'���°�����óý��<�°���
%+5ý

kn = o(n) G knln = o(n) G knαn,ln → 0
��¨ ���óÿ(�µþ ý��

Pr(Mn ≤ un) − Prkn(Mrn
≤ un)

n→∞→ 0,

.ÿ(��.ý
rn = [n/kn]

�
N ý����Áÿ����*�C�.þ����(���9Ù�fir

ln
hndw�2dlfi~�|urlxcfnâs~ctuhit��w~Qx�f

D(un)
� ö t e�t�xsrg�ldwm�|�dwm�fi~@opfib4dwm

1, . . . , n
fi~�t�~<opfnb4e�rg|udwm

I1, I
∗
1 , . . . , Ikn−1, I

∗
kn−1

xcf�|ur�m4tuvw{ctufi~@opfq�2rg~�fnbpr

Ij = {(j − 1)rn + 1, . . . jrn − ln}, I∗j = {jrn − ln + 1, . . . , jrn}, j = 1, . . . , rn − 1,

0@Î



0c� Î�ô�fim){c|�okr�x�dwm���r��4d¡|urlÜ8dw~cx�tuhntu�w~
D(un)

0�0
·

Ikn
= {knln − 2ln + 1, . . . , knrn − ln}, I∗kn

= {knrn − ln + 1, . . . , n}.
û dgm�tu~<o)fib«e�rg|�dwm

Ij
hndw~@optufn~�fi~

rn − ln
fi~<o)fib4dwmi��|�dwm8tu~@opfnb4e�r�|udwm

I∗j
·Áfi|µt�~<opfnb4e�rg|ud

Ikn

hidg~<opt�fi~cfi~
ln
fi~@opfnb)dwmn��fi|

tu~<o)fib«e�rg|�d
I∗kn

hidw~@opt�fi~�f
n− knrn + ln ≤ kn + ln

�
Þ�d�opfi�ldwm
z<{�f

{Mn ≤ un} ⊂
kn
⋂

j=1

{M(Ij) ≤ un},
�*0�� ÒD�

x�f%x�dw~�x�f%m)f%m)t�vw{�fqz.{cf

0 ≤ Pr

(

kn
⋂

j=1

{M(Ij) ≤ un}
)

− Pr(Mn ≤ un)

�9o)tu|�t�Ë�r�~�x�dú�*0�� Ò��8`}d.x�fi�ldwm�hndw~�m«opb){�t�b�|ur�xct�ä�fnb)fi~chit�r�x�f%fim4o)dwm9hndw~��4{�~@opdwmn�

{Mn > un} ∩
kn
⋂

j=1

{M(Ij) ≤ un}.

ö f�fnm4okr¡b)fn|�rghntu�g~0o)fi~�fn�2dgm�|udwm
m4tuvw{ctufi~@opfnm�`�{c~<opdgm

Mn > un

·
M(Ii) ≤ un

`�rgbpr
i = 1, . . . , kn − 1

�5¤�m«opdltu�l`�|�t�hir�z<{�f

M(Ij) ≤ un < M(I∗j ),
`sr�bpr¡rg|uv�$�~

j ∈ {1, . . . , kn}.

Ù�t
Xj ≤ un

`srgb)rlopd.x�d
1 ≤ j ≤ knrn

�}`}fib4d
Xj > un

`srgb)rÁrg|�vD$�~
j ∈ {knrn + 1, . . . , kn(rn + 1)} �fim«opdl`}dwb)z<{�f

ln > kn

·0`}dwb
|ud�okrg~@opd
kn(rn + 1) ≤ knrn + ln

�
û dwm�`�{c~<opdgm�rg~@opfnb)tudgb)fnm
·0|ur�fnm4oprghit�dw~srgb4tufix�rgx���{�fim«opb)rg~�z<{�f

0 ≤ Pr

(

kn
⋂

j=1

M(Ij) ≤ un

)

− Pr(Mn ≤ un)
�*0c� Ñ��

≤ (kn + 1) Pr(M(I1) ≤ un < M(I∗1 )).

_a~�Âg|udgv@rg�lfi~@opf�`}d.x�fi�ldwm
fim4oprg��|�fihifnb9z<{�f

0 ≤ Pr(M(I1) ≤ un) − Pr(Mrn
≤ un)

�*0c� Í��
= Pr(M(I1) ≤ un < M(I∗1 )).

¤>m4hib4tu��t�fi~�x�dc�
y = Pr(M(I1) ≤ un)

�
x = Pr(Mrn

≤ un)
·0b)fnhidwb4xsrg~�x�dlz<{�f

yt − xt ≤ t(y − x),
hi{sr�~�x�d

x, y ∈ (0, 1),

0D0



0gÏ õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
opfi~cfi�ldwm�z<{�f

Prkn(M(I1) ≤ un) − Prkn(Mrn
≤ un) ≤ kn(Pr(M(I1) ≤ un < M(I∗1 ))).

�*0c� Ì²Û��
ª dwb8fn| û fi�2r@0���Ìw�.jsr�hit�fi~�x�d

Ij = Ej

·2~�dgoprg~�x�dyz<{�f
Pr(M(Ij) ≤ un)

fim8tu~�x�fn`}fi~�xctufn~<opfax�f
j
�.m)fao)tufn~�f

z.{cf
∣

∣

∣

∣

∣

Pr

(

kn
⋂

j=1

{M(Ij) ≤ un}
)

− Prkn(M(I1) ≤ un)

∣

∣

∣

∣

∣

≤ (kn − 1)αn,ln

��0c��ÌgÌ2�
ª dwb4�*0c� Ñ�� �3�*0c� Ì²Û��À· �*0���ÌwÌ�� �
∣

∣Pr(Mn ≤ un) − Prkn(Mrn
≤ un)

∣

∣

≤
∣

∣

∣

∣

∣

Pr

(

kn
⋂

j=1

{M(Ij) ≤ un}
)

− Pr(Mn ≤ un)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

Prkn(M(I1) ≤ un) − Pr

(

kn
⋂

j=1

{M(Ij) ≤ un}
)∣

∣

∣

∣

∣

+
∣

∣Prkn(Mrn
≤ un) − Prkn(M(I1) ≤ un)

∣

∣

≤ (2kn + 1) Pr(M(I1) ≤ un < M(I∗1 )) + (kn − 1)αn,ln .

ª dwb�fi| û fi�2r 0c�10c� Î�fn~{� Î"0"!�m)f0mpr��}f�z<{�f
Pr(M(I1) ≤ un < M(I∗1 )) → 0

hi{�rg~�x�d
n → ��fnm4opd×·»|�rx�fnâs~ctuhit��w~�x�f

αn,ln

vwrgbprg~@opt�Ë�rg~0fi|�b4fim4{�|�oprgx�d��
Ù�{�`}dg~�v@rg�ldwmÀx�f�rgj�dwb)r¨fi~0rgx�fi|urg~@opf�z<{�f�`srgb)ryhirgxsr

τ > 0
`}d.x�fn�2dgm8x�f�âs~�tubÀ{�~srym4{�hifnm)tu�g~ {un(τ)} okr�|z.{cf

n[1 − F (un(τ))]
n→∞→ τ.

�*0c� ÌAÎD�
¤>m«opd¡t��2`}dg~�fa{�~sr�b)fnm4opb4tuhnhit��w~0m4dw��b)fq|ury�2rgb)vwt�~srg|5x�f

F
x�fq|urgm

Xn

�c`}fib4d¡¦nm4okr����2Âgm�z<{�fq|uryf�§�hifn`}hitu�w~�fim
|ur
hidw~�m«okrg~@opf%fi~�|�rgm�r�`�|ut�h�rghntudg~�fimn� ª d.xcfi�ldwm�x�f�âs~�t�b

un(τ)
`srgb)r¡vwrgbpr�~<opt�Ë�rgb8tuvw{sr�|uxsr�x0fi~ �*0���ÌAÎ�� �5r�mprg�}fnb

un(τ) = F←
(

1 − τ

n

)

.

¤>~ � Î�0"!�m)f%fim4oprg��|�fihnf�z<{�f�fnm9~�fnhifim)rgb)t�d¡·0m){câ�hitufn~<o)f�`srgb)r¡m)r�opt�m4ä�rghnfib4�*0c� ÌAÎD�8z<{�f
1 − F (x−)

1 − F (x)

x→∞→ 1,
��0c� Ì�0��

fim4o)d2fnmi�s|�r�hidw|ur�x�f%|�r�x�t�m4opb4tu��{chitu�g~
F
x�fi�}f�m4fib�, b4fivw{c|�rgb /��

Äy�}º»�.�}±²������� _ � X �¨Ù�t%f §�tum4o)f
un(τ

′

)
z<{�fÖmpr�optum«ä�rghifã�*0c� ÌAÎD��`�rgbprD{�~

τ
′

> 0
â��4d��
fi~@opdw~chifimQf�§�tum«opfÖ{c~

un(τ) > 0
z<{�fqm)r�opt�m4ä�rghnfJ�*0c� ÌAÎD�¿`sr�bpryopd.x�r

τ
� ª dwb�fÔ�4fn�l`�|ud��.m)tµjsrghnfi�ldwm

un(1) = F←(1− 1/n)
`sr�bpr�{c~

τxsrgx�d¡�srgm4opr¡x�fnâ�~�tub
un(τ) = u[n/τ ](1)

�
0gÏ



0c� Î�ô�fim){c|�okr�x�dwm���r��4d¡|urlÜ8dw~cx�tuhntu�w~
D(un)

0wÐ
Ê8�<�5�A��ºÖ� _ � i �k\Yý�� {Xn}

+-���?��+5þký������(��ý������.þ��Kÿ(���������(�<)
un(τ)

þkÿ(�����°�����óý���%+sý<�%���*�>�W�.�.þkýQ��0c� ÌAÎD�ï)I�����
%+5ý

D(un(τ0))
�²ý8�%���*�>�W�.�.þkýfOH���C� ���G��W-�

τ0 > 0
��¨ ���óÿ(�µþký���ýCBD�>���Ôý��Öþkÿ(�����������óý��

θ ≤ θ′
�°���uý��<%+5ý

ĺım sup
n→∞

Pr(Mn ≤ un(τ)) = e−θ τ

ĺım inf
n→∞

Pr(Mn ≤ un(τ)) = e−θ′τ .

y ÿ(�L�uÿN�������Ôÿï���
Pr(Mn ≤ un(τ))

þkÿ(��&gý��*�.ý¼O������a���G��W-�
τ G ý����óÿ(�µþký�� θ = θ′

)
Pr(Mn ≤ un(τ)) → e−θ τ

OH���C�ï�óÿ%.ÿ
τ
�

N ý��Áÿ����*�C�.þ����(���9Ùcrg�}fn�2dgm�z<{�f�`sr�bpr�{�~Qfn~<o)fib)d
k
�câ��4d��

Pr(Mn ≤ un(τ)) − Prk(Mn
′ ≤ un(τ)) → 0,

hi{srg~cx�d
n→ ∞,

x�dw~�x�f
n

′

= [n/k]
� ª dwb�|ud�okr�~<opd¡m)t

ĺım supn→∞ Pr(Mn ≤ un(τ)) = ψ(τ)
�sm4f�m4tuvw{�fqz<{�f

ĺım sup
n→∞

Pr(Mn ≤ un(τ)) = ψ1/k(τ).
�*0c� Ì�Ïk�

Ü8dw~�m4tux�fnb)fn�2dgm9fn|�h�r�m)d
un(τ) ≥ un(τ/k)

�
un(τ) < un(τ/k)

z<{�f

|Pr(Mn
′ ≤ un(τ)) − Pr(Mn

′ ≤ un
′ (τ/k))| ≤ n

′

∣

∣

∣
F (un(τ)) − F

(

un
′

(τ

k

))∣

∣

∣

= n
′

∣

∣

∣

(

1 − F
(

un
′

(τ

k

)))

− (1 − F (un(τ)))
∣

∣

∣

= n
′

∣

∣

∣

∣

τ/k

n′
(1 + o(1)) − τ

k
(1 + o(1))

∣

∣

∣

∣

= o(1),

`}dwb)z<{�f
n

′ ∼ n/k
��Ü8dw�ld

ĺım supn→∞ Pr(Mn
′ ≤ un

′ (τ/k)) = ψ(τ/k)
m)fÀm4tuvw{�f¿z<{�f

ĺım supn→∞ Pr(Mn
′ ≤

un
′ (τ)) = ψ(τ/k)

�wz.{cf"�4{�~<o)d�hidw~?�*0c� Ì�Ï�����{cfim4o)bpr%z<{�f
ψ(τ/k) = ψ1/k(τ)

�w`srgbpr�opd.x�d
τ > 0, k = 2, 3, . . .

�
_aj�dwb)rc�5m)t

τ
′

< τ
fim�hi|urgb)dlz<{�f

un(τ
′

) > un(τ)
hi{srg~cx�d

n
fim�m){câ�hit�fi~<o)fi�lfi~@opfyvwb)rg~�x�f��Gr�m)¥&z<{�f

ψ(τ/k)
fnm

~�d0hib)fnhit�fi~@opf�·�fnm4opb4tuh�okrg�lfi~@opf�`}dwm4t�opt e�rÁx�fn��t�x�d�r�z.{cf
ĺım infn→∞ Pr(Mn ≤ un(τ)) ≥ e−τ

� ª fib)d0fimq��tufn~
hidw~�d.hntux�d¡z<{�f�|ur�$c~�tuhir¡m4dw|u{chitu�g~�r¡fnm4oprlfnhi{sr�hitu�g~�ä�{�~�hit�dw~sr�|Yfim

ψ(τ) = e−θτ
x�dw~�xcf

θ > 0
�

Ù�t��2t�|�rgb4�lfi~@opf��wm)f9dg�copt�fi~�f�z<{�f
ĺım infn→∞ Pr(Mn ≤ un(τ)) → e−θ

′

τ
x�dw~cx�f

0 ≤ θ
′ ≤ 1
�w·�hn|�rgb)rg�lfi~<o)f

θ
′

> θ
�s|�d¡z<{�f�hndw�l`�|uf�okr�|�r�`�b){cfi�src�
ª rgb)r×m)tu�l`�|�t âshirgbyfi~<{�~�hnt�rgx�dgm¡fi~æb4fim){c|�okr�x�dwm�`}dwm4o)fib4tudwb4fimi�"hndw~<e.tufn~�f0opfn~�fib¡{c~sr×o)fib4�2t�~�dw|�dwvg¥urQ`srgb)r×fi|

rg~<o)fib)t�dwb8opfndwb)fn�Árc�
����@��+���@��î}� _ � i � h ~�xctuhifQ¤�§�o)b)fn�2d����qÙ�t

Pr(Mn ≤ un(τ)) → e−θτ
`srgbprÉhirgxsr

τ > 0
hidg~

un(τ) > 0mpr�o)tum4ä�r�hitufn~�x�da��0c� ÌAÎD� ��x�tub4fi�ldwm
z<{�f
Xn

o)tufi~cf{z¾á~Þ J â�Ü í g î3æ~ÜÓ�ÒØ{��òÔ¤��
θ
�

0@Ð



0w÷ õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
û rat��l`Gdgb4okr�~�hitur�x�fn|�¥u~�xctuhif¿f�§.opb4fi�ld�fim«okÂafi~�z<{�f�fnm"fi|.`srgbpÂ��2f�opb)d�z<{�f�`}fnb)�lt�o)fÀf�§.o)fi~�x�fnb�|�dwm+b4fim){c|�okr�x�dwm

hi|�Â�m)tuhndwmYfn~%opfndwb4¥�r8x�f�e�rg|udgb)fimYf�§.o)b)fi�ldwm�x�fi|whirgm)d�tu~cx�fi`}fn~�x�t�fi~<o)f¿r�{�~%`�b)d.hnfim)d�fim4oprghit�dw~sr�b)tudc�i¤�|@òÔ¤�`}fib4o)fi~�fnhif
rg|�tu~@opfnb4e�rg|�d

[0, 1]
� ª dwb9x�fnâs~ctuhit��w~

0 ≤ e−θ τ ≤ 1
�5d2fiz<{�t�e�rg|ufn~<o)fi�lfi~<o)fg�

0 ≤ θ τ ≤ ∞ |udlz<{�f¨tu�l`�|�t�hir�z.{cf
θ ≥ 0
� ª dwb�dgo)b)d¡|�r�x�d��

Pr(Mn ≤ un(τ)) = 1 − Pr(Mn ≤ un(τ)) = 1 − Pr(∪n
i=1 {Xi > un(τ)})

≥ 1 − n [1 − F (un(τ))] ,

·0`}dwb
x�fnâs~ctuhit��w~�x�f%òÔ¤
�
e−θ τ ≥ 1 − τ,∀τ > 0,

·0fim«opd<$�|�o)tu�ld�tu�l`�|�t h�r�z<{�f
θ ≤ 1
�

��m)rg~�x�dlfi|Yo)fidgb)fi�2r�·0x�f�âs~�t�hitu�g~�b4fihntufn~<opfnm�opfn~�fi�ldwm�fn|�m)tuvg{�tufn~<opf
Äy�5�A�}���c����� _ � X �|\Yý�� {Xn}

ý����°�.þ��Kÿ(�����,���=%+sý8�%�����>�W�.�.þký
D(un(τ))

O����C�0þ���k�
τ > 0 G .ý¯RT����.ÿ7Osÿ(�ú�*0c� ÌAÎD�m�\Ý�DO����C�P���G��W-�

τ0 > 0 Pr(Mn ≤ un(τ0))
þkÿ(��&gý��*�.ý �8+'�J� A �����óý

α G ý����óÿ(�µþ ý�� {Xn}
���Ký��µý~} ¨

θ = −τ−1
0 ln(α)

�
�8� A

Pr(Mn ≤ un) → e−θτ
O����C�ï�óÿ[.ÿ

τ > 0
�

vXT�SpT
Y+T `����P�y�����\�+�µ¶��+��� ��£1�\���y��[����\� ���æx�q
¤�~»|�r0o)fidwb4¥�r�hi|uÂgm)t�h�r�x�fle�rg|udgb�f §.opb)fn�ld��&hndw~�xctuhit�dw~�fnm�hidw�ldQ|ur�xsrgxsr�`}dwb�|ur�fihi{�rghit��w~å��0c� ÌAÎD��m)dw~»~�f �

hifim)rgb)turgm¨·Ém){câ�hitufn~<o)fim�`srgb)rQv@rgbpr�~<opt�Ë�rgb%hidw~@ewfib4vwfi~chit�r�fn~Hx�t�m4o)b)tu�c{�hit��w~Öx�fn|À�ÁÂA§ct��ld�x�fÁ{�~srQm){�hnfim)t��w~Hxcf
e�rgb)turg��|�fim�rg|�f�r�o)dwb)turgmn��_Vhidg~<opt�~.{�rghit��w~yxsrg�ldwm"r�|uvw{�~�rgm�t��2`}dgb4okr�~<opfnm+b)fn|�rghntudw~cfim�z<{�f�`}fib4�2t opt�bpÂ�~yxcfnopfnb)�ltu~sr�b
hi{sÂg~cx�d2{c~Q`cb)d.hifnm)d2fnm4oprghit�dw~srgb4tud�opt�fi~cf%¥u~cx�tuhnfqf�§.o)b)fi�ld��
¤�|�`�b4tu�lfib�b)fnm){�| okrgxcd�o)tufn~�fg�Yfi~É`�b)t�~�hit�`�t�d��G{�~Étu~@opfib4¦im%�2Âgm�o)fi�wb4tuhnd�z<{�fl`�b)Âghno)tuhnd�`}fib)d�m4tub«ewf¡hidw�ld�{�~

�2fnx�tud�`srgb)r¡f §.opfi~cx�fib9|�r�hidw~�xctuhit��w~
D(un)

r¡hirgm)dgm9x�dg~�x�f
θ < 1
�

Þ�d�okrghntu�w~µ�s¤�m)hnb)t���tu�ldwm
n

′

= [n/k]
`srgbpr

k
â��4dc�

n = 1, 2, . . .
�

Ê8�<�5�A��ºÖ� _ �Fj ��õ&fidwb4fi�2r 0c� Ì�fn~I� ÎwÎ(! ����\Yý�� {Xn}
+'��� ��+sþký������(��ý������.þ��Kÿ(�����,���u%+5ý»�%�����>�W�.�.þký7����©Àÿ(����Kþ����(�

D(un) D(un(τ))
O�������þ�����

τ > 0
)
un(τ)

�%�����>�W�.�.þ ýú�*0c� ÌAÎD�m��¨ ���Ôÿ(�µþký��
Xn

���Ký��µý A ����KþkýlýCBD���pý��Áÿ
θ
��� )

�I�(�uÿ@���
k ĺım sup

n→∞

∣

∣

∣
1 − F1,...,n′ (un) − θ

τ0
k

∣

∣

∣

k→∞→ 0,
��0c� ÌAÐD�

OH���C� ���G��W-�
τ0 > 0

�>¨U%+-��&(���uý����óý��Áý����Ôýyý����Ôÿ@�²ýÒ�%�����>�W�.�.þký8���Í)J�I�(�uÿ@���
1 − F1,...,n′ (un)

n→∞→ θ
τ0
k

+ λk,
��0c� Ì²÷��

.ÿ(��.ý
kλk → 0 G þ�+H����.ÿ k → ∞ �

0w÷



0c� Î�ô�fim){c|�okr�x�dwm���r��4d¡|urlÜ8dw~cx�tuhntu�w~
D(un)

0wÒ
N ý��Áÿ����*�C�.þ����(���9Ü8dw�ld

Xn

o)tufi~cf%òÔ¤Ç· �*0�� ÷��8m4f�hn{��2`c|uf���fi~<o)dw~�hnfim

F1,...,n
′ (un) = Pr(Mn1 ≤ un) ≈ Pr1/k(Mn ≤ un) → e−θ τ

k ,

��mpr�~�x�dl|�r�f�§�`srg~�m4tu�w~�x�f%õ+r²·.|udgbi�co)fi~�fn�2dwm�z<{�f

F1,...,n
′ (un) = 1 − θ

τ

k
+ o(τ/k), n→ ∞

ö f�x�dg~�x�f%m)f�m4tuvw{cfï��0c��Ì�÷�� �
ô�fihi¥�`�b)d.hirg�lfi~@opfg��m)t���0c� ÌAÐD�8m4f�m)r�opt�m4ä�rghnf%fi~@opdw~chifnm

ĺım sup
n→∞

Pr(Mn ≤ un) = ĺım sup
n→∞

[F1,...,n
′ (un) − 1 + θτ/k] + 1 − θτ/k

≤ 1 − θ
τ

k
+ ĺım sup

n→∞

∣

∣1 − F1,...,n
′ (un) − θτ/k

∣

∣

= 1 − θ
τ

k
+ o(τ/k).

Þ�{cfne�r��2fn~<opf%`}dwb ��0c� ÷��8m)fqoptufn~�f

ĺım sup
n→∞

Pr(Mn ≤ un) ≤
(

1 − θ
τ

k
+ o(τ/k)

)k

,

`srgbpr�opd.xcd
k
x�rgx�d���5arghntufn~�x�d

k → ∞ �

ĺım sup
n→∞

Pr(Mn ≤ un) ≤ e−θτ .

Ù�t��2t�|�rgb4�lfi~@opf�m)f%`�{�fnx�f�fim«okrg��|�fihnfib9z<{�f

e−θτ ≤ ĺım inf
n→∞

Pr(Mn ≤ un),

|ud�z.{cf�x�fi��{�fnm4o)bpr¡fi|Yopfndwb4fi�2rc�
¤�~Qrg|�vw{�~srgm�m4t�op{�rghit�dw~�fnm
fim�hndw~<ewfn~�tufn~<o)f�fim«okrg�c|ufihnfib�|�dwm�b)fim4{�|�oprgx�dwm�rg~@opfnb)tudgb)fnm
fi~�o)¦ib)�ltu~cdwm�x�f%{c~�m)�g|ud

|u¥u�¡t o)fg� û r�hidw~�xctuhntu�w~
D(un)

b)fnz<{�tufnb)f8z.{cf�|�r�hirg~@optux�rgx
αn,ln → 0

��hi{sr�~�x�d
n→ ∞ ��`srgb)r�rg|�vw{�~sr ln = o(n)

�
¤>m�`}dwm)t���|uf�dw�co)fi~�fnb

kn → ∞ okrg|Yz<{�f%oprg~<o)d

knln → 0
��0c� ÌAÒD�

hidw�ld
knln = o(n)

�*0c� Ì²Ñ��
m)f8mpr�optum«ä�rgv@r�~ �

kn = mı́n{α−1/2
n,ln

, (n/ln)1/2} ���"�9mprg~�xcd�{�~sr�m){chifim4tu�w~ kn

okrg|B�At�~�hi|�{�tu�¡dwm�fi|.m4tuvw{�t�fi~@opf>opfndwb)fn�Ár
m)tu~�x�fn�2dwm«opbpr�hit��w~�fi|Yhi{srg|�fnm9{�~�r�e�rgb4t�rg~@opfqx�fn|�õ+fndwb)fn�ÁrJ0c� Ð.�

0@Ò



0wÑ õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
Ê8�<�5�A��ºÖ� _ ������õ&fidgb)fi�2rN0�� Ï�fi~ � ÎwÎ2!�� ��\Yý��

Xn

+-���N��+sþký������(�Dý������.þ��Kÿ(�����,���9%+5ýL�%�����>�W�.�.þkýL���j©Àÿ(����Kþ����(�
D(un) D(un(τ))

O����C�×þ�����
τ > 0

.ÿ(��.ý
un(τ)

�%�����>�W�.�.þkýI��0c� ÌAÎD� � y ���C�?�D� ��W'�
τ0 > 0

�²ý��
kn → ∞ �°���

%+5ýN�*0c� ÌAÒD�Ò) �*0c� Ì²Ñ��E�²ýÒ�%�����>�W�.�.þký��Öþkÿ(�
un = un(τ0)

��\Ý�Àý��²þ�����M%�Ký���.ÿ
rn = [n/kn] G

kn[1 − F1,...,rn
(un)]

n→∞→ θτ0,
��0c� Ì²Í��

ý����Ôÿ(�µþký��
Xn

���Ký��µý A ����Kþ ýÁýCBD���ký��Áÿ
θ
�G��ýkþ A O��kÿ²þ����Áý����óý G ��� Xn

�*�Ký��µý A ����Kþký�ýCBD���pý��Áÿ
θ
ý����óÿ(�µþký�����0c� Ì²Í��

�²ý�þ�+-�EO��uý6O�������þ�����
τ0 > 0

)�þ�����
kn → ∞ %+sýÒ�%�����>�W�.�.þkýN��0c��Ì²ÒD�P) ��0c��Ì�Ñ���þkÿ(�

un = un(τ0)
�

Ü8dw~�hn|u{ctu�ldwm&fnm4opram)fnhihntu�w~�hndw~y{�~�fó�4fi�l`�|ud9x�f8|ur9|ut opfnbpr�o){�bpr
z.{cf8~�dwm+��{cfim4o)bprarg|�vwd9x�fn|�bpr�~�vwd�x�f8`}dgm)tu�c|ufim
hidw~�xc{�hnoprgm�rgm)t�~<o)�gopt�h�rgm>x�f

Mn

��¤�m4o)d�fó�4fi�l`�|�d¨fnm4okÂ¨fi~�ä�d.h�rgx�dyrg|5h�rgm4d�xcdw~�x�f�fi|}¥�~�x�t�hif
θ
fimÀ�2fn~�dwb¿z<{�fa{c~�d��

b�Åi�.º»ë+��� _ � X ��¤�m4o)fÖfó�4fi�l`�|udDxcfi��t�x�dÇrÇÜ8j�fnb)~�t�h,=n�ÔÌ²ÍwÑcÌ2�2hidw~�m4tux�fnbprD{�~srDm){�hnfim4tu�w~ rg{co)dwb)b4fivwb4fim)t e�rDxcf
`�b)t��2fnb
dgb)x�fn~Qfnm4o)b)tuh�okrg�lfi~@opfqfim«okrghntudw~�rgb)tur

Xn =
1

r
Xn−1 + εn,

x�dw~�x�f
r ≥ 2

fnm�{�~�~sr�op{�b)rg|K� {εn} m4dw~�tB� tB� xµ�sxctum4o)b)t���{�tux�rgm
{�~�t ä�dwb)�lfi�lfi~@opfqm)dw��b4f {0, 1, . . . , (r − 1)/r} � εntu~�x�fn`}fi~�xctufi~@opf%x�f
Xn−1

·0|ur�x�t�m4o)b)tu�c{�hit��w~0x�f
Xn

fnm9{�~ct�ä�dwb4�2f�fn~
[0, 1]
�

ª dwb�|�rÇ{c~�t�ä�dwb4�2t xsrgx x�f
Xn

�
un(τ)

`�{�fnx�fHx�f�âs~�tub4m)f½hndw�2d
1 − τ/n

�qÜ8j�fnb)~�t�h,= ��{�fnm4o)bprVz.{cfHhndw~
un = un(τ), τ > 0,

|�r»hndw~�x�t�hit��w~
D(un)

m)f×hn{��2`c|uf��8`}fib4d
D

′

(un)
~�dHm4f×mpr�o)tum4ä�r�hifg� û {�fnvwd��8dw�co)tufn~�f

hidw~Qrgb4vw{��lfi~@opdwm
x�t�b)fih�opdwm
z.{cfg�5`�rgbpr
x > 0

�

Pr
(

Mn ≤ 1 − x

n

)

→ f §�`
(

−r − 1

r
x

)

.
��0c� ÎgÛ��

¤>m4hib4tu��t�fi~�x�d
un(τ) = 1 − τ/n

�3�*0c� ÎgÛ��À`�{�fnx�f�fim)hnb)t���tub4m)f%hndw�2d

Pr(Mn ≤ un(τ)) → e−θτ ,

�2dwm«opb)rg~�x�dlz<{�f�fi|�¥�~�x�t�hifqf�§.opb)fn�ld2x�f�|�r�m){chifim4tu�w~ {Xn}
fim
θ = (r − 1)/r

�GÜ8dg�2d
r ≥ 2, 0 < θ < 1

��·
ropdw�2r�|udwm�e�rg|udwb4fim

2, 3, . . .
�sfn|�¥u~cx�tuhnf

θ
opdg�Árye�rg|�dwb4fim
fi~

(0, 1)
�

¤�m�t�~<o)fib)fnmpr�~<opf¡~cdgokrgb�z.{cflm)t
εn+1 = (r − 1)/r

�Yhidw~É`cb)dw�sr���tu|�t�xsrgx
1/r
�Yfi~@opdw~�hnfim

Xn+1 > Xn

·�`}dwb
|ud2okrg~@opd�m4tu~�tu�l`}dwb4oprgb9|�d�vgbprg~�xcf�z<{�f

Xn

m4f�rc�µjsr�·�`cb)dw�sr���tu|�t�xsrgx�â��)r
1/r
x�f�z<{�f

Xn+1

m4f�r��ÁÂ�mavwbpr�~�x�f
·$fi~@opdw~�hnfim¨jsr²·$`cb)dw�sr���tu|�t�xsrgx

1/r2
x�flz<{�f

Xn+2

m4f�r�r"$�~Ö�ÁÂ�m�vgbprg~�xcfg��_am4¥>e�rg|udgb)fim%vwbpr�~�x�fnm�opt�fi~�xcfi~»r
d.hi{�b4b)tub�fi~$þ��	+k���óý��¾���<d.h�r�m)tudg~srg~�x�d�z<{�f�f §�hifixcfi~�hit�rgmÀm4{�hifnm)t�e�rgm8xcf

un

fnm4op¦n~I�������ký����.þ��Kÿ(������(�+z.{cf�`}fib)�lt�o)fi~
z.{cf�|�r�hidw~cx�tuhntu�w~

D
′

(un)
m4f�hn{��2`c|�ry·0fi~�hidw~cm)fihn{�fi~�hitur

θ < 1
�

0wÑ



0c� Î�ô�fim){c|�okr�x�dwm���r��4d¡|urlÜ8dw~cx�tuhntu�w~
D(un)

0gÍ
vXT�SpTPSpT �����U�®�������s��[á�y�k��Zu�k�7`��J¤���Z\�+�
_�x�t�ä�fnb)fn~�hitur�x�f<� Î�0(!K��x�dg~�x�f%m)f%fnm4o){�x�t�r�|ur�hidw~cx�{�hnopr¡x�f%|�dwm�hidw~cvw|udw�lfib)rgx�dwm8m)dw�cb)f%{�~�~�t�ewfn|Yfim4`}fihi¥ âshid

un

�srA�4dæhndw~�x�t�hit�dw~�fim��2Âgm0vwfi~cfibpr�|ufim�z<{�f
D(un)

��rgz<{�¥qfim«okrg�ldwm�tu~@opfnb)fim)rgx�dwm�$�~�tuhirg�lfi~@opf$fn~ fim4o){�x�turgb
|udwm%fnä�fih�opdgmyx�f2|ur�Ü8dg~�x�tuhntu�g~

D(un)
�&`�b4tu~�hntu`�rg|u�¡fi~@opf¡`}dwb4z.{cfÁ|�dwm�`�b4d.hifnm)dwmyfnm4okr�hit�dw~srgb4t�rgm%x�f2t�~<o)fib)¦nm¨m)dg~

rgz<{�fi|�|udwm�hidw~�x�fn`}fi~�x�fn~�hit�r��
��~y�lfixctud9��{c·%m)t��2`�|�f>x�fÀx�f�âs~�t�b+hndw~�vw|�dw�2fnbpr�x�dwm�x�fÀf�§�hifnx�fi~�hiturgm�fim&opdw�2rgb�{�~�r�m){�hnfim)t��w~

rn

·%hidw~�m4tux�f �
bprgb¿z<{�fad.hi{�b4b)fi~Áfnewfn~<opdgm�m)fn`srgbpr�x�dwm8{�~�ryx�t�m4oprg~�hnt�r

rn

{�~�dyx�f�dgopb4d¨·l`}fnb4opfn~�fihntufn~<o)fim
rg|}�ltum4�2d%hidg~�vw|udg�2f �
bprgx�dc� ª d.x�fn�2dgm�fn|ufnvwtub

rn

oprg|Gz<{�f�m4f�r�rg|}�2fn~�dwmÀoprg~�vwbpr�~�x�fahidw�ldy|�r�mk, |udg~�vwt�o){�x�fnm�/.x�fa|udwmÀhndw~�vw|�dw�lfibpr�x�dwmi�
`}fib)d»`}fiz<{�fnØ�dHhndw�2`�rgbprgxcdÖhidw~V|�r�, m4fi`srgb)rghit��w~�/>x�f�|�dwml�2t�m)�ldwmn� ª rgbprÖ��{�hkjsrgm2m4t�op{�rghit�dw~�fnm2{�m4{srg|ufnmÁfnm«�
opd$r�$�~H`}fib)�lt�o)f=�sf�§�tu�ctu|ut�x�rgx½`�rgbpr�fn|ufivgtub

rn

��fim«opd$m)fnbpÂ×��{c· $�optu|À`sr�bpr�|�r�t��2`�|�fn�lfi~@okrghntu�g~½xcf0�2¦�opd.x�dgm
hidw�l`�{coprghit�dw~srg|�fnm
`sr�bpr�fim4o)tu�2rgb�fi|�¥�~�x�t�hifqf §�o)b)fn�2d��
å�Âgm�fnm)`}fihn¥�âshirg�lfi~@opfg�Ym4{�`}dw~�xcb)fi�ldwm�z<{�f

D(un)
m)f�mpr�o)tum4ä�r�hify`srgbpr

un = un(τ)
m)r�opt�m4ä�rghntufn~�x�d��*0���Ì²ÎD� �

{�~sr�m){chifim4tu�w~
k → ∞ m4f%x�fn�Gf%fn|ufnvwtubÀoprg|µz.{cf%mpr�o)tum«ä�rgv@rN�*0c� ÌAÒD�¿·Q�*0c� Ì²Ñ��k� rn = [n/kn]

�s¤�|Y`�b)d.hnfim4dl`�{�~@op{srg|
Nn

x�fltu~@opfnb)¦im%fim4oprgbpÂ�x�fnâ�~�tux�d�m)dw�cb)flfi|�tu~<o)fib«e�rg|�d
(0, 1]

x�fl|�r0m)t�vw{�t�fi~@opf¡�2rg~�fnbprc��Ù�t�`srgbpr
s = 1, . . . , knf�§�tum«opf�{�~srqf�§�hifnx�fi~�hitur�x�f

un

`}dwb
Xj

`srgb)r%rg|��2fn~�dwm�{�~
j
oprg|�z<{�f

(s−1)rn < j ≤ srn

�wfi~@opdw~chifim
Nn

o)tufi~cf
{�~�m4dw|ud2f�ewfi~@opd�fi~�fi|&`�{�~@opd

t = srn/n
�G¤�m4o)d�fnmi�Ghn{srg|�z.{ctufib9vwb4{�`}dÁx�f¨f�§�hnfix�fi~�hiturgmafi~

((s − 1)rn, srn]
fnm

b)fifn�2`c|�rgËirgx�dy`}dwb8{c~0m4dw|udyf�ewfi~<o)dy��x�fnm)`�{c¦im
x�fi|}opt�fi�l`}dyb)fnfim4h�rg|urgx�d¨�"fi~
srn/n

��, b4fi`�b4fim4fi~<oprg~�x�d�/�fi|Gvwb4{�`}d
dwb)t�vwt�~srg|�� û |urg�2rgb)fn�ldwmÀr

Nn

fn|«, `�b4d.hifnm)d¡`�{�~@op{sr�|µx�f�`}dwm)t�hit�dw~�fim8hndw~�vw|�dw�lfibpr�xsrgm�/ �cÜ8dw~0fim«okr�hidw~�m«opb4{�hihntu�w~Y�
fi|�m)t�vw{�t�fi~@opfqb)fnm){�| okrgxcd���tu~�hn|u{�t�x�d�m)tu~�x�fn�2dwm«opb)rghit��w~Y�cm)f�m)r�opt�m4ä�rghnfg�
Ê8�<�5�A��ºÖ� _ � d ��õ&fidwb4fi�2r�Ïc��ÌÁfi~å� ÎwÎ2! ���k\Yý�� {Xn}

+'���?��+sþký������(��ý����°�.þ��Kÿ(�����,���ú�%���*�>�W�.�.þ��Ký���.ÿ
D(un(τ))OH���C��þ�����

τ > 0
.ÿ(��.ý

un(τ)
�%�����>�W�.�.þkýa��0c� ÌAÎD� �~\Yý��

kn → ∞ ý��uý�����.ÿï�°����%+sý �%�����>�W�.�.þkýa��0c� ÌAÒD� )���0c� Ì²Ñ��
)J��+2Osÿ(�-�����Áÿ��K%+sý {Xn}

���Ký��µý A ����Kþký�ýCBD���pý��ÁÿM��¨ ���óÿ(�µþký���ý���O��kÿ²þký��²ÿEO�+'����+H���
Nn

.ýSOsÿ����Kþ��Kÿ(�µý��yþkÿ(�-���uÿ(�
�Áý�������(�6OH���C��ýCB�þký�.ý��µþ����(� .ý

un(τ)
þkÿ(��&gý����.ý�ý�� ��>��������M%+sþ����(�Q� +'� y �pÿAþký��²ÿÑ.ý y ÿ(�>���²ÿ(�

N
�²ÿ�M%�pý

(0, 1]þkÿ"�ïO����C9��Áý����kÿ<.ý4�����óý����������
θτ

�
N ý��Áÿ����*�C�.þ����(��� ª dwb�{c~�o)fidwb4fi�2r�fi~��%rg|u|�fi~<�}fib4vú� Î�Ì.!�m)dg|ud¡m4f�~�fnhifnm)t�oprl`cb)dw�sr�b�z<{�f

E[Nn(a, b]] → E[N(a, b]], 0 < a < b ≤ 1
�*0�� Î�Ì��

·
Pr(Nn(E) = 0) → Pr(N(E) = 0)

�*0c� ÎwÎ��
`srgbpr�h�r�xsr¡{�~�t��w~�x�tumÕ�4{�~@okr�âs~�t�opr

E
xcf�hndw~��4{�~@opdgm9x�f%|�ryä�dwb4�Ár

(]
hndw~<o)fi~�t�x�dwm�fn~

(0, 1]
�

0wÍ



Ï@Û õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
Ù�t
vn

x�fn~�dgokr�fi|>~k$��2fnb)d�x�flt�~<opfnb4e�rg|udwm
((s − 1)rn, srn]

hidw�l`�|uf�okr��2fn~<opf�hndw~<o)fi~�t�x�d�fi~
([na], [nb]]

fnm
hi|�r�b)d�z.{cf

vn ∼ nr−1
n (b− a) ∼ kn(b− a)

·�r�x�fi�2Âgm
z.{cf

E[Nn(a, b]] ∼ vn Pr

(

rn
⋃

i=1

{Xi > un}
)

kn(b− a)[1 − F1,...,rn
(un)] → (b− a)θτ

`}dwb ��0c��Ì�Í�� � ª fib4d2fnm4opdlfim
E(a, b]

rgm4¥�z<{�fÑ�*0�� Î�Ì��8m)f%hi{��l`�|�fg�
ª rgb)r%�2dwm«opb)rgb¼�*0c� ÎwÎD��fnm)hnb)tu��rg�2dgm

E = ∪p
j=1(aj, bj]

·�fim4hib4tu�srg�ldwm
Bj

`sr�bpr%|�dwm>fn~<o)fib)dgmÀfn~
([naj], [nbj ]]

�
¤>~@opdw~chifim9fim
ä�Âghit�|µewfnb9z<{�f

Pr(Nn(E) = 0) = Pr

(

p
⋂

j=1

{M(Bj) ≤ un}
)

+ o(1)
�*0c� Î�0��

p
∏

j=1

Pr(M(Bj) ≤ un) +

[

Pr

(

p
⋃

j=1

{M(Bj) ≤ un}
)

−
p
∏

j=1

Pr(M(Bj) ≤ un)

]

+ o(1).

��0c� Î�Ïk�
ª dwb¡t�~�x�{�hnhit��w~Y��|�r�x�t�ä�fnb)fn~�hitur×fi~æ|�dwm�hndwb)hkj�f�opfimlhi{�rgx�bpr�x�dwm¡~�d$f�§�hifnx�f

pαn,nλ

fn~De�rg|udgb¡r���m)dw|�{copd×x�dw~�xcf
λ
fnmÁ|�rÉm4fi`sr�bprghntu�w~V�l¥u~ct��2r×x�f�|�dwmltu~@opfnb4e�rg|�dwm

(aj, bj]
�
λ
`�{�fnx�f�m4fiblopdw�2rgx�dÉx�tum«opt�~<opdÉx�fQhifnb)d½`}dgb)z<{�f

tu~<o)fib«e�rg|�dwm¡rgx��4{�~@opdwm¡`�{�fixcfi~Vhidw����t�~srgb4m)f�� � ª fnb)d
αn,l

`�{�fnx�f�opdg�Árgb4m)f�~cdÖhib4fihntufn~<opf�fi~
l
��ew¦irgm)f � Î�0(!��y·

m)fÉm)t�vw{�f$x�f
D(un)

z<{�f
αn,nλ → 0

hn{srg~�xcd
n → 0

��Ü8dw�ld
Xn

opt�fi~�f$¥�~�x�tuhnf$f §.opb)fn�2dæm)f$opt�fi~�f$z<{�f
Pr(M(Bj) ≤ un) → e−θτ(bj−aj)

·0`}dwb
|ud�okrg~@opd

Pr(Nn(E) = 0) →
p
∏

j=1

Pr(Nn(aj, bj] = 0)

= Pr(N(E) = 0),

`�b)dw��rg~�x�d?��0c� ÎwÎD� �
ö fn�}fi�ldwm�~�dgokr�baz<{�f�|�rgm�x�t�m4opb4tu��{chit�dw~�fim�|u¥��lt opf�x�fy|udwm�fim«okrgx�¥�m4o)tuhidgmax�f�dwb4x�fi~�m)fib)Âg~$r�ä�fnhnokr�xsrgm�xcf�{�~sr

�Árg~cfibprQ�2Âgmyhndw�l`�|ut�h�r�xsr�`}dwby|�rQhndw~�vw|�dw�lfib)rghit��w~Öz<{�f�|�rQx�t�m4o)b)tu�c{�hit��w~Öx�fi|8�2Â�§�t��2dc�&¤�m4oprgm�x�tum«opb)t���{�hntud��
~�fimqm){�b4vwtub)Âg~×x�f�{�~$b4fim){c|�okr�x�d0|u¥u�¡t o)fy�2Âgm�hndw�2`c|ut�h�rgxcd�`sr�bpr�f�§�hifnx�fi~�hiturgm%tu~�xct�e.tuxc{srg|�fnmi�YÙ�t�~×fi���srgb4vwd��Gfi|
{�m)dQxcfi|>b4fim4{�|�oprgx�d ª dwt�m)m4dw~Öx�rgx�dQrgb)b4tu�sr�b)fnm){�| okrgb)Â�fi~Ö|urgmqx�tum«opb4tu��{�hntudw~cfimq`srgb)r�|�r�m�rg| op{�b)rgmqx�fn|U,

k
� ¦im)t��2d

hidw~�vg|udw�lfib)rgx�d��ÁÂ�m¡rg| opd�/+fi~æ|�{�v@rgbyx�fi|
k
�ó¦nm)tu�ld�fim4oprgx�¥�m4opt�hid×x�f�dwb4x�fi~æf §�o)b)fn�2dc��xcf�{�~sr×�Ár�~�fib)r×hi|urgbpr��

Ó�tu~sr�|u�¡fi~@opfg�cfi~�fim«opf%opfndwb)fn�Ár�m)f�fnm4opÂl`�t�x�tufn~�x�d¡z<{�fÑ�*0c� Ì²ÍD�8m)f�hi{c�2`c|�r�`sr�bprlr�|uvD$�~
τ0
�s¤>m«opd��s`}fib4�2t opfqx�rgb

{�~sr¡tu~@opfnb)`�b4fnokr�hit��w~�x�fn|�¥u~�x�t�hifqf §.opb)fn�2dc�
Ï@Û



0c� Î�ô�fim){c|�okr�x�dwm���r��4d¡|urlÜ8dw~cx�tuhntu�w~
D(un)

ÏcÌ

Ù�{�`}dg~�v@rg�ldwm2z<{�f {Xi}n
i=1

opt�fi~�fQ¥�~�x�t�hif�f�§.opb4fi�ld
θ
�ÀfnmÁx�fihntub2z<{�f�`}d.x�fi�ldwm2x�t�e.t�x�tub¡|urÉm)fnb)tufQfi~

kn��|ud.z<{�fnm9xcf%oprg�Ár�Ø�d
rn

hidw~
kn = o(n)

�
kn ln = o(n)

�
ln
hidw�ld¡fn~ �*0�� Ð��8·

rn = [n/kn]
��okr�|�z<{�f

kn(1 − F1,...,rn
(un(τ)))

n→∞→ θ τ,
�*0c� ÎwÐD�

x�dw~�x�f
un(τ)

mpr�optum«ä�rghnfï�*0c� ÌAÎ�� � ö f�rgj�dwb)r�fi~Qrgx�fn|�rg~@opf
un ≡ un(τ)

�
Ü8dw~�m4tux�fnb)fn�2dgm¨fi|¿~-$c�2fnb)dQx�f2f�§�hifnx�fi~�hiturgmyx�f

un

x�fi~@opb)d�x�f2{c~½��|�d.z<{�f2x�flokr��Ár�Ø�d
rn

�&¤�m4opf2fnewfn~<opd
x�fnâs~cf�|�r�e�rgb)turg��|�fqrg|ufir�opdwb4tur

Bun

rn
=

rn
∑

i=1

1{Xi>un},

x�f%|�r�hi{srg|�`}d.xcfi�ldwm�hirg|uhn{�|�r�b

E[Bun

rn
| Bun

rn
≥ 1] =

rn
∑

j=1

j Pr(Bun

rn
= j | Bun

rn
≥ 1)

=

∑rn

j=1 j Pr(Bun
rn

= j)

Pr(Bun
rn

≥ 1)

=
E[Bun

rn
]

Pr(∪rn

j=1 {Xj ≥ un(τ)})

=
rn [1 − F (un)]

1 − F1,...,rn
(un)

≈ n [1 − F (un)]

kn [1 − F1,...,rn
(un)]

b)fihndwb)x�rg~�x�d?�*0���ÌAÎ��À· ��0c� Ì²Í��Ào)fi~�fn�2dgm

E[Bun

rn
| Bun

rn
≥ 1]

n→∞→ θ−1.
��0c� Îg÷��

_à`�rgb4o)tub
x�fn|�b)fim4{�|�oprgx�d2rg~@opfib4tudwb
`�b4dw`}dw~�fn�2dgm9|ur¡m4tuvw{�t�fi~@opf%t�~<opfnb)`cb)fnoprghit��w~Y�s¤�|�okrg�2rgØ�d¡�lfixctud
x�f�{c~�hidw~cvw|udw�lfib)rgx�dý�� Osÿ����Kþ����(�»`�{�fnx�f�m)fnbÁtu~<o)fib4`�b)f�okrgx�d»hndw�ld»fn|�~-$��lfnb)d»�2fnx�tud ��fi~�fn|
|�¥u�lt opf[�¡x�f×f §�hifnx�fi~�hit�r�m�fi~{�~¬t�~<o)fib4e�rg|ud»x�f�|udw~�vgt�o){�x

rn

�8xsrgx�dHz<{�f$r�|a�lfi~�dwm�d.hn{�b)b4f×{�~�r
f §chnfix�fn~�hit�rlfn~Qfnm)f�tu~@opfnb4e�r�|ud��c_�m){��ltufn~�x�d¡fi|�fn~cä�d.z<{�f��srgm)rgx�dlfn~Qf�ewfi~@opdwm9fim«opf�`srgb)Âg�lfnopb4d¡~cdwm
`�{cfix�f¨xsrgb9{c~sr2`cb)tu�lfnbpr�tux�firlx�fn|�o)tufi�l`}dlz<{�f¨{c~�fnegfi~<o)d�fnm4opÂ2`�b)fnm)fn~<opfyfn~�|ur¡m)fnb)tuf��5x�fi�ctux�dÁr
z<{�f�f�§�tum«optub)Âg~×f §chnfix�fn~�hit�rgm�r�hidw~@okr�b%rg|+o)tufn�2`}d

t
m4tufi�l`�b4f�z.{cf¡|�rÁ`}fib«op{�b4�srghntu�w~×h�rg{cmprgxsr0`}dwb

fn|�fnewfn~<opd2m4tuv@r�`�b)fnm)fi~@opf�fi~Qfnm)f�t�~�m4oprg~<o)fg�
_a`cb)dAegfihkj�fi�ldwm9|ud�hidg~�m4o)b){�t�x�dljsrgm«okrlr�j�dwbpr��5Ü8dw~�m4tux�fnb)fi�ldwm�{�~�~�t ewfi|

vn(τ)
������&gý��+ýCBD���pý��Áÿ��cokrg|Yz<{�f

E[Bvn(τ)
rn

| Bun

rn
≥ 1]

n→∞→ 1,
��0c� ÎwÒD�

Ï�Ì



Ï<Î õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
m)f�m4tuvw{cf%z<{�f

vn(τ) ≥ un

·0`}dwb
fi| û fi�2rJ0c� ÷c� Î�fn~ � Î�0(!K�
D(vn(τ))

m4f�m)r�opt�m4ä�rghnfg�
_a~�Âg|udgv@rg�lfi~@opfqra��0c� Î�÷�� ��m)f�fnm4oprg��|�fihif

rn [1 − F (vn(τ))]

1 − F1,...,rn
(un)

n→∞→ 1,

hidw�ld¡j�fn�2dgm�m){�`c{�fim«opdÁz<{�fï�*0c� Ì²Í��8m4f�m)r�opt�m4ä�rghnf%`srgb)r
un

�sfi|�r�~<opfnb)t�dwb�|u¥u�¡t o)f�tu�l`�|�t h�r�z<{�f

n [1 − F (vn(τ))]
n→∞→ θ τ.

·0x�f�rghi{cfib)xcdÁrg|Yõ&fidgb)fi�2r<0c� ÷�fim«opdlfim9m4{câshit�fi~@opf�`sr�bpr�z.{cf

kn[1 − F1,...,rn
(vn(τ))]

n→∞→ θ2τ.

ª b)dw`}dg~�fi�ldwm8{�~0`�b)t��2fnbÀfim«opt��ÁrgxcdwbÀx�fn|µ¥u~�x�t�hif�f�§.opb4fi�ld���Ù�f�r
F̂1,...,rn

(·) {�~0fim«optu�2rgxcdwbÀx�f F1,...,rn
(·) ��|�rä�{�~�hit��w~�x�f%x�tum«opb)t���{�hntu�w~0hndw~��4{�~@okr¡x�f {X1, · · · , Xrn

} fi~@opdw~�hnfimn©

θF̂ =
1 − F̂1,...,rn

(vn(τ))

1 − F̂1,...,rn
(un)

.
��0c� ÎgÑ��

_a|>�2rgb)vgfi~Öxcfi|¿fnm4opt��Ár�x�dwb�rg~@opfnb)tudgbi��fnm4op{cx�t�rgb4fi�ldwm�dgo)b)dwm�fnm4opt��Ár�x�dwb)fnm�hndw~»`�b)dg`�tufnxsrgx�fnm¨fim«okrgxc¥um4o)tuhirgm
fim4oprg��|�fihit�xsrgmn��:�Â�m)tuhirg�lfi~@opfg�µfnm4opdgm%fim«optu�2rgxcdwb)fnmqm4f¡�sr�mprg~$fi~�, rgx�fi|�v@rgËirgb�/Gfi|"`cb)d.hifnm)d {Xi}n

i=1

`}dwb�|�rgm�m4{��
hifim4tudw~cfim

kn

·
rn

�À¤�mÁhi|�r�b)dÖz<{�f�`}d.x�fn�2dwm2x�f�âs~�t�b2dgopb4dwmÁrgxcfi|uvwrgË�r��2t�fn~<opdgmi���srgm4opr»hndw~�m4tux�fnbprgble�rgb)turg��|ufnm
rg|ufir�opdgb)turgm�x�t�m4o)tu~@okrgm
r

Bun
rn

·�r
B

vn(τ)
rn

�
Ù�firg~

kn

·
rn

hndw�ldlrgb)b4tu�sr��cx�fnâs~�rg�ldwm

Mkn

j = máx {Xk : (j − 1) rn + 1 ≤ k ≤ j rn} j = 1, . . . , kn,

|udwm��2Â�§�t��2dgm�, |ud.h�r�|ufim /²xcfi|<`�b)d.hnfim4d {Xi}n
i=1

r
opb)r²ew¦nm+x�f¿|�r
`srgb«opt�hitu�g~%x�f
kn

��|ud.z<{�fnm+x�f>oprg�2rgØ�d
rn

�A_�j�dwbpr�fi|
`�b)d.hnfim)dyx�far�x�fi|�v@rgËirg�2t�fn~<o)d�hndw~�m4tum4o)f�fi~Áhndw~�m)t�x�fib)rgb¿fim«opdwmÀ�2Â�§�tu�ldwm�|ud.hirg|ufnm7��M%�uÿ²þ�� �<�[BD���<�'��z<{�f�f�§�hifnxsrg~
fi|�~�t ewfi|

un

�s_am4¥K��x�f�âs~�tu�ldwm
|ur�e�rgb)turg��|ufqr�|uf�r�opdwb4t�r

Zun

rn
=

kn
∑

i=1

1{Mkn
j >un}

.

Ý���m)fnb4ewfn�2dgmQz<{�fÉfnm4opfÉ`cb)d.hifnx�tu�lt�fi~<o)dH~�dwm�hidw~cx�{�hifÖrD{�~åO��pÿAþký��²ÿaO�+-���*+����P.ý»þkÿ(�-���uÿ(�Áý��C��.ÿ��<Osÿ(�
O5ÿ����Kþ����(�

N
un(τ)
t

m)dg��b)fyfi|+tu~@opfnb4e�rg|�d
(0, 1]

hndw~�m)t�m4o)fi~<o)f�x�f�|�dwm�fn|ufi�lfi~@opdgmax�f
Zun

rn

t�~�x�f §�r�x�d�`}dwb
t = j/kn

�
j = 1, . . . , kn

� ª dwb¡fn|
õ&fidwb4fi�2rÖÎ�� Î�fim4o)f�`�b)d.hnfim4dÖ`�{�~@op{srg|�hidw~@ewfib)vgfQr${�~æ`�b4d.hifnm)dÖx�f ª dwt�m)m4dw~
N
hidg~

`srgbpÂ��2f�opb)d�x�f0t�~<opfn~�m)t�xsrgx
θ τ
��_a~sÂ�|udwvwrg�lfi~@opfg�+xcfnâs~�t��2dgm�fi|�`�b4d.hifnm)d

N
vn(τ)
t

��hidw~cm)tuxcfibpr�~�x�d$|�rQe�r�b)t�r���|uf
rg|ufir�opdgb)tur

Z
vn(τ)
rn

�.xsrgxcd�z<{�fam)fahi{c�2`�|�fi~Á|urgmÀhndw~�x�t�hit�dw~�fimÀx�fn|Gõ&fidwb4fi�2r�Î.� Î�fnm4opfa`�b)d.hnfim4d�hndw~<ewfnb)vwfnbpÂ�ryd�opb)d
`�b)d.hnfim)dlx�f ª dwtum4m)dw~

N
′ x�f%�lfix�tur

θ2 τ
�
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ª dwb�okrg~@opd¡fi|�¥�~�x�tuhnfqf §�o)b)fn�2dlfnm4okr�bpÂ¡h�r�bprgh�opfnb)tuËirgx�d¡`}dwb�fn|�m)t�vw{�t�fi~@opfqb)fnm){�| okrgxcd

ĺım
n→∞

E[N
vn(τ)
t ]

E[N
un(τ)
t ]

= θ.
��0c� ÎgÍ��

3Ñx43Ñx � �;�4�ú}�ô»zv|~ò �Nô � õ%� �
û dwm¡fim«opt��Árgxcdwb)fnm¡xsr�x�dwmlrgb)b4tu�src��~�fnhifnm)t�oprg~Çz<{�f

n
m)firÉvwbpr�~�x�f��>|�d$hn{srg|
tu�l`�|�t�hirgbpÂ�z<{�f�|udwm�{c���cbprg|�fim

��~�t ewfi|ufnm��
un

·
vn(τ)

x�fn�srg~$m4fib%rg| opdwmn�YÙ�tu~�fi���srgb4vwd�m)f�`�{cfix�fn~Éx�fnâs~ctub�fim«opt��Árgxcdwb)fnmqrÁopb)r²ew¦nmqx�fN����&gý��uý��
�Áÿ[.ý��C������Áý��H�ÔýL���	�óÿ���hidw�ldÁm4fy��{cfim4o)bprÁr2hidg~<opt�~.{sr�hit��w~Y��:�Â�m)tuhirg�lfi~<o)f¨|�r�m�m4tuvw{ctufi~@opfnm�m)fihnhit�dw~�fim�fnm4oprgbpÂg~
opdw�2rgxsrgm�x�f¨Ý�|u�ld��G0cÌ.!�·�Ý�|��2dN�10wÎ(!B�
¤��2`}fnhifn�2dgm9hndw~�|�r�m)tuvg{�tufn~<o)f

����@��+���@��î}� _ �FjY��Ù�f�r
u∗n
m)t��2t�|�rgb�r

un

�srgm){c�Árg�ldwm�z<{�f�fim«opf�{����cbprg|Ym)r�opt�m4ä�rghnf%|�d¡m4tuvw{�t�fi~@opfg©
Ìg�
D(u∗n)

�
Î.�
kn [1 − F1,...,rn

(u∗n)] → ∞ ��hi{srg~cx�d n→ ∞ �
0��

1 − F1,...,rn
(u∗n) = [1 − F1,...,rn

(un)] sn

�shndw~
sn = o

(

1
1−F1,...,rn (un)

) �
Ïc�

1 − F (u∗n) = [1 − F (un)] s
′

n

�shidg~
sn = o

(

1
1−F (un)

) �

Ð.� s
′

n

sn
→ 1
�shi{�rg~�x�d

n→ ∞ �
��~sr¡m4{�hifnm)t��w~ {u∗n} z<{�f%mpr�o)tum4ä�r�hif%|�dlr�~<opfnb)t�dwb�m)f�xcfi~�dw�ltu~�r�x�f%~�t ewfi|�fim��ld.x�fnbprgxsr��2fn~<o)f%rg|�o)dwmi�
!¨�A�5ë��G£����@��î}� _ � X �]\Yý�� {u∗n} +'���<��+5þký������(�Q.ý4����&gý��uý��4�Áÿ%.ý��C������Áý����óý ���	�Ôÿ�� G )<�²ý�� cn +'���Ñ�ký����	��
��.þ����(�.ý

Z
u∗

n
rn

��\Ý�
cn
�%���*�>�W�.�.þký

cn − sn θ τ

(θ τ sn F1,...,rn
(u∗n))1/2

n→∞→ λ,
�*0c�10wÛ��

ý����Ôÿ(�µþký��
Pr
(

Zu∗

n
rn

≤ cn
) n→∞→ Φ(λ),

�*0c�10cÌ2�
.ÿ(��.ý

Φ(·) ý��4���X�,+'�Gþ����"� .ýL��>��������M%+sþ����(�I�µÿ(�,�<���+ý�����9������� �
Ù�fir

Mj:kn

fi|
j
�ó¦nm)t��2d�fnm4okr�x�¥um«optuhnd¡x�f%dwb)xcfi~�x�f%|�r�m){�hnfim)t��w~ {

Mkn

j

}kn

j=1

�shndw~<egfi~�t��2dwm
fi~�z<{�f

M1:kn
≥M2:kn

≥ · · · ≥Mkn:kn
.
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ÏwÏ õ&fidwb4¥�r�x�fÒ\¿rg|�dwb)fnm�¤�§�o)b)fn�2dwm
¤>m�hi|urgb)d�z.{cf

{

Zu∗

n
rn

≤ cn
}

= {Mcn+1:kn
≤ u∗n} ,

��0c�10@ÎD�
`}dwb�|�d¡z<{�f

Pr (Mcn+1:kn
≤ u∗n)

n→∞→ Φ(λ),
�*0c�10D0��

hidw~
λ
hidw�ld¡fn~ ª b)dg`}dwm)t�hitu�g~ú0c� Ìw�

¤�|}{c���cbprg|
vn(τ)
�@opfn~�x�b)Â¨m){Ájcdw�l�w|udgvwd%�ld.x�fnbprgxsr��2fn~<opf9rg| opd��<Ù�fir

v∗n
m4tu�ltu|�rgb�r

vn(τ)
�.rgm){c�Árg�ldwm>z<{�f

fim4o)f�{�����b)rg|Ympr�optum«ä�rghifq|ud�m)t�vw{�tufn~<o)fg©

Ìg�
kn [1 − F1,...,rn

(v∗n)] → ∞ �shn{srg~cx�d n→ ∞ �

Î.�
1 − F1,...,rn

(v∗n) = [1 − F1,...,rn
(vn(τ))] tn

�shidg~
tn = o

(

1
1−F1,...,rn (vn(τ))

) �

0��
1 − F (v∗n) = [1 − F (vn(τ))] t

′

n

��hidw~
tn = o

(

1
1−F (vn(τ))

) �

Ïc� s
′

n

sn
→ 1
�shi{�rg~�x�d

n→ ∞ �

Ð.�9Ó�t�~srg|��lfn~<opf�©
E
[

Bv∗

n
rn

| Bu∗

n
rn

≥ 1
] n→∞→ 1.

��0c�10gÏk�
Ýq�cm)fib«ewfi�ldwm9z<{�fÑ��0c�¡0�Ïk�8t��2`�|�t h�ryz.{cf

n [1 − F (v∗n)]

kn [1 − F1,...,rn
(u∗n)]

n→∞→ 1.

¤>m«opdl`�b)d.xc{�hif�z<{�f t
′

n

sn
→ 1
·0fn~Qhndw~�m4fihi{cfi~�hit�r¡z.{cf tn

sn
→ 1
hn{srg~�x�d

n→ ∞ � ª dgb
okrg~@opd

1 − F1,...,rn
(v∗n)

1 − F1,...,rn
(u∗n)

n→∞→ θ.

ö f�fnm4okrgm�dg��m)fnb4e�r�hitudg~�fim�m)fym)t�vw{�fyz<{�f
v∗n ≥ u∗n

·
D(v∗n)

m)f�hn{��2`c|ufg�µÜ8dg~�m)t�x�fib4fi�ldwma|�rle�rgb)turg��|�fyr�|ufir�opdwb4t�r
Z

v∗

n
rn

�

!¨�A�5ë��G£����@��î}� _ � Y ��\Yý��
u∗n
þkÿ(�Áÿ%ý�� y �kÿ�Osÿ����Kþ����(�Y�Í� ` )7��+2Osÿ(�-�����Áÿ���%+5ý

cn
ý��f�°����%+5ý �*0��¡0wÛD���²ý��%�����>�W�.�.þký��

\Yý��
v∗n
þkÿ(�Áÿï���,����M�� G ý����óÿ(�µþký��

Pr
(

Zv∗

n
rn

≤ θ cn
) n→∞→ Φ(λ),

�*0c�10@ÐD�
.ÿ(��.ý

Φ(·) ý��4���X�,+'�Gþ����"� .ýL��>��������M%+sþ����(�I�µÿ(�,�<���+ý�����9������� �
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¤�~»|�r�m�m4tuvw{ctufi~@opfnm�m)fihnhit�dw~�fnmym)fnbpÂQhn|�rgb)r�|�r�t�~�m)fnb)hit��w~Öxcf2|udgm�{c���cbprg|�fim%�ld.x�fib)rgxsrg�lfi~@opflrg|�o)dwmi�Y`Gdgb�fi|
�2dw�lfn~<opd2m)�w|�dÁ`�b)fnm)fn~<okr��2dgm�{�~×fnm4o)tu�2rgx�dwb9x�fi|+¥u~�xctuhnfyf §.opb)fn�2d�`}dwb�{�����bprg|�fim��ld.x�fib)rgxsrg�lfi~@opfyrg| opdwmn�}_
mprg�}fnbi�

ĺım
n→∞

E
[

Z
v∗

n
rn

]

E
[

Z
u∗

n
rn

] = θ∗.
��0c�10w÷��

vXT�v1T
Y+T q9���y�4¤¥���k�0�����
ª dwb�|ud×x�tuhkj�dÉrg~<o)fib4tudwb4�2fn~<o)fg��fi|
¥�~�x�tuhnf0f §�o)b)fi�ldÉ`�b4dAewfnf�{�~sr$�lfixctuxsr�x�f�|�rÇþkÿ(�-���uÿ(�Áý����.þ��w�(�$xcf�|urgm

dw��m)fnb4e�r�hit�dw~�fim¡�2Âgm�vwbprg~cx�fim¡xcf�{�~�r$m4{�hifnm)t��w~æfim4oprghit�dw~sr�b)t�r��Í:8r��4d×|�r×Ü8dw~�x�t�hit��w~
D(un)

|�r�x�tum«opb)t���{�hntu�w~
|u¥u�¡t o)f�x�f

Mn

fim
F nθ(un)

fi~¨|u{cv@rgb�x�f
F n(un)

��¤�m4o)fÀb)fnm){�| okr�x�d9vwfi~�fnb)��{�~cd�x�f¿|udgm�`�b)t��2fnb)dwm�fnm4opt��Ár�x�dwb)fnm�x�fn|
¥u~�x�t�hif�f�§.o)b)fi�ld�� ª rgb)rÁm4{�hifnm)t�dw~�fnm%rg`cb)dw`�turgxsr�m

kn, rn

m)fym)r�opt�m4ä�rghnfyz<{�f
Prkn(Mrn

≤ un) ≈ Pr(Mn ≤ un)
�

opdw�2rg~�x�d�|udgv@rgb)t op�¡dwm8opfn~�fn�2dwmn�
kn ln Pr(Mrn

≤ un) ≈ n θ lnF (un)
�sxcf�xcdw~�x�f%m)f%x�fix�{chif¨z<{�f

θ ≈ ln Pr(Mrn
≤ un)

rn lnF (un)
.

¤>~@opdw~chifimn�}{c~Qfnm4o)tu�2rgx�dwb�~sr�op{�bpr�|Yx�fi|�¥u~cx�tuhnfqf�§.opb4fi�ldlfim

θ̂(1)
n =

ln(1 − Zun
rn
/kn)

rn ln(1 −Bun
rn
/n)

.
��0c�10@ÒD�

¤>m«opf�fnm4opt��Ár�x�dwb�m)f%x�fi~cdw�2t�~sr�fi|©�����óÿ%�ÿ��uÿ��(���
_a| opfnb)~sr�o)t�e�rg�2fn~<o)fg�ifi|@hidw~chifn`copd�x�f¿¥�~�x�t�hif�f�§.opb4fi�ld9tu~<o)b)d.x�{chituxcd�fn~Ñ� ÎwÎ2!B�

θ−1
hndw�ld9fn|<|�¥u�¡t o)f�xcfi|@~-$��lfib4d

`�b)dw�lfixctud�x�f%f�§�hnfix�fi~�hiturgmi�5`�b4d.x�{�hnf�fi|©�����óÿ%.ÿ8Osÿ(� M%�uÿ�%+sý��

θ̂(2)
n =

Zun
rn

Bun
rn

.
��0c�10wÑ��

¤>m«opf�fim«optu�2rgx�dgbl`�{�fnx�f�m4fibÁhndw~�m4tux�fnbprgx�d»hidg�2dÖ{�~sr»rg`�b4d²§�tu�2rghntu�g~æx�f
θ̂

(1)
n
{�mpr�~�x�d½|urgm2f §�`srg~�m4tudw~cfim�xcf

`�b)t��2fnb
dgb)x�fn~Qxcfi|�|udgv@rgb)t o)�ld�fn~Qfn|�~.{��lfib)rgx�dwb�·0xcfi~�dw�lt�~srgx�dwb�x�fï��0c�¡0wÒD� �
û r�hirgbpr�hnopfnb)t�Ë�rghntu�w~$xsrgxsr�fi~ 5�m4tu~�v � ÎgÛ"!>�ldgopt e�r0{c~»�l¦no)d.x�d�x�t ä�fib)fn~<o)fl`srgb)r�fim4o)tu�2rgb�okrg|�`�rgbpÂg�lfno)b)d��

Ü8dw~�hib4fnoprg�lfi~<o)fg�
θ̄ =

W un
rn

Bun
rn

,
��0c�10wÍ��

x�dw~�x�f
W un

rn
=

n−rn
∑

i=1

1{Xi>un}(1 − 1{Xi+1>un}) · · · (1 − 1{Xi+rn>un}).

�>m«opf�fnm9fn|�hidw~�d.hntuxcdú�����óÿ%.ÿï.ý�þkÿ(�,�,����(���
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¤�|�fim«optu�2rgxcdwb�x�fi|�¥u~cx�tuhnfqf�§.o)b)fi�ldl`}dwbÒ����&gý��uý�� ���	�óÿ���fnm4okÂ¡xsrgxcdl`}dwb

θ̂ =
Z

vn(τ)
rn

Zun
rn

.
��0c� Ï@Û��

_a~sÂg|�dwv@r��2fn~<o)fg�cfi|�fnm4o)tu�2rgx�dwb�x�fn|�¥u~�x�t�hifqf §.opb)fn�2d¡`GdgbP����&gý��uý��Ò�Áÿ%.ý���������Áý,���ÔýP���	�Ôÿ��8fim4opÂlx�rgx�dl`}dwb
θ̂∗ =

Z
vn(τ)∗

rn

Z
u∗

n
rn

.
��0c� Ï�Ì2�

ö fnmprgb4b)dw|�|�rgb4fi�ldwm�fi~lx�fnoprg|u|�f�fn|s`�b4tu�lfib"fnm4opt��2rgx�dwbn�@Ü8dw~l|ur�~�dgokr�hitu�g~¡xcf9rgb)b4tu�sra|�r�hidg~<opb)rg`srgb«opf
fi�l`�¥�b)tuhir
x�fï�*0c� ÎwÒD�8fnm

1

Z
un(τ)
rn

kn
∑

j=1

j rn
∑

i=k

1{Xk>vn(τ)}
n→∞→ 1.

��0c� Ï<ÎD�
¤>m4hib4tu�srg�ldwm

Λ
vn(τ)
kn

=
kn
∑

j=1

j rn
∑

i=k

1{Xk>vn(τ)}.

Ü8dw~�m4o)b){�t��2dgm
fi|�fnm4opt��Ár�x�dwb�xsrgx�d¡fi~ �*0c� Ï@Û��8r¡`srgb«opt�b
xcf�|�dwm
m4tuvw{�t�fi~@opfnm�`�{�~@opdwm
_¨��Ì½Ü8dw~�m4tux�¦nb)fn~�m)f¨m4{�hifnm)t�dw~�fnm

kn

·
rn

rg`�b4dw`�t�r�xsrgm
fn~Qfn|�m)fn~<opt�x�dlx�f%|ur�fnhi{srghntu�g~ �*0c� ÐD� �
_¨� ÎÇÜ8dw~�m«opb4{�tub
|�r�m){�hnfim)t��w~ {

Mkn

j

}kn

j=1

r¡`�rgb4o)tub�x�f {Xi}n
i=1

�
_¨�¡0ã5ar�hit�fi~�x�d

un = Mc+1:kn

`�rgbpr�{�~
c
â��4d?�

c
`}fnz<{�fiØ�d����5`}dwb ��0c�10@ÎD�8m4f%opt�fi~�fqz<{�f

Zun
rn

= c

_¨� Ï ª rgb)r¡hi{c�2`�|�tub8f�§crgh�okrg�lfi~@opfï�*0c� Ï<ÎD�k�sjsr�hifi�ldwm
Λτ

kn
= Xc+1:n

�
_¨� ÐÇÜ�rg|�hi{�|urg�ldwm

Zvn
rn

=
∑kn

j=1 1{Mkn
j >vn}

�
_¨� ÷ÇÓ�t�~srg|��lfn~<opf��cdw�copfn~�fn�2dwm

θ̂ =
Zvn

rn

Zun
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un
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¤�|"`�b)d.hnfix�t��ltufi~@opd�`srgb)r

θ̂∗
fnm%m)t��ltu|�rgbn�µ¤�~$fim4o)f¡h�rgm4d

Bṽn
rn

= Z ũn
rn

·
ṽn = XZũn

rn +1:n

hndw~
XZũn

rn +1:n
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fim4oprgx�¥�m4opt�hid�xcf�dwb)x�fn~�x�f {Xi}

�g¤�|c~�t ewfi|
ũn

fim«okÂ�x�fno)fib)�lt�~srgx�da`}dwb�|�rgm+hidw~�xctuhntudw~�fnm"_¨� Ì8��_y� ÷c����~�r�fi|�fihnhitu�g~
rgx�fihn{srgx�rlx�f%fim«opf�~�t ewfi|Yfim

Mcn+1:kn

hidw~
cn → ∞ · cn = o(kn)

�
¤�~V|�r$`�b)Âghno)tuh�r$|�r$fi|�fihnhit��w~Çhidwb4b)fih�okrÖxcfQ|udwm¡~�t�ewfn|ufnm

un

·
u∗n
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~�t ewfi|ufnm
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·
v∗n
`�rgbpr�mpr�o)tum4ä�r�hifib4�*0c� Ì²Í��k� û r¡x�t ä�fib)fn~�hitur�fi~@opb)f%fim4o)dwm9fim«opt��Ár�x�dwb)fnm�xcf
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Bun

rn

hidw~@ewfib4vwf�r�{�~sr9x�tum«opb)t���{�hntu�w~
x�f ª dwt�m)m4dw~y�lt�fi~<o)bprgm�z.{cf

Bũn
rn

mpr�optum«ä�rghif¿fn|<õ+fndwb)fn�Ár9x�f û ¥u�lt opf¿Ü8fn~<opb)rg|K�A¤�m4opdgm+b)fim4{�|�oprgx�dwm&m)dg~ytu�l`}dwb«okrg~@opfnm
`srgbpr�|�r�tu~�ä�fib)fn~�hitur�f�ä�fihno){srgxsr¡m)dw��b4f

θ
�

Ï@÷
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vXT�v1TPSpT x�[]� ������[��®�\� q-�����+�]�4���y�\���

û dwm��l¦no)d.x�dwm8fnm4okÂ�~�xsrgb�`sr�bpryfim«opt��ÁrgbÀfn|µ¥�~�x�tuhnfaf §.opb)fn�2d�m)f��srgm)rg~0fi~0|�r¨fn|ufnhihit��w~�x�f�{�~0~ct�ewfn|µf §�o)b)fn�2d
un

� ª rgb)r%`srgb«optuhntudg~�fim>r�`�b)dw`ct�rgxsr�m�x�f�|�r�m){�hnfim)t��w~2fim«okrghntudw~�rgb)turqfnm4o)f9~�t�ewfn|sx�f�opfib4�2t�~srqfn|soprg�2rgØ�dqx�fi|shi|�{�m4o)fib
M%�uÿ²þ���þ��	+k���óý�� ����
�ý�� ª dwbax�f�âs~�tuhntu�g~�x�fi|+~�t�ewfn|+f�§.opb4fi�ld0fn|�~k$��2fnb)d�x�fyf�§�hifnx�fi~�hiturgmqx�fn~<o)b)d0x�fyh�rgx�r�hi|�{�m4o)fib
fim�rg`�b)d�§�tu�2rgxsrg�lfn~<o)flhidw~�m«okrg~@opfÁhi{srg~cx�d

n
hib)fnhif���ª�9(�N��W-� Osÿ(�ï���(�4O��pÿ�O��Ký����.ý��Ñ.ýï���Q��>��������M%+sþ����(�ã.ý

y ÿ(�>���²ÿ(�?���Ñ&(���,�����-
��Ñ.ý��v�°���<���µÿ<�ý��+þ��	+����óý���þkÿ(��&gý��*�.ý4�Ñ+-����þ ÿ(�����������óý �� ��ý��ký����óý .ý�þký��pÿ�� ª dwb�|�d�okrg~@opd��
fim4o)tu�2rgx�dwb4fim9�srgm)rgx�dwm�fi~�fim«opdwma~�t ewfi|�fim�~cd2opt�fi~�fn~�¦�§�t�o)dÁfn~�`�b4dAewfifnbafim«opt��Árgxcdwb)fnm��2Âgm9`�b4fihit�m)dwm�x�fn|+¥�~�x�t�hif
f�§.opb4fi�ldÇhi{sr�~�x�d

n
fimQvgbprg~�xcfg�9¤�m4o)d����4{�~<o)dÇhidg~ |urD`cb)fim4fi~�hnt�ræx�fÖxcfi`}fi~cx�fi~�hiturÇfi~ {Xn}

jsrghnfÖx�t ä�¥uhnt�|
fi~�hndw~<o)bprgb�|ur�x�t�m4o)b)tu�c{�hit��w~0x�f%|udwm�fim4o)tu�2rgx�dwb4fim
`sr�bpr

θ
hidw�@$�~c�2fn~<o)f%{�m)rgx�dwmn�

ª dwbldgopb4d»|urgx�dc�>|urÉf §.opfi~cm)tu�g~�x�fQfim4o)dwmÁfnm4opt��Ár�x�dwb4fim2rÖ~�t ewfi|�fim2�ld.x�fnbprgxsr��2fn~<o)fQrg|�o)dwml~cd»fimlopb)t e.t�rg|B�
5�m)t�~�v�� Ì�Í"!Y��{�fnm4opb)r�z<{�fq|�ryx�t�m4opb4tu��{chit��w~�x�fq|�dwm�hn|u{�m«opfnb)m
x�fqf�§�hnfix�fi~�hiturgm�x�f�âs~�t�xsrgm
`sr�bpr�~�t�ewfn|ufnm
f §.opb)fn�2dgm
hidw~@ewfib4vwflr0{c~sr0x�t�m4opb4tu��{chitu�g~�vwfidg�2¦�opb)t�h�r��YÙ�t"�srA�)rg�ldwmafi|�~�t�ewfn|"`srgb)r�hidw~�m4fivw{ctubqhndw~�m4tum4o)fi~�hnt�rc�µfi|�~-$��lfib4d
x�f�f�§�hifnx�fi~�hiturgm¿x�fn~<opb4d�x�fn|shi|�{�m4opfnb>m4f9t�~�hib4fi�lfi~@okrqhndw~

n
·y·@r%~�d%hidw~@ewfib4vwf�rq{�~srqä�{c~�hit��w~¡x�f�x�t�m4opb4tu��{chit��w~Y�

ª rgbpryb)fnm)dw| ewfib�fnm4opf�`�b)dw�c|ufn�Ár¨m4fqt�~�hi|�{c·w��{�~0~ct�ewfi|G�2Âgm8�srA�4d�x�fnâ�~�tux�d�`}dwb8{�~sr�m4{�hifnm)t��w~Y�cx�tuv@r��2dgm
sn

��z<{�f
hidw~@ewfib4vw¥�r�r�t�~câs~�t opd���òó~chib)fn�2fn~<oprg~�x�d¡fi|µoprg�Ár�Ø�d�x�f%|�dwm�hn|u{�m«opfib4m�x�f�opfnb)�ltu~sr�x�d�`}dwb�fi|Y~�t ewfi|µ�ÁÂgm���r��4d�m)dg~
fim4oprg~�xsr�b)tuËirgx�dgmÀ`}dwb

yn

`sr�bpr�dw�copfn~�fnb8{�~�r�eG� rc�cÙ.f�`�b)dw`c{�m)dy{�~sr�e�rgb)turg~<o)f9x�fi|}fnm4o)tu�2rgx�dwb>`}dwb¿fi|5�2¦�opd.x�d¨xcf
��|ud.z<{�fnm9`�rgbpr

θ
z<{�f�fnm�rgm4tu~<o)�gopt�h�rg�¡fi~<o)f�~�dwb)�2rg|B�

û r0h�rgb)rghno)fib4tuË�r�hitu�g~$xcf
θ
fn~ã�10cÌ.!�hidw�ld�fn|�|�¥u�lt opfyx�f¡{c~Éhid.hntufi~@opf¡xcfnopfnb)�ltu~sr�x�d0`Gdgbqx�dwm%~�t ewfi|�fimqjsrghnf

`}dwm)t���|uf¨xcfnopfnb)�ltu~sr�b�tu~�ä�fib)fn~�hnt�r2fim«okrgxc¥um4o)tuhirÁm4dw��b4f�fi|+`sr�bpÂg�lfno)b)d���:�rA�4d
D(un)

d0rg| opfnb)~sr�o)t�e�rg�lfi~@opf
D(ũn)·Q`srgb)r

n
m){câ�hitufn~<o)fi�lfi~@opf�rg| opd��s~.{��lfib)rgx�dwb9·�x�fi~�dg�2t�~srgx�dgb9x�f

θ̂n

·
θ̂∗n
m4dw~���tufn~×rg`cb)d²§�t��Ár�x�dwm9`}dwb�{�~sr

x�tum«opb)t���{�hntu�w~0��t�~�dw�lturg|��c¤>m«opdwm�fim4o)tu�2rgx�dgb)fim
m4dw|ud¡xct�âsfnb)fn~Qfn~Qm4{Qhndw~�x�{�h�okrl|�¥u�¡t o)fg�
ö f>rghi{�fnb)x�d9r
|ur�m4fihnhitu�g~¨rg~@opfnb)tudgbYmpr��}fi�ldwm�z<{�f

Zun
rn

·
Zvn

rn

m)dw~�rgm)t�~<o)�gopt�h�rg�lfn~<o)f ª dgtum)m4dw~%x�f�`srgb)Âg�lfno)b)dwm
θτ
·
θ2τ
�8b4fim)`}fnhno)t�e�rg�lfn~<opf���Ù�f�`�{�fnx�f×`�b4dw�srgbÁz<{�f×|ur»xctum4o)b)t���{�hit��w~Vhidg~�x�t�hitudg~srg|9x�f

Zvn
rn

xsr�x�d
Zun

rn

fnm
rgm)t�~<op��optuhirg�lfn~<opfÒ:8t�~�dw�lturg|

(pn, Z
un
rn

)
�sxcdw~�x�f

pn =
1 − F1,...,rn

(vn)

1 − F1,...,rn
(un)

ª rgb)r�fi~�hndw~<o)bprgb�|udwmy`�b)t��lfib)dgmy�2dw�lfn~<opdgmy~�d×hidw~�xctuhit�dw~sr�|ufnmyx�f
θ̂
h�rg|�hi{c|�rgb4fi�ldwmyfn|8e�rg|udgbyfim)`}fnbprgxcd$·

Ï<Ò
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e�rgb)turg~�Ëir�hidw~cx�tuhntudw~�rg|ufnmi��¤�m4opdlfim�tu~c�2fnx�t�r�o)d�x�f%|�r�x�tum«opb)t���{�hntu�w~0hndw~�x�t�hit�dw~srg|µx�f

Zvn
rn

xsr�x�d
Zun

rn

�s¤�~<opdg~�hifnm

E[θ̂] = E

[

E

[

Zvn
rn

Zun
rn

| Zun

rn

]] ��0c� ÏgÏk�

=
1

Zun
rn

E
[

Zvn

rn
| Zun

rn

]

=
1

Zun
rn

Zun

rn

1 − F1,...,rn
(vn)

1 − F1,...,rn
(un)

.

_a~�Âg|udgv@rg�lfi~@opfg�cm4f�hirg|uhn{�|�r

V[θ̂] = V[E[Zvn

rn
| Zun

rn
]] + E[V[Zvn

rn
| Zun

rn
]]

= E

[

1

Zun
rn

2Z
un

rn

1 − F1,...,rn
(vn)

1 − F1,...,rn
(un)

]

=

(

1 − F1,...,rn
(vn)

1 − F1,...,rn
(un)

)(

1 − 1 − F1,...,rn
(vn)

1 − F1,...,rn
(un)

)

E

[

1

Zun
rn

]

.

�9o)tu|�t�Ë�r�~�x�d�f §c`�rg~�m)t��w~�x�f%õ�r�·.|udwb
x�f
E[1/Zun

rn
]
rg|�b)fnx�fix�dgb
x�f

E[Zun
rn

]
dw�co)fi~�fn�ldwm�z<{�f

V

[

θ̂
]

=
1 − θ

τ
+O(1).

�*0c� Ï<ÐD�
¤�m4o)d�fnmi�&|�r0e�rgb4t�r�~�Ë�r�hndw~<ewfnb)vwfÁrQ{�~�rQhidw~cm4okr�~<opf2x�t ä�fib)fn~<o)f2x�f2hnfib)d�`sr�bpr

τ
hidg~�m4oprg~<o)fg�+_�{�~�z<{�f

θ̂
fnm

rgm)t�~<op��optuhirg�lfn~<opf�tu~�m4fim)vwrgx�d��c¦im«opfqfim4o)tu�2rgx�dgb8~�d�fim
hidw~cm)tum«opfn~<opf�� û r�x�f�âs~�t�hitu�g~0x�f
θ̂∗
hndw�ld�fn|Yhid.hntufn~<o)fqx�fi|

~-$��lfib4dlx�f%f�§�hnfix�fi~�hiturgm9x�f%~�t�ewfn|ufnm��2d.xcfibpr�xsrg�lfi~<o)f%rg|�o)dwm�ä�{cf%�2dgo)t�e�rgx�d�`}dwb
|�r�ä�r�|�opr�x�f�hndw~�m4tum4o)fi~�hnt�r¡xcf
θ̂
�GÞ��go)fim)fyz<{�f�|�dwm�hiÂg|uhn{�|�dwm�`�rgbpr2dw��opfi~cfiba|udgm�x�dwma`cb)tu�lfib4dwm9�ldw�2fn~<o)dwm9x�fyfim«opfyfim4o)tu�2rgx�dwbn�5m)dg~×rg~sÂg|�dwvwdwm
r¡|�dwm
`�b)fnm)fn~<oprgx�dwm9`�b)f�e�turg�lfi~@opfg� ª dwb�okrg~@opd¡`}d.x�fi�ldwm�xcfihit�b�z<{�f

E[θ̂∗] = p∗n =
1 − F1,...,rn

(v∗n)

1 − F1,...,rn
(u∗n)

→ θ,

·
V[θ̂∗] = p∗n(1 − p∗n)

(

1

E[Z ũn
rn

]
+

V[Z ũn
rn

]

E[Z ũn
rn

]3

)

.

ª dwb�x�f�âs~�t�hitu�g~�x�fi|�~�t ewfi|
ũn

o)fi~�fn�2dgm
V[θ̂∗]

n→∞→ 0.

ª dwb�|�d�okr�~<o)d��
θ̂∗

P→ θ.

¤�~�|�r�`cbpÂgh�optuhir�`sr�bpr�f�e�t okrgb�tu~�hnfib«optuxc{�����b)f�m4dw��b)f
Z ũn

rn

fn|�~�t ewfi|
ũn

m)f%m){�`}dg~�f�{c~�fim«okrgx�¥�m4o)tuhnd¡x�f%dgb)x�fn~
tu~<o)fib4�2fnx�tud

ũn = Mcn+1:kn

hndw~
cn → ∞ · cn = o(kn)

� û r�x�t�m4o)b)tu�c{�hit��w~���t�~�dw�lturg|�xcf
Zṽn

| Zũn

fim���tufn~
rg`�b)d�§�tu�2rgxsr�`}dgb�{�~�r¡x�tum«opb)t���{�hntu�w~0~�dgb)�2rg|

N(p∗ncn, p
∗
n(1 − p∗n)cn)

�
Ï@Ñ
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ª dwb
|ud�okrg~@opd¡`srgb)r
n
m4{câshit�fi~@opfn�2fn~<opf�vgbprg~�xcf

θ̂∗
D∼ N

(

θ,
θ(1 − θ)

cn

) ��0c� Ïw÷��
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