Families of Baker domains
in a subclass of K

CIMAT

TESIS DOCTORAL

Adrian Esparza Amador

Centro de Investigacion en Matematicas A.C.
CIMAT A.C.
Guanajuato, Gto. México

Febrero 2017



Documento maquetado con TEXIS v.1.0-+.

Este documento estd preparado para ser imprimido a doble cara.



Families of Baker domains
in a subclass of IC

Para la obtencion del grado de Doctor

Doctorado en Ciencias - Matematicas Basicas

Asesora

Dra. Monica Moreno Rocha

Centro de Investigacion en Matematicas A.C.
CIMAT A.C.
Guanajuato, Gto. México

Febrero 2017






A mis padres, mi primera motivacion,
quienes a Su Manera
me heredaron parte de lo que soy.






I can’t go to a restaurant and
order food because I keep looking
at the fonts on the menu.
Donald Knuth






Acknowledgments

A todos los que la presente vieren y
entendieren.

Inicio de las Leyes Organicas. Juan
Carlos I

La elaboracién de este trabajo de tesis no ha sido facil, desde retomar
mis estudios tras una pausa de tres anos al término de mi maestria, hasta
encontrar los argumentos suficientes para los resultados obtenidos en este
trabajo. Es por ello que extiendo los siguientes agradecimientos a las per-
sonas que han estado conmigo y me han apoyado a lo largo de esta travesia.
A mis padres, los seniores J. [gnacio Esparza O. y Patricia Amador M. y mis
hermanos Jesus L., J. Valente, Armando y Edgar O. por su apoyo incondi-
cional, carino y paciencia mientras estuve lejos de casa.

A mis amigos y companeros, J. Manuel, Omar, German, Enrique, Antonio
que siempre me han ayudado a mantener los pies en la tierra.

A mi asesora, la Dra. Moénica Moreno R. que desde el principio me alenté y
confié en mi para realizar este proyecto.

Al Dr. Fermin O. Reveles G, que fue un gran amigo y compafiero desde el
inicio de mi estancia en Guanajuato y me alenté a ser un mejor matemaético.
A la Dra. Patricia Dominguez por el gran apoyo tanto en el &mbito personal
como en el académico que me ha brindado en la etapa final de este proyecto.
Al departamento de Servicios Escolares por su orientaciéon constante y pre-
cisa a lo largo de mi estancia estudiantil, en especial al Lic. Eduardo Aguirre
quien ademas me brind6 su amistad.

A los sefiores Ignacio Dominguez B. y Silvia Calderén C. quienes han sido
de gran ayuda.

A la mujer que ha estado a mi lado en las buenas y en las malas, que ha
hecho de mi una mejor matematico, un mejor profesionista y un mejor ser
humano, a mi companera de vida Igsyl Dominguez C.

Y a todos aquellos amigos que hicieron de mi estancia en Guanajuato una
experiencia integral.

X



X ACKNOWLEDGMENTS

Finalmente, quiero agradecer al Consejo Nacional de Ciencia y Tecnologia
(CONACYT) por la beca otorgada (Becario No. 210425) para la obten-
cion del grado Doctor en Ciencias en la espcialidad de Matematicas Basicas.
Al Centro de Investigacion en Mateméaticas (CIMAT A.C.) por permitirme
formar parte de su grupo de estudiantes y por los apoyos brindados a lo largo
de mi formacién académica.



Introduction

When a man lies he murders some part
of the world.

These are the pale deaths which men
miscall their lives.

Clifford Lee Burton.

At the beginning of the XX century, P. Fatou in [Fall] and G. Julia in [Ju] de-
veloped, independently, the theory of iteration of rational functions, as part
of the competition for the Great Prize of Mathematical Science of 1918, see
[Au]. After his treatment on rational functions, Fatou in [Fal, noticed that
the ideas in the rational iteration theory, could be applied to the iteration
of entire functions (this class of functions is closed under composition).
Given the function

flz)=2z+1+€7,

he proved that the right half-plane is contained in an invariant Fatou com-
ponent U where f" — oo as n — 0o, proving in this way the existence
of a new type of Fatou component different from those already existing for
rational functions, since oo € C is an essential singularity for the function
f(2) = 2+ 1+ e * (recall that there are no essential singularities for a ra-
tional function).

When the theory of iteration of rational functions was resumed decades later,
the ideas of Fatou were formalized creating the theory of iteration of entire
transcendental functions. Great part of this work was done by [.N. Baker
(1932 - 2001) in [Ba2| and [Bad]. Because of this, Eremenko and Lyubich, in
a treatment of iteration of entire functions [ELI], called this kind of Fatou
components Baker domains, where the essential singularity (the point at in-
finity) acts as attracting boundary point of the Fatou component.

When the theory of iteration was extended to transcendental meromorphic
functions, the existence of Baker domains was a question mark. Some ex-
amples of transcendental entire and meromorphic functions have been given
along the last decades. One interesting example is the one given by Baker

el
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et. al. in [BKL|, where the authors show that the Fatou set of the function

f2) =1 e

z

contains a 2-periodic Baker domain. In this case, since there are two Baker
domains in the cycle, the point at infinity is not the only atiracting boundary
point, also the origin is an attracting boundary point and it is an essential
singularity for the second iterate f2(z) = f(f(z)). If we consider the new
function given by the second iterate of the above function

R = £ = e e (1))

we notice that there are two essential singularities: one at the origin and
other one at the point at infinity. Using the ideas in [BKL] there exist two
Baker domains for the function fo: one associated to the origin and other
one associated to the point at infinity, thus the function f2 is no longer a
transcendental meromorphic function in the classical sense.

In the last decades, functions in the class K of general meromorphic functions
are studied in iteration theory. In general terms, a function in class K has
more than one essential singularity (for a formal definition see Definition
in Section . The iteration theory of this class of functions was
formalized in the dissertations [Bo| and [Her|, where the authors extend the
results of the Fatou-Julia theory.

Some examples of this kind of functions are the Baranski maps studied in
[KU] and the parametric family studied in [DH].

In the present work, we investigate a subclass of functions in I with two or
more essential singularities where each essential singularity is associated to
a family of different Baker domains. Moreover, the dynamics inside these
domains, near the boundary point can be semi-conjugated to a translation.
We resume the result in the following theorem.

Theorem (Main Theorem). Let g : C — C be a transcendental meromorphic
or rational function, such that

f(2) = 2z +exp(g(2))

belongs to class K of general meromorphic functions, where A(f) = g=1(oc0) =
{poles of g}. If zo € g~ 1(c0) is a pole of g of order p > 1, then f has p-
families of infinitely many different Baker domains with zg as its Baker point.
Each family lies in a sector of angle 2w /p of the disc D(zo,0) for some 6 > 0.
Moreover, each Baker domain can be classified as parabolic type I according
to the Cowen and Kénig classification.

The text is divided in four chapters in the following way. In Chapter 1,
we recall the fundamental concepts and results in the iteration of meromor-
phic functions. A new class of general meromorphic functions is defined and
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the fundamental concepts and results are then extended to this new class
of functions (see [BDH]|). In Chapter 2 we give the principal properties of
Baker domains including its classification according to its dynamics near the
attracting boundary point. In Chapter 3 we present the proof of the Main
Theorem mentioned above as well as some examples with interesting dy-
namical properties. Finally, in Chapter 4 lines of future work are presented,
together with open questions related to the general functions that appear
in the Main Theorem and examples studied in Chapter 3. In particular, for
the function fo(z) = z + exp(1/z) a conjecture about the dimension of its
Teichmiiller space is presented.
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Chapter 1

Preliminaries

Although the iteration theory of rational functions dates back to the late
19th century with works of Cayley, Schréeder and others [Au|, the funda-
mental concepts and theorems in the theory are attributed to Pierre Fatou
(1878-1929) and Gaston Julia (1893-1978). Fatou himself, in [Fal, in part
of his work, extends some results for the rational case to transcendental en-
tire functions. Decades later, the theory of rational functions was extended
formally to transcendental entire and meromorphic functions. For further
references [Berl] and [Sc| are surveys in this subject.

In the present chapter, we consider some of the fundamental and more im-
portant results of iteration theory for transcendental meromorphic functions,
which are extensions of the rational case, and carry on these results to a more
general class of functions considered in this work.

1.1 Classes of functions R, £, P; and M

We recall the definition of a transcendental meromorphic function in the
classical sense. For a deep analysis, the most prevalent references are [Ah],
[Con| and [SS].

Definition 1.1.1. Let f be a nonconstant mapping, defined in a domain
U C C except perhaps in a point zg € U. If there exists R > 0 such that
f is analytic in a punctured disc D*(zo, R) C U, then we say that zy is an
isolated singularity of f. If also,

lim f(z) (1.1.1)

Z—r20

exists in C, then we call zg a removable singularity of f. If

lim f(z) = oo, (1.1.2)

Z—r20

then we call zg a pole of f. If such a limit does not exist, we say that zy is
an essential singularity of f.
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When 29 is a pole of f, we can think of f as a function with values in
the Riemann sphere f : U — C, and define in this case f(z9) = co. Then we
can consider the following definition.

Definition 1.1.2. We say that f : U — Cisa meromorphic function in
U if the only singularities of f are poles.

In the case U = C, we say only “f is meromorphic”. In this context, it
is valid to ask if there exists a way, at least continuous, to define f in the
point zp = co. For this, we can consider the following limit:

lim[f(1/2)] 7 (1.1.3)
z—0
Definition 1.1.3. If f s a meromorphic function and limit exists
i C, then f is in fact o rational function f: C — C. In other cases, f is
called o transcendental meromorphic function.

In this sense, the Laurent Expansion Theorem, allows us to have a local
representation of f with respect to a pole zg in the following way: if zg is a
pole of a transcendental meromorphic function f, then there exists R > 0
such that f can be written as

p o]
f(z) = en(z—20)" "+ Z an(z — 20)",
m=1 n=0
where both series are convergent in the punctured disc D*(zp, R). From the
above expression it is clear that limit holds. The first sum in the right
side of the above expression is called Principal Part of f with respect to
zo. The natural number p in this term is called order of z.
The above leads us to consider the poles of functions, as pre-images of the
point at infinity of the Riemann sphere: {poles of f}=f"1(c0).
There exists a classification over the meromorphic functions f : C — C
depending on the limit and the nature of pre-images of infinity as
follows:

o R:={f: C—C: fis rational}

e &£ :={f:C — C: f has no poles in C and (1.1.3) does not exist, f is
transcendental entire}

o P :={f:C— C: f has a pole zg € C which is an omitted value and

limit (1.1.3]) does not exist}

e M :={f:C— C: f has at least one pole in C which is not an omitted
value and limit ([1.1.3)) does not exist}.

In the last two cases, the point zg is an omitted value if zg ¢ f(C). These
are the classes of functions where the classical theory of iteration of functions
is based.
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1.2 Results in iteration theory

In this section, we give some preliminary results on meromorphic functions.
We consider especially those results that we would like to extend for a more
general class of functions, the surveys [Berl] and [Sc| mentioned at the be-
ginning of the chapter are again good references. For the rest of this chapter,
we will refer to a meromorphic function as a function belonging to any of the
above classes and when necessary we will mention the class to which belongs.
Let f:Q — C be a meromorphic function (where Q € {C, @} depending on
the class), we define the n-iterated f™ inductively as

fo(z) =z and (z) = f(f”_l(z)), n>1, (1.2.1)

always this is well defined. We are interested in the behavior of the discrete
dynamical system generated by f. The study of this behavior generates a
dichotomy in the Riemann sphere given by the Fatou and Julia sets of the
function f, denoted by F(f) and J(f) respectively. In general terms, the
first set is where the family of iterates behaves in a predictable way, while in
the second, we have a behavior of chaotic type. Formally we write

F(f) :={z € C: {f"}nen is well defined and normal

in a neighborhood of z}

and R

JI(f) = C\F(f),
where normal is taken in the sense of Montel. From the above definition we
have that F(f) is open while J(f) is closed.
Note that for f € R, f™ is well defined in the whole Riemann sphere, so this
condition can be omitted in the definition of F(f). In other cases, we can see
that co € J(f) (which is not necessary the case when f € R, for example
if f is a polynomial then co € F(f)). From the above and the definition of
Fatou set F(f), we can obtain the following theorem.

Theorem 1.2.1. If f is a meromorphic function, then J(f) # 0.

For the case f € R, using an argument by contradiction, it is enough to
consider the normality in the Montel sense and the Argument Principle, and
then conclude that F(f) cannot be the whole sphere C.

For a point zy € C we define the positive orbit as
0% (20) = |J "0,
n>0
when this is well defined. We define the negative orbit as

0™ (20) = |J f"(20),

n>1
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when this is well defined. Finally, we define the orbit of zy as
O(Z()) == O+(Z[)) uo~ (Zo).

We say that a point zg is exceptional if |07 (z9)| < oo. Denote by Ef
the set of exceptional points of f. Note that in the case f € M, applying
Picard’s Great Theorem (PGT), |0~ (c0)| = oo, in fact f~3(c0) is already
a set of infinite cardinality. In this case f™ is well defined in @, except in
a countable set determined by the poles of f, f2,..., f*~1. Hence, {f"}n>0
is well defined in the open set C\O~(c0). Since f(C\O~(o0)) C C\O—(o0)
and |O~ (c0)| = 0o, by Montel’s Theorem we have

F(f) = C\O—(0) and J(f) =0 (). (1.2.2)

This is a particular characteristic of functions f € M, which does not hold
in cases £ and P;. When f € R, this characteristic may be possible, in fact,
in general terms, we have the following theorem.

Theorem 1.2.2. If f is a meromorphic function and zo € J(f) is not an
exceptional value, then J(f) = O~ (z0).

Some other properties of the Fatou and Julia sets, that can be derived
directly from the definitions are the following.

Theorem 1.2.3. If f belongs to class R, € or Py, then F(f) = F(f") and
J(f)=T(™) for every n > 2.

In the case f € M, this property is not well defined, since f™ is no longer
a meromorphic function. This is one of the reasons to consider an extension
of this theory to more general functions, where f™ still belongs to the same
class. In the other cases, we say that these classes are closed under compo-
sition.

We say that a set A C C is completely invariant (with respect to a
function f) if and only if, for z € A, f~1(2) C A and f(z) € A unless f(2)
is not defined.

Theorem 1.2.4. If f is meromorphic, then F(f) and J(f) are completely
invariant.

Although we know that J may not be empty while 7 may be.
Theorem 1.2.5. If the interior of J(f) is not empty, then J(f) = C.

1.3 Julia set and periodic points

One of the greatest contributions of Fatou and Julia (done independently),
was to give a dynamical characterization of the Julia set in terms of the
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repelling periodic points.

Definition 1.3.1. Let f: C — C bea meromorphic function and zg € C. If
there exists a positive integer p > 1 such that fP(z9) = zo, we say that zo is
a pertodic point of f, the minimal p with this property is called the period
of zo. If p =1, we just say that 2y is a fixzed point of f.

There exists a classification of periodic points as follows:

Definition 1.3.2. Let zo be a periodic point of period p and X = (fP)(20),
called the multiplier of zg. Then

e if (0 =)0 < |A| < 1, we say that zy is a (super)attracting periodic
point,

e if |\ > 1, we say that zo is a repelling periodic point,

o if |\| =1 and N\ =1 for some n € N, we say that zo is a rationally
indifferent periodic point,

o if [N =1and A" # 1 for everyn € N, we say that zq is an irrationally
indifferent periodic point.

There exists a linearization for fP, locally with respect to zg, depending
on the nature of zp and its multiplier A (see [CG| and [Mi]).
Meromorphic functions may have no fixed points (for example, f(z) = z+¢€7),
for periods of large order, we have the following result, see [Berl] as reference.

Theorem 1.3.3. If f € M and n > 2, then f has infinitely many periodic
points of minimal period n.

If a set is nonempty, closed and contains no isolated points, then we call
it perfect.

Theorem 1.3.4. If f is a meromorphic function, then J(f) is perfect.

The above results, serve as tools to prove the dynamical characterization
theorem of the Julia set.

Theorem 1.3.5. If f is a meromorphic function, then J(f) is the closure
of the repelling periodic points.

1.4 K, a more general class

We recall that the extension of the theory of iteration of meromorphic func-
tions (in the classical sense) to this new class of meromorphic functions, was
given first by Bolsch [Bo| and Herring [Her| in their respective dissertations.
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As we saw in the previous section, there exists a property that class M does
not hold as in the other classes, class M is not closed under composition,
i.e. its iterates no longer belong to this class. Take the function f: C — C
as an example (studied in [BKL]) given by

fe) =1 e

z

In this case, we have z; = 0 is a pole of f and zg = oo is an essential
singularity. If we compute the second iterate of f

ﬂ@)=fﬁ@»=1“z—wp(1—é>,

z

from the last term of the above expression, we have that f2 has two essen-
tial singularities zp = oo and z; = 0, the poles have turned into essential
singularities. From the first term of the right side of the last equality and
solving the equation

0=—-—¢€"
z

we have that f? has infinitely many poles. Consequently, f3 will have in-
finitely many essential singularities.

Keeping in mind the ideas behind the definition of a meromorphic function
in the classical sense, we consider the following definitions.

Definition 1.4.1. Let f be a nonconstant mapping defined over a domain
U C C, except perhaps at a point zo € U. If there exists R > 0 such that f
is analytic in the punctured disc D*(zp, R) C U, then we say that zy is an
1solated singularity of f. Also, if the limit

zlgl;lo f(z) (1.4.1)
exists in @, we say that 2o is a removable singularity of f in U. If such
a limit does not exist in the sense that it is not well defined, we say that 2y
is an essential singularity of f. We denote by Ess(f) the set of essential
singularities of f in C.

We leave the concept of pole only for classical meromorphic functions,
where it makes more sense. The above definition is almost the same as the
one used in the previous sections. The difference lies now in the fact that we
only ask if the limit exists. In the classical definition of a meromorphic
function oo € C is the only possible essential singularity. In Definition
which is more general, essential singularities may be any point in C (recall
that in the above example, f3 has infinitely many essential singularities in
C).
In the case that the limit exists, we extend f to zg as

f(z0) = lim f(2). (1.4.2)
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In this way, we are able to consider the following definition.

Definition 1.4.2. We say that f : U C C—>Cisa general meromorphic
function in U if the only isolated singularities in U are removable. Moreover,
we said that f is general transcendental meromorphic if

Ess(f) #0.

We are now in position to define the class of functions we will work on.

Definition 1.4.3. We say that a function f belongs to class K of general
meromorphic functions if there exists a countable compact set A(f) C C such
that f is an analytic function in C\A(f) but in no other superset.

From the above definitions we have the following characterization for

A(f)-

Theorem 1.4.4 (Bolsch [Bo], Theorem 1.2). If f € K, then A(f) is the
closure of isolated essential singularities of f.

We are able to characterize the following sub-classes of functions depend-
ing on the nature of the set A(f):

o« R={fek: A(f)=0}.

& ={fek: A(f) = {oo} and f~'(A(f)) = 0}.

P = {f € K: A(f) = {00}, FHA(f)) = {z} and 2 is omitted}.
P2 = {f € K: A(f) = {20,000} and f~H(A(f)) = 0}.

M = {f € K: A(f) = {oo} and some zg € f~1(A(f)) # 0 is not
omitted}.

The more general case to consider is when |A(f)| > 2 and f~1(A(f)) # 0.
We know that in the above sub-classes, the theory of iteration is well defined,
as it was seen in the previous sections.

Given f € K, we define the n-th iterate inductively as

n—1

fr=f=0A) —C and f":=f(f"":C\|J f7AM) » C
j=0

The following result is fundamental for the extension of iteration theory.

Theorem 1.4.5 (Herring [Her|, Theorem 3.1.1). If f € K, then for each
n > 1, f* is single valued and general meromorphic in

n—1
R, =C\ | F(A(f).
j=0
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with a natural boundary of f* defined by

n—1

An(f) =A™ = £ A0

j=0
Moreover, every set An(f) is compact and countable.
Now, we are able to define the fundamental set of iteration theory.

Definition 1.4.6. Given f € K, we say that a point zg € @, belongs to the
Fatou set of f, denoted by F(f), if there exists a neighborhood of zy where
{f"}In>0 is well defined and forms a normal family in the sense of Montel.
We define the Julia set as the complement in C of the Fatou set, denoted
by T (f) = C\F(f).

In the same way, directly from the above definition, we have that F(f)
is open while J(f) is a closed set (in fact compact in C). Note that if
[ ¢ {R,E,P1,Pa}, then |O~ (A(f))| = oo, hence (as in the case for f € M)

we have
F(f) =C\O~(A(f)) and J(f) = O (A(f)). (1.4.3)

So, in view of Theorem [1.4.5] we have the property about iterates of f that
we do not have in the classical meromorphic case M.

Proposition 1.4.7 (Bolsch [Bo|, Proposition 1.3). If f € K, then f?> € K
with A(f?) = Ax(f) = A(f) U fH(A().

Inductively, if f € I, then f™ € K for n > 2.
A great part of Herring’s work in [Her|, was to prove that properties of
Fatou and Julia sets mentioned in the previous section hold for functions
in the class K in the general setting (in fact, Herring’s definition of class K
considers A(f) as a totally disconnected compact set, instead of a countable
compact set). Such properties are listed in the following theorem.

Theorem 1.4.8 (Herring [Her|, Theorem 3.1.3). If f € K, then the following
statements hold:

1. F(f) is completely invariant, i.e. z € F(f) if and only if f(z) € F(f);
so, z € J(FINA(S) if and only if f(z) € T(f) and T(f) is completely

invariant also.
2. For each positive integer p, F(fP) = F(f) and T(fP) = T(f).

3. If ¢ is a Mdbius transformation and fy = ofd~L, then F(fy) =
o(F(f)) and T (fy) = (T (f)).

4. J(f) is a perfect set.
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5. Foreveryw € J(f) withw ¢ Ef = {z: 07 (2) is a finite set}, the set
O~ (w) is dense in J(f).

6. If J(f) contains a nontrivial disc, then F(f) = 0.

Since iteration is well defined in class K, the concepts of periodic (fixed)
points are directly extended to this class of functions, as well as its classifi-
cation.

As was mentioned before, one of the most important contribution of Fatou
and Julia, was the description of the Julia set for rational functions in a
dynamical sense, involving repelling periodic points. Baker in [Ball, covers
the transcendental entire case, while Baker, Kotus and Lii did the same for
the meromorphic (classical) case in [BKL].

The following result was prove by Bolsch in his Dissertation.

Theorem 1.4.9 (Bolsch [Bo|, Theorem 1.12). If f € K, then J(f) is the
closure of its repelling periodic points.

For completeness we give a brief sketch of the proof of Theorem [I.4.9]

Sketch of proof. First, using Marty’s criterion it is proved that repelling
periodic points belong to J(f). The proof is now divided in two cases:

a. O7(A(f)) contains at most two points, this is the case for f € {R,&.-
P1,P2}. For a disc D meeting J(f), using Zalcman’s lemma, it is
possible to find a sequence {wy} tending to some z* € DN J(f), and
subsequence { ™"} with

frm(wy) = wy and (f") (wy) — oo, as n — oo.

The first condition of the above conclusion, defines a sequence of peri-
odic points, while the second condition states that these periodic points
are repelling.

b. O7(A(f)) contains at least three points. First, using Montel’s Theo-
rem, we have that

J(f) = O~ (A(f))-

So, it is enough to prove that for each essential singularity z* € O~ (A(f)),
there are repelling periodic points tending to it. This is possible with
the following lemma.

Lemma 1.4.10 (Bolsch [Bol, Lemma 1.9). Let g be meromorphic in
{0 < |z| < r} for some r > 0, with an essential singularity at 0. Then
there are {wy, wa, w3, wy} € C:

If h is meromorphic in any open subset G of @, Y analytic in any
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neighborhood of 0 and w € G\{wi,...,ws}, h(w) = ¥(0), h'(w) # 0,
then there is a sequence {wp}, 0 < |wy| < r, such that

(hog)(wn) = P(wn), for all n,

wp, — 0, (hog)(wn) — oo, as n — oo.

Taking h(z) := f(2) — 2%, g(2) := f™(2 + 2*) and ¥(z) = z, we have
that

N wp42*) = wp+2* with (™ (wp42*) — 00, as n — oo,

Since w, — 0, we construct a sequence of repelling periodic points
(zn = wp + 2%) tending to z* which concludes the proof of the theorem.

The proof of Theorem for the case f € M is based on Ahifors’ Five
Island Theorem, Bolsch uses Marty’s criterion and the Zalcman Lemma as
fundamental tools for his proof, we refer to Appendix B for more details on
this results. Both results play an important role in the modern theory of
normal families.



Chapter 2

Baker domains

Fatou, in part of his work, discovered that iteration theory for rational func-
tions may be extended to transcendental entire functions (entire functions
are closed under composition). In fact, he showed that the function

flz)=2z+1+€~
has an invariant component U, containing the right half-plane, where
f"(z) = o0, for all z € U.

Dynamics seems to be similar to Leau domains, but in this case, the limit
point is an essential singularity instead of a periodic point.

When iteration theory is extended formally to entire functions, this kind of
components may exist (as well as wandering domains, absent in the rational
case). Baker, in [Ba2| and [Ba3|, proved several properties that this kind of
domains possess. Because of this, A. Eremenko and M. Lyubich were first
to call them Baker domains to these kind of Fatou components, see [EL1].
In this chapter we consider the classification of Fatou components in the
general meromorphic case K, focusing our attention in Baker domains. We
present results of Cowen and Kénig related with the classification of Baker
domains depending on the local semi-conjugacy near the essential singularity,
as it is the case for the other Fatou components. Also, we consider the
condition of Rippon and Stallard in |[RS| for the existence of families of
Baker domains.

2.1 Fatou components

Let f € Kand U C F(f) a connected component of the Fatou set of f. From
Theorem [1.4.8] (Conclusion 1), there exists Uy C F(f) connected component
such that f(U) C U;. In general, there exists a connected component U,, C
F(f) such that f*(U) C U,. Analogously to the periodic point definition,
it is possible to classify the Fatou components in the following way.

11
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Definition 2.1.1. Let f € K and U C F(f) be a connected component. If
there exists p € N such that fP(Up,) C Uy, for some m > 0, we say that U
15 a pre-periodic component of f. If in addition m = 0, U s called a
periodic component of f and {U = Uy, Uy,..., Up_1} is called cycle of
U. If p=1, we called U forward invariant component. Otherwise, we
called U o wandering domain.

Since J(f) is always a nonempty and perfect set, each connected com-
ponent U C F(f) is a hyperbolic domain, that is, its universal covering
is conformal to the unit disc D. Hence, the action of fP : U — U over
a periodic component is lifted to an action F' : D — . In this way, the
following classification on periodic components of the Fatou set, is extended
directly from the rational and meromorphic case (through the Denjoy-Wolff
Theorem, which will be stated in Section 2.4). See [CG| and [Mi] for fur-
ther reference. From Theorem [I.4.8| (conclusion 2), we may assume U is an
invariant component.

Theorem 2.1.2 (Herring [Her|, Theorem 4.1.1). Let f € K and U C F(f)
be an invariant component. Then, the following (mutually disjoint) cases
occur:

o There exists an (super)atiracting fized point zy € U, such that f"(z) —
2o for all z € U. U is called (super)attracting component.

o There exists a rationally indifferent (often called parabolic) fixed point
20 € OU, such that f™(z) — zo for all z € U. U is called a parabolic
component or Leau domain.

o There exists an irrationally indifferent fized point zo € U and a home-
omorphism ¢ : D — U such that o=t o fop(z) = Az with A = f'(z) =
e2™  for some 6 € R irrational. U is called o Siegel disc.

o There exists a homeormorphism ¢ : Ay, — U, where A1, = {z:1<
2| < p}, such that = o fop(z) = Az with X\ = e*™, for some 6 € R
wrrational. U is called a Herman ring.

o There exists an essential singularity zo € OU, such that f™(z) — zo for
all z € U. U is called a Baker domain. The essential singularity zg
1s called the Baker point of U.

If f € R, f has no Baker domains by definition. From now on we will
focus on the existence of Baker domains in class /.

2.2 Examples

We present now some examples of Baker domains and techniques to deter-
mine their existence under some conditions.
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Example 2.2.1. Let
f(z)=z+1+e€"

As was mentioned before, this was the first example given by Fatou, where
it is possible to see that the right half-plane is contained in an invariant set
and f"(1) — oo as n — oo. Hence, the right half-plane is contained in a
component U of F(f) (see Figure 2.1), using the Denjoy-Wolff Theorem, it
can be proved that f"(z) — oo for all z € U. So U is a Baker domain of
the function. Since [ is a transcendental entire function, we have that the
essential singularity is zg = oo.

In fact, it can be shown that analytic variations of this function possess
a Baker domain containing some right half-plane Hg = {z : R(z) > R > 0}
or part of it.

Figure 2.1: Dynamical plane for f(z) =z +1+¢e?

Example 2.2.2. Let
1
f(z) =—-—¢€.

z

In [BKL], Baker et. al. show the existence of a 2-periodic Baker domain
with cycle {Uy, U1} where f?"(z) — oo if z € Uy and f?"(z) — 0 if z € Uy,
see Figure 2.2.

In the previous chapter, we showed that f2 has two essential singularities
at zop = 0 and z; = oo, which can be easily seen from the convergence on Uy
and U;.

Example 2.2.3. Let

1
f(z)=—+ae *+b, a,beR.
z
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Figure 2.2: Dynamical plane for f(z) = ;> —e

In [Kdl|, Kénig shows that for suitable values of a and b, there exists a 3-
periodic Baker domain with cycle {Uy, U1, Us} where f37(2) — oo if z € Up,
f3(2) = bifz € Uy and f3(2) — 0 if z € Uy. Besides, Uy contains an
invariant right half-plane under f3.

As in the previous example, there exist more than one essential sin-
gularity for f3. In general, if U is a p-periodic Baker domain with cycle
{U = Uy, Uy, ...,Up—1}, then p-Baker points for fP may exist, see Theorem
13 and Corollaries 1 and 2 in [Berl] for a formal result on this.

The three examples above use the same technique to determine the existence
of a Baker domain, which are listed below.

e Determine the existence of an invariant hyperbolic component (under
f or fP in general).

e Show the existence of a convergent orbit to an essential singularity
(under f or fP in general).

Another technique to determine the existence of Baker domains, called log-
arithmic lift, see [Ber2| and [EL1], consists of the following steps:

e Let g : C* — C* be an analytic function, with a dynamical property
over 0 or oo (being attracting fixed point for example).

e Let m(2) = e%, a # 0, be a projective mapping from C to C*.
o There exists f : C — C entire such that 7(f(z)) = g(7(2)).

e In this setting J(f) = 771 (J(g)) and f is called the logarithmic lift
of g.
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Example 2.2.4. Let ‘
g(w) — e27r19wew’

for some suitable 0 € (0,1), g has a Siegel disc around 0. If n(z) = €*, we
have

g(m(z)) = g(e*) = ezmeezexp(ez) = exp(2mif + z + €*) = 7w(f(2)),

with f(z) = 2mi0 + z + €. In this way, in [Hrml/, Herman proves that f has
a Baker domain U where f"(z) — oo for z € U. The domain U contains a

left half-plane.

2.3 Local linearization

If we observe the classification of Fatou components, given in Theorem 2.1.2]
it is possible to observe that two domains have a predictable dynamic (up
to homeomorphic conjugation), these are: Siegel discs and Herman rings. In
fact, from this characteristic, both components are called rotation domains.
Since (super)attracting and parabolic domains are associated with a fixed
point, the Taylor Series Ezpansion about this point allow us to determine
a “local dynamic” for these kind of Fatou components also. This is usually
called linearization (except the case of a super-attracting domain, where the
local dynamic is not linear) and is given from the following theorems. We
cite the books [CG| and |[Mi| as principal references.

The following theorem is due to G. Koenigs (1884).

Theorem 2.3.1. Suppose [ has an attracting fized point in zo with multiplier
A satisfying 0 < || < 1. Then, there exists a conformal mapping ¢ = ¢(z)
from a neighborhood of zy over a neighborhood of 0 conjugating f(z) with
linear mapping g(¢) = X(. Congugation is unique up to multiplication by
scalar.

In other words, for some neighborhoods U of zy and V of the origin, we
have the following commutative diagram.

vt v
@ @
vy

This way, we can think of f, locally around zg as a mapping z — Az.
The following theorem is due to L.E. Boettcher (1904).

Theorem 2.3.2. Suppose [ has a superattracting fized point in zo with

f(2) = 20+ ap(z — 20)P + ..., ap #0, p>2.
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Then there ezists a conformal mapping ¢ = ¢(z) from a neighborhood of 2
over a neighborhood of 0 conjugating f(z) with g(¢) = (P. Conjugation is
unique up to multiplication by a (p — 1)-th root of unity.

In the same way as the previous case, we have the following commutative
diagram.

v—t.u

wi ©
vy
For parabolic fixed points, the theorem is more elaborated: there exist

cases to consider, depending on the Taylor series expansion around the fixed
point zg. For this case, there is no neighborhood of conjugation around zp.
The conjugation is about mapping z — z + 1 near co. So, there are two
directions to consider, one “attracting” and one “repelling”.
The following development is based on Milnor’s book [Mil.
We take the basic case when zp = 0 (which is possible after translation)
with the simplest form of its multiplier. Then, f has a local representation
around zg = 0 given by

f(z)=z4az""t 4+ ... a#0,n>1. (2.3.1)

Definition 2.3.3. A complexr number v is called repelling vector for [ at
the origin if nav = +1 and attracting vector for f if nav = —1. If v; s
an attracting vector at the origin for f, the open set P C C will be called
attracting petal for f about vector v; if

1. f maps P to itself, and

2. orbit wy — w1 — ... under [ is eventually absorbed by P if and only if
it converges to the origin in the v; direction.

So, we have the following linearization theorem due to L. Leau (1897).

Theorem 2.3.4 (Milnor [Mi], Theorems 10.7 and 10.9). If f has a fized point
at zo = 0 and its written in form around the origin. Then, inside any
netghborhood of the origin there exist petals P;, j = 0,1,...,2n — 1, each P;
being attracting or repelling if 7 is even or odd. Moreover, for each attracting
or repelling petal, there exists conformal embedding o : P — C conjugating
f(2) with g(¢) = ¢ + 1. Embedding is unique up to translation of the form
z+—z+b, beC.

Again, we have a commutative diagram. Recall we are considering a
particular case depending on the multiplier of the fixed point.
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v—l.yu

¢—C+1

P——P

Questions about Baker domains arise naturally: It is possible to linearize
Baker domains? What is the local behavior of f in a Baker domain near
an essential singularity? The answer to last question is not unique. For the
first question, there are some cases where a positive answer is possible, and
is based on Cowen’s work [Cow|. In |[Ko|, Kénig determines the necessary
conditions for the existence of linearization of Baker domain. So, we are able
to classify Baker domains according to its linearization.

2.4 Classification of Baker domains

From Theorem (Conclusion 2) of the previous chapter, we consider an
invariant Baker domain U of a mapping f € K. After a Mébius transforma-
tion we may assume that the Baker point for U is zg = co. Then f: U - U
is analytic and f"(z) — oo as n — oo. Moreover, since J(f) is nonempty
and uncountable, we have that U is hyperbolic, the action of f in U can be
lifted to an action in Hy = {z : R®(z) > 0}. For actions on H to itself, we
have the celebrated Denjoy-Wolff Theorem (1926).

Theorem 2.4.1 ([CG], Theorem IV.3.1). Let f:H, — H, be analytic, and
assume f is not an elliptic Mobius transformation nor the identity. Then
there is o € Hy such that f*(z) — o as n — oo for all z € Hy.

So, for an invariant Baker domain U of a mapping f, we have the follow-
ing semi-commutative diagram

Hy —L-H,

Wl iw
v—-u
Where 7 is a covering map of U from its universal covering H. Since
f™(z) — oo, the Denjoy-Wolff Theorem tells us (after a Mobius transfor-
mation) that f”(z) — 00 also. When U is simply connected, 7 is actually
a Riemann map and f is conformally conjugated to f. This is the case for
example when f is entire, since Baker in [Ba2| proves that Baker domains for
entire functions are simply connected. In general cases, U may be multiply
connected (in fact infinitely connected [Bol).
Cowen in [Cowl|, obtained a linearization for mappings ¢ : Hy — H,. He
defined the following sets (called fundamental in his paper):
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Definition 2.4.2. Let U be a domain in C and let f:U —= U be a holomor-
phic map. A domain V- C U is called absorbing in U for f if: f(V) CV and
for every compact set K C U there exists N = N(K) such that fN(K) C V.

Note 2.4.3. Every immediate basin of attraction of a (super)attracting fized
point is an absorbing domain, as well as attracting petals for parabolic fixed
points. In fact, even Siegel discs and Herman rings are absorbing domains.

Theorem 2.4.4 (Cowen [Cow|, Theorem 3.2). Let g : Hy — Hy be a
holomorphic map such that g" — o0 as n — oo. Then there exists a simply
connected domain V. C Hi, a domain Q € {Hy,C}, a holomorphic map
p : Hy = Q and a Mdébius transformation T mapping ) into itself, such
that:

a. V is absorbing in Hy for g,
b. (V) is absorbing in Q for T,
c. pog=Toyp onH,,

d. ¢ is univalent on V.

Moreover, ¢, T depend only on g. In fact (up to a conjugation of T by a
Mobius transformation preserving ), one of the following cases holds:

e O=C, T(w) =w+1 (parabolic type I),
e O =H,, T(w) =w=+1i (parabolic type II),
e O =H,, T(w) =aw, a>1 (hyperbolic type).

Sometimes, the triple {p, T\, Q} is called conformal conjugacy for g, de-
noted by g ~ T
So, in the case g is an entire function or the Baker domain U is simply con-
nected, the above theorem can be applied and the Baker domain is linearized
by ¢ in the three different cases mentioned above, giving a classification to
the Baker domains.
When U is an invariant Baker domain of a meromorphic function (in M for
example), U may not be simply connected, in [MSK] authors show examples
of functions in M with periodic multiply connected Baker domains. So, the
above theorem cannot be applied directly. In [Ko|, Kénig considers a more
general form of the above theorem and states some dynamical conditions for
classification.

Theorem 2.4.5 (Konig [Ko|, Theorem 3). Let U be a hyperbolic domain in
C and let g : U — U be a holomorphic map such that g" — co as n — oo.
Suppose that for every closed curve v C U there exists n > 0 such that g™ ()
is contractible. Then, the conclusion of Theorem [2.4.4] holds for U.
Moreover, if conformal conjugacy exists for g, then
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o U is parabolic type I if and only if

1 — ()
n—oo  dist(g"(z),0U)

=0, foreveryzeU,

o U is parabolic type II if and only if

19" () — 0" ()]
lim inf
ps dist(g™(z), 8U)

>0, foreveryzeU,

and

. 9"+ (2) — g"(2)|

f1 =0
U mand dist(g(2),00)
o U is hyperbolic if and only if

9T (R) = g ()]
I It st (2), 00

> 0.

Since the previous theorems consider holomorphic maps f : U — U over
a hyperbolic domain U, both can be applied for invariant Baker domains
U for a function f € K (Theorem if U is simply connected and The-
orem in the other case). So, classification of Baker domains exists if
they satisfy conditions in Theorem [2.4.5] and if such conformal conjugacy ex-
ists, we are able to classify them according to the conditions in this Theorem.

2.5 Families of Baker domains

Consider the function g(w) = we™, in [BD|, Baker and Dominguez proved
the following properties of g:

e ¢ has a parabolic fixed point at zg =0 € J(g),
e ¢ has a parabolic component V' C F(g) containing Ry and
e R_C j(g)

Applying the logarithmic lift technique mentioned above, we lift these prop-
erties of g by m(z) = €7, it can be deduced that 7= (V) contains infinitely
many components Uy, k € Z, all congruent under translation by integer
multiples of 27, such that

Up C{z:(2k - 1)1 <J(2) < (2k + 1)7},

and OUj is asymptotic to horizontal lines y = (2k &+ 1)m. Also, for each
keZ, f"— oo and R(f™) — oo in U and lines y = (2k + 1)7 belongs to
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z

Figure 2.3: Dynamical plane for f(z) =z + e~

J(f)- Then each Uy, is an invariant Baker domain of the lifted function (see
Figure 2.3)
f(z)=z+e7,

In other words, f has a family of Baker domains Uy, in fact infinitely

many different Baker domains Uy, each one contained in a horizontal band
of width 2.
In [RS], P. Rippon and G. Stallard show that there exists a larger class of
entire functions (even meromorphic) that exhibit a family of infinitely many
Baker domains. Although examples in [RS| are entire functions, the theorem
applies to meromorphic functions in class M. The existence of these families
is based on the behavior of f over horizontal lines. This condition is stated
as follows:

sup{|Arg ((f(2) — 2)€e®)|: z € R(t,s)} — 0, as t — oo, (2.5.1)

for each s > 0 where R(t,s) = {z : R(z) >t > 0, |J(z)| < s}, and Arg
denotes the principal argument.
The theorem is stated in the following form.

Theorem 2.5.1 (Rippon and Stallard [RS|, Theorem 1). If f is a mero-
morphic function which satisfies Condition , then:

o for each k € Z, there is an invariant Baker domain Uy of f such that,
for 0 < 0 < 7, Uy contains a set of the form

Vi(0) ={z +iy : x> vi(0) > 0, |y — 2kn| < 6},

e the Uy are distinct Baker domains,

o if z € Uy, then |I(f"(2)) — 2kw| — 0 and R(f™(2)) — o0 as n — oo,
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e cach Baker domain Uy, contains at least one singularity of f=.

See Appendix C for reference on singularities of f~!.
Note that function f(z) = z+ e~ 7 satisfies condition trivially. In fact,
Theorem [2.5.1] can be generalized for a function f to have p-families of Baker
domains associated to oo (see Theorem 6.3 of [Ri]). With this theorem on
hand, it is proved that functions with asymptotic form

f(2) =z +azfe (1 + 0(1)), as R(z) — oo, (2.5.2)

k € Z and a > 0, contain a family of Baker domains. As a corollary, they
obtain the following.

Corollary 2.5.2. For p € N, let f(z) = z(1 4+ e %), then f has in-
finitely many Baker domains in each sector {z : |Arg z — 2j7/p| < w/p},
G=0,1,.p—1.

For completeness we give a sketch of the proof of the Theorem The
proof is based on a sequence of lemmas determining conditions listed in the
theorem.

Sketch of proof. Put h(z) = (f(z) — z)e?, from condition (2.5.1)), we have
that |Arg h(z)| — 0 as R(z) — oo in R(s,t). From here, we deduce that
1f(2) — z| = e“*) =) for some bounded harmonic function u(z).

Lemma 2.5.3. For each s >0
sup{|f(z) — z| : z € R(t,s)} = 0 as t — 0.
With the above lemma, it is easy to prove the following result.

Lemma 2.5.4. For each s > 0 there exists t > 0 such that f is univalent in
R(t,s).

I S N S .

y=m/4+ (v — ty(6)) cot(6/2)

o T(0) Vil0)

y=2k+ )7
$:tk(9>

Figure 2.4: Set Vi(0) contained in Ty (), which is symmetric with respect
y=(2k+ 1)m.

For 37/4 < 0 < 7, and k € Z, define the set

Ti(0) = {x + 1y : x > t(0), |y — 2knw| < min{7/4 + (x — t) cot(6/2),0}}.
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From Condition (2.5.1)) and previous lemmas, we have
|f(z) — 2| < 7/8 and

larg (f(2) — 2) +3(z) — 2k7m| < (m — 0)/2, z € Ty(0),
with these conditions, we can prove that f(z) € Ty(0). Figure 2.4 shows the
shape of sets T} (0) and Vi (0).

Lemma 2.5.5. For each k € Z and 3w/4 < 0 < 7, there exists t(0) such
that f is univalent in Ty(6) and f(T(0)) C Tx(0).

The following lemma, allows us to prove that Ty () is contained in a
Baker domain Uj.

Lemma 2.5.6. If z € T,(77/8) for some k € Z, then |3(f"(z)) — 2kmw| — 0
and R(f"(z)) = 0o as n — 0.

Finally, with the above lemma (using hyperbolic metric arguments),

Lemma 2.5.7. The Baker domain Uy, contains a singularity of f=1, for each
keZ.

Note 2.5.8. One interesting question after the existence of Baker domains is
on the relation of Baker domains and the set of singularities of f~1. Lemma
gives us this relation in this case. See Appendiz C for more details on
the set of singularities of f~1.



Chapter 3

Results

At the end of the previous chapter, we consider conditions for the existence
of families of Baker domains for meromorphic functions for both classes £
and M. In the present chapter we present a generalized condition for The-
orem which can be applied to functions in the more general class .
Also, the proof of the Main Theorem is given, which uses asymptotic analysis
techniques (see Appendix A for basic concepts).

For completeness, at the end of the chapter we present some examples con-
sidering two special cases: when |A(f)| = 1 (then f € M up to a Mébius
transformation) and |A(f)| = 2 with a one-parametric family, in this case
A(f) depends on the parameter. Since f € M for the first case, we studied
this function in detail proving some interesting properties about it.

3.1 Preliminary results

If we analyze thoroughly the proof of Theorem it is not difficult to
observe that f should not necessary be a meromorphic function (in the clas-
sical sense), since conditions are of “local” type. We use quotations to denote
that “local” actually means near oo in the Riemann sphere C.

In Remark after Theorem 6.1 of [Ri], Rippon considers the possibility that
the real axis is not the bisector of the central Baker domain, after a change
of variable. This possibility can be consider without a change of variable.
Thus, Theorem is then written in the following form.

Theorem 3.1.1. Let f be a nonconstant complex valued function, analytic
in the right half plane Hy = {z +iy : x > x¢g > 0} and suppose that, for each
s>0

sup{|Arg((f(z) — 2)e*e')|: z € R(t,s)} = 0, as t — oo, (3.1.1)

a € R, where R(t,s) = {z : R(2) > t,[3(2)| < s} and Arg denotes the
principal argument in (—m,7|. If oo € C is an essential singularity of f,
then

23
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a) for each k € Z, there exists a Baker domain Uy of f such that, for each
0 < 6 <m, Ug contains a set of the form

Vi(0) ={z+iy:z>v(0) >0,y — (2kr — )| < 0};

b) the Uy are different Baker domains,

¢) if z € U, then |3(f"(z)) — (2km — a)| — 0,
(f*H(2) = f(2)) = 0 y R(f"(2)) = 00 as n — oo;

d) each Uy, contains a singularity of f=1.

In this general setting, the real number « is the bisector for the central
Baker domain.
By the time Theorem was published in [RS], there was no centainty
of the existence of simply connected absorbing domains (see Section for
Baker domains of this type. Recent work, especially [BEJK], has considered
conditions for the existence of absorbing domains for analytic automorphisms
of a domain U C C with co € 9U.
We present now some results from [BEJK], which allow us to classify Baker
domains obtained from Theorem

Definition 3.1.2. Let ( be an isolated point of the boundary of a domain
U in C, i.c. there exists a neighborhood V of ¢ such that V\{¢} CcU. If
f(U) C U, from Picard’s Theorem, f extends to VU{(} holomorphically. If
f(C) = ¢ we say that ¢ is an isolated fized point of f.

Theorem 3.1.3 (Baranski et. al. [BEJK]|, Theorem A). Let U be a hy-
perbolic domain in C and let f : U — U be a holomorphic map without
fized points and without isolated boundary fized points. Then the following
statements are equivalent:

a. U 1is parabolic type I

b. pu(f"T(2), f7(2)) = 0 as n — oo for some z € U.

c. pu(f"(2), fM(2)) — 0 as n — oo almost uniformly on U.

d. | (z) — f*(2)|/dist(f"(2),0U) — 0 as n — oo for some z € U.

e. " (z) — f(2)|/dist(f™(2),0U) = 0 as n — oo almost uniformly on
U.

Where py(+,-) denotes the hyperbolic metric on U.
Part of the proof of the Main Theorem is based on asymptotic analysis. We
refer for Appendix A to basic concepts and results.
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3.2 Main result

Given a general meromorphic function f € K, we know that there may be
several essential singularities for f in C. For Examples |2.2.2| and |2.2.3|, it
was necessary to consider iterations of f and establish conditions for the
existence of Baker domains for the given iteration of f. It is possible to give
conditions for an essential singularity zg € C of a function f € Ktobea
Baker point?

In this section we present the Main Theorem, which establish the form of a
function in X containing a family of Baker domains over each of its essential
singularities. We now provide the setting for the proof of the Main Theorem.

Given p > 1, we define the following sectors

(2 —1)

27+1

A ={zeC":
j={ ’

}7 j = 07 17"'7p_ 17

(“arg” not necessary on the principal branch, but the branch such that A has
the positive real axis as its bisector) and rectangular semi-bands contained
in each A;

R;(t,s) == {e%iz :R(z) >t >0, |I(2)] <sand tans/t = 7/p},

as Figure 3.1 shows.

Rg(t, S)*‘ Ao

Figure 3.1: Sectors and semi-bands for the case p = 3.

Proposition 3.2.1. Let G be a rational or transcendental meromorphic
function, with the following representation in a neighborhood of oo

G(U}) :_wp+bp—1wp_1+---+b1w+b0+01w_1+62w_2—|—,,,
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Then in each sector A; and for each 0 < s < o0

lim R(G(w)) = —o0.

R;(t,s)2w—00

Proof. First, note that
G
im ) _
w—oo —P

that is, G(w) ~ —wP as w — oo.
Let w € R;(t,s) C Aj and 0 = arg w. Since the width of semi-bands R;(t, s)
is bounded by 2s < oo, we have arg w = 0 — % as w — oo over semi-band
R;, but

w? = (lw]e”)? = Jw|Pe®,

hence, arg w? = pf. So, if w — oo in R;, then arg wP = p - arg w — 27j.
The above relation and the fact that G(w) ~ —wP as w — oo gives the
assertion on the limit and the proposition is proved. |

The following lemma is also needed for the proof of the main theorem.

Lemma 3.2.2. Let f(z) = z+exp(g(z)) be a function in the class IC, where
g : C — C is a transcendental meromorphic or rational function, then f has
no isolated boundary fixed points.

Proof. It is clear that f has no fixed points, except when g(co) € C. In
this case we have

A 119 =0,

so z1 = 00 is a fixed point. After conjugation with z — 1/z, the function f
becomes

w

B 14 g/ (1/w)enplg(1/w))
1+ weap(g(1/w)) |

Flw) - with F(w) = (g (1/w))?

Since g(o0) € C, g isrational. If g(z) = ggg, where P and Q) are polynomials

without common factors, then deg P < deg @ (1 < deg @), so ¢'(0c0) =0
and we have that oo is a parabolic fixed point for F', which is not an isolated
point in the boundary of the Leau domain. Then, f has no isolated boundary
fixed points. |

Theorem 3.2.3 (Main Theorem). Let g : C — C be a meromorphic or
rational function, such that

f(2) = z + exp(g(2))

belongs to class K of general meromorphic functions, where A(f) = g=1(c0) =
{poles of g}. If z9 € g1 (00) is a pole of g of order p > 1, then f(2) has p-
families of infinitely many different Baker domains with zg as its Baker point.
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Each family lies in a sector of angle 2w [p of the disc D(z,0) for some d > 0.

Moreover, each Baker domain can be classified as parabolic type I accord-
ing to the Cowen and Konig classification.

Proof. We start by analyzing the function g(z).
Since zg is a pole of order p > 1, from Laurent expansion of g around zg, we
have

9(2) = by(z — 20) (1 + a1(z — 20) + az(z — 20)* + ...), (3.2.1)

where b, is the p—th coefficient of the Principal Part of Laurent expansion.
From the above expression it is clear that

9(z) = by(z — 20) P(1 4+ 0(1)), z = 2p. (3.2.2)

Consider the Mébius transformation M(z) = —ZfZO (= M Y(w) =2 —
b/w), and set

G(w) =go M (w) and F(w)=Mo foM ‘(w).
Calculating G(w), we obtain

Gw) = goM\(w)
9(20 — b/w)

bp(—b/w)P(1 + a1(—b/w) + as(—b/w)* + ...)
(fbﬁwp(l + a1 (=b/w) + az(—b/w)? + ...),

if we choose b such that

by(—b)P = —1 (3.2.3)
(using the principal branch of argument), then
G(w) = —wP(1 4 a1(—b/w) + as(—b/w)* + ...), (3.2.4)
which yields
G(w) = —wP(1+o(1)) w — 00. (3.2.5)

Note that the above relation is the analogous of (3.2.2)) for ¢ in a neighbor-
hood of infinity.
On the other hand, the computation for F' becomes

F(w) Mo fo M (w)
= Mo f(z— )
M (20 — & +exp(go M~ (w)))

M (z0 — %j exp(G(w)))

- 20— 2 +exp(G(w))—zo

w

T Texp(G(w))
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We know from Proposition that over each sector A;, and for every
0 < s < 00, we have

lim R(G(w)) = —o0.

Rj(t,s)>3w—00

Hence, given r < 1 fixed, for each 0 < s < oo, there exists t; = t(s) > 0 such
that w
3exp(c:(w))( <r, we Ri(ts,s).

So, we define the subset V; := (J,. Rj(ts,s) C A; and then

Vi c{we Aj: ‘%exp(G(w))‘ <r<1}.
Also, it is clear that Vj is nonempty and with an unbounded real part along
Aj. The geometric series for Fexp(G(w)) is uniformly convergent inside Vj,

thus we can express F'(w) as

for w € Vj. In this way, we have the following asymptotic form of F' in
Rj (t, 8) C Aj

2
Flw) =w+ %exp(G(w))(l +o(1)), Rj(t,s)>w—o00.  (3.2.6)
We fix a region A; under the following consideration:
If 9; = 2% represents the argument of the bisector of A; with respect to
0

the real axis, then the change of variable w ~— eiw, which is conformal,
transforms Ag into A;. With this in mind, we focus on the fixed sector

A:Aoz{wEC*:iSargw<z},
p p
the region
V=Wc{weA: %exp(G(w)) <r<1},
and the semi-band

R(t,s) = Ro(t,s) = {w: R(w) > t,[3(w)| < 5, and tan - = %} C A.

So, we rewrite (3.2.6) as

2

Fw) =w+ %exp(G(w))(l +o0(1)), R(w) — o0, w € R(t,s). (3.2.7)
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Let ¢~'(z) = 2'/? be the unbranched inverse of w? = ¢(w) defined in the
interior of sector A. Recall that in A we have

lim  R(G(w)) = —o0. (3.2.8)

R(t,s)2w—o00

Since V' C A, ¢ is well defined and single valued in V| so we consider the
following conjugation

F:=¢oFo¢ ':V=¢V)-=C\R_,

which is well defined and single valued. Now, we define rectangular semi-
band R(¢, s) analogously as R(t, s) by

R(t,s) ={z € V:R(z) >t >0, |3(2)] <s}.

First, note that since R(¢,s) C V, then ¢~ (R(t,s)) C V, so, for z € R{(¢, s)
F(¢~1(2)) = 2P 4 2VPH(2) (1 + H(2) + (H(2))? + ...),

where H(z) = (Zlb/pexp(G(zl/p))). Also, we have

G(zYP) = —z(1 — aybz™ VP 4 agbz72/P T ..)

consequently
G(zYP) = —z(1 + 0(1)) R(z) = o0, z € R(t, s). (3.2.9)
Combining (3.2.7)), (3.2.8) and (3.2.9) we obtain

22/p
F(¢7!(2)) = 27 + = —exp(—2(1 + o(1))(1 + o(1)).

Then, for z € R(t, s)

F(z) = (7 + 2 exp(—2(1+o(1))(1 +0(1)))"
= =+ exp(—pa(1+ o(1))(1+ o(1))"*]
= z+ Zexp(—pz(1+o0(1))(1+0(1)), R(z) — oo.

Since p € N, the mapping z — pz does not change the form of R(t,s), we
can consider the conjugation pF(%), denoted again by F for simplicity. We
obtain )

F(z) =2+ ]%wexp(—z(l +o(1))(1 + o(1)), (3.2.10)

as R(z) — oo, z € R(t,s). So, we have
52

(B(z) = 2)e* = ~exp(z0(1))(1+o(1)).
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Calculating its argument

2
arg (F(z) — 2)e” = arg ("”bpexp(zou))(l + 0(1))> .
p

If « = —arg b7P, rewriting the last expression, we obtain

arg (F(2) — 2)e*e’ = arg (2%exp(z0(1))(1+ o(1))),
which implies

arg (F(z) — 2)e”e™ = (2arg 2z 4+ J(2)o(1))(1 + o(1)) — 0,

as R(z) — 00, z € R(t, s) (J(2) is bounded). Taking supremum, we conclude
that F satisfies condition ([3.1.1]) of Theorem Then F possesses a family
of infinitely many different Baker domains with oo as its Baker point, each
element of the family is contained in the half-plane H . Also, each Baker

domain satisfies the properties listed in Theorem
Now, to prove that each Baker domain Uy is parabolic type I, note that,

from Property (c) of Theorem
F"(2) —F"(2) = 0 and |3(F"(2)) — (2km — a)| = 0,
also, by Property (a) of Theorem each Baker domain contains a set of
the form
Vie(0) ={z+iy:x > vi(0) >0,y — (2k7 — )| < 6},

which implies that dist(F"(z),0Uy) is bounded away from 0. Then

[F 1 (2) — F"(2)]

dist(Fn(z), 0Uy)
So, by Theorem [3.1.3] we conclude that each Baker domain is parabolic type
L.

Now, we return to f in the following way:
Since

— 0 asn — oco.

F(z) =¢oFog¢ (2),
and ¢~!(z) is conformal over C\R_, F also satisfies conclusions of F over
the interior of sector A.
In the same way, the map w — e%w is conformal between A and each Aj,
so I satisfies the same in each of the sectors.
Finally, since
F(w)=Mo foM (w),

and M (z) is a Mobius transformation, f also satisfies the arguments of the
proof, and then f has p-families of infinitely many different Baker domains,
all of them with zg as their Baker point. Each family contained in a sector of
angle 27 /p of a small disc around zp, this sectors correspond to the sectors
A; through M (z).

|
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3.3 Example: a uni-parametric family

We now present an example of a family of functions (over a parameter ¢ € C),
with the property that one of the elements of the family belongs to class M,
while all other elements belong to class . In this way we can think of a
function f. € K (¢ # 0) as a complex perturbation of a fixed function fy in
class M.

For ¢ € C, we consider the rational function

z

Re(z) = (3.3.1)

22

Note that for ¢ = 0 we have the rational function (actually a Mdbius trans-
formation )

Ro(z) = —. (3.3.2)

We take R, as the function g in Theorem obtaining in this way the
function

z
fc(Z) =z + exp <22_62> 5 (333)
in class K, with A(f.) = {£c}, which are the poles of the function R..

Note 3.3.1. For ¢ = 0 we have the function fo(z) = z + exp(1/z), which
technically belongs to class IC, but, since R. € R, the limit

Jim fi(2) = o

1s well defined, then f. has only one essential singularity. So, after conjuga-
tion by z — —1/z, we obtain a function in class M.

3.3.1 The case in M

We start by proving that the initial function fy € M possesses infinitely
many Baker domains. For ¢ = 0 we have the function

fo(z) = z + exp(1/2). (3.3.4)

Since fo(z) has only one essential singularity, we consider the conformal
conjugation by M(z) = —1/z setting fo(2) as a transcendental meromorphic
mapping Fp : C — C. We obtain:

Fo(z) = Mo foo M~Y(2)

Mo fo(—1/z)
M1z +exp(—2)

T —1/ztexp(—2)"
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Function Fj is then given by

z
Fo(z) = ——. 3.35

o(z) = T (335)

If z := x + iy, then |ze™?| = |z]e™™, so it is clear that |ze™?| < 1 in the open

region V = {z + iy : ly| < ve?* — x2}. Moreover, it is also clear that
|ze*| — 0, R(z) = oo, J(z) bounded. (3.3.6)

From the above equation, it is clear that V' is contained in a right half-plane
with unbounded real part, see Figure 3.2. So, for 0 < r < 1 there exists a
region V;, = {z : |ze7?| < r} C V, and then for z € V;. we can express Fy(z)
as uniformly convergent series

z

FO(Z) = m = Z(]. + Zeiz + (2672)2 + )
Hence,
< —Zz
FO(Z) = m =2z + 228 (1 + 0(1)), (337)

as R(z) — oo, JI(z) bounded. If we consider
(Fo(2) — 2)e* = 22(1 +0(1)), as R(z) — o0, 2z € V.

Then Fj satisfies Condition (3.1.1)) of Theorem We conclude that Fy

o 2 4 & 3 10

Figure 3.2: Region V for the case ¢ = 0.

contains a family of infinitely many different Baker domains. Since M (z) =
—1/z is a Mdbius transformation, then fy contains a family of Baker domains
with z = 0 as its Baker point, as Figure 3.3 shows. From Theorem we
know that each Baker domain is parabolic type I.
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“m

Figure 3.3: Family of Baker domains in zg = 0 (left) and the conjugacy to
w = oo (right).

3.3.2 The case in K

We consider now the case when ¢ # 0. The function

fe(z) =z+exp <222> 7

)

may be thought of as a complex singular perturbation of the mapping fy
studied above. We know that such a function has essential singularities at
the points {£c} C C, so f. € K.

As in the previous case, we consider the conjugacy of f.(z) mapping one of
the essential singularities to infinity, via a Mobius transformation sending

(—c,¢,00) — (1/4¢,00,0). Then M(z) = —2(;0) and M~ (w) = c— 5. So
F.w) = Mo foM ‘(w)
- Mofle—d)
M(c— +exp((;%)

] 2w
= 1 2w(2cw—1)
2 (Ci 27'Lu+exp < 1—4cw ) )

Hence w
Fo(w) = (3.3.8)
2w(2cw—1)
1 —2wezxp (%)
. 2w(2cw—1)
We need to analyze the expression 2wexp (%) )
Let Q(w) = % setting w := u + iv, we have:
4a(u? — v?) — 8buv — 2u — 16|c*|w|?u — 8alw|?
R(Q(w)) = 2|02 ’
1 — 8R(cw) + 16|c|?|w|
- Sauv — 12bv? — 2v — 4bu? — 16|c|?|w|*v
I(Qw)) = 513
1 — 8R(cw) + 16]c|?|w|
From where the following limits hold for each |v| < co:
lim R(Q(w)) = —o0, (3.3.9)

U—00
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lim 3(Q(w)) = ——

U—00 _4‘0’2

Hence, by Equation (3.3.9)) there exists u(v) = u, > 0, such that

— . (3.3.10)

12w - exp(Q(w))| = 2|w|exp(R(Q(w))) < r < 1, (3.3.11)

for w € R(uy,v), and R(uy,v) is a semiband as defined in Theorem
We define
V= U R(uy,v).
v>0
Now, analogously to the above case, from , for w € V}, (see Figure

Figure 3.4: Region V/ for the case ¢ = 3.

3.4) we can express F,(w) as follows:

Fo(w) = - 2we$p1€2w(2“"1)) =w (1 + 2we®™) 4 (QweQ(w))2 + ) .

1—4cw
So, we have
F.(w) = w(l+2weR® + (2weQ(w))2 +...)
w 4 2w2eQW) 4 (2weQ(w))2 + ..

= w+ 2w?eQ) (1 4 2wel™) 4 (2weQ(w))2 +...)
= w+ 2w?e?™) (1 + o(1))

as u — o0, v bounded.
. ~ b L.
Now, since J(Q(w)) — — e — Vs @8 u — 00, rewriting

F.(w) = w + 202+ (1 4 o(1)),
for p(w) = (Fo(w) — w)e® = 2w2e@™@)+@ (1 4 o(1)) we have that

arg ¢(w) = arg <2w26Q(w)+w> = 2arg (w) + J(Q(w) + w),
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since arg(w) — 0 and J(Q(w)) — —ﬁ — v if R(w) — oo, then it is clear

that arg ¢(w)e® — 0 with ﬁ = a.

So F.(w) meets the hypothesis of the Theorem [3.1.1 Proving then that
F.(w) (respectively f.(z)) possess infinitely many different Baker domains
associated to infinity (respectively ¢ € C), as Figure 3.5 shows. For —c € C
the approach is analogous.

Figure 3.5: Family of Baker domains for the parameter ¢ = 2 (left) and the
conjugacy at w = oo (right).

Note 3.3.2. From Equation , it is clear that the compler number b
for the Mébius transformation M (z) = —Z_bZO, depends on the coefficient b,
of the Laurent Series Ezpansion of function g. In the case that the
pole zy is simple (p = 1), this coefficient b, is actually the residue of g with
respect to zg. For both examples above, function g is a rational function,
for which it is possible to compute this residue. Then, we obtain the Mobius

transformations M(z) = —1/z, for g(z) = 1/z, and M(z) = —ﬁ for
9(2) = 255

3.4 Distribution of critical points and connectivity
results

Given function fo(z) := z+e'/* we already know that this function contains
a family of Baker domains. Also, the point at infinity is a parabolic fixed
point. One of the immediate questions about this function is: does there
exist another kind of Fatou component? In this case, it is not difficult to see
that the only possible asymptotic value (see Appendix C, for basic concepts
on it) are the essential singularities themself, so there are no asymptotic
values for this functions. Then, one way to prove that the answer to the last
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question is no, is proving that each critical value is associated to each Baker
domain and Leau domain at infinity, in this case sing(f~!) = VCrit(f).
In this section we prove that this is the case. We summarize this with the
following proposition.

Proposition 3.4.1. Let fo € M be a function given by
fo(z) =z +€'/%.
Then the Fatou set F(fo) is composed only by

o the family {Uy}rez of different invariant Baker domains associated to
the Baker point zg = 0, and

e the Leau domain associate to z1 = 00.
As well as all of its pre-images.

The proof of the above proposition will be a consequence of a lemma
on critical points, whose proof is based on the Rouché-Estermann Theorem
[Es].

Theorem 3.4.2 (Rouché-Estermann). Let f and g be analytic functions in
a neighbourhood of a domain U, without zeros over OU, if

1£(2) = 9(2)| < |f(2)] +1g(2)], =z €U,

then f and g have the same number of zeros in U.

3.4.1 Critical points

Proposition 3.4.3. Let fo € M be a function given by
folz) =2 + eV,

Then each critical point is associated to one and only one of the elements of
the family of Baker domains {Uy }rez associate to zg = 0 or the Leau domain
associate to z1 = 0.

Proof. We consider the function Fy(z) = M o fo o M~1(2), instead of the
original function fo. Given

z
Fo(z) = ,
() 1—ze*
computing its derivative we obtain
1 — 222

Fi(z) = E=srh



REsuULTS 37

From which it is clear that z = 0 is a parabolic fixed point with multiplier
A=1
We want to compute the solutions of the following equation

1— 2277

which is equivalent to solving
e* — 22 = 0. (3.4.2)

Let z := z+iy, expanding the real and imaginary parts of the above equation,
we obtain the following system of equations:

2?4yt =e” (3.4.3)
x? —y? = e"cosy (3.4.4)
2xy = e*siny, (3.4.5)

where |e?| = e”.

First, note that if y = 0, the system is reduced to equation z? = e®. If
h(z) = e®—x?, we have h/(x) = e* —2x > 0, which implies h(z) is increasing,
since h(0) =1 > 0 and h(—1) = e~! —1 < 0, then h(x) = 0 for a unique
To € (—1,0).

For R(z) < 0, from we have |z| < 1. If in addition y > 0, from
siny < 0, soy € ((2k —1)m,2km), k > 1 and then y > m which
is a contradiction since |z| > 1. Analogously for y < 0 (this case y €
(2km, (2k 4+ 1)m), k < —1).

As a first conclusion, Equation has only one (real) solution in the left
half-plane.

For R(z) = 0, combining equations (3.4.3)-(3.4.5) arises a contradiction. It
remains to consider the case R(z) > 0.

Now the case is reduced to 2(z) > 0, we proceed to prove that equation
has solutions distributed over the bands

By={z:2>0, |y —2kn| <7}, keZ.

We associate Equation to another known equation using the Rouché-
Estermann Theorem.
We apply the theorem to functions f(z) = €* — 22 and g(z) = e* — 2z, which
reduce to prove

|2 — 22| < |e® — 2% +|e* — 2| (3.4.6)

over the boundary ORy where Ry, = By N{x + iy : © < Cf, 1 << Ci}.
Since
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i.e. Fyis symmetrical with respect to the real axis, it is enough to prove this
inequality in the first quadrant {x + iy : 2 > 0, y > 0}.

First we prove that critical points are not on the boundary of each By.
Suppose that zg = zg +1iyg € Crit(Fp) and zg € ORk. There are three cases.

1) 130:0,
2) yo=2k+1)m, k>0 or y=0,
3) l‘ozck.

In case 1): from we have y8 =1, while from (3.4.5) sinyg = 0, which
is a contradiction.

In case 2): if yo = (2k + 1)7, from xg = 0, which has been proved
can not happen. In the above subsection, we see that if yg = 0 then x < 0,
which is not the case.

In case 3): since |y| is bounded over each band By, it is enough to choose
Cj, >> 1 such that e > C%+ 2. So, from the case is eliminated.
To prove consider the function

h(z) = |e* — 22] +le* —z|—|z— z2]. (3.4.7)

Written in its real form:

h(z,y) = /e2 +2(y2 — x2)e? cosy — daye® siny + x4 + y* 4 22292
+ Ve 422 4 y2 — 2xe® cosy — 2ye® siny
— a4yt a4y — 203 + 2022 — 2292,

Then, we have to prove that h(x,y) is positive in the cases mentioned above:
1) z9p =0,
2) yo=2k+1)m, k>0o0r y=0 and
3) xp = Ck.

In case 1): since z =0,

h0,9) = h(y) = Vy* + 252 cosy + 1+ /y2 — 2ysiny + 1 — /y* + y2.

Now,

hy) > V' =22 + 1+ V? =2y + 1=Vt + 2 = " +y -2V + 02
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Take g(y) = y> +y — 2 — /y* + 2, then we have

292 +1
Iy = w+l- =
ViZ+1
2
1
> oyl Lt

VP
= 2y+1—y2+1
> 2y+1—(y+1)
= y>0.

Hence, g(y) is increasing, since g(3) = 12 — 3y/10 > 0, then h(y) > 0 for
y > 3. Remains the case y € [0, 3].

Since y € [0, 3], by properties of trigonometric functions, it is easy to see
that a minimum value is close to y = 7/2, and

h(r/2) = /7416 + 1+ \/72/4 — w4+ 1 —7/2/72/4 + 1~ 0.3 > 0.

From which follows that h(y) > 0 for y € [0,3]. Then, (3.4.6) holds in this
case.
In case 2): considering first y = 0,

h(z,0) = h(z) = V€2 — 2227 + 24 + /e2* + 22 — 2ze” — /2t + 22,

on one hand, for x € [0,1] U [2,00], €?* — 222¢* > 0 and e?* — 2ze® > 0,
so h(xz) > 0 in such intervals. Hence, for x € [1,2], if we consider ¢;(z) =
x? — 222" and go(x) = 2% — 27€®, computing derivatives we have g (z) =
423 — dwe® — 22%e® < 0 and gh(x) = 2z — 2e* — 2xe® < 0, hence g; and go
are decreasing in [1,2], but h(1) ~ 2 > 0 and h(2) = 4.3 > 0, so h(z) > 0
for 2 € [0,00). Then holds also in this case.

For y = (2k+ 1)7, set K = (2k + 1)

h(z, Km) = h(z) = /€2 +2(22 — K272)e® + 24 + K474 + 222 K272
+ Ve 4 a2 4 K272 4 2ze
— Vot + KA 4 22 £ K272 — 203 + 202 K272 — 20 K272,

Again, we have that h(z) is bounded below by

h(z, Km) =h(z) = +/e2® +2(z2 — K212)e® + 24 + K4t 4 202K 272
1+ Ve 1 g2 1 K272 4 2pen
— Vat £ KAt 4 22 + K272 + 222 K272,

Considering the argument of the last term of the above expression g(x) =
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Figure 3.6: Sketch of critical points distribution for Fy(z). See Note 3.4.4.

ot + K44 4 22 + K?1? 4 222 K272, we have
glz) = '+ Kint+ 22 + K?n°% 4 222 K%
= (2 + K*1)%* 4 (2* + K%7%)
= (@ + K?m%)(2® + K72 +1) < (22 4+ K?n% +1)2

h(z) > /e2 +2(z2 — K212)e? + x4 + Kind + 222 K272
+ Ve 4 a2+ K272 4 2ze
— (@ +K?*r? 1)
> 0.

This way, (3.4.6) holds for this case.
In case 3), note that h(z,y) is bounded below by the function

ho(z,y) = /€2 +2(y2 — x2)e® cosy — dxye® siny + 24 + y* + 22292
+ VeX 422 4+ y2 — 2ze® cosy — 2ye® siny
— Vattyt + a2 g2+ 2222

and for x = Cj, >> 1, e?* 4+ 2(y? — 2%)e® cosy — dwye®siny > 0 and e —
2xe” cosy — 2yeTsiny > 0, so ho(z,y) is also bounded below by

hi(z,y) = Vot +yt + 22292 + /22 + 42 — /2t +yt + a2 + 2 + 2222,

which is strictly positive, then h(z,y) > 0 for this case.
So, applying the Rouché-Estermann Theorem, f(z) = e — 22 and g(z) =
e® — z has the same number of zeros over each band By. Since we know ¢(z2)
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has only one zero in each band By, for kn # 0, and two zeros in By, the same
happens for f(z).

Consequently, under the property d) of Theorem we conclude that
each Baker domain Uy, (k # 0) has one and only one critical point and then
one critical value. Meanwhile, Uy has two critical points (Figure 3.6). |

Proof. (of Proposition |3.4.1) By Proposition each critical value is
contained in a Baker domain Uy, or the Leau domain of z = 0, consequently,

by Theorem 7 in |[Berl], there is no other Fatou component. |

Note 3.4.4 (On Figures 3.6-3.8). In Figures 3.6-3.8, we can appreciate two
sets of curves (the real azis belongs to one of this sets). Fach set represent
the cero-level lines for the real and imaginary part of function Fj(z). So, the
points of intersection, represents each critical point of function Fy(z).

3.4.2 Connectivity

Since there exists a uniform distribution of the critical values over the Fatou
components (Baker and Leau domains) for Fy, it is possible to compute the
connectivity of invariant Fatou components through the Riemann-Hurwitz
Formula.

Theorem 3.4.5 (Steinmetz [St], Riemann-Hurwitz Formula). Suppose that
f s a proper map of degree k of some m-connected domain D onto some
n-connected domain G, f having exactly r critical points in D, counted with
multiplicities. Then

m—2=k(n—2)+r.

The following results are also needed to compute the connectivity of the
Fatou components.

Proposition 3.4.6 (Beardon [Be], Proposition 5.1.7). Let {Dy} be a collec-
tion of simply connected domains that is linearly ordered by inclusion. Then
U, Da is a simply connected domain.

Since the ambiguity of the first definition of an absorbing domain (recall
that was first defined for mappings f : Hy — Hy), a particular definition
was given in [BEJK].

Definition 3.4.7. An absorbing domain W in a domain U in C for a holo-
morphic map f: U — U with f* — 0o as n — oo is called nice if

a. W\{x}CU,
b fr(W\{oo}) = fr(W)\{oo} C [P~ (W) for every n > 1,
c. N2, M (W\{oo}) =0.
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The following theorem will be used to prove the connectivity property
for this function.

Theorem 3.4.8 (Baraniski et. al. [BEJK]|, Theorem B). Let U C C be a
hyperbolic domain and f : U — U be a holomorphic map, such that f" — oo
asn — oo in U and oo is not an isolated boundary fized point of U in C.

If U is parabolic type I, then there exists a simply connected nice absorbing
domain W C U for f.

So, now we can use this to compute the connectivity of some of the Fatou
components of the function Fy (in fact, all of them except the Baker domain
Uop).

Theorem 3.4.9. Let U C F(Fy) be a forward invariant component, with
U # Uy. Then U is simply connected.

Proof. We know that an attracting petal is a simply connected nice
absorbing domain for the Leau domain. Also, by Theorem [3.4.§] there exist
a simply connected nice absorbing domain for each Uy, k € Z.

In this way, let V' C U be a simply connected nice absorbing domain for Fj
in U. From (c) of Definition , we can take V' (or an iterate FS(V) for a
finite d > 0), such that Fy is univalent in V.

Set Vo = V and take Vi C Fy, *(Vp) such that VoNV; # 0. Inductively, define
the subset V, C Fo_l(Vl,l), such that V;NV;_1 # (0, I > 2. Then, we can
apply the Riemann Hurwitz formula (3.4.5) to

Fo:Vi—= Vg,

and we obtain
m—2=k(n—2)+4r.

where m is the connectivity of Vj, n is the connectivity of V;_;, and r = 1
(the number of critical points on U, Theorem . For [ = 1, we know
that n = 1, which implies

m—3=—k, (3.4.8)
but k£ > 2, so m < 1, which implies m = 1. Inductively, we have that V; is
simply connected for [ > 1.

By definition U = |J,, Vp, then Proposition implies that U is simply
connected. |

Note 3.4.10. For the case U = Uy, it was shown in Proposition the
existence of two critical points in Uy. Using the same argument as in the
proof of Theorem we will have the relation

m—4=-k
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instead of , which implies that m < 2. So, in the following step of
nduction, we will have m < 4, so the connectivity of each Vi will be only
bounded, instead of be equal one. In other words, there is no control on the
connectivity of domains Vi, and then the proof cannot be applied in this case.

3.5 More examples

In this section we present some examples for different type of functions g :
C — C in the setting of the class of functions describe in this work, namely

f(z) = z +exp(g(2)) € K.

15 F T E
-_—

wie_ e
- i — ——

q_——________ 4
——— - "~
—_— )

of 2| -
— )

g - -'/

_3 _____———_______ |
— ____-;\_______ S
— -

Qo p— I —

-5 F I I 1 = 1 I I 1

-2 ] 2 4 & g 10

Figure 3.7: Sketch of critical points distribution for F}(w). See Note 3.4.4.

Example 3.5.1 (A rational case). Previously in this chapter we proved
that the function f. € IC, c € C* given by

z
fC(Z) =2z + exp <ZQ—62> )
with A(f.) = {£c}, has a family of Baker domains {Uy} for each essential
singularity in A(fc). As in the case for fo € M, fo(2) = 2 + exp(1/z2), the
point at infinity oo € C is again a parabolic fized point for f., ¢ # 0.
If we consider the conjugation F.(w) = M o f.o M~ (w), given by
w

1 — QwQexp <4cw2—2w) ’

F.(w) =

1—4cw
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_ dew?—2w

setting Q(w) = (==, then

s 14 20?Q (w)eQW)
Fe(w) = (1 — 2w2eRw))2

C

The figures 3.7 and 3.8 show numerical experiments of the distributions
of critical points for ¢ = 1 (associate to oo for Fy and thus associate to ¢ = 1

for fec).

It seems that there is a nice distribution of critical points for the function F.
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Figure 3.8: Sketch of critical points distribution for F_;(w). See Note 3.4.4.

So we could assume (as a conjecture) that there is no other Fatou components
other than the parabolic basin and the families of Baker domains, as in the

case for fo.

Example 3.5.2 (An order 3 pole). The following example shows a con-
figuration for a pole of order 3 of a meromorphic function.
Consider the function g : C — C given by

1 —z
g(z)—Z—S—Fe .

It is clear that zo = 0 is a pole of order 8. Numerical experiments seems to
imply that there is no other Fatou components other than the 3-families of
Baker domains associated to the Baker point zg = 0 for f(z) = z+exp(g9(2)).
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Figure 3.9: Dynamical plane for g(z) = Z% +e %

Figure 3.10: Dynamical plane for g(z) = 5 + e~






Chapter 4

Future work and open
questions

4.1 Open questions

As it was mentioned at the end of the previous chapter, there are some as-
pects that have not been possible to determine about functions in the family
fe- In this section we set some open questions about Fatou components of
some functions studied in the previous chapter.

Given the function

fo(z) = z +exp(1/z), (4.1.1)

in class M, we proved in previous chapter that each invariant Fatou compo-
nent is simply connected except the Baker domain Up, the one with the real
axis as bisector. The existence of two critical points does not allow the use
of Riemann-Hurwitz formula for the computation of the connectivity.

Question 1. What is the connectivity of the Baker domain Uy of func-

tion (E-1.1)?

For each ¢ € C* the function

fc(Z)ZZ+eXP< ° > (4.1.2)

22 _ 2

belongs to class K with A(f) = {£c}. The one-parametric family {f.} can be
thought of as a complex singular perturbation of function fo (4.1.1)). Similar
to function fy , each function f. has two families of different Baker
domains U, (since |A(f)| = 2), each one associated to essential singularity
c or —c. Since

92)= 53—

47
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is a rational function, the point at infinity, is a parabolic fixed point, as in
the case for fp. Figures 3.7 and 3.8 show a numerical distribution of critical
points for ¢ = 1. Since the distribution is similar to the one for the function

fo (4.1.1), there are two direct questions.

Question 2. How many critical points has each invariant Fatou compo-

nent U C F(f.) for function (4.1.2)7

Question 3. Are there other Fatou components different from the Leau
domain for the point at infinity and the families of Baker domains associated
to each essential singularity?

More generally, for a function f € K given by

F(2) = 2 + exp(g(2)), (4.1.3)

with g € M, the point at infinity is no longer a parabolic fixed point but an
essential singularity.

Question 4. Are there other Fatou components U C F(f) different from
the families of Baker domains associated to each essential singularity in A(f)?

4.2 Future work

4.2.1 The Teichmiiller space

A great part of this work was inspired by Fagella and Henriksen’s paper [FH1]|
where one of the results is the existence of a rigid entire map f(z) = z+e~ 2,
i.e. any quasiconformal deformation of f is affinely conjugated to f.

Since the work of D. Sullivan on the proof of non-existence of wandering do-
mains for rational functions [Sul, quasiconformal mappings and Teichmiiller
spaces have become a strong tool in the study of deformation spaces of dy-
namical systems.

The best way to study the deformation space of a given function f, is study-
ing its Teichmiiller space. After the Sullivan’s paper [Su| the most important
reference on Teichmiiller spaces of rational functions is the framework by Mc-
Mullen and Sullivan [MS], where the Teichmiiller space of a rational function
is defined. After that, Fagella and Henriksen in [FH2| use this ideas and re-
sults to define the Teichmiiller space of an entire function.

We give some results on Teichmiiller spaces for rational and entire functions
that can be applied to our function fy(z) = z + exp(1/z) as in the example
in the previous chapter. We refer to frameworks [MS| and [FH2| and books
[Hu| and [IT] for basic concepts and fundamental theorems in the theory of
Teichmmuller spaces.
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Although Teichmiiller spaces were defined for Riemann surfaces, it is possible
to define them for a function f in the following way.

Theorem 4.2.1 (|MS], Theorem 6.1). Suppose every component of the one-
dimensional manifold V' is hyperbolic, f : V. — V is a covering map, and
the grand orbit relation of f is discrete. If V/f is connected then V/f is a
Riemann surface and

T V) =TWV/§)

For a rational function R, we can take V C F(R). In the framework
[MS], the Teichmiiller space of a rational function is then well defined (recall
that for rational functions there are no Baker domains).

Theorem 4.2.2 (|MS]|, Theorem 6.2). The Teichmiiller space of a rational
function f of degree d is naturally isomorphic to

T(f, Q) x T4/ £) x By (f, T(f)),

where Q¢ f is a complexr manifold.

The idea in [FH2] is to extend all results in [MS] to entire functions with
Baker domains. Since every Baker domain for an entire function is simply
connected, they can be easily classified. Then the Theorem can be
applied to Baker domains.

From Theorem we know that function f(z) = z + e~* has a family
of Baker domains. In fact, there are no other Fatou components. Moreover,
we know that each Baker domain is parabolic type 1. Then, the following
theorem gives a characterization of Teichmiiller space restricted to a Baker
domain of an entire function.

Theorem 4.2.3 (FH, Main Theorem). Let U be a proper Baker domain of
an entire function f and U its grand orbit. Denote by S the set of singular
values of f in U, and by S the closure of the grand orbit of S taken in U.
Then T (f,U) is infinite dimensional except if U is parabolic type I and the
cardinality of §/f is finite. In that case the dimension of T(f,U) equals

1S/ fI=1.

It is not difficult to see that f(z) = z + e~ * is semi-conjugated to g(z) =
~% via the projective map m(z) = e*. So, it is possible to conclude that
J(f) has measure zero since the same happens for ¢ (see [Ber2]). The proof
for the measure of J(g) is based on a theorem in [EL1].

ze

Proposition 4.2.4. The map f(z) = z+e 7 is rigid, i.e. if f is a holomor-
phic map which is quasiconformally conjugated to f, then f is conjugated to
f by an affine map.
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For k € Z, let U, C F(f) represent an element of the family of Baker
domains for function f(z) = z 4 e~ #, and let Uy, represent their grand orbit.
Then, for f(z) = z 4+ e™* we have

T(f.C) = T(f.Ulhy) x Bi(£,.T(£)) = [ [ T(f.th) x Bi(f, T (f)).

It follows from Theorem that each T (f,Uy) is trivial. The measure
zero on J(f) implies Bi(f, J(f)) is trivial, then the Teichmiiller space of f
is trivial.

4.2.2 Conjecture

Given function
fo(z) = z +exp(l/z),

we know the following from the analysis in previous chapter:
e fo contains a family of Baker domains Uy, k € Z,

e cach Uy, is parabolic type I,

e cach Ug, k # 0 contains only one singular value, and Uy contains two,
e fy contains a Leau domain L at the parabolic fixed point z = oo,
e [ contains one singular value,

e there are no other Fatou components.

So, if we define the restricted Teichmiiller space over each Fatou component,
it is easy to see that it would be trivial, except for Up, in which case we have

dim T(f, Uo) =1.

We can then split the Teichmiiller space for f as follows

T(f0,C) = [ [ T(fo, Ux) x T(fo,Uo) x Bu(f, T (fo)). (4.2.1)
k#0

From the above relation, we have the following proposition.

Proposition 4.2.5. For fo(z) = z + exp(1/z), the dimension of the Teich-
miller space is given by

dim 7 (fo,C) = 1 + dim By (fo, T (fo))- (4.2.2)
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Several authors have proved that it is possible to approximate dynami-
cally the exponential function (see for example [BDHRGH] and [Kr]) through
polynomial functions of the form

Pyz) = (1+ g)d

with the approximation given as d — oo. In the same way, it is possible to
consider a rational approximation of the function fo(z) = z+exp(1/z) given
by

1\¢
Ri(z) =z + <1+dz> .
For the rational function R; we have the following immediate properties:
e 2y = o0 is a parabolic fixed point of Ry with one attracting petal.
e zy = —é is a parabolic fixed point of R; with d — 1 attracting petals
e There are no other Fatou components.

In this case, the parabolic fixed point zg — 0 as d — oo and the number
of petals converge to infinity, also seems that these petals turn into Baker
domains of function fy (another conjecture).

It is a well known conjecture (see Section 9 in [MS]) that

dim By (Rg, J(Rq)) =0, d < o0,
since Ry is a rational function. Then we consider the following conjecture.
Conjecture 4.2.6. For fy as above,
dim By (fo, I (fo)) < oo,

and then R
dim 7 (fo,C) < o0.






Appendix A

Asymptotic analysis

The existence of an essential singularity, prevents the analytic representa-
tion for a function around it. When such an essential singularity is a Baker
point, we have uniform convergence on the iterates of a function f inside the
Baker domain U in the sphere. One way to have a local representation for a
function f is using asymptotic analysis.

The present appendix contains basic concepts and some results relevant in
the proof ot the Main Theorem of this work. For further references see
[MIx]

A.1 Big-oh

The principal idea is to compare general functions with known functions.

Definition A.1.1. Let f and g be two complez-valued functions defined in
some set D of the complex plane. Then we write

f(z) = O(g(2)), z €D,
if we can find a constant K > 0 such that
|f(2)] < Klg(2)] whenever z € D.

That is, f is bounded in magnitude by a fixed constant multiple of g for all
z in the set D.

The following is a local definition for the big-oh operator.

Definition A.1.2. Let f and g be two complez-valued functions defined in
some set D of the complex plane and let zg be a limit point of D. Then we
write

f(z) =0(g(z2)), as z — zo from D

53



54 ASYMPTOTIC ANALYSIS

if there is a number § > 0 such that
f(z) = 0(g(2)), z € D with 0 < |z — z| <0,

in the sense of Definition [A.1.1l That is, [ is bounded in magnitude by a
fized constant multiple of g for all z € D that lie close enough to zg.

The same definition can be apply when point zg is the point at infinity,
in other words, if D is an unbounded set in the complex plane.

Definition A.1.3. Let f and g be two complex-valued functions defined in
an unbounded set D of the complex plane. Then we write

f(z) =0(g(2)) as z — oo from D
if there is a number M > 0 such that
f(z) = 0(g()), z € D with |z| > M,

in the sense of Definition [A.1.1l That is, [ is bounded in magnitude by a
fized constant multiple of f for all z € D. that are large enough.

Example A.1.4. For any positive exponent p > 0, however small, we have
log(z) = O(zP) as z — oo with z real and positive.

To prove this, suppose that we pick M = 1. Then for z > M,

2 dt 7 Z P 1 1
|log(z)| =log(z) = / — < / —dt < / —dt = —2P = —|2P|.
1t 1t o t P p

A.2 Little-oh

Instead of trying to bound f by a fixed multiple of |g|, we can try to bound
f by all constant multiples of |g|, at least if we look nearer to zy (or infinity)
whenever we wish to have a bound involving a smaller multiple of |g|.

Definition A.2.1. Let f and g be two complez-valued functions defined in
some set D of the complex plane and let zg be a limit point of D. Then we
write

f(z) =o(g(2)), as z — zo from D

if for any given € > 0, however small, we can find a corresponding 6(e) > 0
such that
|f(2)] < €lg(2)] whenever z € D and 0 < |z — zg| < (€).

That is, f is smaller in magnitude than any multiple of g for z € D close
enough to zy (how close depends on which multiple of g is being considered
as the bound).
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Similarly for asymptotic near infinity, we have the following.

Definition A.2.2. Let f and g be two complex-valued functions defined in
an unbounded set D of the complex plane. Then we write

f(z) =o0(g(z2)) as z — oo from D

if for any given € > 0, however small, we an find a corresponding M (e) > 0
such that

|f(2)] < elg(z)] whenever z € D and |z| > M (e).

A.3 Operation rules

We now list some rules for manipulating oh-terms.

e Constants in oh-terms. If C is a positive constant, then the estimate
f(z) = O(Cyg(z)) is equivalent to f(z) = O(g(z)). In particular, the
estimate f(z) = O(C) is equivalent to f(z) = O(1). The same holds
for o-estimates.

e Transitivity. O-estimates are transitive, in the sense that if f(z) =
O(g(2)) and g(z) = O(h(z)) then f(z) = O(h(z)) when the three
estimates are in the same domain and limit. The same holds for o-
estimates.

e Multiplication of oh-terms. If f;(z) = O(gi(2)), for i = 1,2, then
fi1(2) fa(z) = O(g1(2)g2(=)) when the three estimates are in the same
domain and limit. The same holds for o-estimates.

e Pulling out factors. If f(z) = O(g(z)h(z)) then f(z) = g(2)O(h(z)),
equivalently f(2)/g(z) = O(h(z)), when the three estimates are in the
same domain and limit. The same holds for o-estimates. This property
allow us to factor out main terms from oh-expressions.






Appendix B

Modern Trends in Complex
Analysis

For a rational function Theorem was proved by Fatou and Julia. Al-
though methods in their proofs were different, both use properties of rational
functions: existence of periodic points, existence of repelling or indifferent
periodic points and the bounded number of nonrepelling periodic points for
example. Some of these properties can be applied to transcendental mero-
morphic functions, but not in general.

For transcendental meromorphic functions, several authors have had to use
other tools, one of these tools is the celebrated Ahlfors’ Five Island Theorem.
The best reference for this, is the survey by W. Bergweiler in [Ber3|.

Theorem B.0.1 (AFIT [Berl|, Lemma 5). Let f be a transcendental mero-
morphic function, and let Dy, Ds,..., Dy be five simply connected domains
in C with disjoint closures. Then there exists j € {1,2,...,5} and, for any
R >0, a simply connected domain G C {z € C : |z| > R} such that f is a

conformal map of G onto D;. If f has only finitely many poles, then “five”
may be replaced by “three”.

From which is possible to deduce the following.

Theorem B.0.2 (|[Berl] Lemma 6). Suppose that f € M and that 21, 22, ...,
z5 € O~ (00)\{oo} are distinct. Define nj by f"(z;) = oo. Then there exists
J € {1,2,...,5} such that z; is a limit point of repelling periodic points of
mainimal period nj + 1. If f has only finitely many poles then “five” may be
replaced by “three”.

Which leads us to the conclusion of Theorem for f e M.
For function in class K, the existence of singularities different from the point
at infinity, makes the extension of Theorem [B.0.1I] complicated. Instead of
considering the complex plane C, it is possible to consider the extended
complex plane C. For this, we have the following derivative.
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Lemma B.0.3. Let f be meromorphic in a domain D. Then for all zg € D

the limit
f#(2) := lim o(f(2), f(z0))

220 |Z — ZQ|

exists, where o(-,-) denotes the spherical distance, and we have

" (z0)] .
() = { W o if f(20) # oc.
hmz%zO W Zf f(20> = 0.

We call f# the spherical derivative of f. It is continuous on D. With
this on hand, we have the following criterion for normal families in C.

Theorem B.0.4 (Marty’s Criterion). A family F' of meromorphic functions
in a domain D is normal if and only if the family {f# : f € F} of the
respective spherical derivatives is locally uniformly bounded, that s, if for
every 29 € D there exists a neighborhood U C D of zg and a constant M < oo
such that

ff<M forall z€ U and all f € F.

Finally, we have the rescaling lemma used in the proof of Theorem [I.4.9]
which was prove by L. Zalcman in [Za] and extended by X.C. Pang in [Pal.

Theorem B.0.5 (Zalcman-Pang Lemma). Let F' be a family of functions
meromorphic in the unit disc D all of whose zeros have multiplicity at least m
and all of whose poles have multiplicity at least p. Assume that —p < o < m.
If F is not normal at zy € D, then there exist sequences {fn}n CF, {zn}n C
D and {on}n C (0,1) such that lim, o0 0n, = 0, lim,_,,, 2, = 2o and the
sequence {gn}n defined by

gn(C) = Qla : fn(zn + QnC)

n

converges locally uniformly in C (with respect to the spherical metric) to a
nonconstant function g which is meromorphic in C and satisfies

g* () <g*(0)=1  forall ¢ €C.



Appendix C

Fatou components and
singularities of !

In general terms, the set of singularities of f~! is the set of points where
each branch of the inverse function f~' is not well defined. In the case
of a rational function, this set consists of the critical values of function f.
When we consider a transcendental meromorphic function (class £ or M, for
example), since the point at infinity is an essential singularity, we have to
add another points to this set. This points are the called finite asymptotic
values.

Definition C.0.1. Given a function f € {€,P1, M}, we called a point a € C
a finite asymptotic value of f if there exists a path v : [0,1) — C with
v(t) = oo as t — 1, such that f(y(t)) = a ast — 1.

As a simple example consider the function
f(z) =€,

and the path ~ :[0,1) — C given by

It is clear that the point @ = 0 is finite asymptotic value for f(z) = e®. It is
well know that function log z (in any branch) it not analytic in z = 0.

In the case of class K, the definition needs to be modified, since we have
more essential singularities. We have the following generalized definition.

Definition C.0.2. Given a function f € K, we called a point a € @\Ess(f)
an asymptotic value of f if there exist a path v :[0,1) — C and an essential
singularity e € Ess(f) with v(t) — e as t — 1, such that f(y(t)) — a as
t— 1.
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As an example, consider the function

1o =ew ()

in class K. In this case Ess(f) = {£3}, and the only asymptotic value is
a = 0 (from the properties of the exponential function).
We denote by Asym(f) to the set of asymptotic values of a function f € K.

Definition C.0.3. Given a function f € KC, we define the set of singularities
of 71 as

sing(f~1) := VCrit(f) U Asym(f),

where naturally, VCrit(f) is the set of critical values of function f.
And the postcritical set of f by

P(f) = | f(sing(f~)\Ess(f™).
n=0

Some texts consider the closure of this set or the starting index n = 1.
In the case of rational maps, recall that there are no Baker domains in this
case, it is well know that attractive and rotation domains has a close relation
with the set of singularities of f~!. This relation is given in the following
result.

Theorem C.0.4 (|[Berl|, Theorem 7). Let f be a meromorphic function and
let C ={Uy,Un,...,Up—1} be a periodic cycle of components of F(f).

o [f C is a cycle of immediate attractive basins of Leau domains, then
UjNsing(f~1) # 0 for some j € {0,1,...,p—1}. More precisely, there
exists j € {0,1,...,p— 1} such that U;Nsing(f~1) # 0 contains a point
which is not preperiodic or such that U; contains a periodic critical
point (in which case C is a cycle of superattractive basins).

o If C is a cycle of Siegel discs or Herman rings, then OU; C P(f) for
all j €{0,1,....p — 1}.

From the above theorem we can deduce that the number of immediate
attractive basins or Leau domains does not exceed the number of singularities
of f~1. Which in the case of rational function is finite, giving a bound for
the number of immediate attractive basins and Leau domains. The bound
for rotation domains was sharpened by M. Shishikura in [Sh].

For Baker domains the relation with singularities of f~! is not clear. There
are examples of Baker domains without singularities of f~! (univalent Baker
domains) and there are examples with infinitely many singularities of f~!
in it (see Examples in [Ri]).

The more accurate relation is given by Bergweiler in [Berd].
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Theorem C.0.5. Let f be a transcendental entire function with an invariant
Baker domain U and U N sing(f~1) =0, then there exists a sequence {pp}n
such that p, € Ot (sing(f=1)), |pn| = 00, |Pnt1/pn] — 1 and dist(p,,U) =
o(|pn|) as n — oo.

The above theorem, tell us that a Baker domain cannot lie too far from
the set P(f).







Bibliography

[Ah] L. V. Ahlfors. Complez Analysis, New York (State):McGraw-Hill. 1953.

[Au] M. Audin. Fatou, Julia, Montel: the Great Prize of Mathematical Sci-
ences of 1918, and beyond, New York (State):Springer-Verlag. 2011.

[Bal] I.N. Baker. Repulsive fizpoints of entire functions, Math. Z. (104) 252-
256. 1968.

[Ba2| I.N. Baker. The domains of normality of an entire function, Ann.
Acad. Sci. Fenn., Ser. A I 1, 227-283 (1975).

[Ba3] I.N. Baker. The iteration of polynomial and transcendental entire func-
tions, J. Austral. Math. Soc. Ser. A 30 no. 4, 483-495 (1980/81).

[Bad| I.N. Baker. Iteration of entire functions: an introduction survey, Lec-
tures on Complex analysis. World Sci. Publishing, Singapore 1-17.
(1988).

[BD] I.N. Baker & P. Dominguez. Analytic self-maps of the puncture plane,
Complex Var. Theory Appl., 37 (1998) 67-91.

[BDH| I.N. Baker, P. Dominguez & M.E. Herring. Dynamics of functions
meromorphic outside a small set. Ergodic Theory Dynam. Systems 21,
2001, pp. 647-672.

[BKL] LN. Baker, J. Kotus & Y. Lii. Iterates of meromorphic functions 111:
Preperiodic domains. Ergodic Theory Dynamical Systems 11 (1991),
603-618.

[BFJK] K. Baranski, N. Fagella, X. Jarque & B. Karpinska. Absorbing set
and Baker domains for holomorphic maps, J. London Math. Soc. (2),
(92) 2015.

[Be] A.F.  Beardon.  Iteration of  Rational  Functions, New
York(State):Springer-Verlag. 1991.

[Berl] W. Bergweiler. [terate of meromorphic functions, Bull. Amer. Math.
Soc. (29) 1993.

63



64 BIBLIOGRAPHY

[Ber2] W. Berweiler. Wandering domains in the iteration of entire functions,
Proc. London Math. Soc. Ser. (30) 1981.

[Ber3] W. Bergweiler. The role of the Ahlfors’ five islands theorem in complex
dynamics. Conf. Geom. Dyn. 4 (2000) 22-34.

[Berd| W. Bergweiler. Invariant domains and singularities, Math. Proc.
Camb. Phil. Soc. , 117 (1995) 525-532.

[BDHRGH] C. Bodelon, R.L. Devaney, M. Hayes, G. Roberts, L. Goldberg &
J.H. Hubbard. Dynamical convergence of polynomials to the exponential,
J. Differ. Equations Appl. 6 (3) 275-307. 2000.

[Bo| A. Bolsch. Iteration of meromorphic functions with countably many es-
sential singularities, PhD Dissertation. Techischen Universitdt Berlin
(1997).

[CG] L. Carleson & T.W. Gamelin. Complex Dynamics, New
York(State):Springer-Verlag. 1993.

[Con| J. Conway. Functions of one complex wvariable, New York
(State):Springer-Verlag. 1973.

[Cow| C.C. Cowen. [teration and solutions of functional equations for func-
tions analytic in the unit disk, Trans. Amer. Math Soc.(2) (36) 1981.

[DH]| P. Dominguez & A. Hernandez. Totally disconnected Julia set for dif-
ferent classes of meromorphic functions, Conf. Geom. Dyn. (18) 1-17.
2014.

[EL1] A.E. Eremenko & M.Y. Lyubich. Dynamical properties of some classes
of entire functions, Ann. Ints. Fourier, Grenoble (42) 1992.

[Es| T. Estermann. Complex numbers and functions, University of London,
Athlon Press. 1962.

[FH1| N. Fagella & C. Henriksen. Deformation of entire functions with Baker
domains, Discrete Contin. Dyn. Syst. (15) 2006

[FH2| N. Fagella & C. Henriksen. The Teichmiiller Space of an Entire Func-
tion, Complex Dynamics, 297-330, 2009

[Fa| P. Fatou. Sur litération des fonctions transcendantes entiéres, Acta
Math. France, 47 (1926) 337-360.

[Fal| P. Fatou. Sur les solutions uniformes de certaines équations fonction-
nelles, C.R. Acad. Sci. Paris, 143, 1906, pp. 546-548

[Hrm| M.R. Herman. Are the critical points on the boundary of singular
domains?, Comm. Math. Phys. (99) 1985.



BIBLIOGRAPHY 65

|[Her|] M.E. Herring. An extension of the Julia-Fatou theory of iteration,
PhD Dissertation. Imperial College of Science, Technology and Medicine
(1994).

[Hu| J.H. Hubbard. Teichmdller Theory: and Applications to Geomelry,
Topology, and Dynamics, Matrix Editions, (2006)

[IT] Y. Imayoshi & M. Taniguchi. An introduction to Teichmiller Spaces,
Springer-Verlag, (1992)

[Ju] G. Julia. Mémoire sur literation des fonctions ratonnelles, J. Math.
Pures Appl. (7th series), 4, 1918, pp. 47-245

[Ko] H. Kénig. Conformal conjugacies in Baker domains, J. London Math.
Soc. (59) 1999.

[KU] J. Kotus & M. Urbanski. Fractal measures and ergodic theory of tran-
scendental meromorphic functions, London Math. Soc. Lecture Note
Ser. 348 Cambridge Univ. Press. Cambridge 2008.

|[Kr|] B. Krauskopf. Convergence of Julia sets in the approzimation of Ae* by
[1+ (2/d)]¢, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 3 (2) 257-270.
1993.

[MS] C.T.McMullen & D.P. Sullivan. Quasiconformal homeomorphisms and
dynamics III. The Teichmiiller space of a holomorphic dynamical sys-
tem, Adv, Math. (135) 1998.

[Mlr] P.D. Miller. Applied Asymptotic Analysis, Providence, R.I. American
Mathematical Society. (2006).

[Mi] JJW. Milnor. Dynamics in one complex wvariable, Stony Brook,
N.Y.:Institute for Mathematical Sciences. 1990.

[MSK] M.A. Montes-de-Oca, G. Sienra & J. King. Baker domains of period
two for the family fy,(z) = Xe* + p/z, Int. J. of Bif. and Chaos. Vol.
24, no. 5 (2014).

[Pa] X.C. Pang. On normal criterion of meromorphic functions. Sci. Sinica
(5) 33 (1990), 521-527.

[Ri] P.J. Rippon. Baker domains, Trascendental dynamics and complex ana-
lysis. London Math. Soc. Serv. (348) 2008

|RS] P. J. Rippon & G. Stallard. Families of Baker domains I, Nonlinearity,
12(1999) 1005-1012.

[Sc] D. Schleicher. Dynamics of entire functions, Holomorphic Dynamical
Systems, 295-339, 2010.



66 BIBLIOGRAPHY

[SS] R. Shakarchi & E.M. Stein. Complez Analysis, Princeton University
Press. 2003.

[Sh] M. Shishikura. The connectivity of Julia sets and fized points, Complex
Dynamics, 257-276, A K Peters, Wellesley, MA, 2009.

[St] N. Steinmetz. Rational Iteration, de Gruyter. 1993.

[Su| D.P. Sullivan. Quasiconformal homeomorphisms and dynamics I. Solu-
tion of the Fatou-Julia problem on wandering domains Ann. of Math.(2),
(122) 1985.

[Za] L. Zalcman. Normal families: new perspectives, Bull. Amer. Math. Soc.
35 (1998), 215-230.



	Página de Título
	Dedicatoria
	Acknowledgments
	Introduction
	Index
	Index of figures

	Preliminaries
	Classes of functions R, E, P1 and M 
	Results in iteration theory
	Julia set and periodic points
	K, a more general class

	Baker domains
	Fatou components
	Examples
	Local linearization
	Classification of Baker domains
	Families of Baker domains

	Results
	Preliminary results
	Main result
	Example: a uni-parametric family
	The case in M
	The case in K

	Distribution of critical points and connectivity results
	Critical points
	Connectivity

	More examples

	Future work and open questions
	Open questions
	Future work
	The Teichmüller space
	Conjecture


	Asymptotic analysis
	Big-oh
	Little-oh
	Operation rules

	Modern Trends in Complex Analysis
	Fatou components and singularities of f-1

