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Abstract

The demand for reliable small area estimates derived from survey data has increased greatly
in recent years due to, among other things, their growing use in formulating policies and
programs, allocation of government funds, regional planning, small area business decisions
and other applications.

Traditional area-specific (direct) estimates may not provide acceptable precision for small
areas because sample sizes are rarely large enough in many small areas of interest. This
makes it necessary to borrow information across related areas through indirect estimation
based on models, using auxiliary information such as recent census data and current ad-
ministrative data. Methods based on models are now widely accepted. Popular techniques
for small area estimation use explicit statistical models, to indirectly estimate the small
area parameters of interest.

In this thesis, a brief review of the theory of Linear and Generalized Linear Mixed Models is
given, the point estimation focusing on Restricted Maximum Likelihood. Bootstrap meth-
ods for two-Level models are used for the construction of confidence intervals. Model-based
approaches for small area estimation are discussed under a finite population framework.
For responses in the Exponential family we discuss the use of the Monte Carlo Expectation
and Maximization algorithm to deal with problematic marginal likelihoods.
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Chapter 1

Introduction

Small Area Estimation (Rao, 2003) tackles the important statistical problem of providing
reliable estimates of a variable of interest in a set of small geographical areas. The main
problem is that it is almost impossible to measure the value of the target variable for all
the individuals in the areas of interest and, hence, a survey is conducted to obtain a rep-
resentative sample.

Surveys are usually designed to provide reliable estimates of finite population parameters
of interest for large domains in which the large domains can refer to geographical regions
such as states, counties, municipalities or demographic groups such as age, race, or gender.
The information collected is used to produce some direct estimate of the target variable
that relies only on the survey design and the sampled data. Unfortunately, sampling from
all areas can be expensive in resources and time. Domain estimators that are computed
using only the sample data from the domain are known as direct estimators. Even if di-
rect estimators have several desirable design-based properties, direct estimates often lack
precision when domain sample sizes are small. In some cases there might be a need for
estimates of domains which are not considered during planning or design, and this leads
to the possibility that the sample size of the domains could be small and even zero. Di-
rect estimators of small area parameters may have large variance and sometimes cannot
be calculated due to lack of observations (Rao, 2003,Chapiter 1, Montanari, Ranalli and
Vicarelli, 2010).

To produce estimates for small areas with an adequate level of precision often requires
indirect estimators that use auxiliary data through a linking model in order to borrow
strength and increase the effective sample size. Regression models are often used in this
context to provide estimates for the non-sampled areas. The model is fitted on data from
the sample and used together with additional information from auxiliary data to compute
estimates for non-sampled areas. This method is often known as synthetic estimation
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(Gonzlez, 1973).

Small area estimation (SAE) involves the class of techniques to estimate the parameters of
interest from a subpopulation that is considered to be small. In this context, a small area
can be seen as a small geographical region or a demographic group which has a sample
size that is too small for delivering direct estimates of adequate precision (Rao, 2003,
Chapiter 1). The overriding question of small area estimation is how to obtain reliable
estimates when the sample data contain too few observations (even zero in some cases)
for statistical inference of adequate precision due to the fact that the budget and other
constraints usually prevent the allocation of sufficiently large samples to each of the small
areas as we mentioned in the previous paragraph.

1.1 Background

The use of small area statistical methods has been in existence dating back to as early as
the eleventh and seventeenth centuries in England and Canada respectively. In these cases,
they were based on either census or on administrative records (Brackstone, 1987). In re-
cent years, the statistical techniques for small area estimation have been a focus for various
authors in the context of sample surveys, and there is an ever-growing demand for reliable
estimates of small area populations of all types (both public and private sectors). Some
of the main reasons of that demand that we can pick out are: Administrative planning,
disease mapping, determination of state funding allocations, etc. Examples of small area
estimation applications include: The prediction of the area under corn and soybeans in
counties of Iowa (Battese et al., 1988), the production of estimates of income and poverty
measures for various population subgroups for states, counties and school districts (Rao,
2003, Chapiter 1).

Traditional methods of indirect estimation mentioned provide a link or a connection to
related small areas through supplementary data and make specific allowance for between
area variation. In particular, the mixed model involving random area-specific effects that
account for between area variation.

Mixed models with unit level auxiliary data have been used for small area estimation by a
good number of authors. Battese, Harter and Fuller (1988) use a linear mixed model to pre-
dict the area planted with corn and soybeans in Iowa counties. In this case, the area under
corn and soybeans are considered to be small because the sample sizes obtained were too
small for direct estimation. Datta and Ghosh (1991) introduce the hierarchical Bayes pre-
dictor for general mixed models. Larsen (2003) compared estimators for proportions based
on two unit level models, a single model with no area level model covariates and a model
using the area level information. Malec (2005) proposes Bayesian small area estimates
for means of binary responses using a multivariate binomial (multinomial) model. Jiang
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(2007) reviews the classical inferential approach for linear and generalized linear mixed
models and discusses the prediction for a function of fixed and random effects. Montanari,
Ranalli, and Vicarelli (2010) consider unit level linear mixed models and logistic mixed
models, for binary response variables and fully known auxiliary information. Vizcaino,
Cortina, Morales Gonzalez (2011) derive small area estimators for labor force indicators in
Galicia using a multinomial logit mixed model.

1.2 Structure of the Thesis

In Section 1.1 we introduced the idea of small area estimation and highlighted some con-
cepts of small area estimation applied to a wide variety of situations. The work presented
in this thesis can be divided into two broad categories, the first dealing with a linear mixed
model approach with emphasis on small area estimation. The second category involves the
use of generalized linear mixed models in small area estimation. The rest of this thesis is
structured in the following manner. Chapter 2 gives an overview of approaches to small
area estimation. In Chapter 3, the general theory on linear mixed models is introduced,
two approaches for parameter estimation are considered: Point estimation and confidence
interval estimation. Furthermore, the theory of prediction is applied to find the Empirical
Best Linear Unbiased Predictor (EBLUP) of the random effects. In Chapter 4, the theory
on linear mixed models and the related EBLUP theory revised in Chapter 3 is applied to
the estimation of small area quantities of interest using the nested error regression model
based on the general theorem of prediction. In Chapter 5, the class of generalized linear
mixed models is introduced and its various aspects such as model formulation, estimation
and the Monte Carlo Expectation Maximization (EM) algorithm are presented. Chapter
6 looks at the Small Area Estimation under mixed effects logistic models. The application
and contextualization of the generalized linear mixed models and the related Empirical
Best Predictor (EBP) is implemented in the context of small area estimation. Finally,
general conclusions and suggestions for future research are presented in Chapter 7.

1.3 Main Contribution of the Thesis

The overall objective of this work is to review the various statistical models and then
consequently implement their applications in the small area estimation context. In doing
the review, we considered the Linear Mixed Models (LMM) and the Generalized Linear
Mixed models (GLMM). Firstly, we give a review on theory of the Linear Mixed Model
and applications to small area estimation under the normality assumption using the MLE
and REML methods, and we further explain the derivation of the Best Linear Unbiased
Predictor /Empirical the Best Linear Unbiased Predictor. Secondly, we contextualize the
Generalized Linear Mixed Models approach in small area estimation with emphasis on
making inferences on the model parameters when applied to count data. Given the struc-
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ture of these models, we show that the direct ML and REML methods are limited due to
the complexity of the (marginal) likelihood function and we suggest the Monte Carlo EM
as an alternative method of parameter estimation that avoids of the complexities of direct
ML methods.



Chapter 2

Approaches to Small Area
Estimation

2.1 Introduction

In this chapter, we briefly describe some approaches to small area estimation. In general
we can differentiate two types of small area estimators: direct and indirect estimators. The
direct small area estimator is based on survey design, while indirect estimators are mainly
based on different models and techniques such as implicit model based approaches that
include synthetic and composite estimators known as traditional indirect estimators, and
explicit models which are categorized as area level and unit level models and are based on
mixed model methodologies (Rao, 2003, Chapiter 5).

In this chapter we will briefly talk about, direct small area estimators, implicit models
(synthetic and composite estimators) and explicitly small area models (unit level model
and area level model).

2.2 Direct Estimation

Following the definition given by Rao (2003), a small area estimator is direct when it uses
the sample values of study variables from the specified area only. In general, the direct
estimators are unbiased estimators, however, due to the small sample size, such estimators
might have unacceptably large standard errors. Within this type of estimators there is the
expansion estimator. Assume that the quantity of interest is the total Y and there is no
auxiliary information. The expansion estimator of Y is

Y = sz‘yi,
S

5
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where w; are the design weights, s is a selected sample, i € s.

2.3 Indirect Estimation

Indirect or model-based small area estimators rely on statistical models to provide estimates
for all small areas. Once the model is chosen, its parameters are estimated using the data
obtained in the survey. Animportant issue in indirect small area estimation is that auxiliary
information or covariates are needed.

2.3.1 Synthetic Estimation

The synthetic estimator is an example of an estimator, which can be considered either
model-based or design-based model-assisted. In both cases the specified linear relationship
between y (study variable) and the auxiliary variables, described with the parameter g
(vector of regression coefficients) plays an important role. In the design-based approach
we assume no explicit model, but the more correlated y is with the auxiliaries the more
efficient is the estimator. The name synthetic estimator comes from the fact that these
estimators borrow strength by synthesizing data from many different areas.

It is called a synthetic estimator, the one which is a reliable direct estimator for a large
area, covering various small areas, and is used as an estimator for a small area considering
that the small area has the same characteristics as the larger area (Gonzlez, 1973, Rao,
2003, Chapiter 4).

2.3.2 Composite Estimation

As we mentioned, as the sample size in a small area increases, a direct estimator becomes
more desirable than a synthetic estimator. This means, when area level sample sizes are
relatively small the synthetic estimator outperforms the traditional direct estimator. Syn-
thetic estimators have a big influence of information from the other areas, thus they may
have small variance but a large bias in the case where the hypothesis of homogeneity is not
satisfied.

According to Rao (2003), to avoid the potential bias of a synthetic estimator, say Y;s and
the instability of the direct estimator, say Y;4, we consider a convex combination of both,
known as the composite estimator.

A~

Yie = wiffis + (1 - Wi)ﬁda

for a suitable chosen weight w; (0 < w; < 1), where ¢, s, and d stand for composite,
synthetic and direct, respectively.
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2.4 Small Area Models

2.4.1 Introduction

Traditional methods of indirect estimators, mentioned above, are based on implicit models
(synthetic and composite). We now turn to explicit linking models which provide significant
improvements in techniques for indirect estimation. Based on mixed model methodology,
these techniques incorporate random effects into the model. The random effects account
for the between-area variation that cannot be explained by including auxiliary variables.
Most small area models can be defined as an area-level model or a unit-level model (Rao,
2003, Chapiter 5).

2.4.2 Basic Area Level Model

The area level model relates the small area information on the response variable to area-
specific auxiliary variables. One of the most widely used area level models for small area
estimation was proposed by Fay and Herriot (1979). According to the Fay-Herriot model,
a basic area level model assumes that the small area parameter of interest 7; is related to
area-specific auxiliary data x; through a linear model

ni=xiB+uv, i=1,2,...,m, (2.1)

where m is the number of small areas, 8 = (01, 2,...,08p)" is p X 1 vector of regression
coefficients, and the v;’s are area-specific random effects assumed to be independent and
identically distributed (iid) with E(v;) = 0 and Var(v;) = o2, model expectation and
model variance respectively. Normality of the random effects v; is also often used, but it
is possible to make robust inferences by relaxing the normality assumption (Rao, 2003).

The area level model assumes that there exists a direct survey estimator 7; for the small
area parameter 7; such that

f/i:erei,i:l,Q,...,m, (22)

where the ¢; is the sample error associated with the direct estimator 7;, with the assump-
tions that the ¢;’s are independent normal random variables with mean E(e;) = 0 and
Var(e;) = 7;. Combining these two equations, yields the area level linear mixed model

i = (B + vi + €. (2.3)

2.4.3 Basic Unit Level Model

Unit level models relate the unit values of the study variable to unit-specific auxiliary
variables. These variables are related to the unit level values of response through a linear
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mixed model known as nested error linear regression model. This type of model can be
represented by the following equation

vij = T4 B + vi + €35, (2.4)

where y;; is the response of unit j, j = 1,2,...,n;, in area ¢, i = 1,2,...,m, x;; is the
vector of auxiliary variables, 8 is the vector of regression parameters, v; is the random
effect of area i and ¢;; is the individual unit error term. The area effects v; are assumed
independent with mean zero and variance 2. The errors €;; are independent with mean
zero and variance 062. In addition, the v; and €;;’s are assumed to be independent.

The nested error unit level regression model (2.4) was first used to model county crop areas
in North-Central Iowa, USA (Battese et al., 1988).

2.5 Comparisons Between Model-based with Design-based
Approaches

In this Chapter, we have looked at some of the design-based and model-based approaches
for small area estimation that have been described in the literature. However, in prac-
tice the direct design-based estimators have been highly appreciated, because they are
approximately design unbiased. The traditional indirect estimators, such as synthetic and
composite estimators, are based on implicit linking models. Synthetic estimators for small
areas are derived from direct estimators for a large area that covers several small areas
under the assumption that the small areas have the same characteristics as the large area.
Composite estimators are basically weighted averages of direct estimators and synthetic
estimators. Both synthetic and composite estimators can yield estimates that provide
higher precision compared to direct estimators. However, both types of estimators share
a common tendency to be design-biased, and the design bias does not necessarily decrease
as the sample size increases.

The explicit linking models provide significant improvements in techniques for indirect esti-
mation. Based on mixed model methodology, these techniques incorporate random effects
into the model. The random effects account for the between-area variation that cannot
be explained by including auxiliary variables. Most small area models can be defined as
an area-level model, or a unit-level model. Area-level models relate small-area direct esti-
mators to area-specific auxiliary data. Unit-level models relate the unit values of a study
variable to unit-specific auxiliary data .

In small area estimation, the focus is on bias and variance. For a Small sample size, the
unbiasedness of the direct estimators, may be of no practical value due to its large variance.
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Model-based estimators may be sometimes biased, but they have the advantage of small
variances compared to the design-based estimators (Rao, 2003, Chapiter 5).
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Chapter 3

Linear Mixed Models (LMMs)

3.1 Introduction

In this chapter we present an overview of the linear mixed model. It is not intended to
be an all encompassing exposition on the subject; the rationale is to briefly explore the
methods for parameter estimation used throughout the thesis. In particular, it serves as
an introduction to the models that will be used in Chapter 4. The model-based small
area estimation largely employs linear mixed models involving random area effects. The
auxiliary variables are introduced in the fixed part of the model as covariates.

A linear mixed model (LMM) can be viewed as a parametric linear model for clustered, or
longitudinal data that defines the relationships between a continuous dependent variable
and various predictor variables (covariates) (Brady et al., 2007). The term mixed refers
to the presence of fixed and random effects. To moderate the random variation in the
dependent variable at different levels of the data, random effects are directly used since
they are associated with one or more random factors.

Generally, clustered data are defined as data sets obtained after measuring the variable
of interest on different individuals grouped in a cluster. Longitudinal data, are viewed as
data sets in which the dependent variable (observed variable) is measured several times
over time for each individual.

LMMs can be considered as hierarchical models with at least two levels of data. There-
fore, clustered, and longitudinal data are referred to as hierarchical data sets, since the
observations can be placed into levels of a hierarchy in the data. Considering clustered, or
longitudinal data sets as multilevel data sets with at least two-level, we have the following:
Level 1 denotes observations at the most detailed level of the data. In a clustered data set,
Level 1 represents the units of analysis (or subjects) in the study. In a longitudinal data

11
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set, Level 1 represents the repeated measures made on the same unit of analysis. Level 2
represents the next level of the hierarchy. In clustered data sets, Level 2 observations rep-
resent clusters of units. For longitudinal data sets, Level 2 represents the units of analysis
(Brady et al., 2007, McCulloch and Searle, 2001, Kubokawa, 2009).

This chapter will cover the following topics, linear mixed model formulation, point esti-
mation of parameters, confidence intervals for fixed parameters, bootstrapping two-Level
models and prediction of random effects.

3.2 Model Formulation

There exist different ways to represent and classify LMM which can be expressed at indi-
vidual level (Level 1) or Level 2, as well as in matrix notation. The common assumption
is that of normality for all random effects; in this case the LMM is called Gaussian Mixed
Models (Brady et al., 2007, Jiang, 2007).

In this section we present some alternative representations of LMMs, such are a general
matrix specification, hierarchical linear model and marginal linear model which help to
write a explicit expression of likelihood function.

3.2.1 General Specification of Model

According to Brady et al. (2007), a simple and general form that indicates how most of
the components of an LMM can be written at the level of an individual observation (Level
1) in the context of a clustered two-level data set. By convention, the index j refers Level
1 units and index ¢ means Level 2 units.

— At t
Yij = xi]ﬂ + ZijUi + €ij

~— ~ ~
fixed random random
t=1,...,m;

i=1,...,n (3.1)
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where:

Y;j = response of 4 member of cluster 4
m = number of clusters
n; = size of cluster ¢
x;j = covariate vector of 4" member of cluster i for fixed effects, € RP
B = fixed effects parameter, € R?
2z = covariate vector of 4 member of cluster i for random effects, € R?

u; = random effect parameter, € RY,
with assumptions that

u; ~ Ny(0, D), D € RI%4
€i1
e; = ~ Nni(O, Ei), 3; € R™Mixmi

ez’m

ULy .oy Um, €1, ... ,6En are assumed independent,>; is covariance matrix of error vector e;
in cluster ¢ and D is covariance matrix of random effects wu;.

Elements along the main diagonal of the D matrix represent the variances of each random
effect in wu;, and the off-diagonal elements represent the covariances between two corre-
sponding random effects. Since there are g random effects in the model associated with
the it" cluster, D is a ¢ x ¢ matrix that is symmetric and positive definite, and is defined
as follows:

Var(u;1) Cov(uit, ui2) ... Cov(uir,uig)
Cov(u;1, u; Var(u; ... Cov(uio,u;

D = Var(u;) := ( ,1 2 ( 2 ( .2 2
Cov(uir, uig) Cov(u,uig) ... Var (uiq)

The variance and covariance components of the D matrix can be treated as parameters
stored in a vector denoted by 6p with elements and dimension depending on the structure
of the matrix D.

In contrast to the standard linear model, the residuals associated with clustered observa-
tions within the same cluster in an LMM can be correlated. We assume that the n; residuals
in the vector e; for a given cluster, i, are random variables that follow a multivariate normal
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distribution with a mean vector 0 and a positive definite symmetric covariance matrix ¥;
which is defined in the following general form:

Var(eﬂ) COV(eﬂ, eig) e Cov(eil, eim)
Cov(e;jo, €; Var(e; ... Cov(ei, ein;
Y, = Var(e;) := ( .2 ) ( 2) ( ,2 )
Cov(ein,;,ei1) Cov(ei,,€e) ... Var(ein,)

In the same way as the case of matrix D, the variance and covariance components of the
Y; matrix are stored in a vector denoted by 0.

Considering both cases we define the vector, # that will be used in subsequent sections,
which combines all covariance parameters contained in the vectors fp and fy,. Often
the parameters in 6 are simply variance and covariance components, but sometimes they
may have other interpretations such as the autoregressive parameter and moving average
component which are used in time series settings (e.g. Box and Jenkins, 1970) or the sill
and range in geostatistical applications (e.g. Cressie, 1991).

Covariance Structures for the D Matrix

A D matrix is defined to be unstructured if there are no additional constraints on the
values of its elements (aside from positive definiteness and symmetry). The symmetry in
the ¢ x ¢ matrix D indicates that the §p vector has ¢ x (¢ + 1)/2 parameters. As example
of an unstructured D matrix, in the case of an LMM having two random effects associated
with the i*" cluster, we consider the following structure:

2
D = Var(u;) = < T ) :

O-ul ,u2 ng

In this case, the vector p contains three covariance parameters:

o2

ul
QD = Ouy,uz
ol
Taking into account certain constraints on the structure of D, the very commonly used
structure is the variance components (or diagonal) structure, in which each random effect
in u; has its own variance, and all covariances in D are defined to be zero. In general, the
0p vector for the variance components structure requires ¢ covariance parameters, defining

the variances on the diagonal of the D matrix. For example, in an LMM having two random



3.2. MODEL FORMULATION 15

effects associated with the i* subject, a variance component D matrix has the following
form:

2
D:Var(ui):<081 2)

Ous

In this case, the vector 0p contains two parameters:

2

o
o= 71 ).

Ty

Covariance Structures for the >; Matrix

The simplest covariance matrix structure for ¥; is the diagonal one, in which the residuals
associated with observations in the same cluster are assumed to be uncorrelated and to
have equal variance. The diagonal Y; matrix for each cluster ¢ has the following structure:

o2 0 ... 0

0 o2 ... 0
Y, = Var(e;) :=

0 0 ... o2

Here we see that the diagonal structure implies one parameter in fy,, which defines the
constant variance at each time point:

Os, = o>

There exist also other structure of covariance matrix ¥; called compound symmetry struc-
ture. Its general form for each subject ¢ is as follows:

o? + 0’% O’% . a%
O'% o? + O'% o O'%
¥, = Var(e;) ==
a% 0% s 024 a%

In this case there are two parameters in the 0y, vector that define the variances and
covariances in the ¥; matrix:
2
05, = ( 7 > :
01

The other structure which is commonly used as the covariance structure for the ; matrix,
is a first-order autoregressive structure and is denoted by AR(1) for which the general form
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is :

o2 o2p o2 i1
a2p o2 o2 =2
Y; = Var(e;) == ) )

The AR(1) structure has only two parameters in the 6 vector that define all the vari-
ances and covariances in the ¥; matrix, a variance parameter (02 > 0 ) and a correlation

parameter ( —1 < p < 1),
2
b5, = ( 7 > :
p

Note that the AR(1) structure is frequently used to fit models when data sets are character-
ized to be equally spaced longitudinal observations on the same units of analysis. According
to this structure, the observations which are closer to each other in time exhibit higher
correlation than observations farther apart in time. In any given analysis, the structure for
the ¥ matrix that seems to be most appropriate, is determined due to the given observed
data and knowledge about the relationships between observations on an individual subject
or cluster.

3.2.2 General Matrix Specification

We now consider the general matrix specification of an LMM for a given cluster ¢,

Where
i zh Yi1
X; = : e RY*P 7, = : e R"*4 Y, := : e R™.

xini zini Yin,
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The matrix formulation for a LMM is of the form

Y1 X1 D
Y= : eR", X = : ER™P BeRP, G:= € Rmaxmy,
Y X D
Z1 Onixg --- Onixg 0 .0
Onoxqg 22 ,
Z = ) e R™™I 0y, xq == : € R™*4
(S~ Zm 0 0
uy e1 > 0 m
U= : e R™, e:= : eR”, R:= e R"™"™ n= an
U, em 0 pI i=1

with this, the Linear Mixed Model eq.(3.2) can be rewritten as

Y =XB+ Zu+e, (3.3)

(&) =mn ((0) (ol "57))

3.2.3 Hierarchical Linear Model (HLM) Specification of the LMM

where

It is often convenient to express an LMM in terms of an explicitly defined hierarchy of
simpler models, which correspond to the levels of a clustered or longitudinal data set.
When LMMs are specified in such a way, they are often referred to as hierarchical linear
models (HLMs), or multilevel models (MLMs). The HLM form of an LMM is equivalent
to the general LMM introduced in (3.2), and may be implemented for any LMM. Here
we present a general form for the HLM specification of LMMs as a two level hierarchical
model.

Yiu ~ N, (X8 + Zu, R)
U~ Ning (0, G) . (3.4)

3.2.4 Marginal Linear Model

In subsection 3.2.1 we defined a general form for LMM where the random effects are spec-
ified to explain the between-cluster variation. LMMs are referred to as cluster-specific
models since it is possible for them to perform the cluster-specific inference.
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The marginal linear model is different from the LMM due to the fact of having random
effects or not. Marginal models do not allow the cluster-specific effects since the random
effects are not specified. The following is the marginal model specification implied by an
LMM.

The marginal model in matrix form is

Y = X3 +¢%, (3.5)
where
" U
€ :Zu+e:( Z I,xn )< >
A
with
5* ~ Nn (Oa V)
where

V:A<§ g)AtZ(Z Inxn)<§ 22)(15:71)
= (zG R)( o >

I’an
= ZGZ'+ R
Z1DZ7 + ¥4 0
0 ZmDZ, + X0,
i 0
0 Vin

The implied marginal model defines the marginal distribution of the Y vector:
Y ~N,(X5,V).
The implied marginal model has an advantage due to the flexibility of carrying out the

estimation of fixed model parameters (fixed-effects and variance components) in an LMM
without worrying about the random effects.
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3.3 Estimation in Linear Mixed Models

In the LMM, we estimate the fixed-effect parameters, 8 , and the covariance parameters,
(i.e., Op and Oy, for the D and ¥; matrices, respectively). In this section, we discuss
maximum likelihood (ML) and restricted maximum likelihood (REML) estimation, which
are methods commonly used to estimate these parameters.

3.3.1 Maximum Likelihood (ML) Estimation

In general, maximum likelihood (ML) estimation is a method of obtaining estimates of un-
known parameters by optimizing a likelihood function. To apply ML estimation, we first
construct the likelihood as a function of the parameters in the specified model, based on
distributional assumptions. The maximum likelihood estimates (MLEs) of the parameters
are the values of the arguments that maximize the likelihood function (i.e., the values of
the parameters that make the observed values of the dependent variable most likely, given
the distributional assumptions).

In the context of the LMM, we construct the likelihood function of 8 and 6 by referring to
the marginal distribution of the dependent variable Y defined in (3.5). The corresponding
multivariate normal probability density function, f(Y'|3,6), is :

f(Y18,0) = (2m) "2V |71/ eXp{—%(Y ~ XB)'VTHY — XB)}. (3.6)

Recall that the elements of the V matrix are functions of the covariance parameters in 6.
So that the log likelihood is

1(8,0) = —%(Y ~ XB)VNY — XB) — %ln(|V|) ~ n(2m) (3.7)

Case 1: Assume 6 is Known

We consider a special case of ML estimation for LMMs, in which we assume that 6, and
as a result the matrix V', is known. In this case, the only parameters that we estimate are
the fixed effects, 8. The log-likelihood function, [(3, #), thus becomes a function of 5 only.
Then we differentiate respect to 3:

gé = 22XV Yy — Xp)
= 2X'Vly 4 2xtv—1p
setting to zero, we get
—2X'Vly 4+ 2X'VIXB =0
Xv-ly = xtv-1xp
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We solve that equation, we get the maximum likelihood estimator

= (Xxvx)'xtv-ly. (3.8)
Which is also known as the Generalized Least Squares (GLS) estimator when it is assumed
that Y has a normal distribution.

Case 2: Assume 6 is not Known

In this case the previous relation (3.8) becomes
BO) = (X'V(O) X)XtV (9)~ty. (3.9)

To estimate V(#), we put (3.9) into (3.7) to obtain the profile log likelihood

1y (0) =1 (3(6),6) = 5 (v — XBO) V() (v - XB(9) ~ 3 m(V®)]) - 5 In(2)

The profile log likelihood is then maximized to find 0p;y.

Harville (1977) asserts that, in estimation of variance parameters, however, the ML method
suffers from some well known problems. One of them, it tends to give variance estimates
that are biased. For the ordinary linear model where m = 1, V = ¢%I and ¢ = 0, the ML
estimator of the single variance component o2 has expectation

B(&3) = E{(Y = XB)'(Y — XB)/n}
- %E {(Y'"(I, - X(X'X)"'X")Y}
= %a%r([n - X(X'X)7' X" + %BtXt(In - X(X'X)"'X"Xp

n—r
I 52
n
where 7 is the rank of matrix X. So the bias is o?r/n, that can be significant in the case

that the number of degrees of freedom n — r is very small.

At least to some extent, these problems of ML estimation can be avoided by adopting
another likelihood-based procedure called residual ML or restricted ML (REML).

3.3.2 Restricted Maximum Likelihood (REML) Estimation

The REML method is based on the likelihood principle and has the same merits, like
consistency, efficiency and asymptotic normality, as the ML method. The REML method
is now a widely preferred approach to estimate variance parameters in mixed models (Searle



3.3. ESTIMATION IN LINEAR MIXED MODELS 21

et al., 1992, Pinheiro and Bates, 2000, Verbeke and Molenberghs, 2000, Diggle et al., 2002).
The REML estimates of 6 are based on optimization of the REML log-likelihood function.
It means we first remove the effect of the fixed variables: Remember that the residuals are
uncorrelated with all the fixed variables in the model. The distribution of the residuals is
also normal. But the distribution of the residuals no longer depends on the estimates of
the fixed effects; it only depends on the variance components. Harville (1977) considered
a joint likelihood function of (3, 6), where by integrating the joint likelihood, he calculated
the marginal likelihood function depending only on 6 (restricted likelihood):

In (6) = In (/L (8,0) dﬁ) (3.10)
where
[0 = [Ivorien e {—;Y — XB)V(0) (Y - Xﬁ)} as. (3.11)

Now consider

Y - XB)WVEO) N Y - XB) =8 XVO) X3 -2V V() ' XB+YV(O) Y

A(0)
Define:

B(0) = A(6)"' X'V (9)~L.
Adding and subtracting Y*B(0)'A(§)B(A)Y , we get

(Y = XB)'V(0) " (Y = XB) = (8- B(0)Y)'A(6)(5 - B(O)Y)+
YiV(0)~'Y — Y!B(0)'A(6)B(9)Y.

Note that

Therefore we have
/L (8.0)dB = V()2 (2m) "2 exp{~1/2 x (Y'[V(0)™* + B(0)' A(0) B(0)]Y } x

[ expl(=5(8 - BOY)'40)(5 - BO)Y)}ds

(277)17/2

-1 —n Lo - t
= [V(9)["z(2m) /QGXP{—i(Y [V(9) 1+B(9) A(H)B(Q)]Y}W‘
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Now
(Y = XB(0)' V() (Y = XB(6) = Y'V(O) 'Y —2Y'V(6) ' XB(0) + B(6) X'V ()X B(6)
A(6)

= Y'V(O)T'Y —2Y'V(0) T XB(0) + 5(0)" A()5(9)
= Y'V(9)7lY — 2Y'B(0)'A(0)B(O)Y + Y'B(0)'A(6)B(O)Y
= YV 'Y —Y'B(0) A0)B(9)Y.

Here we used:

BO) = (X,V(O) X)XV (0) "y = AB) XV (0)"Y = B(9)Y,

and

B(0)!A0)B(0) = V(0) ' XA(0)A0)B(0) = V(0) ' X B(9).
Therefore it follows from (3.11)

PN 1 VI . o \P/2
[ 266145 = V(O)1h2m) 2 expl— (v = XBO) V()Y ~ XFO)) o

Then

e (®) =tn ([ L(3,0)05) = ~5 (V) - {0~ XEOIVE) (¥~ XA6) - 5 m(lAG)) +

= 1, ()~ 5 (I AB)]) + c

Therefore the restricted ML (REML) of 6 is given by Orpa L which maximizes
1
Ir(0) =1,(0) — 3 In(| X'V (0)"1X)). (3.12)

Substituting the estimator Veemr = V(éREML) into the GLS formula (3.8) gives the
REML estimator of g

BreML = (XtVR_E%MLX)_lXtVIgEl‘MLY (3.13)

3.4 Confidence Intervals for Fixed Effects

In general, standard errors are often used to assign approximate confidence intervals to
a parameter # of interest. A confidence interval is often more useful than just a point
estimate 6. Taken together, the point estimate and the confidence interval say what is
the best guess for 6, and how far in error that guess might reasonable be. In this section
we consider the way to find the confidence intervals for fixed effects under the above
distribution assumptions for linear mixed models (Gaussian Mixed Models).

Cc
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3.4.1 Normal Confidence Intervals

Under the assumptions that Y ~ N(X 3,V (0)), holds and B rEML is asymptotically normal
with mean (0 and approximate variance-covariance matrix given by

Var(8) = (X' X) ™!

where 67 = (X tVI{é v X); ! are considered as estimates of Var(3;). Therefore

Bi+ Zl-a/2 \/(Xt Vi X)i! (3.14)

denotes an approximate 100(1 — «)% confidence interval for 3;.

Note that (3.14) is an approximate confidence interval, though a very useful one in a wide
variety of situations (Jiang, J. (2007)). We will use the bootstrap to calculate better ap-
proximate confidence intervals, where we will be concerned on the computation of bootstrap
standard errors (Efron, B. and Tibshirani, R.J. (1993)).

3.5 Bootstrapping Two-Level Models

3.5.1 Bootstrap

The Bootstrap is a technique based on simulation methods to estimate the bias and the
variance (and consequently the standard error) of an estimator under minimal assumptions.
In this section we discuss a little bit the general idea of the bootstrap and its applications
to two-level models. It is possible to compute bootstrap estimates via the parametric and
nonparametric approaches. The nonparametric bootstrap is the method where estimates
are computed by generating a large number of new sample from the original sample. The
parametric bootstrap method generates bootstrap observations with estimated values of
parameters.

A generic implementation of the nonparametric Bootstrap, assuming sample {21, 22, ..., 2, }
is as follows:

1. Draw B bootstrap samples {2}, 205, .-, 25, }, b=1,2,..., B from {21, 22,..., 2n}.
2. From each of the B samples, estimate the parameter 6, thereby obtaining B estimates
0.
1 B *
3 Calculate 67 ) = 5 Do OF,
var(0*) = 55 25:1(9;; - 9;))2, the expectation and the variance of * respectively.

4. The bias Biasp = Bias(6*) = 00y — 0
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5. The bias-corrected of 6 is éB =0- BfasB =20 — 9(.)

In the case of two-level model,

t /
Yij = Tib + zyui + €y
~—~

~~—~ ~~
fixed random random
1=1,...,m;
j = 17"’7ni7 (3.15)

el nonparametric Bootstrap (known as cases bootstrap) can be obtained by resampling
entire cases as follows:

1. Draw one entire Level-2 unit (Y;, X;, Z;), containing n; Level-1 cases, with replace-
ment,

2. From this Level-2 unit, draw a bootstrap sample (Y;*, X/, Z*) of size n; with replace-
ment,

3. Repeat steps 1 and 2 m times,
4. Compute all parameter estimates for the two level-model

5. Repeat steps 1-4 B times and compute bais-corrected estimates and bootstrap stan-
dard errors.

The bootstrap has proved to be an approach that derives consistent estimates of bias and
standard errors of model parameters. It has been recommended to consider bootstrap es-
timation in multilevel models since gives satisfactory results in small sample cases under
minimal assumptions. The application of the bootstrap to multilevel models is not direct
because it depends on the nature the problem. During a resampling process, the hierar-
chical data structure must be considered since the observations are based on intra-class
dependency. Several adaptations are needed in order to deal properly with the intra-class
dependency. Here we will consider a two-level model and discuss one bootstrap approach:
parametric bootstrap. Among the assumptions the parametric bootstrap is based on that
we take into account are: The explanatory variables are considered fixed, and both the
model (specification) and the distribution(s) are assumed to be correct (Efron (1982), Hall
(1992), Van der Leeden, Busing and Meijer (1997)).

3.5.2 Parametric Bootstrap

The bootstrap samples are generated using the parametrically estimated distribution func-
tion of the data. In the two-level model considered here, two of these distribution functions
are involved. For the level-1 residuals e, we use the N (0, R) distribution function, and for
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the level-2 residuals, contained in the vector u, we use the N (0, G’) distribution function.

Let 3 be the REML estimator of 3. The (re)sampling procedure is now as follows (Van
der Leeden, Busing and Meijer, 1997):

1. Draw vector u* from the a multivariate normal distribution with mean zero and
covariance matrix G.

2. Draw vector e* from the a multivariate normal distribution with mean zero and
covariance matrix R.

3. Generate the bootstrap samples Y* from Y* = XB + Zu* + e*.
4. Compute estimates for all parameters of the two-level model.

5. Repeat steps 1-4 B times and compute bias-corrected estimates and bootstrap stan-
dard errors.

Note that in this sampling process the covariates are assumed to be fixed.

3.5.3 Bootstrap Confidence Intervals

In many cases the bootstrap is only used for bias correction and computation of standard
errors. In usual applications the standard errors are used to calculate approximate con-
fidence interval of a parameter 6 of interest. Furthermore, among other important and
nontrivial applications of the bootstrap includes the computation of confidence intervals.
There exist different types of bootstrap but here we only discuss one type of bootstrap
confidence interval for a typical parameter 6 with true value 6y and we will only discuss
two-sided intervals. The intended nominal coverage of the confidence interval will be de-
noted by 1—q, so the probability that the interval contains the true parameter value should
be approximately 1 — « (Efron, B. and Tibshirani, R.J. (1993)).

Bootstrap Normal confidence Interval

If the assumptions of the model, including the normality assumptions, hold, then the
estimators are asymptotically normally distributed with a certain variance, derived from
the likelihood function and we have

V(0 — 00) 5 N(0,9).

The distribution of 6 — fp can be approximated by the normal distribution with mean
zero and variance w /n, where w is a consistent estimator of 1 derived from the likelihood
function. The usual confidence intervals for 6y are therefore

A~

0+ za/Qsé(é); 0+ zl,a/gsb(é) (3.16)
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where sAe(HA) = \/% is the estimator of the asymptotic standard deviation of 6. Even if
the random terms in the models are not normally distributed, under non harsh regularity
conditions, the estimators are asymptotically normally distributed. In that case, sAeN(é)
may not be a consistent estimator of the standard deviation of the estimators of the variance
components, although it is still consistent for the fixed parameters. This implies replacing

se(#) in (3.15) by a bootstrap estimator results in an approximate confidence interval, the
bootstrap normal confidence interval, which is better than the normal confidence interval.

[9 — zajasen(6), 042, /QSeB(é)} (3.17)

in which sep (é) is the bootstrap estimator of the standard deviation of 6. Alternatively,
one might use

[éB - Za/2SéB(é)7 05 + Zl—a/2SAeB(é)} (3.18)

where 05 is the bootstrap bias-corrected estimator of 6 (Efron, B. and Tibshirani, R.J.
(1993)).

3.6 Prediction of Random Effects

3.6.1 Best Linear Unbiased Predictor (BLUP)

Technically speaking, the random effects v in model (3.3) are not model parameters like
B and o. However, as Pinheiro and Bates (2000) point out, in a way, they behave like
parameters and since they are unobservable, there often is interest in obtaining estimates of
their values. The best predictor (BP) of u, in the sense that it minimizes the mean squared
prediction error, is the conditional mean @ = PB(u) = E(u|Y’). The normality assumptions
for model considered in section (3.2), imply that u and Y have a joint multivariate normal

distribution
U 0 G GZt
(3 )~ ((55) (26 F)): @19

and under the normal theory the conditional mean of u given Y is
E(ulY) = E(u) + cov(u, Y)[var(Y)] XY — E(Y)) = GZ'V (Y — XB). (3.20)

This is the best predictor of u, and being a linear function of Y it also is the best linear
predictor (BLP) of u. In practice the unknown f in (3.19) is replaced with its estimator
B = Bars, which is the BLUE of 8 yielding the best linear unbiased predictor (BLUP) of
w:

@ = BLUP(u) = GZ'V~Y(Y — X}). (3.21)
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The unbiasedness means here that both the random variable u and its predictor @ have the
same expected value. Mathematically, the BLUP estimates of fixed parameter and random
effects are defined as solution of Henderson’s simultaneous equations which sometimes are
called mixed model equations (Robinson, 1991).

3.6.2 Mixed Model Equations

Henderson (in Henderson et al. 1959) introduced a set of equations, solutions of which give
simultaneously the GLS estimator of 5 and the BLUP of u. The equations are derived by
maximizing the joint density of Y and u with respect to 8 and w.

Since Y|u ~ Np(XB + Zu, R) and u ~ N4(0,G), the joint density of Y and w is
1
fYou) = f(Y]u) f (u) = (2m) | RI7V/? exp{—5 (Y = X8 — Zu)'R™H(Y = XB = Zu)}

1
x (2m)"92|G| /2 exp{—iutc;flu}

exp{—1[(Y = X8 — Zu)'R\(Y — X8 — Zu)} + u'G~u]
(277)(n+Q)/2|R’1/2|G’1/2 ’

To maximize the density f(Y;u) calculate the partial derivatives of

In(f(¥,u)) = ="+ L n(2n) - %m R — %m G-

%[(Y —XB—Zu)'RNY — XB — Zu)} +u'Gtu],
with respect to 8 and wu:
Oln(f(Y,u)) _ yvtp—l/, o Oln(f(Y,u)) _ tp—li . !
T_XR Y - Xp Zu)iau =Z'R (Y - XB—Zu)— G "u.

Setting these to zero yields equations
X'R X+ X' R 'Zu= X'R7'Y
Z'RIXB+ X' R ' Zu+ G lu = Z'R7Y,
which are written in matrix form as
X'R1X X'R1Z B\ [ X'RY (3.22)
Z'R'X X'R'Z+4+G7! w )\ Z'RYY ) ‘
These are Henderson’s mixed model equations. Solving them produces the BGLS and the
. A practical advantage of the mixed model equations is their computational convenience,
because, unlike in (3.20), there is no need for inverting the n x n covariance matrix V. The

inverses of ¢ X ¢ matrix G and n X n matrix R are needed instead, but they are often easy
to compute: ¢ is usually not that large and R is usually diagonal.
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3.6.3 Empirical Best Linear Unbiased Predictor (EBLUP)

Usually the covariance matrices V, G and R are unknown. Then, in predicting u by the
BLUP formula (3.20) they will be replaced with their REML or ML estimates to yield

@ = EBLUP(u) = GZ'V =YY — Xf3). (3.23)

The predictor 4 is called empirical best linear unbiased predictor (EBLUP) of u, the word
empirical referring to the fact that the values of G and V have been obtained from the
observed data. The estimator B is now the GLS estimator, where V is replaced with its
estimate gi.e. ﬁ is typically B’REML or ,3ML)7 and it is sometimes called empirical BLUE of

8. Both 8 and 4 can be obtained by solving the Henderson’s mixed model equations where
V, G and R are substituted by the corresponding estimates.

Considering the model at cluster level (level 2), model (3.2), the EBLUP for the conditional
expectation E(Y;|u;) = X;6 + Z;u; is given by

Xif+ Z;DZI3%5(Y; — Xif). (3.24)

The expression (3.23) may be rewritten in the form a weighted average combining the in-
formation from cluster (or subject) i only and information from the population (auxiliary
information). The EBLUP for X;5 + Z;u; may be viewed as borrowing strength across
clusters to get the best prediction for individual . That is, when the data from a region is
small, resulting that the information from that region is weak. The regional estimate needs
to be strengthened with supplementary global data. This is the fact that the smaller the
regional data is, the more weight the global information gets in the estimation (Kubokawa
(2009), McCulloch y Searl (2001)).

This connection between linear mixed models and small area estimation is discussed in the
following chapter.



Chapter 4

Small Area Estimation with Linear
Mixed Model

4.1 Introduction

In this chapter we illustrate how to apply the theory on linear mixed models and the related
EBLUP theory toward the estimation of a small area characteristic of interest. To give an
idea about the context, we start with the following discussion.

Suppose that the population U of size N is divided into M disjoint areas and that the
survey estimates are available for m, m < M, of the areas.

Let
U=U,UU;...UU;U...UUy
and
N=Ni+No+...+N;+...+ Ny
where N; is the size of area population U;, i = 1,2,..., M. Assume then that a random

sample s of size n is drawn from U and
s=81Usy...Us;U...Uspp
and
n=ny+ng+...+n;+...+Nym.

Furthermore, each area population U; divides into the sample s; and the remainder r; =
U; — s;. It is possible that for some areas the sample size n; is zero so that r; = Uj.

To illustrate these concepts, we consider the following example from Fuller (2009) which
considers the prediction of wind erosion in Iowa for the year 2002, where 44 counties re-

ported data of wind erosion but the author included 4 counties with no observation due to

29
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the purpose of illustration. Each county is divided into segments, and the segments are the
primary sampling units of the survey. The soils of lowa have been mapped, so population
values for a number of soil characteristics are available. The mean of the soil erodibility
index for each county is the auxiliary data in the small area model.

The data set includes different variables such are county, totalsegments, samplesegments,
erodibility, and Y. The variable county records an identification number for each county,
totalsegments records the total number of segments in the county, and samplesegments
records the sampled number of segments in the county. The variable erodibility records a
standardized population mean of the soil erodibility index for each county, and Y records
the survey sample mean (direct estimate) of a variable that is related to wind erosion
for each county. The first 44 observations contain the observed data, and the last 4 obser-
vations contain the hypothetical counties for which there were no observations in the survey.

Relating this example to general description, the following specifications are given:

: all segments in all counties under study

: number of counties under the study

: is the population (total) number of segments in all counties

: all segments in the county ¢

: the population (total) number of segments in the county (small area) i

: number of counties that have been sampled

s 32822

: the sample number of segments in all counties

n; : the sample number of segments in small area i

Y : wind erosion in all counties

y; - the estimate (direct estimate) of the mean of segments that have been affected
by the wind erosion for the area ¢

Z; . a vector of known means of auxiliary variables for the area ¢

715 : the population mean erodibility index for county ¢

The model proposed by the author is:

yi= 0i+e
0; = i + v,
ie

gi = Tif+ v+ e,
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with z¢ = [1,0.1(71; —59)],i = 1,2,...,48. Where v; is the area effect, e; is sampling error,

v; ~ iid N (0, 02)
e; ~ iid N(0,0?),

and v; and e; are independent.

Due to the fact that the mean of y for area ¢ is assumed to be the sum of ;8 and v;, the
fixed and random parts respectively, this model is also called mixed model (see Chapter
3).

The model presented here is the area level model where the quantity of interest is the
mean, but the nature of data may vary for different context and problems. The model can
be defined in terms of primary sampling units or area level terms as in this example.

This chapter covers the statistical framework specific for small area estimation. We present
present the corresponding linear mixed model in Section 4.2. In Section 4.3 we discuss
Prediction for small areas quantities of interest and we close the chapter with an example
from the literature.

4.2 Nested Error Regression Model

We consider a linear mixed model commonly called the nested-error regression model with
a single random effect, u;, for the ith small area, or small group:

yij = IZ,B + (7 + 61']‘. (41)

Here y;; is the response of unit j in area 7, x;; is the corresponding vector of auxiliary
variables, 3 is the vector of fixed parameters, u; is the random effect of area i and e;; the
random individual error term. The area effects u; are assumed independent with zero mean

and variance o2. Similarly, the errors e;; are independent with zero mean and variance

o
o2. In addition, the u;’s and the ei;’s are assumed mutually independent. Under these

assumptions,
and

Var(y;;) = 02 + ag.
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We also make the usual assumption that both u; and e;; are normally distributed. Let Y;
denote the n; x 1 vector of the n; elements in area U;, i.e.

Yini / (n;x1)

Now the model in the matrix form, for the population U; of area i is

Y, = XiB + Ziu; + e, (4.2)
where
x§1
Tt
X; =
"
Tini / (nixp)

Z; = 1y, the n; x 1 unit vector , wu; is scalar and

eini (nl X 1)

ni~¥u
is the square matrix of ones. Here the sign ® is the Kronecker product.

With this notation E(Y;) = X;3 and Var(V;) = V; = J,,02 + I,,.0%, where J,,, = 1,,, ® 12;”

Using the usual mixed model notation we can write V; = ZiGiZf + R; where G; = O‘Z and
R, = szn,-~ If we further combine the area vectors Y; into one response vector

Y1
Y5

Y = . )
Yin (nx1)

we have the model in the form (3.3) of the general linear mixed model. The model is now
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Y = XB+ Zu+ e, with

X1
Xo
X = . ’
-/ (nxp)
1, 0 0
0 1, 0
Z = . 5
0 0 lnm (nxm)
Uy
U2
u= )
Um (mx1)
el
€2
e =

€m / (nx1)

Units (or observations) coming from different areas i and i’ are not correlated. The covari-
ance matrix V' of the response vector Y is block-diagonal.

i 0 ... 0
0 Vo ... O
Var(Y)=V = S .
0o 0 ... Vp

nxn

= ZGZ'+ R, where G = 021, and R = 021,,.

where G = O'me and R = J?In.

4.3 BLU and EBLU Predictors

In this section we consider the information from unit (or individual) level to find the esti-
mator (or predictor) of the variable of interest. We Assume that our interest is to find the
total area and we suppose that y = (y1,¥2,...,yn)" is a realization of a random variable
Y. Let a model £ characterizes the probability distribution of Y. The focus is to estimate
the value of a population quantity of interest, which can be seen as function h(y) of y,
typically a linear combination c'y. If ¢ = 1, where 1 is an unit vector, then h(y) is the
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population total, and if ¢ = 1/N, then h(y) is the population mean.

Now suppose that the interest is to estimate the total population of the variable of interest

for area i
Yo=Y uij
JjeU;
Following Royall (1976), let s denote a sample of size n from a finite population U and

let r denote the nonsampled remainder of U so that U = s U r. Correspondingly, let y,
be the vector of observations in the sample and y, the rest of y. We have the following

decomposition:
Ys Cs
= C = .
Y < yr > ’ < < )

The population quantity to be estimated is now

h(y) = ciys +c,yr
a realization of the random variable

h(Y) = cLY; + cly,.

Note that the first term cly is observed from the sample, whereas the second term must
be estimated (or predicted, in the frequentist terminology, since it is a function of random
variables, not a fixed parameter). Thus, estimating h(y), or predicting h(Y'), is essentially
predicting the value cly, of the unobserved random variable clY,.

Lets consider £ to be a linear mixed model in a such way that
E¢(Y) = Xp

and
Varg(Y) = V.

In accordance with the partition U = s U r we can arrange X and V so that

and
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where X contains auxiliary variables, 8 is a vector of unknown parameters and V is an
arbitrary positive definite covariance matrix. The vectors y and e as well as the matrices
X and Z can be partitioned into sample parts ys, €5, X5 and Zs (of n rows) and remainder
parts y,, €., X, and Z, (of N —n rows). Then the nested error regression model, in the
matrix form, becomes

= (3)= () (2w (1),

The corresponding partition of the covariance matrix of y is
v (Ve Ve _ ZGZt Z,GZ! N 0?1, 0
Var Vi Z,GZt 7Z,GZ! 0 o2l )

The following theorem from Royall (1976) gives the best linear unbiased predictor (BLUP)
of 'Y as well as its error variance under the general linear model, in the case of finite pop-
ulation and serves as a general basis of the BLUP approach to small area estimation with
unit level models. In this context, the best linear unbiased predictor means an unbiased
predictor which is linear in observed data (Y;) and has a minimum error variance among
all linear unbiased predictors.

The general prediction theorem.

Under the model ¢ for a finite population U the best linear model-unbiased predictor of
h(Y) =Y is

BLUP('Y) = clys + L[ X, 8 + Vs Vi (ys — XB)], (4.3)
and the error variance is

Varg[BLUP('Y) — ¢'Y] =ck(V; — ViV Vi et
(Xp = Vis Vi X)) (XOVT X)) THX = ViV X)) e,
where R
B = (X X)XV s
is the general least squares (GLS) estimator of 3.
Note that the GLS estimator is also the best linear unbiased estimator (BLUE) of 3, that

is, it has the minimum variance among linear unbiased estimators (McCulloch and Searle,
2001).
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Proof:

As we are interested in predicting the part which is not observed, the information needed
will come from observed variables (sample vector y,). Considering the decomposition of
the population quantity of interest

h(Y) = ctY; + clY,,

the random term is c'Y,. Now suppose the predictor of this term is a linear function of
the data, i.e. the predictor clY, is of the form a'Y; where a is a vector to be specified. In
addition the estimator h(Y") is assumed to be unbiased. Now, define

E¢(a'Ys — clY,)? = Var(a'Y; — cLY;) + (E¢(a'Ys — cLY;))?
= a'Via + cVye, — 20"V, + [(a' Xs — cﬁXT)B]Q, (4.4)

the last expression is obtained from the expression of V' and the fact that E(Y) = X 5.

Now the BLUP(c'Y) will be found by minimizing the E¢(a'Y; — clY;)? with respect to a
under the constraint of model unbiasedness,

E¢(a'Y, — cLY;) = (o' X, — L X,)B =0,

for all B, which is equivalent to
a' X, — ciXT =0.

Lets consider the following Lagrangian function
L(a,\) = a'Via — 2a' Ve, 4+ 2(a' X — LX),

where A is the vector of Lagrange multipliers.

The first partial derivative respect a a is

M = 2‘/sa - 2‘/57" + 2Xs)\7
da
equating to zero, yields
XA =Via — Vg, (4.5)
and then
a= V:;l(vsrcr - Xs/\)‘ (46)

Now multiply (4.5) by X!V, ! yields X!V, !X\ = XLV, V,a— Vs, using the unbiasedness
constraint a’ X = cL X, and then solving for \, we get

A= (XEVS_IXS)_I(X;V;IVST - Xf)cr,
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then after substituting this expression in (4.6) and making some simplifications, we get

a =V Ve — Xo( XV X)XV Ve — XD)ey (4.7)

S

Recall that 2(Y) = ¢,Ys + a'Y;. Then substituting a with (4.7), yields

BLUP('Y) = &Yy + (V,H [Ver — Xo(X2V, 1 X0) THXGVS W — XD)]er)'Ys
=Y, + [V — X, (XtV X)) (X, — XDV My,

[
:CY-FC[ ( Vlvsr_ )(Xtv X)lXtV Y]
:CS}/S—FC [ (Xtvil‘/sr_Xﬁ) B]
=Y, +cL [X ,B+ VLY — XB)],

where § = (X!V, 1 X,) "1 XtV 1Y,
The expression of error variance is found in the same way by inserting (4.7) into (4.4) e

According to the decomposition, the area total variable Y; = ¢;y can be written as

Y = Zyz]—zyz]+zyz]7

jeU; JESs; JESs;

where c¢; is an N x 1 vector of N; ones and N — N; zeros such that the ones correspond to
those y;;s of y, which belong to area i. The same partition to c; yields

c: — Cis
! Cir
where c;s picks the units in the sample s; from area ¢ and c;,. picks those in the remainder
r;. Now the area total to be estimated is

YVZ‘ = C%Ys + C;«YT
and the general prediction theorem can be applied directly. This gives
Yi,BLUP = C}Esys + cgr [XTB + V;”sVs_l(ys - XSB)L

where the GLS estimate
B=(XIV7' X)XV y,

is calculated over the whole sample data s. The covariance matrix V' is assumed known here.
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Considering the covariance matrix decomposition where V,.; = ZTGZé, we have
Yfi,BLUP = Cgs)’s + CgTX""/B + CErZT [Gzévsil(ys - XSB)] = Czsys + (156 + mfﬁ),

where Il = ¢l X,, m! =cl.Z and u is the BLUP of u according to (3.20). Furthermore
13 + mlu is the BLUP of linear combination 1!3 + miu (Rao, 2003).

Note that cfys = > jes: Yigs lt=d X, = D e x}; and mj = ¢} . Z, is a row vector with
N; —n; in the entry ¢ and zeros elsewhere. The BLUP is now

Yipror = Y i+ (O wi)B + (N — ni)is,

JEs; JET;

As mentioned in Chapiter 3, in practical situations, the components of covariance matrix
V need to be estimated since they are not known. One of the approaches that are used
include REML method. Replacing V' by its estimator in GLS, we get REML estimator of
6 and the EBLUP of Y; under REML estimation is

Yigror = Y_vig + (O al)Bremr + (Ni — i),
JEsi JEr;

where 4; is the EBLUP of u; obtained form (3.22).

4.4 TIllustration Using Data from Battese et al. (1988)

In this section, we use the data provided in Battese, Harter and Fuller (1988). They con-
sidered data for 12 Iowa counties, obtained from the 1978 June Enumerative Survey of
the U.S. Department of Agriculture and the data obtained from land observatory satellites
(LANDSAT) during the 1978 growing season. They used an error components models for
the prediction of the county crop areas.

Specifically, Battese et al. (1988) specified a linear regression model for the relationship
between the reported hectares of corn and soybeans within sample segments in the Enumer-
ative Survey and the corresponding auxiliary data in order to determine the areas under
corn and soybeans. A nested error model, which defines a correlation structure among
reported crop hectares within the counties, was used. From which the mean hectares of
the crop per segment in a county was defined as the conditional mean of reported hectares,
given the satellite determinations (auxiliary data) and the realized (random) county effect.
The Battese et al. (1988) data showing the June-Enumerative survey and the Satellite
Data is presented in Table 4.1. The data shows, specifically;

(i) The number of segments in each county,
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(ii) The number of hectares of corn and soybeans for each sample segment (as reported
in the June Enumerative Survey),

(iii) The number of pixels classified as corn and soybeans for each sample segment.

4.4.1 Fitting the Model

In this model fitting section we utilize the model proposed by Battese et al. (1988). How-
ever, a difference with respect to the approach of Battese et al. (1988), in this thesis, we
employed the Restricted Maximum Likelihood Estimation method (REML) for estimating
the model parameter, as reviewed in Chapter 3 while Battese et al. (1988) used a modified
option of the SUPER CARP. Furthermore, we calculate the confidence intervals and the
bootstrap interval for the fixed parameter.

According to Battese et al. (1988), the model construction is such that the reported crop
hectares for corn (or soybeans) in sample segments within counties are expressed as a
function of the satellite data for those sample segments. The unit level model is given by

Yij = Bo + B171ij + Pawai; + vi + €45, (4.8)
where i is the subscript for county (i = 1,2,...,m = 12), j is the subscript for a segment
within a given county (j = 1,2,...,n;, where n; is the number of sample segments in the

ith county), y;; is the number of hectares of corn (or soybeans) in the jt segment of the
th

i*" county, as reported in the June Enumerative Survey, x1;; and xg;; are the number of
pixels classified as corn and soybeans, respectively, in the j** segment of the i** county,
Bo.B1, and B2 are unknown parameters, v; is the ¥ county effect and ej; is the random
error associated with the j** segment within the i*" county. In addition the random effects,
v; (i =1,2,...,m = 12), are assumed to be id N(0,02) random variables independent
of the random errors, e;; (j = 1,2,...,n;;¢ = 1,2,...,m) which are assumed to be i.i.d
N(0,02) random variables.

Next, the sample mean for the hectares of corn (or soybeans) per segment in the i*" count
is given by y;. = n% Z;“:l yi; while the sample mean numbers of pixels of corn and soybeans
are Ti; = n% Z?;l z155 and Tg; = n% Z?;l T2;; respectively. Thus model for this mean g;.,
is given by

Ui. = Bo + P1Z1i. + BaZoi. + vi + €,

5. — 1L N,
where ¢; = o ijl €ij.

The population mean hectares of corn (or soybeans) per segment in the i*" county is
defined as the conditional mean of the hectares of corn (or soybeans) per segment, given
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Table 4.1: Survey and Satellite Data for corn and soybeans in 12 Iowa Counties.

No.of segments

Reported hectares

No.of pixels in

sample segments

Mean number of

pixels per

segment

county Sample County  Corn Soybeans Corn Soybeans  Corn Soybeans
Cerro Gordo 1 545 165.76 8.09 374 55 295.29 189.70
Hamiliton 1 566  96.32 106.03 209 218 300.40 196.65
Worth 1 394  76.08 103.60 253 250  289.60 205.28
Humboldt 2 424  185.35 6.47 432 96 290.74 220.22
116.43 63.82 367 178
Franklin 3 564 162.08 43.50 361 137 318.21 188.06
152.04 71.43 288 206
161.75 42.49 369 165
Pocahontas 3 570  92.88 105.26 206 218 257.17 247.13
149.94 76.49 316 221
64.75 174.34 145 338
Winnebago 3 402 127.07 95.67 355 128  291.77 185.37
133.55 76.57 295 147
77.70 93.48 223 204
Wright 3 567 206.39 37.84 459 77 301.26 221.36
108.33 131.12 290 217
118.17 124.44 307 258
Webster 4 687  99.96 144.15 252 303 262.17 247.09
140.43 103.60 293 221
98.95 88.59 206 222
131.04 115.58 302 274
Hancock 5 569 114.12 99.15 313 190 314.28 196.66
100.60 124.56 246 270
127.88 110.88 353 172
116.90 109.14 271 228
87.41 143.66 237 297
Kossuth 5 965  93.48 91.05 221 167  298.65 204.61
121 132.33 369 191
109.91 143.14 343 249
122.66 104.13 342 182
104.21 118.57 294 179
Hardin 5 556  88.59 102.59 220 262 325.99 177.05
165.35 69.28 355 160
104 99.15 261 221
88.63 143.66 187 345
153.70 94.49 350 190
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the realized county effect v; and the values of the satellite data. Under the assumption of
the model (4.8), Battese et al. (1988) presented this mean by as

Yitp) = Bo + B1Z1i(p) + B2T2i(p) + Viy

where Tyip) = N% Z;V:H x1;5 and Toi(p) = N% Eévz’l x9;j are the population mean numbers
of pixels classified as corn and soybeans per segment, respectively, in the i*" county, and
N; is the total number of segments in the " county. The population mean pixel values
Ty4(p) and Zg;(,) are known since the number of pixels of corn and soybeans are available
from the satellite classifications for all segments in the " county (Battese et al., 1988).

By letting Y; represents the column vector of the reported hectares of the given crop for
the n; samples segments in the i** count, V; = (Yi1, Yi2s - - - » Yin;)'. Furthermore, consider
Y as the column vector of the reported hectares of the crop for the sample segments in the
m counties, Y = (Y1, Ys,...,Y,,)!. Thus the model (4.8), expressed in matrix notation, in
marginal form, is

Y = X8+ 0", (4.9)

where the row of X that corresponds to the element y;; in Y is x;; = (1,x1ij,:n2ij)t and
B = (Bo, B1,B2)t. The random vector v* in (4.9) combines random effects and random
errors i.e v* = v + e. The covariance matrix for the random vector v* in (4.9) is given by

E(v*v*) =V = block diag(Vi, Va, ..., Vi), (4.10)

where
Vi = Jio? + Lio?

with J; the square matrix of order n; with every element equal to 1 and I; the identity
matrix of order n; (Battese et al., 1988).

In matrix notation the mean crop hectares per segment in the i** area are expressed as

Yip) = Ti(p)B + iy (4.11)

where .f'l(p) = Nil Z;V:zl Tij = (1, -fli(p)7-i'2i(p))~

4.4.2 Estimation and Prediction

The main focus is to predict the mean crop area (4.11) for the i county assuming that

the county effect, v; are known. In the case where the random errors vl’-kj are known, the

best predictor of v; is the conditional expectation of v;, given the sample mean v, where
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vf =n; ! >_jLyvj; (Henderson, 1975). The expectation of v;, conditional on o}, which is

considered as the best predictor has the following expression
E(vilv}) = 0.9, (4.12)

where g; = m;103 and m; = 02 + ni_lag. These results are due to the fact that v; and v}

have a joint bivariate normal distribution.

Considering the variances components o2 and ¢2 to be known, the 3 parameters of the
model can be estimated by the generalized least squares estimator

g=Xx'vix)Ixtv-ly, (4.13)

which is equivalent to the ML estimator under the normal distribution of Y. Then after
(4.12) a possible predictor for the i** county effect, v;, is

QNJZ' = 13;91', (4.14)

where v = n; ! Z;“:l 0;; and 07 = yij — Q:UB The corresponding predictor g; for the
county mean crop area per segment (4.11) is

i = Ti(p) B + i, (4.15)
for which, according to Harville (1985), is the best linear unbiased predictor of y;.

According to the section (4.3), the predictor for the finite population mean crop hectares
per segment in the i*" county, is given by

Mg Ni
N Jwg+ Y (@B
j=1 j=ni+1

where the unobserved y;; are replaced by the model predictions. It approaches the pre-
dictor (4.15) as the sampling rate decreases. Due to the fact that the sampling rates are
small in this application, this expression is approximated by the predictor (4.15) which is
the one of several predictors that have been suggested for the small area problem (Fay and
Herriot, 1979).

Hence combining (4.14) and (4.15), a feasible predictor for the mean crop area (4.11) in
county ¢ is

Ui = Tig)B + (i, — %0.8)Gis (4.16)
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where g;, the approximately unbiased estimator for g;, which was suggested by Fuller and
Harter (1987) is such that,

gi =1—h;,
hi = [ 4 ki + (n7t = )%, 2 162 4 (n; ! — e)ng ),
m; = m, + (n;1 — )62,
W; = 2d,; ' e,
m -2 m
ki =267(6¢5+mn; ") 1 [anbl] [anbl(aff"Fnl 1)2] ,
i=1 i=1

m
b =1 — 20,7 (X1 X) 17 + 70 (XTX) 1 (Z nfétfﬂ%) (X'X) i,

de: Em:(ni—l)—Q

where d, = 22 and m = 12 is the number of counties, in this application.

Under the assumptions that the random effects and error effects are normally distributed,
it is easy to see that Y is normal distributed with mean X/ and Variance V, after (4.9)
and (4.10).

Now, considering the models for corn and soybeans separately, we first estimate the variance
components using restricted maximum likelihood estimation approach that we presented
previously, and then after applying (3.13), we find the restricted maximum likelihood esti-
mators for the 5 parameters . The estimators are given in tables 4.2 and 4.3 respectively.

The data used in this example were taken from Battese et al. (1988) and are presented in
table 4.1.



44 CHAPTER 4. SMALL AREA ESTIMATION WITH LINEAR MIXED MODEL

Table 4.2: The estimated parameters for corn.

Parameters | Estimates
o2 140.02
o2 147.23
Bo 51

51 0.329

B —0.134

Table 4.3: The estimated parameters for soybeans.

Parameters | Estimates
o2 247.53
o? 190.45
Bo —16

51 0.028

B 0.494

Note that the variance components estimates 62 and 2 do not have the explicit expres-
sions, they have been found after applying (3.12).

The confidence intervals for fixed effects are found using (3.14). To find the bootstrap in-
tervals for corn and soybeans, we follow the resampling procedure shown in section (3.5.2)
where B = 1000, replications of bootstrap, and then we apply (3.16). The results are
presented in tables 4.4 and 4.5 in case of normal confidence intervals and tables 4.6 and
4.7 in the case of bootstrap confidence intervals for corn and soybeans respectively.

The predictor for the mean crop area (4.11) in county ¢ is calculated using (4.16) and the
results are presented in tables 4.8 and 4.9 for hectares of corn and soybeans respectively.

Table 4.4: Normal Confidence Interval for corn.

Parameters | Estimates | lower bound | Upper bound
Bo Bo = 51 34.536 67.464

B B = 0.329 0.295 0.363

B By = —0.134 ~0.171 —0.0968
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Table 4.5: Normal Confidence Interval for soybeans.

Parameters | Estimates | lower bound | Upper bound
5o Bo = —16 —35.04 3.04
By By = 0.028 —0.011 0.067
Bo B = 0.494 0.4509 0.537

Table 4.6: Bootstrap Confidence Interval for corn.

Parameters | lower bound | Upper bound
Bo 36.767 65.709
51 0.2999 0.3575
5o —0.1667 —0.1024

This example shows the potential of small area estimation methods. They are designed
to combine two types of information: We have (expensive) reliable information on the
amount of land use of crops but only a few sample segments. On the other hand, we have
(cheap) satellite auxiliary information on all the segments of the counties under study. By
“borrowing strength” from auxiliary information from other segments we have been able
to find the predicted mean hectares of corn (or soybeans) in those 12 Towa counties.
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Table 4.7: Bootstrap Confidence Interval for soybeans.

Parameters | lower bound | Upper bound
Bo —33.916 2.736
B1 —0.0104 0.065
B2 0.4514 0.534

Table 4.8: Predicted Mean Hectares of corn in 12 Iowa Counties.

county sample segments | Predicted hectares
Cerro Gordo 1 122.6
Hamilton 1 123.2
Worth 1 119.1
Humboldt 2 117.2
Franklin 3 129.9
Pocahontas 3 102.0
Winnebago 3 122.2
Wright 3 120.2
Webster 4 103.6
Hancock 5 127.7
Kossuth 5 122.0
Hardin 5 134.4

Table 4.9: Predicted Mean Hectares of soybean in 12 Iowa Counties.

county sample segments | Predicted hectares
Cerro Gordo 1 83.1
Hamilton 1 91.3
Worth 1 91.2
Humboldt 2 95.1
Franklin 3 80.6
Pocahontas 3 113.4
Winnebago 3 87.4
Wright 3 104.5
Webster 4 112.5
Hancock 5 93.3
Kossuth 9 99.6
Hardin 5 79.3




Chapter 5

Generalized Linear Mixed Models
(GLMMs)

5.1 Introduction

The linear mixed models that we revised in Chapter 3 are generally used in the situations
where the observations are continuous and assume that the relationship between the mean
of the dependent variable and the covariates can be modeled as a linear function. How-
ever, in some cases, the observations are correlated as well as discrete or categorical. The
assumptions of a linear relationship and independence are questionable due to the nature
of the dependent variable. In such cases the linear mixed models do not apply. There is
a need of extensions of linear mixed models in order to consider these cases in which the
observations are correlated and discrete or categorical at the same time. Such extensions
can be covered by the generalized linear mixed models (GLMMs) (Jiang, 2007).

The generalized linear mixed model is the most frequently used random effects model in the
context of discrete repeated measurements. Generalized linear mixed models are extensions
of generalized linear models that allow for additional components of variability due to un-
observable effects. Typically, the unobserved effects are modeled by the inclusion of random
effects in the linear predictor of the generalized linear model (McCulloch and Searle, 2001).

The structure of the chapter is as follows: In section 5.2 we present the Generalized Linear
Mixed Model with responses distributed according to a member of the Exponential family.
Parameter estimation is discussed in section 5.3, where we present a simulation-based
version of the Monte carlo EM algorithm.

47



48 CHAPTER 5. GENERALIZED LINEAR MIXED MODELS (GLMMS)

5.2 Model Formulation

As in chapter 3, two considerations may be taken into account to define a generalized
linear mixed model, such are: (i) conditional independence (given the random effects)
and a conditional distribution of the random variable of interest and (ii) the distribu-
tion of random effects. Let y;; be the 4% outcome measured for cluster (subject) i,
1=1,2,...,m, 7 =1,2,...,n; and y; is a vector of all measurements available for cluster 1.
It is assumed that, conditionally on random effects u;, assumed to be drawn independently
from the N (0, D), the outcomes Y;; are independent with densities from the Exponential
family of the form:

Yijlui ~ indep. fy; ju, (Vij|u:)
Yi;jbi; — b(0ij)
¢

Noted that the relationship between the mean of random variable of interest and covariates
is not a linear; this allows to find a transformation of the mean that is modeled as a linear
model in both factors: fixed and random.

Iy s (Yiglui) = exp { — c(Yij, ¢)} . (5.1)

Elyijlu) = pij
nij = 9(pig) = x436 + 2 ui, (5.2)

where 7;; is the linear predictor and g(.) is a known function, called link function (since
it combines together the conditional mean of y;; and the linear form of predictors), with
x;; and z;; vectors of known covariate values, with 3 a vector of unknown fixed regression
coefficients, and ¢ a scale parameter. To that specification we have added u; which is the
random effects vector. Note that we are using p;; here to denote the conditional mean
of y;; given u;, not the unconditional mean. To complete the specification we assign a
distribution to the random effects:

i ~ fu, (wil D). (5-3)

5.3 Parameter Estimation

The common approach in estimating model parameters is based on the use of the likelihood
function. Unlike linear mixed models, the likelihood under a GLMM in the usual way does
not have a closed-form expression due to the fact that such a likelihood may involve high
dimensional integrals that cannot be evaluated analytically (Jiang, 2007). For such reason,
likelihood-based inference in GLMMs is still challenging. To illustrate these difficulties lets
consider the following example taken from Jiang (2007).
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Let the random variable of interest conditional on the random effects have a Bernoulli
distribution with the probability of success p;;. This means that, given the random effects
UL, U, -« ., Up, aNd V1, V2, ..., Uy, binary responses y;; are conditionally independent with

pij = P(yij = 1u, v)
logit(pij) = p+ wi + vj,
where 4 is an unknown parameter, u = (u;)i<i<m,, and v = (vj)1<j<m,. In addition,

random effects are independent and u; ~ N (0, a%), vj ~ N(0, 0’%), where the variances 0%

and o3 are unknown. Hence the unknown parameters involved in the model which are
needed to be estimated are 6 = (u,07,03)". We have:

mi ma

|u U HHf yl]|ulavj
i=1j=1
mo
_HH{ exp{yij (1 + u; +v;)} }
1+ exp{(p+u; +vj)}

1=1j5=1

1\ 1
f u)=\| —7]7mm exXp{ —= ’LL2
) 2mo? 20% ; '

The (marginal) likelihood function under this model is of the form:

L(8)y) :/.../f(y|u,v)f(u)f(v)du1...dumldvl...dvm2.

After some manipulations the corresponding log-likelihood under this model has the fol-
lowing expression:

mi1+m m m
1(6ly) = — 5= log(2r) — =L log(0?) — 2 log(03) + .
mi mo
—Hog/ / HH{l-FeXp/J,-Ful—FU])} M ox
i=1j=1

mi mo mi ma
1 1
2 2
exp E wYi. + E WY — 55 E U — =5 E uj duy ..., dum,dvy ... dUn,,
- - 2071 “ 2035 4
i=1 7=1 i=1 j=1

where y. = > 370 v, vio = D0 vig and i = 300 v
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The above integral has no explicit expression and it cannot even be simplified.

This example shows the limitation of likelihood based inference in GLMMs. To try either
to solve, or to avoid the computational difficulties, the alternative approach that can be
thought is the use of Monte Carlo Expectation-Maximization (Monte Carlo EM) algorithm
(McCulloch, 1997), which we present below. Before discussing the Monte Carlo EM ap-
proach, we give a brief overview of the EM algorithm.

The important point for the EM algorithm is to consider a complete data which is a combi-
nation of observed data and unobserved random variables (in this case we consider random
effects). The EM algorithm is an iterative routine requiring two primary calculations in
each iteration: Computation of a particular conditional expectation of the log-likelihood
(E-step) and maximization of this expectation over the relevant parameters (M-step).

Let y = (y1,¥2,---,ym)" be the observed data vector and, conditional on the random ef-
fects, u, assume that the elements of y are independent and drawn from a distribution that
belongs to the exponential family. Furthermore, assume a distribution for u depending on
parameters that are elements of D.

Consider a second level model:

fyiu(yilu) = exp

{W—C(yz’ﬁ)}'

u ~ fy(ulD). (5:4)

Here n; = x! + zlu, with 2! and 2! are the known vectors of covariates. The marginal
likelihood corresponding to (5.4) is given by

L(8.7, Dly) = / TT fiu (i) fuul D), (5.5)
=1

which cannot usually be evaluated in closed form and has an integral that is not easy to
express in the explicit expression, with dimension equal to the number of levels of the
random factors, v as we mentioned above. Such integrals may be integrated numerically.
The goal is to develop algorithm to calculate fully parametric Maximum Likelihood (ML)
estimates based on the likelihood (5.5).

The EM algorithm thus works on the augmented log-likelihood to obtain the ML estimates
of the parameters over the likelihood (5.5). Now consider the class of models (5.4), where
to set up the EM algorithm, we consider the random effects, u, to be the missing data.
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The complete data, w, is then w = (y, u), and the complete-data log-likelihood is given by

Ly =Y I fy 1 (yilu, B,7) + In fu(ul D). (5.6)

The EM algorithm then takes the following form:
1. Choose starting values S0, 79 and D© . Set r = 0.
2. Calculate (with expectations evaluated under ("), and D)

(a) B+ and 7("+D which maximizes E[ln f,, (y|u, 8,7)|y].
(b) DU+ which maximizes E[ln f, (u|D)]y].
(c) r=r+1

3. If convergence is achieved, declare 2"+1) 7("+1) and DY to be the maximum like-
lihood estimators (MLE’s) otherwise, return to step 2.

According to McCulloch (1997), in situations where the E-step is analytically troublesome,
we may approximate an expression of this step by Monte Carlo simulations. Note this E-
step is over the latent variable u. Below we present the implementation of the Monte Carlo
EM algorithm (Wei and Tanner, 1990) in which simulation methods are used to evaluate
the intractable integral at the E-step. This method uses simulated random samples from
the exact conditional distribution of the random effects vector u given the data y, obtained
via rejection sampling, using the marginal distribution of u as the candidate.

5.3.1 Monte Carlo EM Algorithm

The Monte Carlo EM (MCEM), introduced by Wei and Tanner (1990), is a modification
of the EM algorithm where the expectation in the E-step is computed numerically through
Monte Carlo simulations. The Monte Carlo estimate presents a tractable solution to prob-
lems where the E-step is not available in closed form (McCulloch (1997), Jiang (2007)).

Following McCulloch (1997), let y = (y1,¥2, .- ., ym) denote the observed data with distri-
bution f(y|p) characterized by the s-vectors of parameters ¢ and ¢ = (5,7, D). Consider
u = (u1,us, ..., un)t to be set of latent variables.

The EM algorithm thus works on the augmented log-likelihood In f(y, u|p) to obtain the
ML estimates of ¢ over the distribution f(y|¢) where it is assumed that

f(yle) = / Fy ulo)du,
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More specifically, the EM algorithm iterates between a calculation of the expected complete-
data likelihood

Q(plp™) = By (In f(y, ulo)ly) (5.7)

and the maximization of Q(p|4(")) over o, where the maximizing value of ¢ is denoted by
¢t and ¢(") denotes the maximizer at the r* iteration.
In particular,

By (ln £y, ulply) = [ 1n fy. o) f(uly. 7)o

where g(uly, ) is the conditional distribution of the latent variables given the observed
data and . In the cases where the E-step involves an integration that is difficult to eval-
uate analytically, we may estimate the quantity (5.6) from Monte Carlo simulations.

From this perspective, the conditional distribution of u|y cannot be found in closed form.
Consequently the expectations in 2a or 2b cannot be computed in closed form for the
model (5.4). In addition, the marginal density f, which is the integral of type (5.5) is not
straightforward to calculate due to dimension of the vector u. There exist the possibil-
ity of generating random observations from the conditional distribution of u|y by using a
Metropolis-Hastings algorithm without specifying f,. Consequently, it will be possible to
approximate the expectations steps using Monte Carlo (McCulloch,1997).

If we obtain a sample ugr), e ,u(Nr) from the distribution f(uly, gb(r)), this expectation may
be estimated by the Monte Carlo sum

N
Qeld™) = - S pyuf ) 53)
k=1

To establish the Metropolis-Hastings algorithm, we first identify the candidate distribu-
tion, hy(u), from which we will generate new observations. Thereafter, we identify the
acceptance function that gives the probability of accepting the new value. By letting u
denote the previous draw from the conditional distribution of u|y, we then generate a new
value, uj, for the k" component of u using the already specified candidate distribution.
Therefore, the result is v* = (u,...,u}, Ups1,...,Um). We accept u* as the new value
with probability «; otherwise, we retain w. In this case, « is given by

(5.9)

o = min {1 fu\y(U*|ya B, T, D)hu(u) } .

’ fu\y(u‘% B, T, D)hu(U*)



5.3. PARAMETER ESTIMATION 93

If h, = f, is chosen, where f, is a symmetric density function, the Metropolis-Hastings
algorithm is then called the Metropolis algorithm and the equation (5.9) simplifies to

Suly(W*ly, 8,7, D)hu(u) — TIi4 fyapu(yilu, B, 7) fuu® D) fu(u” | D)
Futy(uly, 8,7, DYha(u*) T2y fyapu(yil®, B,7) fu(ulD) fu(u| D)
T fyagulyilu, B,7)
I fyau(ilur, B, 1)
The Metropolis step is incorporated into the EM algorithm to give an MCEM algorithm
as follows (McCulloch, 1997):

(5.10)

1. Choose starting values 89 .7(©) and D©. Set r = 0.

2. Generate N values u, u® ...« from Fuy(uly, B, D)) using the Metropolis
algorithm described previously:

(a) choose 301 and 7("*+1 | to maximize a Monte Carlo estimate of E[ln Fylu(ylu, 8,7)|yl;

that is, & Say fyp(ylu®, B, 7).
(b) DU+ s chosen to maximize % Zévzl fu(u(k)|D)-

(¢c) r=r+1.

3. If convergence is achieved, B0 +1) | 7+1) and DY are declared to be the maximum
likelihood estimators (MLE’s) otherwise, return to step 2.

According to MacCulloch (1997), the main advantage of the Monte-Carlo EM algorithm is
that it can be applied in situations where direct application of the EM algorithm is either
very difficult or impossible.

Illustration using a Logit-Normal Model

We apply the MCEM algorithm to fit a simple logit-normal model from McCulloch (1997),
which retains the Generalized Linear Mixed Model structure. Lety = {y;; : j=1,...,n4,i =
1,...,m} denote a set of binary response variables; here again one can think of y;; as the
jt" response for the i*" subject.

Let z;; be a covariate (or vector of covariates) associated with the (4, j) — th observation.
Conditional on the random effects U = u, the response are independent Bernoulli(p;;),

where

Yijlui ~ Ber(pij)
u; ~ N(0,0%)

log (pij ) = Bxij + u;.
L —pij
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Let u1, ua, . . ., Uy, be independent and identically distributed as Normal(0, 02). The marginal
likelihood of y is given by

m n;

1 m
L(B,0%y) = (a*) ></ exp{ > > [yi(Brij + wi) — In(1 + Pt — 252 El u; o du.

i=1 j=1
(5.11)

The above expression was found by applying exponential and log functions to the joint
likelihood.

We consider here a data set generated using the values of parameters proposed by Booth
and Hobert (1999): With 8 =15, 02 =1/2, n; = 15,m = 10 and z;; = ¢ for each i, j.
A version of the complete data log-likelihood is given by

. Tlil23l4a]s]|6|7]|8]|9]10]|11]12|13|14]15

1 i1jo0jofojo|1jrjof1rj1r {11111

2 o|j1j(1r{1f1rjry1jrj1}1 {1 1]1]|1]1

3 oj1rjo{1f1rjry1j1rj1}j1 {1 1]1rj1]1

4 111111 {1rj1r{r|1 {11111

5 oj1j(1{1f1rjry1j1rj1rj1fo0o1}]1j|1]1

6 ojojo{1fojry1rjrjoj 1|11 |]1j1j1

7 ojrjo0jof1rjry1j1rj1}j1 {1 1}]1j1]1

8 111111 {rj1r{r|1r{1{11}1]|1

9 i1jojof1r{ryoj1rj1fy1rj1r{1j1111

10 {11111 {1rj1r{r|1r{1{11}{1/|1

Table 5.1: Simulated data for the logit-normal model
m n;
(3 00) = =5 %) = 5 Zu + 20l (B + i) — In(1+ 7))

=1 j=1

(5.12)

To apply the EM algorithm in this problem we would need to compute the (conditional)
expectation of [, with respect to the density

m.o 1 1 m
h(u|yv 9) X exXp Z Z[yl] (B:El] + uz) - ln(l + e - % Z . (5.13)

i=1 j=1

It is easy to see that the resulting integral will be intractable. Thus we consider a Monte
Carlo EM algorithm as the means to simulate observations from the distribution given
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by (5.13). We apply a variable-at-a time Metropolis-Hastings independence sampler with
Normal(0, 02) proposals. The starting values of these runs were (80, (¢2)(0) = (2,1).
After applying the Metropolis algorithm for each E-step of EM we found the values of the
parameters: B =52, 62=1.1.

The following figure shows the convergence of the Metropolis algorithm.

In this chapter we presented the Generalized Linear Mixed Models and pointed out the
potential complications that could happen due to the necessary integration with respect to
the random effects (unobserved data). An alternative solution to this problem is discussed
by presenting the Monte Carlo EM algorithm which rely on the simulation to approximate
expectations in their E-step. The next chapter uses GLMMs in the context of Small Area
Estimation.
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Figure 5.1: Simulated from Metropolis algorithm with Normal density proposal and con-
ditional density f(uly) target.



Chapter 6

Small Area Estimation Under
Mixed Effects Logistic Models

6.1 Introduction

In this chapter, we consider a subclass of generalized linear mixed models known as nested
models with a binary response. This is basically a subgroup of the models we discussed in
Chapter 5.

Chandra, Chambers and Salvati (2009) assert that the model-based methodologies allow for
the construction of efficient estimators by utilizing a suitable model for borrowing strength
especially with the limitation of having a small sample size. In the small area estimation
context, each small area is characterized by its area-specific effect while the auxiliary in-
formation may cover all the areas of interests. Hence, the explicit linking models based
on random area-specific effects that take into account between areas variation beyond the
ones that are explained by auxiliary variables included in the model are used (Chandra et
al.(2009), Rao (2003) and Chandra and Chambers (2009)).

When the response variables are continuous, the most common choice of inference tools to
be employed include the empirical best linear unbiased predictor (EBLUP) approach under
the linear mixed model (LMM) which we discussed in chapter 3. Chandra et al. (2009)
considered the situation where the variable of interest is binary but the related small area
estimates are needed. They used the empirical best predictor (EBP) under a generalized
linear mixed model (GLMM) with logistic link function since the estimation of EBLUP
is problematic when the variable of interest is binary and the sample size is small (Rao
(2003), Chandra et al. (2009)).

This chapter describes a real case of discrete observations where small area techniques can

o7
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be applied and how the estimation of parameters of interest can be done when the variables
of interest are discretes (proportions).

6.2 Description of a Case Study

In order to illustrate the use of small area estimation context, in this section we present
the model used in a study on occupational health in Canada.

6.2.1 Problem

We present an example of a real case, adopted from the article by Ghosh, Natarajan,
Stroud and Carlin (1998). Their main objective was to estimate the proportion of workers
who have experienced any negative impact of exposure to health hazards in the workplace
for every one of the 15 x 2 x 2 = 60 groups cross-classified by 15 geographic regions and
the 4 demographic categories. The data presented in this article comes from a 1991 sample
of all persons in 15 geographic regions of Canada. The researchers sought a response to
the question “Have you experienced any negative impact of exposure to health hazards in
the workplace?”. In this survey, the responses were grouped into four categories: (1) yes,
(2) no, (3) not exposed, and (4) not applicable or not stated. However, in this thesis we
adopted only two classifications: (1) yes and (2) no, since for simplicity, we are interested
in having a binary response. For each region, workers were classified by age (< 40 or >
40) and sex (male or female). In the next subsection, we show how to find the probability
of exposure to negative health hazards according to a given worker’s classification using
small area models.

6.2.2 Proposed Model

Following the methodology of Chandra, Chambers and Salvati (2009) let p;; denote the
probability that an individual j selected within the i** age-sex category had experienced
any negative impact of exposure to health hazards in the workplace; y;; and n; correspond
to the response of workers who have been sampled and the number of individuals sampled
in the workplace in age-sex group (category) i, respectively. A population model for this
type of data arises when the sample counts y;; are assumed to be conditionally distributed
as independent binomial variables with mean n;p;; with the common age-sex by category
experienced any negative impact of exposure to health hazards probabilities p;; following
the linear logistic mixed model

Dij

logit(p;;) = ln{

} = ;B + ui = nij, (6.1)
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where z;; is a vector of region by age-sex group level covariates and u; is the category effect
and the fixed part can be expressed as

55:;5 =+ Ya+ Vs T Yas;

where p is the general effect, 7, is the main effect due to the age, 5 is the main effect due
to the sex, and 7, is the interaction effect of the age and sex.

6.3 Small Area Estimation of Proportions

In this section we describe estimators for small area quantities based on generalized linear
mixed models. In particular, we focus on a binary response variable with the aim of
estimating the population proportions for the variable of interest in a given small area.

6.3.1 The Empirical Best Predictor for the Small Areas

When the response data are non-normal, the Generalized Linear Mixed Models (GLMMs)
are the most preferred approaches for the development of indirect estimates for the small
areas. The mentioned indirect estimators for small area quantities under GLMMs are usu-
ally considered as empirical best predictors (EBPs).

Now, consider U, as the finite population of size N with M non-overlapping sub-groups
(or small areas) partitions U;, each of size N;, i = 1,2,..., M such that N = Zf‘il N;
and U =U; UUsU...UUyp. Let j and ¢ respectively be units within small areas, where
y;j is the survey variable of interest (a binary variable in this case), known for sampled
units, x;; is the vector of auxiliary variables (including the intercept), known for the whole
population. Denote s; and r; the sample (of size n;) and non-sample (of size N; — n;) in
small area i, respectively (Chandra et al., 2009).

The aim is to make inference about the small area quantity of interest (population propor-
tion) in a specific area i, i.e.

1 1
pi:ﬁiZyij:ﬁi Zyz’j+zyz‘j

J€U; JEsi JET;

To make the above inference about the population proportion (p;), we define p;;, the
probability that the j** unit within area i, y;; has the attribute of interest, u; denotes the
random area effect for the small area 7, assumed to be normally distributed with mean zero
and variance o2. Assuming that u;’s are independent and

Yijlu; ~ Bin(1, p;j).
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Therefore, a population model for the binary data is the GLMM with logistic link function,
given by

. Di;
logit{p;;} = In { 1 —Z;. . } =iy = T3+ w, (6.2)
i
with j =1,2,...,N;, i =1,2,..., M, where § is the vector of regression parameters (Chan-

dra et al., 2009).

Rao (2003) highlights that in the small area estimation, the model (6.2) can be conveniently
expressed at the population level as presented next. Hence we define y;; a vector of response
variable with elements v;;, Xy a known design matrix with rows z;;, Zy = block diag(1x;,)
is the NV x M matrix with area indicators, 1y, is a column vector of ones of size IV,
uw = (uy,uz,...,up)’, and ny denotes vector of linear predictors 7;; given by (6.1). Let
g(.) be a link function, such that ¢g(1) = g(E(yur|u)). According to the eq. (5.2) we have
the linear form

9(p) =nu = XuB + Zyu. (6.3)

The expression (6.2) then defines a linear predictor for a GLMM if y;; given u are indepen-
dent and belong to the Exponential family of distributions. Assume the vector of random
area effects u has mean 0 and variance G (o) = 0?I), where I is the identity matrix of
order M. The link function g(.) in the case of binary data is typically a logit function
and the relationship between yy (response) and 7y is expressed through a function A(.),
defined by E(yy|u) = h(ny) (Jiang (2007), McCulloch and Searle (2001)).

Suppose we are interested in predicting a small area quantity of interest through a linear
combination of the response, ¥ = ayyy, where ay = diag(al) is a M x N matrix and
at = (a1, a9, . .. ,a;N) is a vector of known elements. To estimate the population propor-
tion p; for small area i, we consider a case where a! denotes the population vector with

value Ni for each population unit in area i and zero elsewhere.
1

To express the different components of the model with respect to the sampled and non
sampled parts, we decompose the vector yi so that its first n elements correspond to the
sampled units, and then partition ay, yy, ny, Xy and Zy according to the sampled and
non-sampled units

a/S S S XS ZS
aU:<a >,yU=<Z )777U:<Z )7XU:<X ),andZU=<Z >,

where s denotes components defined by the n sample units and r indicates components
defined by the remaining N — n non-sample units. Therefore, we have E(ys|u) = h(ns)
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and E(y.|u) = h(n,). Here h(.) is considered as g~!(.). Now the expression of quantity of
interest ¢ = ayyy is represented

V= asyYs + arYr = asYs + arh(XrB + ZTU) (64)

The first term of the right hand side in (6.4) is known from the sample, whereas the second
term, which depends on the non-samples values y, = h(X, 5+ Z,u), is unknown and should
be predicted by fitting the model (6.3) using sample data.

Let ys = {ysi;} and y» = {y,i;} denote the vector of sample values and the vector of non-
samples values of the binary survey variable y respectively. The parameter of interest p;
for each small area can then be obtained by predicting each element of y,;;. Since we need
to fit a GLMM and since it is difficult to find the explicit expression of marginal likelihood
function (see chapter 5), the parameter estimation is achieved via the Monte Carlo EM
technique. This gives the best linear unbiased estimate (BLUE) for 8 and the best linear
unbiased predictor (BLUP) for w when the value of ¢ is assumed to be known. Using (6.3)
we obtain the BLUP-type estimator of 1. Using the estimated value 6 of o leads to the
empirical BLUE B for 8 and the empirical BLUP @ for w and thus the empirical BLUP
type estimator of v, which is given by

¥ = asys + arh(X, B + Z:4). (6.5)

Using (6.4) the empirical best predictor (EBP) to small area i proportion p; is then

pi = ]\1[1 Z Yij + Z fij ¢ s (6.6)

Jesi JET
where .
o exp(iig) L
“ 1 + GIp(ﬁij) 1
and

ﬁij = a;fjﬁ + ﬂi.
Equation (6.6) gives the population proportion estimate that we had set out to achieve
(Chandra, Chambers y Salvati (2009), Saei and Chambers (2003) ).

As mentioned in Chapter 5, fitting a GLMM involves evaluating a likelihood function that
does not have a closed form analytical expression. It is worth noting that several approxi-
mations to this likelihood function and approximate maximum likelihood estimators have
been proposed in the literature (Jiang, 2007, McCulloch and Searle, 2001). In particu-
lar, the Penalized Quasi-Likelihood (PQL) approach is a popular estimation procedure for
the GLMM that is based on linear approximation to the non-normal response variable,
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which is then assumed to have an approximately normal distribution. This approach is
reliably convergent but tends to underestimate variance components as well as fixed effect
coefficients (Breslow and Clayton, 1993). Saei and Chambers (2003) described an iterative
procedure to obtain the Maximum Penalized Quasi-Likelihood (MPQL) estimates of 5 and
u for given o. They assert that at convergence, the MPQL estimate of ¢ is obtained by
substituting the converged values of 8 and u. However, in practice the variance component
parameter o is unknown and is estimated from sample data. One of the disadavantages
of the MPQL approach is that, the variance component estimator is biased thus limiting
its usage in the practice (Saei and Chambers, 2003). To address this shortcoming, the pa-
rameter estimates can be found using the ideas that we presented in chapter 5, where it is
shown that incorporating a Metropolis-Hastings step allows construction of a MCEM algo-
rithm for ML in GLMMs (Jiang (2007), McCulloch and Searle (2001), Saei and Chambers
(2003)).



Chapter 7

Concluding Remarks and Future
Research

In this work we have considered model-based approaches to finding the estimates of small
area target quantities. We employed statistical models that “borrow strength” in mak-
ing estimates of mean hectares of corn (or soybeans) in 12 Iowa counties where the small
areas of interest had sample sizes that varied from 1 to 3. Two types of information are
considered; information on the amount of land use for crops but only on a few sampled
segments and satellite information on all the segments of the counties under study, which
constituted the auxiliary information.

The linear mixed model was used to find the estimates for the regression coefficients and
the variance components using the Maximum Likelihood Estimation (MLE) and the Re-
stricted Maximum Likelihood Estimation (RMLE). However, the MLE was found to be
biased and so to calculate the variance components estimators, we recommend the use
of REML method instead. Furthermore, we calculated the confidence intervals for fixed
effects, both normal confidence intervals and bootstrap normal confidence intervals.

Under the GLMMs, due to the complexity of the (marginal) likelihood function, the use
of ML and REML estimates was limited by lack of explicit expressions and so we adopted
the Monte Carlo EM algorithm for maximum likelihood fitting of generalized linear mixed
models which uses simulation to construct Monte Carlo approximations at the E-step. For
each E-step, the Metropolis algorithm was used. The resulting parameter estimates were
found to be consistent with the model parameters used during the simulation. It is also
worth to note that the Metropolis algorithm converged pretty fast.

This work confined the attention to the the framework of mixed models with univariate
normal random area-specific effects. However, in real life, this assumption may not always

63



64 CHAPTER 7. CONCLUDING REMARKS AND FUTURE RESEARCH

be justified. It would be a rewarding topic for future work to assess the performance of
those models under multivariate normal random area effects.
Other recommendations on future research include:

e To consider the application of generalized linear mixed model in the context of small
area using real data.

e To set up and study methods of small area estimation under LMMs or GLMMs with
temporal and spatial effects.
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