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Introduction

Since the fundamental work of Black and Scholes to valuate European options, their
model became a cornerstone in the development and study of many problems in
mathematical finance. In recent years, different generalizations of this classical model

have been studied to explain more precisely the dynamics of the asset prices.

In this sense, it is natural to consider that the coefficients of the model: interest
rate, return rate, and volatility, are random or depend on random economic external
factors. For instance, it can be a leader interest rate; in fact, several contributions
show empirical arguments justifying these kinds of models. For example, Fouque,
Papanicolaou, and Sircar [FPS00], present a detailed analysis modelling the external
factor as a mean reverting Ornstein-Uhlenbeck (O-U) process. See also Davis [Da00],

Zariphopoulou [Za01], and Fleming and Herndndez-Herndndez [F1He02].

On the other hand, Barndorff-Nielsen and Shephard [BaSp02] propose a model
for volatility based on an O-U process with background subordinator (a nonnegative
Levy process), which is not a diffusion. They also give a detailed statistical analysis,
identifying important volatility effects in the asset prices: heavy tailed of returns,
volatility clustering, and skewness to the right in some cases.

pal
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The relevance of the diffusion models is not limited only to economical or empir-
ical qualities. They also have proved to be tractable for the solution of important
financial problems. For example, we can find explicit solutions of problems in the
context of optimal investment (Zariphopoulou [Za01]), optimal consumption process
(Fleming and Herndndez-Herndndez [F1He02]), and valuation (Davis [Da00]). This
feature contrasts with technical constraints or difficulties in implementation of other
affine approaches. For instance, in Barndorff-Nielsen and Shephard [BaSp02] the as-
set prices behave volatility process as a Non-Gaussian O-U process. However, its
background subordinator induces a constraint for the trading portfolio proportion:
should belong to the interval [0, 1]. This fact was mentioned by Benth, Karlsen, and
Reikvam [BKRO3], who gave an explicit solution for the investment problem.

On the other hand, Kramkov and Schachermayer [KrSc99] analyzed investment
problem for incomplete markets when the stock prices are driven by semimartingales,
and for a wide class of utility functions. They give an existence and uniqueness
theorem for the optimal solution, and obtain a dual relationship between the optimal
wealth process and the optimal equivalent martingale measure. However in this case,
its practical implementation is not included. That is, they do not find an optimal
trading strategy.

The goal of this work is to solve the investor’s problem of maximizing the expected
utility of terminal wealth and consumption in some specified time interval [0, 7] ; for
T > 0, as well as to find the optimal trading strategy. Here we assume that the
investor’s financial market is composed by a bank account, a risky asset, and an

external correlated factor. The dynamics of the risky asset price and the external
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factor are diffusion processes where, as it was already mentioned, the external factor
affects the coefficients of the model. We deal with two particular utility functions:
logarithmic and HARA. We point out that the present market is incomplete, since
the external factor is not traded.

There are two general approaches to solve that optimization problem: through
stochastic control techniques (classical) and the so called martingale method. The
former was used, for instance, by Zariphopoulou [Za01], where an explicit solution for
an investment problem with HARA utility was obtained. In the same direction, Flem-
ing and Hernéndez-Herndndez [F1He02] gave a solution of an optimal consumption
problem when the volatility is random.

Another way to solve the problem is using the martingale method. This procedure
translates the investor’s problem into a convex optimization one, which we called the
primal. In this context, the primal problem has an associated dual problem, which
turns out to be a stochastic optimal control problem, where eventually, the control
processes belong to the set of equivalent local martingale measures.

The martingale method goes back to the fundamental contribution by Harrison
and Pliska [HaP181], and it has now become a popular approach to study optimal
wealth and/or consumption problems. This method is especially powerful when the
financial market is incomplete. For instance, in Karatzas and Shreve [KaSr98], and
some references therein, a wide class of optimization problems for incomplete markets
are studied. In Kramkov and Schachermayer [KrSc99] similar problems when the
prices are driven by semimartingales are analyzed. In both references, under suitable

conditions, some characterizations of the optimization problem are presented. In
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particular, they show that the primal and dual problems are equivalent, that is, there
is no duality gap. However, explicit optimal solutions are not presented in general,
except for logarithmic utility or when the coefficients are deterministic.

We shall solve the investor’s problem using a composition of the martingale
method and stochastic control techniques. With this goal in mind, we pose the
primal and dual problems and state the existence of their solutions, which shall im-
ply the absence of duality gap. When the utility function is HARA, the solution to
the dual problem relies on stochastic control techniques, while in the logarithmic case
the solution is straightforward.

The thesis is organized as follows. In Chapter 1 the model and the investor’s
problem is established. Also, is presented a discussion over a wide class of models for
the coefficients and, for comparison and motivation, the particular case of constant
coefficients is solved. The primal representation of the investor’s problem is given
in Chapter 2. This result turns out to be important to write down the associated
dual problem. The martingale method is also explained and a practical condition
for absence of duality gap is given. Furthermore, a relevant relationship between
optimal solutions of both problems is obtained. In Chapter 3 closed form solutions
when the utility function is logarithmic or HARA are presented. Considering slight
changes, analogous ideas shall be used to solve the consumption or investment prob-
lems. Furthermore, due to the relationship with the investment problem, the pricing
and hedging problems are introduced. Finally, in Chapter 4 the conclusions and a

list of related open problems are given.



Chapter 1

Background

In this chapter we shall introduce a factor model for the financial market based on
the one presented by Bielecki and Pliska [BiP199], and state the problem we want to
solve. To motivate the discussion, we present the classical model when the coefficients

are constant. At the end, some recent models for the coefficients are surveyed.

1.1 The model

Let {(Wyg, W) v}—t}ogth be a standard two-dimensional Brownian motion (BM) in
a complete probability space (2, Fr, P), where {Fi}, . is the augmentation of
the filtration {F"""*}y<i<r. Consider a financial market governed by this BM,
composed by a bank account, a risky asset, and a correlated external factor, such

that, for ¢ € [0, T7:

1. The bank account process is given by the equation S? = exp < fot r(Yy) du);
where 7 (-) is the interest rate function.

1



2. The asset price process S is assumed to satisfy the stochastic differential equa-

tion (SDE)
where p (+) and o (-) are the return rate and volatility functions, respectively.

3. The dynamics of the external factor Y is modelled as a diffusion process solving

the SDE
aYy = g(Yy) dt + B (pdWhy +edWy); with Yy =y e R, (1.2)

where |p| < 1, e = /1 —p?, and § # 0. Without loss of generality we take

g=1.

The parameter p is the correlation coefficient between the underlying BM of the
asset price W, and the BM from the external factor W = pW; +eW,. When p = +1,
the market is complete. Otherwise, when |p| < 1 it becomes incomplete, since the
external factor cannot be traded. In financial data it is common to find scenarios
where the correlation is not perfect but high, that is, |p| is near to one. For example,
the relationship can be given between two asset prices or between one asset and the
stock market index. In this work we consider the general case |p| < 1. On the other
hand, this market is free of arbitrage opportunities. Completeness and arbitrage are
discussed in the next subsection.

For instance, the factor Y can be a mean reverting Ornstein-Uhlenbeck (O-U)

process. In this case, g (y) = —ag (ro — y) ; for y € R and some constants ag, 9 > 0.



Assumption 1.
1. wu(-) and 7 (-) belong to CZ (R) .
2. o(-)€C?(R)and o (-) > gy, for some o > 0.

3. g(-) € C*(R) such that ¢’ (-) € Cy (R).

Statements in Assumption 1 imply that the SDE (1.1) and (1.2) have strong
solutions. Also, they allows to prove existence of an optimal Markov control process
and to get an optimal trading strategy for the investor’s problem explained below.

Now, consider a single investor who generates a wealth process X, with wnitial
capital x, through splitting at each time ¢ € [0,7] his capital X; between m; and
X; — 7, where m; is the net amount allocated in the risky asset. Also, part of
his money is used for consumption at some given net rate ¢;. Then, at small time
interval [t,¢ + At], with At > 0, the fluctuation of the wealth process is described by

the difference equation

X —my

S

AS® + TEAS,,  with Xo =z > 0.

AXt = —CtAt + St

This discrete dynamics can be approximated by a diffusion. In this sense, the wealth

process becomes the solution of the SDE

ds? ds,
L + 7Tt—t

50 S,
= (Xt — 7Tt) r (E) dt + Tt [/J (K) dt +o (K) dWlt]

dXt + Ctdt = (Xt - 7Tt)

= (r(Y) X+ [0 (Y) —r (V)] ) di + w0 () d Wi,

The next definition formalizes these concepts.



Definition 2. The real process {m;, Fi}(,<p is a trading portfolio process if it is
progressively measurable and fOT m2du < oo a.s., whereas {c, ]:t}ogth is a consump-
tion process if it is nonnegative and progressively measurable with fOT cdt < oo a.s.
Their associated wealth process, denoted by X™¢ = X®¥™¢ is the solution to the

integral equation

t t t
Xf’c+/ cuduéva/ (r (Vo) Xo© + [ (V) — 7 (Ya)] ) du+/ Tu0 (V) dWia.
0 0 0

(1.3)

The trading strategy (7, ¢) is admissible if X™¢ satisfies the state constraint X™¢ >0

a.s. The set of such trading strategies is denoted by A (z,y).

Throughout this work, the initial values z € Ry = (0,00), y € R, and the

terminal time T' € R, are fixed, unless the opposite is stated.

Finally, given Uy, Us : Ry — R utility functions, we wish to
T
maximize F {Ul (X7°) + / Us (¢t) dt} over (m,c) e A(z,y), (1.4)
0

as well as to provide an optimal trading strategy (7, ¢). This problem will be referred
as the investor’s problem. To obtain the solution of this optimization problem, we will
use the martingale approach (see [HaP181]) and stochastic control techniques. The
first step in this direction shall be to obtain a characterization of the family A(x,y),
and then get the primal representation of the investor’s problem. See Lemma 4 and

expression (P) below.



1.1.1 Arbitrage and completeness

In this part we shall show that the market model proposed in this work is incomplete
(with the exceptions already mentioned) and free of arbitrage.

We say that the financial market is free of arbitrage opportunities if for x = 0,
c = 0, and a trading portfolio 7 such that X%%™9 > 0 a.s., imply that X%¥™0 = (),
for all y € R. It is well known that a financial market is free of arbitrage if and only

if the set of equivalent local martingale measures P (y) is non empty, where
o S . :
Ply)y=<Q|P<Q=<P and g0 lsa (Q-local martingale ; .

It will be shown below that this is true for our model and, in fact, there are many
infinite such measures. For a detailed study of arbitrage see [DeSc94].

Now, define the function 6 : R — R, as
r
0(y) =——"—=—; yeR

By Assumption 1, the function 6 (-) belongs to C7 (R). Let M (y) be the set of all
the progressively measurable processes {v, ]—}}te[oﬂ , with F/ fOT v2du < oo, such that

the local martingale

ZV = exp (— /0 t [0 (Y,) dWiy + vy dWo,] — % /0 t 0% (Y.) + v2) du> : (1.5)

is a martingale. Note that all the bounded processes belong to M (y) , since 0 (-) is
bounded. Define M = (1, g M (y). The processes in this class do not depend on

y and is large enough for our purposes. For each v € M, a probability measure on

(Q, Fr) can be defined as

dP” = Z}dP. (1.6)



Note that

dP”

P<P'<P and Z; = TP

te0,77].

A
Under the measure P” the two-dimensional process { (W1}, W3;) , Fi }o< < » defined

as
t t
Wy, = Wy, +/ 0(Y,)du and W3, =Wy +/ vydu, (L.7)
0 0

is also a BM. See Theorem 3.5.1 in [KaSr98|. Moreover, the dynamics of the processes

defined above can be written as

dY; = [g(Yy) — pd (V) — ev] dt + pdW?, + edWy, (1.8)

azy = Z¢([0* (Vi) +vi] dt — 0 (V) dW?, — v, dWy,) (1.9)

while for the discounted asset price and wealth processes, we have

Sy Sy v
Xﬂ',c
Ao+ 2sdt = Lo (V) AW (mc) € Ala,y). (1.11)
Sy 5 Si

Remark 3. The above imply the following:

1. — is a continuous P”-martingale, since o (-) is bounded. Hence, M C P (y),

50
in the sense: P¥ € P (y); for v € M. In particular, the market is free of arbitrage

opportunities.

m,c
S0

martingale and, by Fatou’s lemma, it is also a PY-supermartingale.

e . . .
2. The discounted process + / S—%dt is a nonnegative continuous P"-local
0 Pt

Finally, we say that the financial market is complete if for each nonnegative Fr-

measurable random variable B with z = EOS% < oo there exists a trading portfolio
T
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7 such that (m,0) € A(x,y) and X3¥™ > B a.s., for all y € R. Otherwise, we say
that the market is incomplete. Note that our market is incomplete, since the external
factor cannot be traded. A formal way to see the incompleteness of the market is

verifying that P (y) contains more than one measure ) such that the discounted price

S

process &5 is a -martingale. But, from Remark 3, this is true for all P*; v € M.

Another way to verify that is using Theorem 1.6.6 in [KaSr98].

1.2 Constant coefficients

In this section we illustrate the classical Merton optimization problem when the co-
efficients of the model are constant and the utility function is HARA. In this case,
the external factor does not affect the market behavior.

The classical way to solve these kinds of problems is through stochastic control
techniques. In this sense, it is convenient rewriting the trading strategy in a pro-
portion scale. That is, each (m,¢) € A(x,y) defines (7, &) = (m/ X, et/ X7°); if
X/ >0, and (74,¢) = (0,0), otherwise. For this section, we say that the trading
strategy proportion (7, ¢) is admissible if (7 X™¢ ¢X™) € A(z,y). Also we consider
the investor’s problem in the interval [¢t,T], with 0 <¢ < T and T > 0 fixed. Thus,

the differential form of the wealth process is

dX, = -, X du+r(l—7,)Xdu+ 7, X, (pdu+ odW,)

= X, ([r+ (p—r)7, —c)du+ om,dW,) .

When the trading strategy (7, ¢) is admissible, that is, if (7X™¢ ¢X™) € A(x,y),



then

u 1 u
X¢ = wexp <7“u +/ KM —r—= 502> Ts — Es] ds + U/ ﬁdes) - (112)
t t

If
1
U(b)éUl(b):Ug(b):;bW; b>0, with y<1, ~#0,
the investor’s problems is to

maximize J(t,x,7,¢) over admissible (7,¢),

1 T
J(t,x;7,¢) = ;E [(X;Z’C)V +/ (. XI°)" du] ;o (t,x) €]0,T] x Ry.
t
The associated value function is defined as

Wt,x) = sup  J(t,z,7,c).

(7,¢) admissible
Using the dynamic programing principle, it can be shown that there is a unique
smooth function w (t,y) in C*2 ([0, T] x R.,) that satisfies the Hamilton Jacobi Bell-

man (HJB) equation

1 1
0=w; +rzw, + sup {—02x2wm7—r2 +[(p—r)7 — ] zw, + —x”é”} , (1.13)
(7,8)eRXR4 8

with w(T,z) = %x”. Furthermore, from the homogeneity of the value function

W (t, ) with respect to =, we can assume that

w(t,z) = %:ﬂw(t); (t,2) € [0,T] x Ry, with w(T)=1.



Then, the HJB equation (1.13) is equivalent to

1 1 1
0=—-wi+rw+  sup {——7?2(1—7)02w+(,u—r)7_rw—5w—|-—5”’}. (1.14)
Y (7,8)eRXR4 2 Y

The maximum within the brackets induces the Markov policy

p—r !

T (t,x) = A=7o? and ¢ (t,z) = |w(t)] T . (1.15)

Substituting these values in (1.14), we have

wt—i—”yw%—(l—’y)w*l{% =0,

2
where 7 = ~ (r + % [(1“:50] ) . Applying the power transformation w =: &', the

last equation is transformed into the ordinary differential equation
or+yw+1=0, with ©o(T)=1.
Therefore
. L\ s _ L
wt)=(1+=)¢" ——; tel0,T7].
v g

Thus

w(t) = Kl + %) T %} H; te0,7].

Hence, from (1.15), the optimal trading strategy is given by

~ o s 7,6 w—=r
Ty = T <U,XT7U> m and

¢y = ¢ (u, X;fu) = [w(T - u)Tﬁ ;o uwetT].

Note that the optimal trading portfolio is constant, whereas the optimal consumption

process depends on a determinist function of the time w.
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1.3 Random coefficients

In this section we explain some diffusion models for the coefficients of the financial

market.

For a financial market with a bank account and a risky asset, the general frame-

work of the Black and Scholes diffusion model is

dSt = St (ﬂtdt + 5'tdW1t) 9

where 7, [i, and ¢ are progessively measurable processes such that ¢ > 0. In particular,

in this work we assume the form
FEr(Y), = p(Y), and 5o (Y),

where 7 (+), pu(+) , and o (-) are smooth functions, and the argument Y is the external
correlated factor. For instance, the external factor can be a leader interest rate,
an exchange rate, or another asset price. In general, Y is an economical process
correlated with the asset price, which perturbs the level of the coefficients. Therefore,
it is part of the financial market.

On the other hand, it is natural to model the external factor Y as a diffusion. In

this sense, consider the integral equation

t t
m:y+/ dsds+/ B.dW,, (1.16)
0 0

where & and 3 are the coefficients of Y and W is a BM correlated with ;.
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1.3.1 Interest rate and return rate

The interest rate and the return rate play a similar role or are affected by similar
economical phenomena. Then, considering that they can be modelled in a similar
way, we only focus on the interest rate. The form in (1.16) allows us a wide class of
models for interest rates. The next table resumes a list of some known processes for
interest rates. The subscript “0” refers to a constant. The symbol “v"” means that
the corresponding model is compatible with the framework proposed in this work,
whereas “(v')” means that it is compatible provided a transformation or truncation

argument is made.

Model r(y)  drift @  diffusion notes

Malthus 70 0 0 v

Ho-Lee y & 3, & determinist (V)
and bounded

Vasicek (mean y ag(rg—Y) Bo o, 70 > 0 (v)

reverting O-U)

Cox-Ingresoll-Ross | vy ar=Y) BVY &, 3,7 determinists

Black-Karasinski e a(F-Y) 3 &, 3,7 determinists  (v')

The simplest model is when the interest rate is constant: r (y) = ro > 0. In this

case, the money market relies in the Malthus model
SY = tel0,T]. (1.17)

This form is common in the national production or inflation modelling. The original

Black and Scholes model considers constant interest rate.
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The Vasicek or mean reverting O-U process usually appears for modelling the
interest rates. This Gaussian process allows negative values. Furthermore, in the long
return, the interest rate process runs around a value ry > 0. The model presented
in this work is inspired in this one. However, note that the interest rate function
r (y) = y, is not bounded, unless a truncated smooth version is taken account.

For example, consider the function r (-) in C? (R) defined as

Y |y| < T
r(y) = ’
[ro + tanh (Jy| — ro)]sgny  |y| > 7o

for some fixed ry > 0. The next figure shows the graph of that function when ry = 5:

The Cox-Ingresoll-Ross process is a modification of the mean reverting O-U. This
process becomes positive if a > %B2 However, it is not compatible with the one
presented in this work.

The Black-Karasinski model is similar to the mean reverting O-U process, but
in this case the interest rate function is exponential: r (y) = e¥. In particular, the
interest rate is nonnegative. This model can be considered compatible if an analogous
truncation argument used for the mean reverting O-U example is taken.

The Ho-Lee model does not have a mean reverting trend but it is also compatible
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provided we apply the truncation argument already mentioned. The drift & should

be positive if we expect a nonnegative trend.

1.3.2 Volatility

The models for stochastic volatility are similar to those for interest rate, however it is
necessary that o () > 0. Using the general form in (1.16), we present three different
models for the external factor Y: lognormal, mean reverting O-U, and Cox-Ingresoll-

Ross, which are explained in the next table:

model drift &  diffusion 3
lognormal agY BoY (V)
mean reverting O-U ag(og —Y) Bo v
Cox-Ingresoll-Ross ag(op —Y) BoVY

For the lognormal model, we can redefine the external factor as Y = logY. In
this sense, it is like the Ho-Lee model with constant coefficients, and hence, it is

compatible with the one proposed in this work.
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Considering these three models, the next table shows a list of volatility functions:

Model o (y) Y process
Hull-White VY lognomal

Yy lognomal (V')
Scott e  mean reverting O-U (V')
Stein-Stein ly|  mean reverting O-U
Ball-Roma, V¥  Cox-Ingresoll-Ross
Heston VY Cox-Ingresoll-Ross

Finally, when the market is complete (p = £1), we can assume that the volatility
depends on the level of the asset price such that, with out loss of generality, Y = S.

In this way, Cox [CoT75] suggests the following form for the volatility function:

o(y) =00y’ y>0, with 00>0, 0<6§<1.

Levy processes and Fractional Brownian motion

Other interesting models for volatility found in the literature include variants of the
Ornstein Uhlenbeck process. For example, in [BaSp02] it is assumed that the volatility

is an intrinsic process from the asset price, which is driven by a nonnegative O-U

process:
do, = —Ngoydt +dZ,, with \g > 0,

where Z is a background subordinator (a nonnegative Levy process) independent
from the underlying BM of the asset price. This model is an important alternative

to diffusion models, since it is nonnegative and explains satisfactorily phenomena
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associated with the volatility, e.g., effect of volatility on heavy tailed returns, volatility
clustering, and skewness, in some cases. In [BaSp02] a justification of this model can
be found through a detailed empirical study of real financial data. However, the
background subordinator Z imposes an economical constraint in the set of admissible
trading portfolios. Specifically, the trading portfolio proportion should be in [0, 1] .
Another conceptual difficulty is that the volatility relies in a no directly observable
process. In [BKRO3|, an investment problem applying this model is solved. The
optimal trading strategy obtained in that paper relies on a good point of reference
for the investor, provided the background process Z is given.

On the other hand, in [CoRe96] and [HuO1] the external factor is modelled as
a mean reverting O-U process, where the underlying BM is a factional Brownian

motion:
t
Y, = y+ag/ (ro — Yt)ds—FBOWtH,
0

where W# is an independent factional Brownian Motion with Hurst parameter H €
(0,2) . In particular, for H = 1, the fractional BM relies in the classical mean reverting
O-U.

We conclude that the proposed framework for the external factor is compatible
with a lot of models presented in different references. On the other hand, the mean
reverting O-U process is widely used for modelling the coefficients of study; in fact,

this example is the most important motivation for this work.
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Chapter 2

Primal and dual problems

In this chapter the investor’s problem is formulated as a convex optimization problem.
The martingale method is explained, and a practical condition for absence of duality
gap is given. Furthermore, a relevant relationship between the optimal solutions of

both problems is obtained.

The martingale method consists in translating the investor’s problem into a convex
optimization one, which is called primal. Instead of admissible trading strategies (, c)

the primal problem includes pairs (B, ¢), where B represents a final wealth.

In the context of convex optimization theory, the primal problem has an associated
dual problem, whose admissible variables are v € M and A > 0. The next table shows

17
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the transformations of the investor’s problem under the martingale method:

primal problem
/ (B, c)
investor’s problem !
(m,c) N dual problem
(v, A)

We expect that an eventual solution to the dual problem provides the solution of the
primal and investor’s problems. The dual problem is studied in the next section.
The following lemma allows us to characterize the set of admissible trading strate-
gies A(z,y), which will be useful to pose the primal problem. It is analogous to The-
orem 1 in [Cu97] and Theorem 5.6.2 in [KaSr98]. Some parts are quoted from the

above references.

Lemma 4. Let B be a nonnegative Fpr-measurable random variable and ¢ a con-

sumption process with

B T Cy }
sup BY < — +/ —dt y < z. 2.1
VE./BI {S% 0 S? ( )

Then, there exists a trading portfolio 7 such that (,¢) € A(z,y) and X7° > B a.s.

Conversely, if (7, ¢) € A(z,y), then B = X7° satisfies the budget constraint (2.1).

Proof. The last part of the lemma is straightforward. From Remark 3, when
T € A(z,y) and v € M, the discounted process 5~ + |- Srdt is a PY-supermarti-
t

ngale. Hence

X7T,C TCt
Ev |=L —dt| < EYXT° = x.
lS% +/0 57 ]— 0o T
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Now, to show the first part, define the following discounted process:

. T,
= ess sup E”

=L + | Zdu|F|; telo,T]. 2.2
S,? veM lso . SO | t‘| [ ] ( )
In this case the essential supremum exists, since a non empty family of nonnegative

random variables is involved (see Theorem A.3 in [KaSr98]). Note that, by hypothesis,

. B T .
Xy = E¥ ‘< d Xr=B8B. 2.3
0 VSSAIZI {SO +/O SO } >~T an T ( )

It will be shown that X induces an admissible trading strategy (m,¢), such that the
associated final wealth X7 is greater than or equal to B. First, it will be verified

that X satisfies the dynamic programming equation (DPE):

X, ape ¢
ﬁ—esssgjaE SO+ Sodu|‘7:$7 0<s<t<T. (2.4)
Since
B 4 B g
B | = d = B |E (= d ,
s s = (e )1
X, }
S E | =5 Fs )
Kl
then
X, [ B " e,
= esss;aE” @_’_/ %duﬁ-}}
s v L~T s U
L[ B T, ey
= essVs;aE S_%+/t @du+/5§du|};]
% e
< essys;l/aE S—§+/Ss—gdu|fs}

The reverse inequality is verified next, namely

X, X t
w2 > B {SS +/ Sodu ] ]—“8} . vEM. (2.5)
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For v € M and t € [0, 7] fixed, define
M t)y={neM:n=v in [0t}

and
B Te 7" /' B T
R U Cu _ |4 (B cu ' )
Ji =E {S%jL/t Sgdu|ﬂ} E{Zf (S%+/t Sgd“>|ﬂ]’ neM ().

The second equality in the last expression is due to Bayes’ formula for conditional
expectations. See equation II1.3.9 in [JaSh87] or Lemma 3.5.3 in [KaSr91]. On the

other hand, since Zr depends only on the values of v in [t,T] (see equation (1.5))

zy
then
X,
— = sup J/.
S? neMv(t) !
Furthermore
X
— = lim J™; (2.6)
St n—o00

for some increasing sequence {J;"}, ., , with , € M (t). To verify (2.6), it is enough
to see that {Ji'}, <\, is a closed family by pair maximization (see Theorem A.3 in
[KaSr98):

Define

Uy ={J* =2 "} and 0 =1lem + Lagmy m1,mp € MY ().

Note that ¥, € F, n = v in [0,t], and Z7 = 1y,Z™ + 1y,Z"; which is also a
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martingale. Thus, n € MY (t) . Now, let us show that J;! = J* v J;*.

g o= B [%—f-/tT go(z‘))du\ﬂ}
o)1
m (5
e

- l (SO 50
Zm Z772 T C
; )>d“) ‘ft]
T t
M
Z u)
+1gcFE —T( + du> .7—“}
i [Zl” st St
= 1q,tJZ71+1q,§J;72

= B l(lwt Zm + we Zﬁz)

— Ve,

Hence, from (2.6) and the conditional monotone convergence theorem, inequality (2.5)

holds if

X, B T e,
R A - Tk
[ B e T .
= g [ g [ g7
i B e, t
- oo (g [ G m) + [ o)
- e
= [ JZ?”+/S Sgdu|‘7:51

t
= E” {J’?n—i—/ goduu-;].

Therefore the DPE (2.4) is verified. In particular, this DPE implies that the dis-

counted process SO + fo < dt is a PY-supermartingale; for each v € M. Using the
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Doob-Meyer supermartingale decomposition theorem and local martingale represen-

tation theorem, that discounted process can be written as
Xt ! Cs 7 ! v v v v v
t 0 s 0

where ¢, 15, and A" are progressively measurable real processes, such that fOT([@/JTS]Q—I—
[1%]*)ds < oo a.s. and AY is predictable increasing with A% = 0. See Theorem 3.3.9
in [LiShO1] and Problem 3.4.16 in [KaSr91]. Thus, from (2.7), the following identity

holds

t t
/(%AW&+%AWQ—A$=/(wﬂWﬂ+wﬂW%—A3
0 0

According to expression (1.7), we get

t
0 = [ [t = ) Wi+ (95, — 08) dWa] + A2 A7
0
t
+ [ 1wt = v 01 + ] ds.
0
This equation has the form L +V + ¢ = 0, where L is a continuous local martingale,
V' is a predictable finite variation process, and ¢ is a continuous process with zero
quadratic variation, such that Ly = Vi, = ¢, = 0. The above suggests that all those

terms should be the zero process. In fact, by Proposition 1.4.49.d in [JaSh87], the

covariation (L, V) is identically zero. Thus,
0={(¢,¢) =(L+V,L+V)=(L)+(V) +2(L, V).
Hence (L) = (V') = 0. This implies

V=), Yy =4, and A" EA0+/ YS,vsds > 0.
0
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In particular, for constant processes v = v € R, we have
t
A? =AY+ v/ Yo.ds; te0,T] as.
0

Define the events

t t
U, = {/ Y. ds < 0} and W = {/ Y9, ds > 0},
0 0

which belong to F;. Noting that, when v — 400, A} — —o0 in ¥/, one conclude
that the unique possibility is ¥, U ¥;” = (). That is, A? = A? a.s. Hence, A" = A°

and 15 = 0, since A is cadlag. Summarizing;
Y=gl =y, ¢P5=0, and A" =A% veM.

Thus, expression (2.7) can be written as

X

t
S_?"i"/ SodS_X0+/¢dW13 Al vEM. (2.8)

Now, assume for a moment that the budget constraint (2.1) holds with equality:

Xo=s E”{BJr/Tctdt} (2.9)
= u - = T. .
0 VE/EI SO 0 S?

Next, define the trading portfolio

0
o St

Ty — mwt, t € [O,T] . (210)

Then, by expressions (1.11), (2.8), and (2.9), X*¥™° satisfies

X V
5 = r— —ds+ SO o (Yy) dWy,

= x—/ —ds+/@/)de{’s

X
0 t
= S_?—i_AtZS_?ZO a.s.
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In particular, X7¥™° > X = B. Otherwise, when X, < z, substituting X, for x
and applying the above arguments to the trading strategy (m,c), but also investing

in the bank account the exceeding initial capital  — X, we get

X TYTC > XX07y77T,c > 0 and X;’y’ﬂ’c > B as.

Thanks to Lemma 4, the investor’s problem (1.4) can be written as
T
maximize FE {Ul (B) +/ Us () dt} over (B,c) € B(z,y), (P)
0
where

B(z,y) = {(B,c) | B>0 and Fp-measurable, c¢ is a consumption

d E”{B+/Tctdt]< }
process, an sup — —dt| <zy.
veM Sg“ 0 Sg

This problem will be referred as the primal problem, which has the form of a
convex optimization problem described in Section 8.6 in [Lu69)].

Next theorem suggests the relationship between the trading portfolio 7 and final
wealth B. Its proof is based on arguments given in the proof of the previous lemma.

This result is analogous to Theorem 5.8.9 in [KaSr98].

Theorem 5. Let ¢ be a consumption process and 7 € M. Then, the following

statements are equivalent:
(i)

T
(B,c) € B(z,y) and E” [Eo +/ C—%dt] = x.
St Jo S
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(ii) (me) € A(z,y), X7° =

/ —ds is a P”-martingale with

representation

X7r,c t 5
SLPJF/ % s—x—l—/ Y, AWl telo,T), (2.11)

where 1) is a progressively measurable process with fOT @Z)idu < 00.

Proof. (i) implies (ii). We shall verify that X™¢ = X where 7 is the trading
portfolio given in (2.10) and X is defined in (2.2) satisfying (2.8). From (2.3) and (i),

we have

- XT TCt [ B TCt B TCt
B | — —dt| = E"|—= —dt| == E” —dt
R g w e g [ §

= X

Then & = . fo L ds is a P”-martingale, since it is a P”-supermartingale with constant
mean. Thus, from (2.8), A° = 0, and hence, X™¢ = X. The rest follows from the
martingale representation theorem.

(i) implies (i). From Remark 3, the discounted process 2z~ + [ & 5ds is a P¥-
supermartingale; for each v € M. In particular, it is a P’-martingale. Hence (B, ¢) €

B(x,y) and E” [%—I—fT Csds} =z, where B = X}“. n

Remark 6. In Theorem 5 parts (i) and (ii) are equivalent to the next assertions:

(a) (m,c) € A(x,y) such that X7 = B and the following DPE holds

Xﬂ-’c 7T,C t
> = esssup BY + F
S0 Vet l SO u ]

3 Xﬂ',c t »
= EV{#—I—/C—dUJ}"g}; 0<s<t<T.
t s
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(b) (m,c) € A(z,y) such that

X7r,c B T ”
' — esssup EB” l— +/ = | _7:,5}
¢

Sy vem S 9
_ By [ S m] tep (2.12)
- S% \ Sg t| ) . .

The relationship between the portfolio 7 and the process ¢ in part (ii) of Theorem 5
is given by

SO
Ty = T;/t)@bt. (2.13)

Finally, we expect that the optimal process © from the dual problem, defined in (D)
below, satisfies parts (a) and (b), and hence statements (i) and (ii) hold too. In the

next chapter we will verify this for logarithmic and HARA utility functions.

2.1 Dual problem

In this section we pose the dual problem using techniques from convex analysis.
We study the relationship between the optimal expressions of the primal and dual
problems. The section is self-contained, taking some basic concepts from [Lu69]. See
also Section 3.4 in [KaSr98].

A utility function U : R, — R is an increasing, concave, and differentiable

function. This function captures the investor’s attitude with respect to risk.

Assumption 7. For U (-) = Uy (+),Us (+) , the utility functions of the investor’s prob-
lem (1.4), consider that:
1. U () is strictly increasing and strictly concave.

2. U'(o0) = limp0o U’ (b) =0 and U’ (0+) = limy)o U’ (b) = oc.
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From this assumption, it follows that U’ () is strictly decreasing. On the other

hand, the conjugate convex function is defined as

U(z) = sup{U (b) — 2b}; z>0. (2.14)

b>0

The function —U (-) is the concave conjugate of U () (see Section 7.11 in [Lu69]).

From the definition of U (-) and elementary calculus, it follows that
U(z)==U((2)—=z2I(z); =z>0, (2.15)

where [ (-) is the inverse function of U’(-). This function is strictly decreasing and
holds I (0+) = oo and I (c0) = 0.
On the other hand, the associated dual functional to the primal problem (P) is

defined, for v € M and A\ > 0, as follows

Ly, A) = L{v,XAzy)

T B T ¢,
=  sup {E [Ul (B) + / U (cr) dt} — AE” {—0 + / —Odt] } + A\z.
B>0,c>0 0 ST o St

Here the argument “B > 0, ¢ > 0”7 means that B is a nonnegative Fr-measurable
random variable and c¢ is a consumption process. This functional with two Lagrange
variables, A and v, is analogous to the one presented in equation (22) in [Cu97],
where an optimal consumption problem using the martingale method was studied.
Moreover, note that the present definition is a variant of the classical dual functional

given in equation (8.6.2) in [Lu69]. The dual problem is to

minimize L (v,\) over ve M, A>0. (D)
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Let us get a characterization of the dual functional L (v, ). From identity (A.5)

in Appendix and (2.14), we have

I T B T Ct
E Ul(B)+/ Us (c)) dt| — AE” | = +/ &gy
L 0 S 0 St
[ zv T zZv
= F Ul (B) )\SOB +E U2 (Ct)—)\@(ft dt
L 0 t
E Ul( Z—g) +/ Uy ()\Zo)dtl B>0, c>0. (2.16)
L ST 0 S

This, together with (2.15), imply that

M. v T v
L(v,\) < E|U; (A—OT) +/ Us (A—%) dt} + Az
L ST 0 t

IN

_ v, ZCZV” v, r VA A
= E|U (B 2B 4B |0 () YA gt 4+ A
i St 0
r T 1//\
- FE _Ul (B”’A) +/O Us (cty’)‘) dt} + A (aj — B +/0 59 ])
S L(VJ A)?

where

A Zy
B =, ()\@> and ¢ =1, <)\ SO) te0,17,

which are a nonnegative Fr-measurable random variable and a consumption process,

respectively. Hence, the dual functional can be written as

- T zZv
L(V,A):E[Ul(/\gg)Jr/O U2<)\So)dt]+)\m; veM, A>0. (217

This representation of L (v, A) is inspired as a natural extension, from complete to
incomplete markets, of the results presented in Section 3.6 in [KaSr98].
In this book, the martingale method is implemented building a family of auxiliary

complete markets, indexed by v € P (y) . In this sense, the problem is reduced to find
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the optimal auxiliary market. On the other hand, the dual problem (D) is analogous
to the one presented in [Da00] and [KrSc99]. However, their dual functional version is
L (v, ) — Az, which is minimized over v and then minimize L (, \) — Az over A > 0,
where 7 is the optimal process. In the examples presented in the next chapter, we
proceeded in the opposite sense, that is, we find first the optimal variable )\ and then
minimize L(v, \).

The martingale method allows us the explicit form of the optimal process v, for

logarithmic and HARA utility functions. See sections 3.1 and 3.3.

On the other hand, observe that

T
su E{U, (B —|—/ Us (c dt} < inf L(v,\), 2.18
(B’C)elg)(w,y) { ' ( ) 0 2 ( t) vEMA>0 ( ) ( )

since, from the budget constraint (2.1), we have

sup E{Ul (B) +/OT Us (c;) dt}

BeB(z,y)

T B T Ct
sup {E |f]1 (B) + / U2 (Ct) dt} — A\B”Y [-0 + / —Odt] + )\x}
BeB(z,y) 0 ST 0 St

T B r Ct
B>0,c>0 0 ST 0 St

= Lw,A\); veM, A>0.

IN

IN

When the equality holds in (2.18), we say that there is no duality gap. In the next
chapter we will verify, for logarithmic and HARA utility functions, that this holds.
Under a suitable condition, the next proposition shows the relationship between
the optimal solutions of the primal (P) and dual (D) problems. Compare with Propo-
sition 6.3.8 in [KaSr98]. Furthermore, in the next chapter, the dual problem is solved

for logarithmic and HARA utility functions, and an explicit solution to the investor’s
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problem is given, which are the main contributions of this work. The existence of
solution to the dual problem in incomplete markets was considered in Theorem 6.5.1

in [KaSr98|.

Proposition 8. Assume that for some (7, 5\) € M x R, the pair (B ,¢), defined as
B=1, (A%) and ¢ = I, ( g()) teo,7T], (2.19)

belongs to B (x,y) and satisfies

Elﬁ

B T Ct
S_%+/o 5 ] — 7. (2.20)

~

Then, (3 ,¢) is the optimal solution to the primal problem (P), whereas (7, A) is the

optimal solution to the dual problem (D). In particular, there is no duality gap.

Proof. From (2.17) and (2.15), it follows that

. . N~ T (2
VE}\/%§>OL(V,A) = uexl\/rtl,£>oE{U1 ()\S_%)+/0 Us ()\So)dt—l—)w}

M. AZID T Zf/ R
< E|U (A—OT)+/ Ug()\ 0>dt]+/\x
I St 0 S

[ T ] 7zt B ZVA .
[ T ] B T &

— BluuB) + [ ne)a| - e |2 / G at| 1 e
I ] St Jo S

< w sfume /jwdt}.

(B,e)eB(z,y)

Due to (2.18), there is no duality gap and (B , ¢) is the optimal solution to the primal

~

problem (P), whereas (©, \) is the optimal solution to the dual problem (D). u
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Remark 9. The optimal pair (2.19) is similar to the one given in equations (6.3.16)
and (6.3.17) in [KaSr98], with A = ), (z) and Y, (-) is the inverse function of X; (-),
given in equation (6.3.15). An existence result and some characterizations of the solu-
tion to the dual problem (D) are also given in Section 6.5 in [KaSr98]. However, except
for deterministic coefficients (Section 6.6) and logarithmic case (Example 6.7.2), they

do not give the explicit form of the optimal process v.

Remark 10 (Martingale methodology). Based in the results obtained in this
chapter, we formulate the elementary steps of the martingale method to get the
solution of the investor’s problem:

1. Given U (+) and U, () utility functions, pose and solve the dual problem. That
is, get the optimal solution (7,A) € M x R,.

2. Verify that the pair (B, ¢) belongs to B (z,y) and satisfies (2.20), where (B, &) is
defined in (2.19). Then, Proposition 8 and Theorem 5 can be applied.

3. Finally, from (2.11) and (2.13), get the optimal trading portfolio 7.
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Chapter 3

Results for logarithmic and HARA

utility functions

In this chapter the solution to the optimal consumption-investment problem shall
be given when the utility function is logarithmic and HARA. Moreover, modifying
a little bit the arguments, the solutions for the optimal consumption and optimal
investment problems are obtained. Finally, the relationship between the investment

problem and pricing and hedging is analyzed.

For the logarithmic and HARA utility functions the martingale method allows us
the explicit form of the optimal process 7 and the optimal trading strategy (7, ¢);
which are the main contributions of this work.

33
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3.1 Logarithmic example

The solution of the logarithmic case exhibits the advantages of the martingale ap-
proach, because it turns out to be straightforward.

Suppose that U (b) = U (b) = U, (b) = logb; for b > 0. Then

1
I1(2) = and U(z)=—(1+logz); z>0.
The dual functional (2.17) has the form

L)) = —(1+T)(1+log)\)+/\x+E/Tr(Y})+E/T/tr(Ys)dsdt

T
—F [log Zy +/ log Z;’dt} :
0
The optimal value of the variable A can be obtained by basic calculus arguments, and

it is given by A= % This value does not depend on v. On the other hand, from

(1.5), we get
t 1 t
—log Z; = / 60(Ys) dWis 4 vsdWa| + 5 / [92 (Ys) 4+ v2] ds.
0 0
Then, the dual problem is equivalent to

T T ot
minimize E { / vidt + / / Vidsdt} , over ve&M.
0 o Jo

Clearly, the optimal solution for this problem is (7, 5\) = (O, %) .

Now, as it is suggested in (2.19), we define

>

and

. g 1+TZ_% x S_%
r SS9 1+T2Z2

1+T2° r S?
AR ot 2L e 0,T].
w2 1(57%) gy teo
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Next, motivated by (2.12), we define the nonnegative process

X,

Zt e po
Sy

B T
— T]. 1
5%+/t Sodulft, t€[0,T] (3.1)

Thus, & <5 <+ Jo & du is a P’-martingale and, from identity (A.5) in Appendix, we have

Xt b ey Z%B ZO T b1
2t Sogu = B2 Squ| Fl 4 —— | —-d
SE+/0 S0 Ztosg+[ Zo gl i +1+T/OZ,3“
T 1 T T t
147 {Z?Jr/t Z$“|E}+1+T/Ozgu
_ oz [14T-t t1d
~1yT| 29 . zo™

= m+—/ (14T —u)d=.

However, from Ito’s formula and expression (1.9), we get

1 dz0  [dZ0 0 .,
= + - AW .
z) oz 1z @
Then
Xt t T t 0 (Y )

t
- u 0 _. wo
5, @d“ Tty ), WY d”lu_‘“/owud 1“’

u

where

1+T —t0(Y,)
T 20

Y=
Note that fOT Y2dt < oo, since

T
[zt = [ e ieoing o
0 0

Hence, defining
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we have (#,¢) € A (z,y) and X™¢ = X In addition, note that (B, ¢&) € B (x,y), since
condition (b) of Remark 6, with 7 = 0, holds.

Summarizing, the optimal trading strategy (7, ¢) is given by
Fe=m(t, X0Y,) and & =, XY, telo,T],

where, for (t,z,y) € [0,7] x Ry x R:

. . 0 py)—rW) ‘ o 7
T (t,x,y)—xo_(y)—x () and ¢ (t,x,y)—m.

Note that the optimal trading portfolio does not depend on time, whereas the optimal
consumption process depends only on time and the wealth level. This form is anal-
ogous to the solution obtained in Example 6.7.2 in [KaSr98], for a market including

risky assets that cannot be traded.

3.2 HARA example (primal and dual parts)

In this section the solution of the dual problem for HARA utility function is found.
We use the martingale methodology given in Remark 10. This represents the main
contribution of this work. In fact, we did not find in the bibliography explicit solutions
for the consumption-investment problem in incomplete markets. In particular, we
remark that the more difficult case is when the HARA parameter ~ is positive.

In order to simplify the presentation, the results are divided in two cases: when
v < 0 and 0 <« < 1. The explicit solution for the investor’s problem is assigned to

the next section.
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Here we assume that Uy (-) = Uy (-) = U (), where U (+) is the hyperbolic absolute

risk aversion (HARA) utility function, defined as

1
UM)==b"; b>0, with y<1, +#0.

Y
Then
—(1-) 7 1 @ ° g
I(z)==2 and U(z) =——2% 2z>0, where a=———.
o 1—7
Note that o < 1, a # 0, and v = —7%.

Thus, the dual functional (2.17) has the form

1 Zv\ T zvN\“ 1
L, )\ =X\t—=-\NFE|[=L L) de| = A — =A\%A, 2
wn=re- e |(G) 4 [(G) af = fen

(6%

v a T v «a
ANZE|ZE —L .
=e((F) + [ (§) o] >0

The first two derivatives of L (v, ) with respect to A are

where

Ly(v,\) =2 — XA, and Ly (v,)) = (1 —a)X\*?A, > 0.
Then, the optimal value of the variable )\ is given by

X(y)é<%)ﬁ.

Substituting this value in (3.2), we get

1
~ R D SIS B

1
Lw,A(v)) =z TaA) > — ax_EAV = ;xVAi’V; veM. (3.3)

When 0 < < 1 [y < 0], minimizing L(v, A (v)); over the set of processes v in M, is

equivalent to

minimize [maximize| J(T,y,v)=A7A,, over ve M. (3.4)
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This is a stochastic control problem, where the control processes belong to M. This
will be referred as the auxiliary problem and will be solved using dynamic program-
ming techniques as well as analytic arguments. As an additional advantage of the
martingale method applied in this case, note that it reduces the investor’s problem

to one with just a control variable.

On the other hand, observe that

[Z;]a _ efa.[g[a(Ys)dW:ls“rl/SdWQS]*%aI[Ot[92(ys)+l/§]d8

o [310(Y)dWis+vsdWas]—2a? [3[02(Ye)+v2|ds—ta(1—a) [y [02(Ye)+v2]ds

— . Zta,ue—%a(l—a) fg[gQ(Y5)+V§]ds, te [O,T], (35)

Y

where Z*" is defined as Z" substituting in (1.5) af(-) by 6 () and av by v. That is

t t
Zta,u o exp <—Oé/ [9 (Yu) dWlu —+ l/udW2u] — %O[Q/ [02 (Yu) + l/i] dU) .
0 0

Proceeding as in (1.6) and (1.7), we can define the measure P*" in Fr and the BM

(W, W5 | respectively. Under the new measure, the dynamics of the external

factor Y satisfies
dY; = [g (V) — apb (V) — acvy| dt + pdWi" +edWsy”,  with Yo =y e R. (3.6)

Compare with representation (1.8). From (3.5) and using identity (A.5) in Appendix,
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we get
J(T,y,v)
e [(Z) [ (L)
— pav {ea Sy rv+3—a) (02 (vo)+ dt+/T o0 Je[r () +31—a) (67 (vs)+22 )]dsdt
0
=  BF* {efo a(Ye,ve)dt +/ efotq(Ys”’s)detl ; (T,y,v) € Ry x R x M,
0

where

. 1
000) = =0 |r )+ 5(1-0) )+ %) (o) € R
For 0 < a < 1, the function ¢ (y,v) is bounded from above. Otherwise, when a < 0,

q (y,v) is bounded, provided the control space is compact.

3.2.1 Case v<0

In this case, 0 < a < 1 and the value function associated with the auxiliary problem

(3.4) is

W (T,y) =sup J(T,y,v); (T,y)e Ry xR with W (0,y) = 1. (3.7)
veM

Before writing down the HJB equation associated with this problem, let us give

some properties of the value function. Since

T
o= ST (173 (=) (10 +272) ) +/ oo St (oot 5—a) (012 +42) )au gy
0
< J(T,y,v) <1+T, (3-8)

then

0< K <W(T,y)<1+T, (3.9)
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where
Ky 2= (14 T) (et 30T, (3.10)

Note that K; does not depend on v and y.
Now, let us verify that W (T, -) is a Lipschitz function. Since ¢ (y,v) is bounded
from above, we can use the dominated convergence theorem to verify the y-differentiability

of J(T,y,v) (see Theorem 5.5.5 in [Fr75]). In fact, it is easy to see that

T
Ty o) = () < (1= ) L+ )OI, [ et xn
0

and

T
0
Jy(Tyv) = E* [efoT ahme)e / ay (Vi) 5 Vet
0

T t 0
_|_/ efo q(Ys,vs)ds / qy (Y;, 1/8) —stsdtl )
0 0 Oy

where a%Y; is the solution of the ordinary differential equation

0 , , 0 _ . J..
that is,
a 3 / / .
gve=e ([l 00 ot (lau)s i 0.7
Oy 0
Since

<Ky = (| ]os + (1 — @) |0]00|0 | oo ) Tell9'lectell)T

r 0
q szal/s _Y:Gds

then

’Jy(Tay7V)’ §K2(1+T)
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Observe that Ks does not depend on v and y. Hence, W (T, -) is a Lipschitz function

with Lipschitz constant K (1 + 7). Finally, from (3.9), we get
K
<K=22(1+7), (3.11)

provided W, (T, y) is well defined. The estimation (3.11) will be used later in this
section.

Now, for a moment let us constrain the set of control processes to those in M
taking values in [—M, M]; for a fixed constant M > 0 given; denote this set as M.
The corresponding constrained value function is denoted by W (T, y) . Later we shall
remove this constraint proving that the value function is independent of M, when it
is large enough.

The verification theorem below states that
w(T,y) = WY (T,y);

where w (T, y) is the unique smooth function in C'*? (R+ X R) NG, (R+ X R) satis-

fying the associated HJB equation:

1 1
wr = 1—|—§wyy+(g—ap0)wy—a{r+§(1—a)921w (3.12)

1
+a sup {—swyv——(l—a)wUQ},
vE[—M,M] 2

with w (0,y) = 1. see Theorem 1V.4.3 and Remark IV.4.1 in [F1S093]. As in the last
expression, for simplicity, sometimes hereafter, we suppress the arguments of the real
functions. For instance, using w instead of w (T, y) and so on.

The HJB equation (3.12) induces a Markov policy defined as follows: for (¢,y) €
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0, 7] x R
X ° 1
v (t,y) = arg UGE]%(M] {—6wy (t,y)v — 3 (1—a)w(t,y) 02} (3.13)
_ € wy (tay) € |wy (tay)’ <M w(t y) 7&0
_ l—awl(ty)’ l—a w(ty) — ’
—M sgnw, (t,y), otherwise

Theorem 11 (Verification). For M > 0, let w(T,y) be the unique solution to

(3.12). Then:
(i)
w(T,y) > J(T,y,v); (T,y) Ry xR, ve MY
(i)
w(T,y) = WY (T,y) = J(T,y,),
where 7 is the Markov control process in MM given by
ve=v"(I'—-tY,); tel0,T]. (3.14)

In particular, 7 is the optimal process for the constrained auxiliary problem relative

to (3.7).
Proof. (i) Forv e [-M,M], let L be the functional defined as
Lf = fi+ %fyy +(g—apd —aev) f,;; feCY?([0,T] xR).
In particular, for f (¢t,y) =w (T —t,y), we get

1 1
[ﬁv—i—q(y,v)]w(T—t,y) = _wt+§wyy+(g_ape)wy_a {7‘4_5(1_0‘)62} w

1
ta|—ewp — o (1-— a)wvﬂ .
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Thus, from the HJB equation (3.12), we have
£+ q(YV,v)|w(T —t,Y,) < —1; t€l0,T], veMM, (3.15)

This inequality, together with the Feynman-Kac formula (A.3) in Appendix and a

reparameterization in time, imply that

w(T,y) = EY {efqu(Y“’”“)d“w (0,Yr) —

T
/ 6'[0 q(Yuvu)du [;Cyt + q(Y;t; Vt)] UJ(T - t7 Y;:)dt]
0

T
> fEov |:ef0Tq(Yu,Vu)du_+_/ ef()tQ(Yu,Vu)dudt:| (316)
0

= J(T,y,v).
Here we use Corollary 17 in Appendix with
T = T7 S = Oa qt = q (Y;h Vt) 9 and Ft = efot q(Yu,Vu)du.

For a basic reference, see equation (D.13) in [F1S093] and, for the reparameterization
in time, see Corollary 4.4.5 in [KaSr91].

(ii) Since wy (t,y) is continuous, then the Markov policy v* (¢, y) given in (3.13)
becomes a bounded, continuous, and y-locally Lipschitz function (see Proposition 20
in Appendix). That is, v* (¢,y) satisfies properties (IV.3.12) in [F1S093]. Hence 7,
defined as (3.14), is a Markov control process in M™. Finally, from the definition
of v*(t,y), for v = I inequalities (3.15) and (3.16) become equalities. Therefore,

w(T,y) =WM(T,y)=J(T,y,7). |

Corollary 12. Let w (T, y) be the unique solution to (3.12) with M > %K, and
-«
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let W (T, y) be the unconstrained value function defined in (3.7). Then,

WecY? (R: xR)NG! (R x R),

w(T,y)=W(T,y),

and 7 is the optimal control process, where

e W, ([T -tV
l—aW (T -tY,)

Dy =0 (T —1,Y)) = telo,T].

Furthermore, W solves the partial differential equation (PDE)

W—1+1W + ( o) W, +1(1 )0*| W L oWy
=1+ 5Wy +(g—apd) W, —a|r+ 5 oY 578 T

with W (0,y) = 1.

Proof. For M > —= K and from (3.11), we have

11—«

€ ‘Wy| M .
1—a W <M and w(T7y)_W (Tvy)_W(T7y)

Thus, using (3.14) and (3.13), the optimal process is given by

ot W,(T-tY)
l—aW(T-t,Y,)’

b= v (T —1,Y;) = telo,1].

(3.17)

(3.18)

Finally, substituting the Markov policy (3.13) in the HJB equation (3.12) we obtain

(3.18).

3.2.2 Casel<vy<1

In this case, the value function associated with the auxiliary problem (3.4) is defined

as: for (T,y) € Ry x R,

T
T > inf T — inf BV fT q(Ya,ve)dt ft q(Ys,vs)ds . 1
W (T,y) nf J(T,y,v) nf {e 0 + elo dt¢; (3.19)

0
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Like in the other case, we expect similar conclusions if a suitable bound for the

. W (T,
ratio Lj)

W T is obtained. However, in this case, we cannot apply the dominated con-

vergence theorem to get estimations of W, (T, y) independent of M, because ¢ (y,v) is
not bounded from above. Instead, we explore qualitative properties of the associated
HJB equation written below. First, we give some properties of W (T, y).

Noting that (3.8) holds in the reverse sense, it follows that
1+T <W(T,y) < Ki, (3.20)

where K7 is given by (3.10). Now, we verify that W (T, y) is increasing with respect

to T'. To get this, it is enough to prove that
J(T,y,v)>J(T—-Ayv); 0<A<T, veM(T). (3.21)

Here we make explicit the dependence of M on T denoting it as M (T') . Observe
that the restriction of v € M (T) in the interval [0, 7 — A], and denoted by the same
symbol, belongs to M (T'— A). Thus
T-A -a
J(T—Ayv) = Ep’y {efo aFewe)dt 4 / elo q(YSf”s)det]
0
T-A r-a
g E <E [Z%’V | fT—A] [efo q(}/hyt)dt + / ef() q(Ysﬂjs)det}>
0
T-A -A
= EFE {Z%’” (efo aeve)dt / elo Q<Ys’”s>d8dt> | FT—A:|
0
T-A r=a
= EZ}” [efo Vet 4 / elo q(st”s)det}
0
T T t
S E;’V |‘e‘[0 q(“»yt)dt +/ efo Q(YS7VS)det1

0

= J(T,y,v).

The second equality is due to the fact that Z37y = E[Z3" | Fr-a).
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Now, temporarily, consider the bounded control space, that is v € MM: for M > 0
given. In fact, as in the negative HARA parameter case, we will prove below that
W (T,y) does not depend on M, for M large enough. Assuming the interval [—M, M]

as the control space, the verification theorem below states that
w(T,y) = WY (T,y);

where w (7', y) is the unique smooth function (see Theorem IV.4.3 and Remark IV.4.1

in [F1S093]) in C** (R, x R) NC, (R x R) satisfying the associated HJB equation

1 1
wr = 1+§wyy+(g—ap0)wy—a[T+§(1—a)02}w (3.22)

1
+a  sup {—6wyv——(1—a)wv2},
vE[—M,M] 2

with w (0,y) = 1. Comparing this HIB equation with (3.12), they are similar, but

here, a < 0.

Theorem 13 (Verification). Given M > 0, let w (7, y) be the unique solution to

(3.22). Then:
(i)

w(T,y) < J(T,y,v), (T,y)eR, xR, veMM

w(T,y) =W (T,y)=J(T,y,0),

where ¥ is the Markov control process in M given by (3.14) with v* (¢,y) as in
(3.13). In particular, 7 is the optimal control process for the constrained auxiliary

problem relative to (3.19).
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Proof. (i) Proceeding as in Theorem 11, from the HJB equation (3.22), we have
£+ q (Vi v)|w(T —t,Y;,) > —1; tel0,7], ve MM, (3.23)

Compare with inequality (3.15). This inequality, together with the Feynman-Kac

formula (A.3) in Appendix and a reparameterization in time, imply that

w(T,y) = E* [efqu(Y“’”“)d“w 0,Yr) —

T
6f0tq( v )du L —+ Y, v)|lw(T —t,Y,)dt
[ Q( ty t)] ( 9 t)
0

T
< E®Y [efoT a(Yuvu)du 4 / elo 1Vuwu)duy, (T —t,Y) dt} (3.24)
0

= J(T,y,v); (T,y) e R, xR, veM.
Here we use Corollary 17 in Appendix and its subsequent remark.

(ii) Since wy (T,y) is continuous, the Markov policy v* (¢, y) is bounded, contin-
uous, and y-locally Lipschitz. That is, v* satisfies properties (IV.3.12) in [F1S093].
Hence 7, defined as (3.14), is a Markov control process in M. Finally, from definition
of v* (t,y) and for v = I, inequalities (3.23) and (3.24) become equalities. Therefore,

w(T,y) =WM(T,y)=J(T,y,7) . N

Theorem 14. Let W (T, y) be the unconstrained value function (3.19). There exists

a constant K > 0 such that for M > %f( , implies that
-«
w(T,y) =W(T,y)

and

e W, (T—1Y)

ﬁt:y*(T_t’Y;):_l—O(W(T—tYU’

telo,1], (3.25)
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is the optimal control process. Furthermore, W € C*? (R, x R) N ot (Ry xR)

and solves the PDE (3.18) with w (0,y) = 1.

Proof. To estimate W, (T,y) we obtain a bound for W} (T,y) and extract
qualitative properties of W™ (T, y) from the HIJB equation (3.22), where w (T,y) =
WM (T,y). From (3.21), we know that WM (T,y) > 0. On the other hand, extend the
optimal process ¥ from the constrained problem in [0, 7] (see (3.14) and (3.13)) to the
interval [0,7 + A], in such a way that it vanishes in (7,7 + A], and for simplicity,
denote it by the same symbol. This extended process belongs to M (T + A), since

6 (-) is bounded. Thus,

WY(T + A, y) = WY (T, y)
T+A
= By, [e o ity / elo ‘I(YS’Z’S)det}
0
T .
. E%,f/ [ fo (Yz,0¢)dt +/ 610 q(Ys,ﬁs)dsdt]
0
~ T+ T+A t ~ T t ~
_ E%,:A |:€ q(Ya,¢)d efo q(Yz,0¢)dt + / efo q(YS’VS)det _ / efo q(Ys7V5)det:|
0 0
T+A
= B3, [efo ym)dt( 7 S a(Y0)dt _ 1) + elo a0ir)dt / ef%q(Ysﬂ)dsdt}
T

T+A
JT oY) le“(“w*%“a”i)ﬁ—w/ oo J (Il +3(—a) 0%, )det}
T

T+A€

A
= {eK?’A -1 +/ eK?’tdt} E;fAefqum”’t)dt.
0
The last inequality is due to the fact that

. 1
00:0) < Ko = o (Irl+ 5 (1 @) B, ).
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Observe that K3 does not depend on M and y. Then, from the dominated convergence

theorem, we have
0 < W' (T,y) < (1+ Kz) WY (T,y). (3.26)

The analysis of the upper and lower bounds of WyM (T,y) is presented only for

y € R, since the same arguments can be used for y € R_ = —R.,.. Define

P (p) = sup {—6pv - % (1-— 04)712} ; peR. (3.27)

vE[—M,M]

Thus, the HJB equation (3.22) can be written as

2
wM
M
+OéW d (W_y]W) s

with WM (0, y) = 1. On the other hand, from the mean value theorem and expression

1 1
WM = 1+—Wy]\j+(g—ap9)W;W—alr+§(1—a)92]WM (3.28)

(3.20): for each n > 1, there exists y, € [n,2n] such that
M Ly M 2
(W(T, yn)| = ~ (WM (T, 2n) — WY (T, n)| < ~Ki.

Therefore, it is enough to analyze the critical points ¢ of W‘f (T,-), i.e., the points
y > 0 such that W% (T,7) = 0. Now we study three disjoint and exhaustive cases
based on the coefficient of W, in the PDE (3.28):
(a) g(9) —apf(y) <—1and W} (T,§) >0 or

9(§) — aph (7) = 1 and WM (T,5) < 0.
() g() —aph (§) > —1 and WM (T, §) > 0.

() 9@ —apd(g) <1and W)Y (T,j) <0.
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Case (a). Condition (a) is equivalent to
l9(@) —apf ()] =1 and  [g(§) - apf ()] W," (T, §) <0.
Thus, from (3.28), (3.26), and (3.20), we get

0 < —[g(g) —apd (H]W,"

= -WH+1 0+ (1 0% ()| WM WMcbW;M
= W/ +1—-a (y)+§( — ) 6% () +a T
1

< 1-alr)+ 5006 @)W

< 1+ KK;s.
That is,

(9 (9) — apd (5)) W' (T,5)| < Ky =1+ K K3,
where K; does not depends on y and M. Thus,
(WM (T, §)| < K. (3.29)

To study cases (b) and (c¢) we use the logarithmic transformation:
V(T,y) =logW" (T,y).

This transformation has been useful to study several problems in stochastic control;

see [F1He02]. Noting that
Wit =wMvp, WM =wMy, and Wj =W" (V?+V,),
the HJB equation (3.28) can be written as

1 1 1 1
5‘@2+[g—a09]%+§%y=VT—W+a[7“+§(1—04)92] —a® (V). (3.30)
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From (3.20), the bounds of WyM do not depend on M if and only if V;, has the same

property. Furthermore, from (3.26) and (3.27), note that

1
Vp<1+ Kz and 0<—a®(V,) < 57521@2.

The previous estimations together with (3.30), imply that

1 1 1
5(1—752)%2+[g—ap9]%+§%y < (K3+1)+a[r+§(1—a)92]
< 142K,
Then,
2 ~ ~
%+2g%+1_—fyg2‘/yy§a,
where
142K — apl
o= i 2 >0 and g(y)ég(y) ap (y)7 y € R.
1 — ve? 1 — ve?

In particular, for any critical point g > 0 of V,, (T, ),
VA(T.9) +25 (1) Vy (T,5) < &,

which is equivalent to

Thus,

—9(@) —Va+g* (g <V, (T,9) < =g9(9) + va+g* ()

Case (b). Here §(7) > —1 and V, (T,§) > 0. Since the function h (u) =

(3.31)

(3.32)

—u +

Va +u?; for u > —1, is bounded, then the right hand side of (3.32) is bounded.
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Hence,

0<V,(T,§) < Ky =14+V1+a (3.33)

The constant K, does not depends on § and M.

Case (c). Here g(y) < 1 and V,(T,9) < 0. Analogously, since the function
h(u) = —u — Va+u?; for u < 1, is bounded, then the left hand side of (3.32) is

bounded. Hence,

Ky <V, (T.) < 0. (3.34)

Thus, putting together (3.29), (3.33), and (3.34), we get

V, (T, 9)| < K = Ky V Ky; (3.35)

for all critical points § > 0 of V,, (T,-). Now, for M > —-K and using (3.35), we

-«
have
e W

EW < M and

w(T,y) = WY(T,y) =W (T,y).

Thus, using (3.14) and (3.13), the optimal process is given by

e W,(T'-t,Y;)

ﬁtéy*(T—t,Y;):_l_aW(T_t ok

te[0,17].

Finally, substituting the Markov policy (3.13) in the HJB equation (3.22) we obtain

(3.18). n
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3.3 HARA example (investor’s problem)

In this section we give the explicit optimal trading strategy for the investor’s problem
when the utility function is HARA.

With this in mind, we use a result by Dynkin (see Proposition 5.4.2 in [KaSr98]),
which turns out to be the key idea to go back from the dual problem to the investor’s
one and, hence, to get the optimal solutions.

In the last section the optimal process for the associated dual problem was ob-
tained. The process v is given by (3.17) where W (T, y) satisfies the HJB equation
(3.18). According with the methodology described at the beginning of this chapter,

we consider

where

o[ e

To get the form of the optimal trading portfolio 7, let us prove that the process M

is a martingale, where

YA @ t YA @
Mté<s—%> W(T—t,Yt)—I—/ (S—g> du; te€][0,T].
t 0

u



o4

Note first, that EMy = M, since

M() = W(T,y):A[, and

ZD a T Zf/ o
My = (== ZL ) dt.
= (5) L ()

Under the original measure P, we write down the system of SDE in [0, T:

dY;g =g (Y;) dt + deu + 5dW2t; YE) =Y,

Zy Z; Zy

0 = oo lr (V) dt+0(Y)dWy + 0, dW7];  m=z=1
St Si So

The differential operator of the system is

1 1
Lf=f +gfy —rzf.—z <p9 + 5V*> fyz + §fyy + 532 (02 + V*2) fez,

for f € CY*2(]0,T] x R x R,). In particular, when f (t,y,2) = W (T —t,y) 2%, and
using (3.17) and (3.18), we have
Lf(ty,z2)
1 1
= 2° (—VVt -« lr + 3 (1—a)(0®+ V*Q)] W+ [g—a(pld +ev*)| W, + §Wyy)
! e W,
= z (§Wyy+ lg—a(p&— 1_@#)] W,

—Wt—a{r—i—%(l—a) (9%&%)]1&)

o' 1 1 2 1 2Wy2
= 2| -Wi+ =Wy +(g—ap) Wy —a(r+=(1—-a)0" | W — ==~
2 2 w
= —2°
Therefore,

ZD (€7 t ZD o
M, = (Zt T—tY, Zs
t (S?) W (S) o

S

Zﬁ t ZD
_ f(t,n,s—;) —/0 £<8,Y;,S—§) ds.
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Thus, from Proposition 5.4.2 in [KaSr91], M is a nonnegative local martingale. How-

ever, this process is a supermartingale with constant mean. Hence, M is a martingale.

Now, motivated by (2.12), define the nonnegative process

B T
S_%+/t Sodu|]-"t, te0,T].

From Remark 19 in Appendix, we get

X .
2t o g
S

A

B Ta
50 /tsod“m]
ZVéu
?@+/ z 5™
x Zi (SO T zv (80
Zr (2T Pu d
Nz | 5e (ZT> T wml\z) ™I
x Z2\ T 7o\
- — -  EIlZ ) d
W (T,y) 2 KS%) +/t (53) “'E]
T t o\
= — B M— [ (2] 4
W (T, y) 27 {T /0(82) “'ﬂ]
T t Zﬁ (e
= ——— |M, — — d
W(fﬂy)Zf{ t /0( 2) “]
(Z7* 7 W (T —t,Y))
T )

— FE?

However, by Ito’s formula

a2 = =) [2]7 (1= F) (62 +97) dt + 6dWh + 2aWs]

1
Wy + gWy) dt + W, (pdW, + edWs) ,

d[sora = —ar [Soradt.

Here W represents the process W (T —t,Y;); for t € [0,7]. Then, using (3.17) and
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(3.18), we get
2]

d{ ST

77"
(S0

")

{—arWdt—i— (1—a)W [(

1-— =
2

2) @

9%) db -+ 0dW, + bW, | +

1
l—VVt + §Wyy + gWy] dt + W, (pdWy + edWs) + (1 — a) (pf + €v) Wydt}

i
[

1
[_m + §Wyy + ( Oép@

{ (1= @) 0*W + poW, ] dt + [(1 — a) oW + pW, ] dW; +

1 ,W

W

o)

7 RPN LAY
= 5P (dt+W{(1 )0+ p W] 0dt+dW1>
_ IRV
= 50 (dt+Wl(1 )0+ p W]d )
Thus
X ¢ B T [Zf’}a_l T S0 1ma
5w W(T,wd( ST W)*W(T,w (7)
B 7 o PR 17
— V{/(T,y) 5 W[(l YO+ p }dVV1
_ %[(1—@)9—1—/}%}&/{/{9
= :ﬁadW{’;
where
~ Xt Wy(T tv}i) _
72 s [ )8 00+ | = (T 1KY
with
(ta,) m[<1—a>e<y>+p%;§;], (t..y) € 0.7 x R x R
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Moreover, the optimal consumption process ¢ can be written in a feedback form:
R T S? 11—«
G = — ==
' Ay \ 77

_ (ST W(T -ty 1
-\ W(T,y) W(T-tY)

&

= :c (T_taXhY;f)?

with

¢ (t,z,y) = (t,z,y) €0,T] x Ry x R.

‘/E .
W (t,y)’
It follows, from the derivation of X and (1.11), that (7, &)e A (z,y) and X™¢ = X. In

addition, since X7° = B and the discounted process %nL IN g—éds, is a P”-martingale,

and applying Theorem 5, it is verified that

é—F/Téds =z
S Jo SO T

Thus, from Proposition 8, B is the optimal terminal wealth.

(B,é) € B(z,y) and E”

In addition, considering the transformation W (T, y) =: [k (T, )]’ ; for some 6 > 0,

then

2

144
Wr = 6k hy, W, =6r""1h,, Wy:62h5*2h§,

Wy, = 6h° ‘hy, +6 (6 —1)h° 2R,

Thus, using (3.18), it follows that h (T, y) solves the PDE

1 1
hy = =h*® + ~hy, + (g — apf) h, —

o} 1 2 1 9
5 5 lr—kz(l a)9}h+2(6 1 — y6e?)

5 B
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with initial condition h (0,y) = 1. However, observe that when § — 1 — v6e? = 0,
then 6 = 1; is the unique number in R such that the last nonlinear term in the

,752

previous PDE vanishes. Hence, the PDE (3.18) is equivalent to

1

hT:(5

A0 4 %hyy + (g — apb) hy, — % {r + % (1—a) 02} h, with h(0,y) =1.

(3.36)
The previous power transformation was used in [Za0l] for an optimal investment
problem.

On the other hand, since the function A (T,y) belongs to C*?2 (R+ X R), the

Feynman-Kac formula can be used to get the following representation
W(Ty) = E (e—% 7 [+ 30—l (3.37)

T
%/ W (T —u,Y,) e )0 [’"(YS”%(1—a)92(Ys)]dsd“) ;
0

for (T,y) € Ry x R, where {Y;}icjo7] is the solution to the SDE

dY, = [g(Y,) — apf(Y;)] dt + dW;,  with Yo =y (3.38)

and W = pW, 4 eWy; which is a BM relative to (£, {Fi}icjor) » P)- See Theorem 5.7.6
and Corollary 4.4.5 in [KaSr91].

Summarizing: h(T,y) = [W (T,y)]"® is the unique smooth function in C2
(Ry x R) NG (R4 x R) solving (3.36), with

1 1-—
= ® and a=--—1_.

5=
1—ne?2  1—ap? 1—7

Finally, we give a comparison between the limit behavior of the optimal process

when the HARA parameter ~ goes to zero and the one for the logarithmic case. From
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(3.37), we have

hy <T7 y)
_ & -2 [ [r(Vu)+3(1-0)02 (V) |du To . PP SN
- F _36 s Jo 2 8_Y" [r (Y)+ (1 —a)d(Y,)o (Yu)] du
o 9Y
T ~
L6 T s ppoasieaee)e Oy b (Tow V) o
6 Jo dy " ht (T —u,Y,)

T . . .
2wt (T —u,Y,)e 3l [r(Ya)+5 (1-)0*(Ya)]ds
6 0 ) u

« /0 ’ a%ﬁ‘ (V) + (1 — ) (V)0 (V)] dsdu) |

where

0 - ¢ . .
2= e ( | 190 apr ) du); teoT).
0
Letting @ — 0 then 6 — 1, h(T,y) — 1, and h, (T,y) — 0. That is, from (3.17),
the limit process is = 0, which coincides with the optimal process obtained for the

logarithmic utility.

3.4 Investment or consumption problems

The results obtained up to now can be easily adapted to solve the optimal investment
or consumption problems, separately. Considering similar models, these problems
have been studied in recent contributions. For instance, see [Za01], [CaHe03], and
[F1He02].

Investment case. In this case the following changes are established in the primal
problem and its associated dual:

1. The utility function Us (-) is zero, and define Uy () = I, (-) = 0.

2. Take the consumption process as the zero process.
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For logarithmic utility, the dual functional is
T
L(v,\) = E/ r(Yy)du—1+ Az —log A — Elog Z7,
0
whereas the optimal expressions are

1
A= 2, b=o0,
x

. S0
X[ = z=%; t€[0,7], and
Z
Y;) S? V) —r (V) -
ﬁ-t = fEe( t)S—%:—M( t)2 7"( t>Xt7T
o (V) Z; o2 (Y1)
For HARA utility:
Lo o Z$\"
L(v,\) =M ——=X\"A,, where A, =FE(—5]| ,
o ST
while the optimal control process is
T-1tY
Dy = ——" Wy (T =Y te 0,717,

1—a W (T—tY))’
where W (T, y) is the corresponding value function, which is the unique solution of
the HJB equation:

Wy — 2 + (g — apd) W, — +1(1— ) 0? w1t Wy
T =5Wy g—ap y — QT 5 o 27€W’

with W (0,y) = 1. In addition, if h (T, y) = [W (T, y)]*/°, with § = —, the previous

1—ve??

equation is equivalent to

1 1
hT:§hyy+(9—al)9)hy—% [r+§(1—a)92} h - with £~ (0,y) = 1.

In fact, using the Feynman-Kac formula, its solution has the representation

«

h(T,y) = Bexp (_3 /OT [r(z) t30-a) e?(ift)} dt) . T,
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where the process Y is given by the SDE (3.38). Finally, the optimal wealth and

trading portfolio processes are

z? W(T,y) °
T = T (T—t,Xf,Y}), where

0\ @ .
Xt - x<5t> W (T —1,Y)

X

™ (t,x,y) = @)

[<1—a>e<y>+p%; te o1,

For details see [CaHe03].

Remark 15. The above results coincide with Proposition 2.1 in [Za0l]. However,
in that paper does not provide much details how to get the optimal process. Fur-
thermore, it does not have an explicit form of the optimal wealth process. On the
other hand, when the external factor Y depends only on W; (p = +1), and hence the

market is complete, the optimal solution for the dual problem is o = 0. Then,

) x [ 70 —(1-a) A Ao 1/(1—a)
B=—(=£ d \=[— :
w(s) -3

In this sense, the results are similar to Theorem 3.7.6 in [KaSr98].

Consumption case. To study this case, the following changes in the modelling are
established in the primal problem and its associated dual:

1. The utility function U; (-) as well as U, (-) and I (-) are zero.

2. The terminal wealth random variables B are taken as zero.

For logarithmic utility, the dual functional is

Tt T
L(V,A):E/O /0r(Yu)dudt+)\x—T(1+log)\)—E/O log Zy dt,
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whereas the optimal expressions are

- T
A= 2 o=,
T
Xt7 = T Z_ZO’
L T—=t0(Y) Sy pn(Y)—r (V) ae
T = TS = e X
T oY) Z o*(Yy)
z S? 1 e
A~ — R X?. OT‘
G = pp g tel0T]

For HARA utility:

1., . Tz
L(v,\) =\ — a)\ Ay, where A, =F 3 dt.
t

The optimal solution to the dual problem is the process

e W ([T-tY).
l—aW (T -tY,)

~

Ve =

tel0,7],

where W (T, y) is the corresponding value function, which is the unique solution to

the PDE

W—1+1W + ( 0) W, +1(1 )0*| W L oWy
=1+ 5Wy +(g—apd) W, —a|r+ 5 oY 578 T

with W (0,y) = 0. In addition, if & (T,y) = [W (T,y)]"/* with § = ——, then the

1—ve2?

last equation becomes

!
5

«

1
hr = hl5+%hyy+(g—ap9)hy—g[7“—}—5(1—04)921 h, with h(0,y) =0.

It has the Feynman-Kac representation

T >, ~
W(Ty) = <E [ B8 (T —u,¥,) e $ R0l 75 g
o Jo
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In particular, for 6 = 1, then p = £+1 and the market is complete. Finally, the optimal

processes are

. SON* W (T —t,Y,)
Xﬂ',C — Mt )
t x(Z?) W(T,y)

Ty = 7T*(,I' - t7Xt7Ar,67YZ)7

& = (T —t,X™Y,), with

* o T — Wy (t,y)
w (o) = o [0 @o) ol
c(tyxyy) = Wty

Apparently the form of the optimal trading strategy (7,¢) is similar to the corre-
sponding solutions of the consumption-investment problem. However, the value func-
tions are different. For example, in the former case W (0,y) = 0, whereas in the latter
case W (0,y) = 1.

With a similar model, this optimization problem was studied in [F1He02]. In that

paper a constant interest rate and return rate was considered.

3.5 Pricing and hedging

In this part we describe the approach proposed in [Da00] to valuate European options.

An important question in mathematical finance is how to valuate and hedge the
derivatives. When the market is complete, for a given European option H with
E°H < oo, a fair price at time zero is EO%, where E° is the expectation operator

with respect to the unique equivalent martingale measure P°. Furthermore, it is easy

to see that there is a hedging trading portfolio 7, such that er,f’ﬁ = H. However, in
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the incomplete case, like the market studied in this work, there are many of such
martingale measures. In fact, there is one for each bounded process v. To answer
that question for incomplete markets, is used the wutility approach. This method is a
good alternative to find a unique value price, since it includes the risk attitudes of
the investor and of the writer (seller).

Consider an investor with initial capital > 0, which has two ways to invest his
money. The first one is through the market described in the Chapter 1. In this case,
the final wealth is X7*" for some admissible trading strategy m. The second one
consists in investing in the classical way, just explained, but with initial wealth x — p,
and also buying an European option H = H (S, Yr), for which he pays to the writer
the initial amount p. The zero marginal rate of substitution suggests that the fair
price p can be determined matching the optimal expected final utilities from both

investment strategies:

sup EU (X7*")= sup EU (X7 PY"+H(Sr,Yr)). (3.39)

reA(z,y) rEA(x—p,y)

The price p obtained from the last formula can be interpreted as the fair price when
the buyer is indifferent between to buy or not the derivative H. See equations (6.15)
in [Da00]. Finally, the right hand side of (3.39) defines a new optimal problem, which
reduces to the classical investor’s problem when H = 0. For instance, in [Da00] the
exponential utility is presented when the European option depends only on Y7, where
Y plays the role of a untraded asset.

Thus, using the relationship with the optimal investment problem, pricing and

hedging problems can be studied through this approach. See next Chapter.



Chapter 4

Conclusions and open problems

The market model described in this work is a generalization of the Black and Scholes
classical model. Within this framework a detailed analysis of the investor’s optimiza-
tion problem was done, obtaining closed form solutions when the utility functions are
HARA and logarithmic.

The investor’s problem was solved successfully using the martingale method and
stochastic control techniques. The formulation of the investor’s problem as a convex
optimization problem, were developed for a general class of utility functions. The
primal problem is solved provided a solution to the dual problem exists, even when
the utility functions, from terminal wealth and consumption, are different. In this
work we do not present a general existence theorem of solutions to the dual problem
(D), because it goes beyond its goal. However a sufficient condition to obtain a
solution to the dual and primal problems was given. Moreover, when the utility
functions are logarithmic or HARA and equal, we get an explicit solution of both
problems. In these cases, an explicit form of the optimal wealth process and the

65
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optimal trading strategy were obtained. This is an important contribution for the
special case of HARA utility functions.

The dual problem is, roughly speaking, posed on the set of equivalent local mar-
tingale measures of P, and it was proved that the optimal solution is an equivalent
martingale measures. In other words, Z” is a martingale. Once this problem was
solved, it was possible return successfully to get explicitly the optimal trading port-
folio and the optimal wealth process. This contribution also includes the investor’s
problem for consumption or investment.

The results presented in this work confirm that the martingale approach is a
powerful method to solve financial optimization problems. For instance, in the case
of logarithmic and HARA utility functions, stand out the reduction of dimensionality
in the control problem, as well as the explicit form of the optimal wealth process was
obtained.

The contributions from this work are summarized in [CaHe04].

Moreover, it is feasible to apply this approach to other incomplete market models.
For example, the case when there are N > 2 stocks from which L cannot be traded
(1 < L < N), which still is not solved. However, we cannot ignore that the martingale
procedure just translates the original problem into another one. In this sense, the
involved stochastic control problem plays an important role.

Finally, these ideas can also be extrapolated to pricing and hedging problems for
incomplete markets. For example, assume that x + p is the initial capital of the
investor, where 2 and p are the initial amount allocated in the classical market (a

bank account and a risky asset) and the price to paid for European option H (Yr),
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respectively. Then, the hedging problem is to

maximize FEU (X7™+ H (Yr)), over € A(x,y). (4.1)
We conjecture that the primal representation of this problem is

maximize FE{U(B+ H (Yr))}, over Be€ B(z,y),
where, in this case,

B
B(z,y) = {B >0|B is JFr-measurable and Sélja E”@ < x} :
v T

This problem remains open.

4.1 Explicit solution

One of the main goals of this work is to give explicit solutions to the consumption-
investment problem derived from the dual problem when the utility is HARA. See
section 3.3. The solution given here involves the unique smooth solution h of the
HJB equation (3.18). A usual alternative to estimate h is through the Feynman-Kac

formula (3.37). Writing it again, we have

h(Ty) = B [e—%foT[r<?u>+%<1—a>02<?u>]du + (42)

T
L[ W (0 Ry e R 0o g, |
0

However, the iterative form turns out to be a serious problem. In the bibliographical
study we neither find this kind of iterated form, nor a possible solution. We believe
that this problem can be solved through numerical techniques. In this sense, we sug-

gest a general algorithm, which involves consecutive substitutions of h on expression
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(4.2). Let us explain it:

1. Let RO (T, y) = 1.

2. Generate the sequence of functions AV, h®) ... using the iterative formula:

W (T,y) = E(e%foTWuH%ua>02<Yu>Jdu+

1/T [h(n)}l—cs (T — u, Yu) e~ 5o [r(Ys)+%(1—a)92(Ys)]dsdu) .
0

3. To verify the convergence of this sequence, estimate }h(”“) — A ‘oo .



Appendix

In this part we show some auxiliary results which complement the mathematical

development of this work.

Feynman-Kac formula

Here we present the Feynman-Kac formula given in equation (D.13) in [F1S093], and
prove a little extension in Corollary 17 below. We use this formula in the verification
Theorems 11 and 13.

Let Y be a diffusion process in R" defined in [s, 7|, with 0 < s < T, and satisfying

the SDE
dY, = g (t,Y,) dt + h(t,Y,)dW,; te[s,T], with Y, =y, (A1)

where W is a standard n-dimensional BM, and ¢ (¢,y) and h(¢,y) are vector and
matrix functions, respectively. Assume that for I (t,y) = g(t,%), AV (t,y), ...,

h(™ (t,y) (the columns of h) satisfies

(ty) —LEDI< Ky =gl and |1t y)]" < Ko+ K2yl

69
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for all ¥,y € R™ and some constants K, K; > 0. The associated differential operator

to the diffusion (A.1) is

Lf(ty)=fity)+ % [tr bl fy) (8 y) + 9 (8 y) - fy (By);  f € CY([s,T] x R"),

where f, and f,, denote, respectively, the gradient and Hessian operators.
Let O be a bounded open set in R™ and denote as 7 the first exit time of (¢, Y;) from
[s,T] x O. Define T'; = exp ( /, g qudu> , with ¢ is a bounded from above progessively

measurable process. Now, we state the Feynman-Kac theorem.

Theorem 16 (Feynman-Kac). Let w (¢,y) a smooth function in C* ([s,T] x O)

and 7 a stopping time with s <7 < 7. Then, the next equality holds
wis) = £ (L) - [Ticralo@r)d), ()
Proof. Applying Ito’s formula to the product T'yw (u,Y,,), we have
dlyw (u,Y,)] = w(u,Y,)dly + Tyudw (u,Ys,)
= IL[L+ q)w(u,Y,)du+Ty [wyh] (u,Y,) - dW,.
Thus

Crw(7,Y;) =w(s,y) + / Ly £+ g w (u,Y,) du+ / Ly [wyh] (u,Yy,) - dW,.

On the other hand, since [s, T]x O is a compact set in R**!, then w € C,? ([s,T] x O).

That is, the last term of the integral equation is a martingale with zero mean. Hence,

wis) = BT - [ Toletaduyidi [ ) -av, )

- B(ruey) - [T alowy) ).
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Corollary 17 (Feynman-Kac II). If w € C'?([s,T] x O) N C, ([s,T] x O) with
£+ g w(t,y) <0 and O is an open set of R™ (not necessarily bounded). Then, for

any stopping time 7 with s <7 < 7T

w(s,y)=F (FTw (1,Y;) — /ST [+ q)w(u,Y,) du) ; (A.3)

Proof. Applying the arguments of the previous proof to the bounded sets Oy =

ON(=k,k)"; k> 1, the identity (A.2) gets the form

w(s,y)=FE <I’T/\%kw (T AT, Yons,) — /Tﬁk Ty L+ g w (u,Yy) du) o k>1,

(A.4)
where 7 is any stopping time with s < 7 < T, and 7, is the first exit time of
(t,Y:) from [s,T] x O. Note that the last term from expression (A.4) is nonnegative
(including the minus sign), and it is increasing with respect to k. Since limg_,o 7 A
7r = T AT = 7 a.s. and applying the monotone convergence theorem, this term
converges to the corresponding term from (A.3). On the other hand, since w €
Cpo ([, T) x O), |[w(T AT, Yors,)| < K (1 + |Y|§o> , for some constant K > 1; where
Y|, = supseis 7y [Yiloo- From inequality (D.7) in [F1S093], E'|Y|, < oo, and hence,

{w (T AN Tr, Yors,) } k>1 1S an uniformly integrable family. Therefore,
ElUpsw (T ATy Yops,) — Elcw (7,Yr),  k— oc.
Thus, we have (A.3). N

Remark 18 In Corollary 17, the hypothesis [L + ¢ w (t,y) < 0, can be replaced by:
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Other results

Proposition 19. Let v € M and ¢ be a nonnegative progressively measurable process

with fOT ctdt < oo (consumption). Then

, T Z”cu
E t Sodu|.7:t =F t ZVSOdu|.7:t7 tel0,T).

In particular
E" _d = E/ 50 —+c,du. (A.5)
0

The identity (A.5) appears in page 44 in [Cu97].

Proof.
VAR [ (T E(ZY% | F) cu
s G s] = [ F G 7
- T
Z7 ¢y,
— ST E ) d
- T
Z7 ¢y,
- o[ G 7

Proposition 20. Let ¢ : R — R and w : R — R be real functions, such that ¢ (-) is

Lipschitz and w (-) is locally Lipschitz. Then, v (-) = ¢ (w (-)) is locally Lipschitz.

Proof. For each N > 0, there exist constants L and Ly such that, holds

AN

lw(y) —w(@)| < Lnly—49l; v,9€[-N,NJ.
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Thus, for y,y € [N, N], it follows

v (y) —v @] <o (w(y) —¢(w @)l < Liw(y) —w(@)| < LLnly -yl

This result was used in the proof of verification Theorems 11 and 13. In this case

& g
Y, ly| < M

s)={ 1-el d-a . M0
—M sgny, otherwise

€

and ¢ (+) is Lipschitz, with Lipschitz constant L = ] )
-«
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Symbol index

General
< absolutely continuous
a.s. almost sure with respect to the original measure P
BM standard Brownian motion in R, R?, or R"
C* (R) class of real functions f : R — R, with continuous k derivative f*); k& >0
CHL(R?)! class of functions f : R?— R, with f (-,y) € C* (R)
and f (z,-) € C'(R), (z,9) €R2, k,1>0
CF(R)! class of functions f € C* (R), with f\) bounded; 0 < j < k

Ck(R)! class of functions f € C* (R), such that fU) is polynomial growing; 0 < j < k

DPE dynamic programing equation
= a definition

an implicit definition
= identically or a.s. equal (applies for processes and random variables)
esssup D essential supremum of a class of nonnegative random variables D
HJB Hamilton Jacobi Bellman
inf D infimum of a subset D C R
Il o supremum norm in Cj, (R)
PDE partial differential equation (determinist)

R+ = (07 00)7 R-‘r = [05 OO), R_= _R-‘r
SDE
sup D

Finance

a _L
I—y
A(z,y)
B

> (0 and is Fpr-measurable
,€)

(B¢
B (=1) volatility coefficient of the external factor Y
B (z,y)

¢ consumption process

)
EO

1 Similar notation applies for other Euclidean spaces

stochastic differential equation

supremum of a subset D C R

37
4,18, 67

18, 24, 27, 67
30, 31, 34, 53
2

24

4

57, 60, 62, 67
35, 63
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e=4/1—p?
g (-) drift function from Y

r

~ risk aversion coefficient for HARA utility
h(T,y)

I(-) inverse function of U (-)

J(T,y,v) = A, value function for HARA utility
K

Ky

K3

K

K,

Ky

L differential operator

rv

L(v,\) dual functional

Ay

Ay

Ao

M >0 a constant

M  a process

M= ﬂyERM (y)

M(y)

M(T), M(T+A)
I

(-) return rate function from S

optimal process for the dual problem

v
v
(7,)\) optimal expressions for the dual problem
v
(

)

18, 19, 24, 25, 72
2

2

43, 70, 70, 71

37

57, 58, 60, 62, 67
27, 34, 37

37, 39, 42, 44, 46
41, 43

40, 41, 45

48, 50, 51

47, 52

50, 52

52, 52, 52

54, 70

42

27, 28, 34, 37, 60, 60, 61, 62
37, 39, 60, 62
53, 56, 57

61

41, 44, 46, 47

53

5

5

41, 46

45, 48

30, 31
24

9, 6, 25
49
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m trading portfolio
T

4

, @ Markov policy and optimal trading portfolio for investment, resp. 61

*
7,¢) optimal trading strategy
C*

( 4, 36, 36, 57, 57, 56, 63
(m*,c¢*) Markov policy 36, 57, 63
P 23, 23, 25, 26, 35
q 43, 70
q(y,v) 39, 42
r(-) interest rate function from S° 1
p correlation between the underlying BMs of S and Y 2
S risky asset price process 2,6
S9  bank account process (market money) 1
o () wvolatility function from S 2
T >0 terminal time 1
0() = 40 5
U (-) utility function 26
Ui (-), Us(-) utility functions for investment and consumption, resp. 4,24, 27, 31
U(-) conjugate convex function of U (-) 27, 34, 37
V(T,y) =logW (T,y) 50
v*(t,y) Markov policy for dual problem 42, 44, 47, 54
(W71, W3) underlying BM of the financial market 1
(W, wy) 6
W (T,y) value function for HARA case 39, 44, 44, 47, 60, 62
WM (T,y) value function for HARA constrained case 5, 42, 46
w (T, y) 41, 44, 44, 46, 70, 71
W= pW1 + eWs underlying BM of Y 2, 58
XTe = XTYme 4,6, 8
XY™ wealth process 4
X 19, 23, 25
X 35, 55
x=X{° Iinitial capital 4
Y external factor 2,6, 10, 38
Y 58, 60, 62, 67
y =Y 2, 38
zv 5, 6, 28, 30, 34, 37, 60, 61, 72
Vi 38
zv 30, 54, 30, 57



7

REFERENCES

BaSp02 Barndorff-Nielsen, O. and N. Shephard. Non-Gaussian Ornstein-Uhlenbeck-
based models and some of their uses in financial economics, Journal of the Royal
Statistical Society B 63 (2001), 167-241.

xi, xii, 14, 15

BKRO3 Benth, F.E., K.H. Karlsen, and K. Reikvam. Merton’s trading portfolio op-
timization problem in a Black & Scholes market with non-Gaussian stochastic
volatility of Ornstein-Uhlenbeck type, Mathematical Finance 13 (2003), 215-
244.

xii, 15
BiP199 Bielecki, T.R. and S.R. Pliska. Risk Sensitive dynamic asset management, Ap-

plied Mathematics and Optimization 39 (1999), 337-360.
1

CaHe03 Castaneda-Leyva, N. and D. Herndndez-Herndndez. Optimal investment in
incomplete financial markets with stochastic volatility, Contemporary Mathe-
matics, 336 (2003).

59, 61

CaHe04 Castaneda-Leyva, N. and D. Herndndez-Herndndez. Optimal consumption-
investment in incomplete financial markets with stochastic coefficients, Preprint
(2004).

66

CoRe96 Comte, F. and R. Renault. Long memory in continuous-time stochastic
volatility models, Mathematical Finance 8 (1996), 291-323.
15

Co75 Cox, J.C. Notes on option pricing I: constant elasticity of variance diffusions,
Working paper, Stanford University, 1975.
14

Cu97 Cuoco, D. Optimal consumption and equilibrium prices with trading portfolio
constraints and stochastic income, Journal of Economic Theory 72 (1997), 33-
73.
18, 27, 72

Da00 Davis, M. Optimal hedging with basis risk, Preprint (2000).
xi, xii, 29, 63, 64, 64

DeSc94 Delbaen, F. and W. Schachermayer. A general version of the fundamental
theorem of asset pricing, Mathematische Annalen 300 (1994), 463-520.
5

FIHe02 Fleming, W.H. and D. Hernéndez-Herndndez. An optimal consumption model
with stochastic volatility, Finance and Stochastics T (2003), 245-262.
xi, xii, xiii, 50, 59, 63



78

F1S093 Fleming, W.H. and H.M. Soner. Controlled Markov processes and wviscosity
solutions, Springer New York, 1993.
41, 43, 43, 46, 47, 69, 71

FPS00 Fouque, J.-P., G. Papanicolaou, and K.R. Sircar. Derivatives in financial mar-
kets with stochastic volatility, Cambridge University Press, 2000.
xi

Fr75 Friedman, A. Stochastic Differential Fquations and Applications, Academic
Press, New York, 1975.
40

HaPIl81 Harrison, J.M. and S.R. Pliska. Martingales and stochastic integrals in the
theory of continuous trading, Stochastic Processes and their Applications 11
(1981), 215-260.

xiii, 4

HuO1 Hu, Y. Option Pricing in a market where the volatility is driven by a factional
Brownian motion, Preprint (2001).
15

JaSh87 Jacod, J. and A.N. Shiryaev. Limit Theorems for Stochastic Processes,
Springer Berlin, 1987.
20, 22

KaSr91 Karatzas, I. and S.E. Shreve. Brownian Motion and Stochastic Calculus,
Springer New York, 1991.
20, 22, 43, 55, 58

KaSr98 Karatzas, I. and S.E. Shreve. Methods of Mathematical Finance, Springer New
York, 1998.
xiii, 6, 7, 18, 19, 20, 24, 26, 28, 29, 30, 31, 31, 36, 53, 61

KrSc99 Kramkov, D. and W. Schachermayer. The Asymptotic elasticity of utility func-
tions and optimal investments in incomplete markets. The Annals of Applied
Probability 9 (1999), 904-950.

xii, xiii, 29

LiShO1 Lipster, R.S. and A.N. Shiryaev. Statistics of Random Processes, Springer
Berlin, 2001.
22

Lu69 Luenberger, D.G. Optimization by Vector Space Methods, Wiley New York,
1969.
24, 26, 27, 27

Za0l Zariphopoulou, T. A solution approach to valuation with unhedgeable risks,
Finance and Stochastics 5 (2001), 61-82.
xi, xii, xii, 58, 59, 61





