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Introduction

A Seifert manifold M is a 3-manifold which is a disjoint union of circles (fibers). Seifert ma-
nifolds M were defined and classified (up to fiber preserving homeomorphisms) by H. Seifert
[Se] according to a Seifert symbol associated to M. Because of the fact that Seifert manifolds
are classified, they play a useful role in the Theory of 3—manifolds. Since the invention of
Seifert manifolds in the 30’s, an interesting problem is to understand the branched coverings

¢ : M — M when M is a closed Seifert manifold.

Let M be a closed Seifert manifold and suppose ¢ : M — M is a covering of M branched
along fibers, that is, the branching of ¢ is a finite union of fibers of M. It is known that M is
also a Seifert manifold [G-H]. In [Se|, H. Seifert also found the Seifert symbol for the orienta-
tion double covering of M. More recently, V. Nunez and E. Ramirez-Losada [N-RL] compute
the Seifert symbol for M when M is orientable and p: M — M satisfies some properties. But
in general, if ¢ : M — M is a covering of a Seifert manifold M branched along fibers, the Seifert
Symbol for M is unknown. Therefore a basic problem is to determine the Seifert symbol of M
in terms of ¢ and the Seifert symbol of M. In this work we solve the above problem (Theorem

2.3.8 and Theorem 2.3.15).

On the other hand, Heegaard genera for almost all Seifert manifolds are known. M. Boileau
and H. Zieschang [B-Z] computed the Heegaard genera for almost all orientable Seifert ma-
nifolds and V. Nifiez [Nu] computed the Heegaard genera for almost all non-orientable Seifert
manifolds. In both cases, orientable or non-orientable, the Heegaard genus of M is expressed
in terms of the Seifert symbol of M.

xi



xii INTRODUCTION

Let M be a Seifert manifold with infinite fundamental group. Suppose ¢ : M — M is
a covering of M branched along fibers. If we know the Heegaard genus of M, h(M), and we
compute the Seifert symbol of M, we can compare the Heegaard genus of M, h(]\Zf ), with hA(M).
What one can “reasonable” expect is that h(M) > h(M), but we find families of manifolds
M, with infinite fundamental group, having a covering M such that h(M) < h(M) (Corollary
3.2.4 and Corollary 3.2.5). This implies (translating into fundamental group) that there are
infinite families of infinite groups G associated to 3-manifolds that have a subgroup H < G of

finite index with an unexpected and surprising property: rank(H) < rank(G).

In Chapter 1, we deal with basic topics to be used along this work. The basic topics to
consider are: Topology of manifolds, Heegaard splittings and Branched coverings. In the last

section of Chapter 1, we write a list of Theorems that we will be needed later.

Let M be a Seifert manifold and ¢ : M — M a branched covering space of M. Suppose M
is connected. In chapter 2, we prove that there are coverings ¢ : M — M’ and ¢ : M' — M

branched along fibers such that the following diagram commutes

M P
\
® M

/<

M
and if wy and we are the representations associated to 1 and (, respectively, we have that
wy(h') = &, and we(h) = (1), where (1) is the identity permutation in S, and e, is the stan-
dard n-cycle (1,2,...,n), and h and b’ are regular fibers of M and M’, respectively. Thus we
reduce the study of coverings of M to coverings ¢ : M — M, such that wy, the representa-
tion associated to ¢, sends a regular fiber h of M into the identity permutation or into the

n-cycle (1,...,n). In both cases, w(h) = (1) or w(h) = &,, we calculate the Seifert symbol of M.



xiii

In chapter 3, given a ¢ : M — M covering of M branched along fibers such that Wy, the

representation associated to ¢, sends a regular fiber h of M into the identity permutation or

into the n-cycle (1,...,n), we apply the theory in Chapter 2 to compare the Heegaard genus

of M, h(M), with the Heegaard genus of M, h(M). The genus h(M) is computed in terms of

w, and the Seifert symbol of M. We show that there are Seifert manifolds of M and coverings
M such that h(M) < h(M).
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Chapter 1

Preliminaries

This chapter is a brief review about facts in low-dimensional topology.

1.1 3-manifolds and Heegaard genus

Definition 1.1.1 Let M be a Hausdorff topological space. We say M is an n-manifold if
and only if each element x of M has a neighborhood homeomorphic to R™ or R, = {(1,...,2,) €

R™:2z; >0,Vi=1,...,n}.

If M is an n-manifold and there is a point in M having no neighborhood homeomorphic to
R™, we say that M is an n-manifold with boundary and we call this point a boundary point.
The set of boundary points is called the boundary of M and we denote it by M. The space
M — OM is called the interior of M and it is denoted by M°. An n-manifold M is a closed

manifold if it is compact and OM = ().

Definition 1.1.2 A 3-manifold M is irreducible if every 2—sphere S% in M bounds a
3-ball.

Definition 1.1.3 A disk D? in a 3-manifold with boundary M is said to be properly
embedded if D> N OM = 0D>.
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Definition 1.1.4 Let V' be an orientable irreducible compact and connected 3-manifold
with non-empty boundary. If there exist k properly embedded pairwise disjoint 2-disks D; such
that U?Zle splits V' into a 3-ball, we say that V is a handlebody of genus k.

Handlebody
Note that the boundary of V is a closed, connected and orientable surface of genus k.

Heegaard’s theorem 1.1.1 Let M be a connected closed and orientable 3—manifold.

Then M is union of two handlebodies of genus g, for some g > 0.

Proof.
It is well-known that M is triangulable [Mo]. Let K be a triangulation for M. Define V;
to be a regular neighborhood of the 1-skeleton of K and V5 to be M — V) O

Definition 1.1.5 Let M be a connected, closed 3-manifold and let F C M be a closed,
connected and orientable surface. If F splits M into two handlebodies, then (M,F) is a

Heegaard splitting of M.

Definition 1.1.6 The genus of a Heegaard splitting is the genus of the surface F', and the
Heegaard genus of M, h(M), is the smallest integer h such that M has a Heegaard splitting
of genus h.

Example 1.1.1 h(S3) =0

1.2 Branched coverings

Definition 1.2.1 Let X and X be two path-connected topological spaces. A surjective map
f:X — X is a covering space map if and only if for every x € X there exists a neighborhood

Ve of x satisfying the following properties:



1.2. BRANCHED COVERINGS 3

(a) f~Y(Va) = UaesVa, with Vy N Vg =0 ifa# B and

(b) f|:Va — Vg is a homeomorphism, for all o € J.

If |J| = n is a natural number, then f is a finite covering space and we say that f is a

covering of n-sheets or that f is an n—fold covering.

Let 2 be a set of n elements; we write S,, = S(£2) for the symmetric group on the n elements

of 2. When no confussion arises about the set {2, we only write S,,.

Let N and N be n-manifolds. Suppose f : N — N is a map. We say that f is a proper
map if f~1(ON) = ON. The map f is finite-to-one if f~!(z) is finite, for all z € N

Definition 1.2.2 A proper map f : N — N between two m-manifolds is called a branched

covering if it is finite-to-one and open.

Usually one can check if an open map f between manifolds is a branched covering by finding
a minimal subcomplex B of N of codimension two such that f|: N—f~'(B) = N — B

is a finite covering space [Fo|.

The subcomplex B is called the branch set of f and f~!(B) is called the singular set

of f. In our examples the set B is always a submanifold.

If f(N — f~%(B)) is an n-fold covering, we say that f is a branched covering of n-sheets

or that f is an n-fold branched covering.

Note that a finite covering space map (unbranched) between manifolds is a branched co-

vering with B = ).

Remark 1.2.1 The following facts about coverings and branched coverings are known:
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(a) An n-fold covering space 1 : X — X determines and is determined by a homomorphism
wy : m(X) — Sp, where Sy, is the symmetric group on n symbols. This homomorphism

w is called a representation of m1(X). Also X is connected if and only if w is transitive.

Let ¢ : X — X be a branched covering and let B be the branch set of .

(b) The covering ¢| : X — p~'(B) — X — B determines the branched covering ¢ through a
Fox compactification [Fo].

(¢) By (a) and (b), a branched covering determines and is determined by a representation

wy:m (N - Branch set of f) — Sy

(d) If X is orientable, X is also orientable [B-E], for if wi(X) is the first Stiefel- Whitney class
of X then ¢*wy(X) = w1 (X), where ¢* : H'(M,Zo) — HY(M,Zsy) is the homomorphism
induced by ¢ : X — X in the cohomology groups.

1.3 Some preliminary Theorems

If M is 3—manifold, let wy (M) : Hi (M) — Zs be a homomorphism such that if « C M is an

orientation preserving curve then wi(a) = 1, and if « is orientation reversing then w; (o) = —1.

The homomorphism w; (M) is the first Stiefel- Whitney class of M. If ¢ : M — M

is a branched covering of M, it is proved in [B-E] that wi(M) = ¢*(w1(M)), where ¢* :

HY(M,Zs) — HY(M,Zs) is the homomorphism induced by ¢ in the cohomology groups.

We write PD : H(M,Zy) — Ho(M,Zs) for the Poincaré duality isomorphism associated
to the 3-manifold M.

Definition 1.3.1 Let M be a non-orientable 3-manifold and F' C M be an orientable
surface. We call F' o Stiefel-Whitney surface for M if and only if F' is connected and
[F] = PD’LUl(M) S HQ(M;ZQ).
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Assume M is a manifold. Let 3 : H*(M,Zs) — H*'(M,Z) denote the Bockstein homo-

morphism associated to the short exact sequence of coefficients
0—->7Z—7Z— Zg — 0.

Lemma 1.3.1 /[B-E] Let M be a non-orientable 3-manifold. Then fwi(M) = 0 if and
only if there exists S C M a two-sided Stiefel-Whitney surface for M.

Let M = (Xz,g,01/c1...,0:/a,) be a Seifert manifold, where Xz is a symbol in
{O0,0n,No,Nnl,NnII, NnIII} (See Chapter 3). Write eg(M) = >_ fi/o; and, \(M) =
lem{ay,...,a}-eq(M), where lem{ay, . .., a, } denotes the least common multiple of vy, . . . , .

Notice that A(M) is an integer number.

Theorem 1.3.1 [Nu/ If M is a non-orientable Seifert manifold with orbit projection p :
M — F, then Bwi(M) # 0 if and only if either M € NnIl or M € Nnl, g(F) is odd and
AM) is even.

Theorem 1.3.2 [Nu/ Let M be a non-orientable Seifert manifold. Then there exists a
fibered torus T C M, where fibered means that T is a union of fibers of M, such that T is a
Stiefel- Whitney surface for M. In the following cases T is two-sided in M :

(i) M € (No,g).

(ii) M € (Nnl,2g).

(iii) M € (NnllIl,g).

And in the following cases T is one-sided in M :
(iv) M € (Nnl,2g+1).

(v) M € (Nnll,g).

Theorem 1.3.3 [Nu/ Let M be a non-orientable Seifert manifold and T be a fibered torus
mn M.
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e Suppose M € (Nnl,2g+ 1) or M € (Nnll,g). If T C M is a two-sided fibered torus,

then M — T 1is non-orientable;

o Assume M € (No,g) or M € (Nnl,2g) or M € (Nnlll,g). If T C M is an one-sided

fibered torus, then M — T is non-orientable.



Chapter 2

Coverings of Seifert manifolds

2.1 Coverings and bundles

Recall that if © is a set of n elements, then S, = S(€2) denotes the symmetric group on the n

elements of 2.

The identity permutation of S, is the permutation that fix all the elements of 2. We

denote the identity permutation of S, by (1).

Let o € S,,, the order of o, denoted by order(c), is the smallest natural number n such

that o™ = (1).

A cycle p = (a1,...,as) in S, = S(Q) is the permutation that fixes the elements in 2 di-
fferent from a;, for alli = 1,..., s, it sends the element a; € Q into a; 41, foreachi=1,...,s—1,
and sends the element as into a;. One can verify easily that if p = (a1, ..., as) then order(p) = s.
Throughout this work the standard n—cycle of S, is the permutation (1,2,...,n) € S,, and

it will be denoted by &,,.

Recall that if o is a permutation in S, then o can be represented as a product of disjoint

cycles. Throughout this work all permutations in S, will be represented as a product of disjoint

7
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cycles, unless explicitly stated.

Definition 2.1.1 Suppose m,n € N — {1} and H < S,,,, = S(Q), where Q is a set of
m, n-elements; then we say that H is m,n—imprimitive if there are Aq,..., A, C Q such

that:
(a) Q@ =Ui_1A;, where U denotes the disjoint union.
(b) #A;=m, foralli=1,...,n.

(c) The elements of H leave the sets A; invariant, that is 0(A;) = A;, for each i and o and

for some j € {1,...,n}.

The sets A1,...,A, are called sets of m,n-imprimitivity for H.

Note that if H is m, n—imprimitive then H < Sp.

Given z € , the stabilizer of x is the subgroup St(z) = {0 € S(Q)|o(z) = 2} < S(Q).

Let H be m,n—imprimitive. The quotient A; U ... U A, — {Aq,...,A,} which sends
all symbols of A; into the symbol A; for each i, induces a “quotient homomorphism” q :
H — S, = S{A1,...,A.}). If Hi = ¢~ 1(St(Ay)), then the “restriction homomorphism”

~v: Hy — Sy, = S(A1) such that v(o) = o|Ay, is a group homomorphism.

Lemma 2.1.1 Let ¢ : X — Y be an mn—fold covering space and let w : m1(Y) — Sy be
the associated representation; write H = Im(w). Then H is m,n—imprimitive if and only if ¢

factors through an m-fold covering v : X — Z and an n— fold covering ( : Z — Y.

Proof.
If H is m, n—imprimitive, then there exists sets of m, n—imprimitivity, Aq,..., A,, for H.

Consider the representation

we (YY) “Lqg4 Sp=S{A1,...,Ay}),
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where ¢ is the quotient homomorphism determined by Aq,..., A,. Let ( : Z — Y be the n—fold
covering associated to w¢: then Z is a topological space such that m1(Z) 2 (q o w) ™1 (St(Ar)).
Notice that w=1(St(1)) C (¢ o w) 1(St(A1)) by definition of q. Therefore there is an m—fold
covering ¥ : X — Z such that (o) = .

Notice that the representation associated to v is
wy i m(Z) = (gow) T (SH(A)) = ¢ (SHAL) > S = S(A1),

where v is the restriction homomorphism determined by Ay, ..., A,.

Now suppose there are v : X — Z and ¢ : Z — Y covering spaces of m—sheets and

n—sheets, respectively, such that ¢ = o (. Let yo € Y. Then (~*(yo) = {21,...,2,} and

(10—1(3/0) = {:L‘l,l, ey T1lmy X215 L2 my - - -5 1y e - - 737n,m}~

By renumbering the points, if necessary, we can suppose that ¥ (z;;) = z;, for 1 <i < n
and for 1 < j <m. Define A; = {x;1,...,zim}, for each i € {1,...,n}. Using the Path Lifting

Theorem for covering spaces, it is clear that the A;’s are sets of m, n—imprimitivity. O

Suppose N is an n—manifold and ¢ : N — N is an m—fold covering of N. Let w : m(N) —
S be the representation determined by ¢ and 6 : Hi(N) — Zs be a homomorphism. Note
that we can consider the homomorphism 0 o pyy, : 1 (N) — Zga, where pgp : m1(N) — Hi(N) is
the abelianization quotient. Since pup([x]r,) = [z]m,, for all [x] € m1(N), throughout this work

we also write 6 to denote the homomorphism 6 o pg.

If o9 : Ny — N is the 2-fold covering associated to 6, define § = ©*(0), where ¢* :
HY(N,Zo) — H 1(N ,Z3) is the cohomology induced homomorphism. Notice that 6 can be

regarded as an element of H'(N;Zs), that is 6 : H;(N) — Zs is a homomorphism.

Note that if # is non-trivial, then 6 is an epimorphism (i.e. # is a transitive representation).

Consequently 71 (Ng) = Ker(6), for g is regular and thus Ker(0) = 071(St(1)).
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Remark 2.1.1 If 6 is trivial, then 0 is trivial.

Proof.

In this case Ng = N U N, where LI denotes the disjoint union. Suppose & € Hi(N), then

0(a) = 0(p«(a)) = (1). m

Remark 2.1.2 If 0 is non-trivial, then 0 is trivial if and only if there exists a %—fold

covering ¥ : N — Ny such that ¢ o o = .

Proof.

Let us suppose that 6 is trivial; then 6(&) = (¢4 (&)) = (1), for all & € H;(N). Therefore
©«(H{(N)) C Ker(f) and there is a %—fold covering 1 : N — Ny satisfying that 1 o g = ¢.

On the other hand, if there exists a covering ¢ : N — Nj such that ¢ o g = ¢, then

©.(H1(N)) C Ker(0) and thus 6 is trivial. O

Theorem 2.1.1 Assume N is an n—manifold and ¢ : N — N is an m—fold covering of
N. Let w : m(N) — Sy, be the representation determined by ¢ and 0 : Hi(N) — Za be a

homomorphism. Let 6 = ©*(0). Suppose that 0 is non-trivial.

~ m

Then 0 is trivial if and only if Im(w) is 5 2—imprimitive and there are sets of
%, 2—imprimitivity for Im(w), A1 and Ag, such that the quotient homomorphism q : Im(w) —
So satisfies that gow = 6.

Proof.

If 0 is trivial, by Remark 2.1.2 there exists an %—fold covering ¢ : N — Np such that
1 o g = . Then, by Lemma 2.1.1, there exist A; and As sets of %,2—imprimitivity for
Im(w) such that the representation induced by ¢y is g o w : w1 (IN) — So. Therefore g ow = 6.

On the other hand, if there are sets of %,2—imprimitivity for Im(w), A1 and Ag, such

m

that g ow = 0, then by Lemma 2.1.1 there is a covering ¢ : N — Ny of 5-sheets such that
¢ = 1 o @g. Thus, by Remark 2.1.2, 0 is trivial. d
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Definition 2.1.2 Let N be a connected m—manifold and let n € N. Assume w : 71 (N) —
Sy is a transitive representation and 0 € H'(N,Zy). We say that w trivializes the bundle of
0 if and only if Im(w) is %, 2—imprimitive and there are sets of%, 2—imprimitivity for Im(w),

Ay and As, such that the quotient homomorphism q : Im(w) — Sa satisfies that g ow = 6.

When a permutation in an imprimitive subgroup contains an odd order cycle, computations

are somewhat eased as it is shown in the following example.

Example 2.1.1 Consider the permutations a = (1,2,3)(4,5,6) and b = (1,4)(2,5)(3,6)
in S¢. Let H = (a,b) be the subgroup in Sg generated by the permutations a and b. It can be
seen that H is 3,2—imprimitive. Let us calculate a system of 3, 2—imprimitivity for H. There
exist sets of 3, 2—imprimitivity, A1 and Ag for H. Note that a - A1 must be equal to Ay or Ag

because A1 is a set of 3,2—imprimitivity. Assume 1 € Aq.

If a- Ay = Ay, then 2,3 € Ay for a(l) = 2 and a(2) = 3; thus {1,2,3} C Ay and we get
Ay ={1,2,3} because #A; = 3.

Note that a- Ay = Ag cannot happen. If a- Ay = Ag, then 2 € Ay for 1 € Ay and a(1) = 2.
Of course 3 should belong to Ay because a(3) = 1; otherwise, if 3 € Ay we have 1 € Ay. But
3 € Ay implies that a - Ay = Ag for a(2) =3 and 2,3 € Ag. Thus 1 € Ay since a(3) =1 and

this contradicts our assumption that 1 € Aq.

Therefore Ay = {1,2,3} and Ay = {4,5,6} are the only sets of 3,2—imprimitivity for H.
One can see easily that if ¢ : H — Ss is the quotient homomorphism associated to A1 and Ao,

then q(a) is the identity in So = S({A1,A2}) and q(b) = (A1, Az) € S({A1,As}). O
In general, we obtain the following corollary.

Corollary 2.1.1 Assume N is an n—manifold and ¢ : N — N is an m—fold covering of

N. Let w : m(N) — Sy, be the representation determined by ¢ and 0 : Hi(N) — Zs be a
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homomorphism. Let 0 = ¢*(0). Suppose that vj is a generator for m(N) such that in the dis-

joint cycle decomposition of w(v;) there is a cycle (aj1, ..., a;x) of odd order and 0(vj) = (1,2).

Then 0 is non-trivial.

Proof.

Assume that 6 is trivial. Then there are sets A; and Ay of %, 2—imprimitive for I'm(w).
Since (a;1 - --aj) has odd order and w(v;) must leave the sets A; and Ay invariant, it follows
that {a;1,...,a;k} C Ay or{aj1,...,a;5} C As. Without loss of generality, we suppose that
{aj1,... a5k} C Ay, thus (¢ ow(vj))(A1) = Ay and gow # 6. Therefore 0 is non-trivial. [

Let N be a manifold and let 6 be equal to wy(N), the first Stiefel-Whitney class of N, and
recall that if ¢ : N — N is a covering space then wi(N) = ¢*(wi(N)). Then we can apply the

previous theorem to get the following corollary.

Corollary 2.1.2 Suppose that N is a non-orientable manifold and consider a transitive
representation w : T (N) — Spm. Let ¢ : N — N be the covering space associated to w and

w1 (N) be the first Stiefel-Whitney class of N.

Then N is orientable if and only if Im(w) trivializes the bundle of wi(N).

Remark 2.1.3 Let F be a non-orientable surface of genus k and let {Uj}§:1 be a basis for
m(F) such that v; is an orientation reversing loop, for all j € {1,...,k}. Suppose that n > 2,
¢ : F — F is a covering space and let w : w1 (F) — S, be the representation associated to ¢.

By Corollary (2.1.1) and Corollary (2.1.2)

1. If the order of a cycle of w(vy) is odd, for somem € {1,...,k}, then F is non-orientable.
2. If n is an odd number, F is non-orientable.

3. Suppose that all the cycles of w(v;) have even order (therefore n is an even number),
for each j = 1,...,k; then F is orientable if and only if Im(w) trivializes the bundle of
wy (F).
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2.2 Seifert manifolds

Let a and 3 be coprime integers numbers and a; > 1; Suppose r : D? — D? is the rotation
defined by r(z) = ze*™*/#) Then the fibered solid torus T(3/a) is the quotient space

D?x 1T
@0 ~ 0 @).1) where I = [0, 1].

The fibers of T'(3/«) are the images of the intervals {z} x I (under the identification).
Note that almost all fiber in T'(3/«) is the union of the images of (3 intervals; the only exception

is the core of T'(3/a) because this fiber is the image of just the interval from {0} x I.

Suppose T'(3/«) and T'(3' /o) are fibered solid tori. A fiber preserving homeomorphism
fof T(B/a) and T(B'/a’) is a homeomorphism f : T(8/a) — T(5'/a’) that sends each fiber
of T(8/a) onto a fiber of T(3'/a/).

Definition 2.2.1 A Seifert manifold M is a connected closed 3-manifold that can be
decomposed into disjoint circles called fibers of M, such that for every fiber h there exist a neigh-

borhood Vi, and coprime integer numbers o > 1 and 3, and a fiber preserving homeomorphism

f: Vi —T(B/a) such that f(h) is the core of T(5/a).

If a > 2, the core of V}, is called an exceptional fiber of multiplicity o of M, otherwise

it is a regular fiber of M.

Note that by collapsing each fiber into a point we get a well-defined quotient p: M — F,
where F is a closed surface of genus g; F' is orientable or non-orientable. This quotient is called
the orbit quotient of M or the orbit projection of M, and F is called the orbit surface
of M. Since each fiber h in M has a neighborhood V}, homeomorphic to a fibered solid torus,
one can show that int({p(V},))} is a basis for the topology of F', where int denotes the interior
of a topological space. The image of a regular fiber is a regular point and the image of an

exceptional fiber is an exceptional point.

Given a triangulation T of F' it is possible to construct a system of neighborhoods of fibers
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of M, where each neighborhood is homeomorphic to a fibered solid torus and projects onto
a triangle of F'. Also we can pick T', in such way, that every triangle contains at most one

exceptional point. We will consider only triangulations of F' with this property.

Assume F is triangulated by T. Let x1,y;1 € F and suppose there is a triangle T} which
misses exceptional points and such that x1,y; € T1. Let ¢y C 11 be a path joining z; and
y1. Let us fix an orientation of p~1(z1). Since p~!(x) and p~!(y) are fibers of the fibered
solid torus p~!(7}), we can induce an orientation on the fiber p~!(y;) by translating the fiber

p~!(z) along the path ¢; and we say that p~!(y) has the orientation induced by p~!(z) along c;.

In general, let x,y € F' and suppose there is a path ¢, connecting  with y, which misses
exceptional points, we may assume, refining T, if necessary, that there exists a finite number
of s triangles T; without exceptional points, where i = 1,...,s, such that ¢ C Uj_,T;. Let V; be
the solid torus determined by T;, for all ¢ = 1, ..., s. Note that we can also suppose that the set
¢; = ¢NT; does not contain the vertices of T;. If p‘l(a?) has an orientation then we can induce
an orientation on the fiber p~!(y) by translating the orientation of p~!(z), triangle by triangle,
along the curves ¢;. Then if z = y and the fiber p~!(z) is oriented we can follow the induced
orientation of p~!(x) along loops ¢ based at 2. Thus we have a homomorphism e : 1 (F) — Zs
such that e(c) = 41, if ¢ preserves the orientation of the fiber when the fiber is translated along
c; otherwise, if ¢ reverses the orientation of the fiber, e(c) = —1. This homomorphism is called
the valuation homomorphism. Of course, it is enough to define e in a basis for 71 (F') or

Hy(F).

Since M is compact, the number of exceptional fibers in a Seifert manifold is finite.

Seifert manifolds were classified by H. Seifert [Se| according to a Seifert symbol and six
classes, depending on the orientability of F', the valuation homomorphism and the multiplicities
of exceptional fibers. In order to state the classification in classes of Seifert manifolds we fix

the following facts and notation.
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Let {h;}]_, be a set of disjoint fibers of M which contains all the exceptional fibers and
some regular fibers. By refining 7', if necessary, each fiber h; has a neighborhood V; fiber pre-
serving homeomorphic to a fibered solid torus such that V; N V; = 0, if i # j. We will always
consider this neighborhoods V;’s to be pairwise disjoint. Let T'(;/«;) be the fibered solid torus
homeomorphic to V;, for all: = 1,...,r. Recall that «; and ; are coprime numbers and a; > 1.

We always assume «; be greater than or equal to 1 and coprime with ;.

We write My = M — UV;. It is very important to remark that each fiber of My is a regular
fiber of M. Note that we have a quotient p| : My — Fpy, where Fj is a surface with boundary.
The boundary of Fj has r components, one for each component of O0My. Let g1, ..., g be the
components of 0Fy and h be a fiber of My (i.e. a regular fiber of M different from h;, for all
i). It is very important to note that e(g;) = +1 since ¢; bounds a disk in F.

Now the list of classes of Seifert manifolds is the following (we use the notations of the

previous paragraphs).
(Oo0) M is orientable, the orbit surface F' is orientable of genus g and e is the trivial homo-

morphism.

The Seifert symbol associated to this manifold is
M = (Ooag;ﬂl/ala v 761”/@1“)‘

If {v; ?ﬁ | is a basis for 7 (F'), presentations for the fundamental groups of M and M

are the following:

71-1(1\4) = <v17"')v29)q17"')q7‘7h; [h7vj]:17[th1]:]-7
g

qag2- - gr = [ [[vaj-1, 025, 0% = 1),
=1
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7T1(M0) = <1)17~--7’U297q17-~-7QT7h; [h7vj] :la[huql]:17
g

ngz- g = | Jlv2j-1,v25).
j=1

(On) M is orientable, the orbit surface F' of M is non-orientable of genus g and if {vq,...,v,4}

is a basis for m (F') such that each v; is orientation reversing then e(v;) = —1, for

j=1,....g.

The Seifert symbol associated to this manifold is
M = (Onaga ﬁl/ab cee 7ﬁr/ar)-
Presentations for the fundamental groups of M and M, are

m(M) = (v1,...,09,q1,- -4 h; vjhvj_l =h7Y[h,q] =1,
g
g g = [ Jo], ¢ hP =1).
j=1
m(My) = <v1,...,vg,q1,...,qr,h;vjhz;j*l =h7Y[h,q] =1,
g

q1q2 - - - qr = H’Uj2>
j=1

(No) M is non-orientable, the orbit surface F' is orientable of genus g and if {v;} is a basis

for 7 (F) then e(v1) = —1 and e(v;) = +1, for j > 2.
The Seifert symbol associated to this manifold is

M = (No,g;61/a1,...,0r o).

Fundamental groups of M and M, are isomorphic to the following presentations:

g
m (M) = (U1, V2, @1, G By g2 - g = [ [ 21, v95],

j=1
[h,q) = l,qf"hﬁi = l,Ulhvl_l =h"1, [vj,h] =1 for j > 2) >.
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g
7-‘_1(]\40) = <U17--->U2g>Q1;---,Qs7h§Q1Q2' H’U2j 17U23
]:

[hyqi] = 1othoy ' = A1 Jus, h] = 1 for j > 2).

(NnI) M is non-orientable, the orbit surface F' is non-orientable of genus g and the valuation

is trivial.

The Seifert symbol for this class is
M = (Nn[,g;ﬂl/al, st 7/8T/a7‘)'

In this case, If {v;} is a basis for 7 (F") of orientation reversing curves, then presentations

for the fundamental groups of M and M are

7T1<M) = <v17--'7vg7Q17"'7QT7h; [U]7h] - 17[h7q2] - 17
g

gz g = [ [o], ¢ hP =1).
j=1

7Tl(]\40) = <Ula'-- yUgy Q1 - - 7qr7h; [Ujvh] = 17 [h7Q’L] =

aq2- - qr = HU]2>

j=1
(NnII) M is non-orientable, the orbit surface F' is non-orientable of genus g > 2 and if {v;}

is a orientation reversing basis for w1 (F'), then e(v1) = +1 and e(v;) = —1, for all j > 2.

The Seifert symbol associated to this Seifert manifold is
M = (Nn[jag;ﬁl/ala s 767’/047“)7

and, in this case, presentations for the fundamental groups of M and M are

g
7T1(M) = <U17”'7vg7q17"'7Q7"7h;[h7Qi]:17QIq2“'QT:Hv]2'7
7=1

qiaihﬁi =1,[v1,h] = l,vjhvj_l = h~!Y, for each j > 2).
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g
WI(MO) = <U1’ <o Vgh 41, - 'aQTah; [thl] = 1>Q1Q2 e = HU]Z7
j=1
[v1, h] = 1,UjhU;1 = h™1, for each j > 2).

(NnIII) M is non-orientable, the orbit surface F' is non-orientable of genus g > 3 and if {v;}
is a orientation reversing basis for 7 (F), then e(vi) = e(v2) = +1 and e(v;) = —1, for

each j > 2.

The Seifert symbol associated to this manifold is
M = (Nnlll, g;pi/ai,...,0:]/ar).

The fundamental groups of M and My have the following presentations:

ﬂ-l(M) = <v17-"avg7Q17"‘7QT’7h; [h7Qi]:17q1q2"'qT:HU_72'7

q*hP =1,[v1,h] = 1, [ve, h] = 1,vjhvj_1 = h~Y for each j > 3).

g

m(Mo) = (v1,...,09, 1, @ 3[R, @] =1, 12 - gr = HUJZ"
j=1

[v1,h] =1, [v2, h] = 1,vjhvj_1 = h~!, for each j > 3).

The set {h, g;,v;} is called a standard system of generators of (M) and of (M)

The Seifert Classification Theorem is:

Theorem 2.2.1 [Se/ Two Seifert symbols represent homeomorphic Seifert manifolds by a
fiber preserving homeomorphism if and only if one of the symbols can be changed into the other

by a finite sequence of the following moves:
1. Permute the ratios.

2. Add or delete 0/1.

3. Replace the pair B;/ oy, Bj/c by (Bi + koy) /oy, (B85 — ko) /a
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Definition 2.2.2 The rational number eo(M) = >\, i/ is called the Euler number
of M.

2.3 Coverings of Seifert manifolds branched along fibers

Definition 2.3.1 If M is a Seifert manifold and ¢ : M — M s a branched covering space
of M, we say ¢ is branched along fibers if the branch set of ¢ is a finite union of fibers of
M.

Let {h;}I_; be a set of fibers of M which contains all the exceptional fibers of M and a finite
number of regular fibers of M. Recall each fiber has a fibered neighborhood V; fiber preserving
homeomorphic to a fibered solid torus T'(5;/«;), for i = 1,...,r. Recall My = M — UV;. Note

that My is equal to M with all the exceptional fibers and some regular fibers drilled out.

Remember also that ¢; = p(0V;), where p: M — F is the orbit projection.

A covering of M branched along fibers is determined by a representation w : m (M —

Ul_,h;) — Sy, and therefore by a representation w : w1 (My) — Sp.

To describe a covering of M branched along fibers our procedure is as follows:

e Let M be a Seifert manifold and consider the subspace M.

e Consider a representation w : m(My) — S,. This determines a finite covering space

(PO:MOHMO-

e Let T; = g; xh, where h is a fiber of M. Let f; : 0V; — T; be the glueing homeomorphisms.
Using ¢y, lift the homeomorphisms f; : dV; — T to glueing homeomorphisms fl Vi — Ty,

where T; C ¢~ (T}) is a component.

e In this way we obtain a covering ¢ : M — M of M branched along fibers.
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Lemma 2.3.1 Suppose M is a Seifert manifold and w : w1 (My) — Sy, is a transitive repre-

sentation. Assume w(h) # (1) and w(h) = o1 - - oy, s the disjoint cycle decomposition of w(h).

Then order(oy) = order(oy) = -+ - = order(oy,).

Proof.

Note that the subgroup generated by h, denoted by (h), is a normal subgroup of 71 (Mj);
thus (w(h)) is normal in Im(w). Let 01 = (a1,1,...,a1,m); then A = {a11,...,a1,,} is an orbit
of (w(h)).

Let asp € {1,...,n}. We assume that as; appears non-trivially in the orbit of the cycle

0s. Since w is transitive there is an o € m(Mp) such that w(w)(a1,1) = as1. Let us write

w(a)(A) ={as1,...,a5m}-

Also
(w(h)) (w(a)(4)) = ((w(h))w(@))(4)
— (w(a){w(h))) (4) since (w(h) is normal,
= w(a) ((w(h))(4))
= w(a)(A) since A is an orbit of (w(h)).
Thus {as1,...,asm} is an orbit of (w(h)) and o5 = (a1 - asm)- O

By mean of Lemma 2.1.1 we can prove the following theorem which is our main tool to

study coverings of a Seifert manifold.

Theorem 2.3.1 Let M be a Seifert manifold and assume that ¢ : M — M is an n-
fold covering branched along fibers of M. Assume M is connected. Then there are coverings
Y : M — M and ¢ : M' — M branched along fibers such that the following diagram is commu-

tative
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M (0
\
@ M’

/L

M
Also if wy and we are the representations associated to ¢ and (, respectively, we have that
wy(h) = em and we(h) = (1), where (1) is the identity permutation of Sk, em = (1,2,...,m)
is the standard m—cycle, and h and h' are regular fibers of M and M’, respectively.

Proof.

Since M is connected then wy, the representation determined by ¢, is transitive. If
w(h) = o1 - - oy, is the disjoint cycle decomposition of w(h) in the proof of the previous lemma
we also proved that each cycle o5 = (as1 - - asm) of w(h) gives us a set of m, k—imprimitivity

for Im(w), namely, Ay = {as1,...,a5m}-

The quotient homomorphism ¢ : Im(w) — S({A1,...,Ar}) satisfies that g(w(h))(A;) = A;.
Therefore g o w(h) = (A1), the identity permutation in S({Aq,...,Ag}).

Also w(h) € Hy = ¢ 1(St(A1)) and v, : Hy — S, = S(A1) sends h into an m—cycle. [

Therefore in order to understand the connected coverings of a Seifert manifold M branched
along fibers, we only need to study representations that send a regular fiber h of M into the
identity permutation and representations that send a regular fiber A of M into an standard

n—cycle.

2.3.1 The case w(h) = (1), the identity permutation

M= (Xx,g;01/c1,...,0-/a), where Xz is a symbol in {Oo,On, No, NnI, NnII, NnIII},

we will write M for the manifold obtained from M by drilling out the fibers correponding to
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the ratios 31 /o, ..., Br /.. Recall that some ratios (i /ay could be regular fibers of M.

In this section the set {h,q;,v;} is a standard system of generators of m1(Mp) and w :

m1(Mp) — Sy, is a transitive representation such that
W) = (1),
w(g) = 04104y, fori=1,...,r and
w(vj) = pj1Pis;
where 01 - 05, and pj1---pjs,; are the disjoint cycle decompositions of w(g;) and w(v;),

respectively.

Let M() = gail(Mo).

Lemma 2.3.2 Suppose that M is a Seifert manifold with orbit projection p: M — F and

assume n € N. Let w : m(Mp) — Sy, be a representation defined by
wh) = (1),
w(g) = 041054, fori=1,...,r and
w(vj) = Pj1°Pjs;-
where o1 -+ 0y, and pj1 -+ pjs; are the disjoint cycle decompositions of w(gi) and w(vj), res-

pectively.

Let ¢ : M — M be the branched covering associated to w and let p : M — G be the orbit

projection of M. Assume § is the genus of G.

i) Suppose F is non-orientable. If G is orientable, then

n2—g)+ X li—nr

g=1

otherwise,
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ii) If F' is orientable, then g =1+ n(g—1) + %::le’

Proof.
This is essentially the Riemann-Hurwitz formula. Let Fy be the orbit surface of My and
Gy be the orbit surface of My = o Y(Mjy). Note that G, the orbit surface of M, is obtained by
capping off the boundaries of Gy with discs.

It is easy to see that o~ '(h) has n-components, hi,...,h,. Thus if Z,§ € hy, for some
t € {1,...,n}, we have p(z) = p(y) and p(p(Z)) = p(p(y)); by the Universal Property of
Quotients we have a covering of n—sheets @ : Gog — Fy such that the following diagram is

commutative:

MO%MO
P P
Go > Fy

W(g) = o410, fori=1,...,rand
E(v]) = Pyl Pysjs fOI'j:].,...,g.
That is 3 = ¢|Go. Since w is transitive and w(h) = (1), then Fy = ¢~ (Fy) is connected. It is

easy to see that Fy is a horizontal surface, then p|: Fy — Gy is a covering. Also we know that

ol : Fy — Fy is a covering of n sheets.

Then there exists a commutative diagram
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Thus Fy 2 G. Let F be the closed surface obtained by filling in the boundaries of Fy with
discs, then F =2 G and there exists a covering % : G — F of F. We also called this covering @

since this extends the covering @ : Gog — Fy, that is |Gy = ¢|Go.

Since Fp is a covering of n sheets of Fy, then X(Fo) = nx(Fp). Since w(q;) = 041+ 0y,
therefore ¢ ~!(g;) has #; components; thus JF, has > i_y i components for OFy = Llg;. Hence

Y(F) = ny(Fp) + Zz (2.1)

1=1

i) Suppose F' is non-orientable; then y(Fy) = 2 — g —r and Equation (2.1) has the following

form

X(F)=n@2-g-—r)+> 4
=1

If G is orientable, then G has Euler characteristic equal to 2 — 2§ and
n2—g)+>._bi—nr
5 .

g=1-

If G is non-orientable, we know that x(G) = 2 — g. Therefore,

ii) When F is orientable, G is also orientable. Since x(Fp) =2 —2g —r and x(G) = 2 — 2g,
by (2.1) we conclude
g=1+n(g—1)+

Since My is an S'—bundle over F and w(h) = (1), then My is the pullback of My by
© : Gy — Fp and the following lemma follows.

Lemma 2.3.3 If M is a Seifert manifold and w : m (My) — Sy, is a representation defined

by
wh) = (1),

w(g) = oi1---0ig, fori=1,...,r and

U.)(U]) = pj,l e Pj,s]-7
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where 01 -+ 054, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(v;), res-

pectively. Let ¢ : M — M be the covering determined by w.

Then é = p*(e), where e and é are the valuations of M and M, respectively.

Lemma 2.3.4 Let M be a non-orientable Seifert manifold. Let F' and G be the orbit sur-
faces of M and M, respectively. Consider the orbit projections p: M — G and p : M — F.
Suppose p : G — F s the induced covering of orbit surfaces. Let Fy and Gg be the orbit
surfaces of My and My = ¢~ (My), respectively. Recall that 3Gy = ¢|G.

If v is a simple closed curve in Fy and if © C Gy is the component of p~1(v) corresponding

to the cycle p = (a1,...,a;) of w(v), then:

(a) ¢|: p~1(0) — p~(v) is a t-fold covering space, where t = order(p).

(b) If e(v) = +1, then é(0) = +1.

(c) Suppose that e(v) = —1. Then é(v) = +1 if and only if order(p) is even.

Proof.

Note that p~!(v) and p~!(9) are S'-bundles over v and o, respectively.

(a) Tt is easy to see that ¢(p—1(9)) = p~!(v) because p(?) = v and the following diagram
commutes.
MO . My

D p

Goi'Fo

Thus ¢| : p~1(8) — p~1(v) is a covering space and the representation associated to this
covering is W' : T (p~1(v)) — S; = S({ax,...,a;}) defined by
W'(h) = (1) and

J(w) = p.
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(b) Since p~!(v) and p~1(9) are S'-bundles over v and @, respectively, ¢| : p~1(?) — p~L(v)
is a covering, ¢(v) = v and e(v) = +1 then by Remark (2.1.1) we get é(0) = +1.

c¢) Note that t odd implies é(v) = —1 (Corollary 2.1.1). Thus é(?9) = +1 only if ¢ is even.
(c) P y y
On the other hand, suppose ¢t even and let p = (1---t). Define A; = {aj,as,...,a;-1}
and As = {ag,a4,,...,a1}, then ¢ : Im(w') — So = S({A1,A2}) sends v into (A1, Ag)

and we have g ow = e. Therefore € is trivial and é(?) = +1 (See Remark 2.1.1) O

Lemma 2.3.5 Suppose that X and X' are n-manifolds with boundary. LetY and Y’ be
connected n—1 sub-manifolds of 0X and 0X', respectively. If f : Y — Y' is a homeomorphism,
then Z = X U X'/ f is orientable if and only if X and X' are orientable.

Proof.

Assume O, is an orientation of Z. Then O,|X and O,|X’ are orientations for X and X',

respectively.

Now, suppose O and O’ are orientations of X and X', respectively.

e If f is orientation reversing, it is clear that O U O’ is an orientation of Z.

e Is f is orientation preserving, then O U (—0Q’) is an orientation for Z. O

Suppose M is a Seifert manifold with orbit projection p : M — F. Let w : m1(My) — S, be

a representation such that
wh) = (1),
w(g) = 04104y, fori=1,...,r and
w(vj) = pj1Pis;
where 01 - 054, and pj1-- - pjs; are the disjoint cycle decompositions of w(g;) and w(v;), res-

pectively, and Mj is the Seifert manifold M with the exceptional fibers drilled out and without
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some singular fibers that appear in the Seifert symbol.

Assume @ : M — M is the covering of M branched along fibers associated to w. Let
P : M — G be the orbit projection of M. Write Fy = p(Mp) and note that a presentation
for m1(Fy) is (vi, ..., Uk, q1y.--,qr = —): Let M, = ¢ 1(Mp) and Gg be the orbit surface of
My. Note that by filling in with discs the boundaries of Gy we obtain the surface G. Recall

that there is a covering @ : G — F such that | : Gg — Fp is a covering of Fy and |Gy = ¢|Gy.

In order to determine what class of Seifert manifold M belong to, we analyze two cases: M
orientable and M non-orientable. By Lemma (2.3.5), to see if M and G are orientable we only

need to determine the orientability of My = ¢ (M) and Go.

(a) The case M orientable.
Assume M = (Oo, g; #1/a1, ..., Br/ay) is an orientable Seifert manifold and assume that
the orbit surface F' of M is orientable of genus g. Recall also that o > 1 and [; are
coprime numbers. The numbers [3;/«; in the Seifert symbol are defined by a fibered torus
T(0;/c;) which is a fibered neighborhood of some fiber h; of M. All the exceptional
fibers are contained in the set {h;}]_;. Recall that My = M — UT(5;/c;). Note that

OMy = U;_,T;, where T; is a torus for 7 = 1,...,7 and U;_,7; denotes the disjoint union

of the tori T;. Let ¢; = p(T;), where p : M — F' is the orbit projection of M.

If {vi}?il is a basis for m1(F"), a presentation for the fundamental groups of M and M,

are

7('1(M> = <’U1,...,1}29,ql,...,q7«,h; [h,?}j] = 1, [h,qi] = 1,

g
nge- - qr = | [lv2j-1,v25), g0 = 1).
j=1
7T1(M0) = <U1a"‘7v2g7q13"'7qra [h Uj] [h QZ] = 7

g
q192 - - H V25— 1,712]
J=1
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Theorem 2.3.2 Suppose that M = (Oo, g; 51/0a, ..., Br/ar) and w : w1 (My) — Sy,

18 a transitive representation defined by

w(h) = (1),
w(gi) = oipx---0ig, fori=1,...,r and

w(vj) = ,Oj’l . -pj,sj, fOT'j = 1, e ,2g,’

where 01 -+ 0ip, and pj1 - pjs; are the disjoint cycle decompositions of w(q;) and w(vj),
respectively, and {h,q;,v;} is a standard system of generators of My. Assume that
P : M — M is the covering branched along fibers associated to w and P : M — G is
the orbit projection of M.

Then M € Oo, that is, M is orientable and G is orientable.

Proof.

Since M and F' are orientable, then M, and Fj are orientable. Thus the first Stiefel-
Whitney classes of My and Fy, wi(My) and wy (Fp), respectively, are trivial. Recall we
have coverings ¢| : My — M and ?| : Gy — Fy, where M, = 0 Y (Mp) and Gy is the
orbit surface of My. Then My and Gy are orientable since wl(Mo) and w1 (Gy) are trivial

(Remark 2.1.1). Therefore M is orientable and G is orientable. O

Let M = (On,g;(1/a1,...,Br/ar) be a Seifert manifold: M is orientable and the orbit
surface F' of M is non-orientable of genus g. Again the numbers 3;/a; in the Seifert sym-
bol are defined by a fibered torus T'((;/c;) which is a neighborhood of some fiber h; of
M. All exceptional fibers belong to the set {h;}]_;. Consider the manifold with boundary
My =M — UT(B;/c). Note that OMy = U;_,T;, where T; is a torus for i = 1,...,r. Let

gi = p(T;), where p : M — F is the orbit projection of M.

If {vi,...,v4} is a basis for m(F') such that each v; is orientation reversing, then a

presentation for the fundamental groups of M and M, are
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7TI<M) = <U17--'7Ug7q17"'7q7’7h;vjhvj_1:hilv[thi]zla

g
g g = [ [o], ¢ hP =1).
7=1
7-"1(]\4'0) = <'U1, cee 7vg7q17 e 7QT7h; 'Ujh’l)j_l = hilv [h’v qZ] = 17

j=1

Theorem 2.3.3 Let M = (On, g;01/aa,...,0r/ay). Suppose w : w1 (Mp) — Sy, is a

representation such that

wh) = (1),

w(g)) = oi1---0ig, fori=1,...,r and

w(v;) = pi1-pis;, forj=1,...,9;
where 01 -+ - 00, and pj1--- pjs; are the disjoint cycle decompositions of w(q;) and w(v;),
respectively, and {h,q;,v;} a standard system of generators of m (Mpy).
Assume ¢ : M — M is the covering of M branched along fibers determined by w and

p: M — G is the orbit projection of M.

Then M € Oo (M and G are orientable) or M € On (M is orientable and G is non-

orientable).

Also M € Oo if and only if w|m (Fy) trivializes the bundle of w1 (Fy), where wy(Fy) is the
first Stiefel-Whitney class of Fy.

Proof.

Note that My is orientable since M is orientable. Then the first Stiefel-Whitney class
of My, wi(My), is trivial. By Lemma 2.1.1, we have that the first Stiefel-Whitney class
of My = ¢~ (My), wy(My), is trivial. Thus My is orientable and we conclude M is orien-

table.
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We have only two classes of orientable Seifert manifolds, namely, Oo and On. Therefore
M € Oo or M € On. By Corollary 2.1.2, the surface Gy is orientable (and M € Oo) if
and only if w|m (Fp) has sets of g, 2—imprimitivity, A1 and As, such that the quotient
homomorphism ¢ : I'm(w|m (Fp)) — S satisfies that ¢ o w = wq (Fp). O

Example 2.3.1

Let M = (On,1;1/2). Since M € On, M is orientable and the orbit surface of M, F,
is non-orientable. The genus of F' is 1, that is, F' is a projective plane. Let T(1/2) be
the solid fibered torus homeomorphic (under a fiber preserving homeomorphism) to a
neighborhood of the only exceptional fiber. The boundary of My = M —T(1/2) is a
torus T7. Let g1 = p(Ty), where p : M — F is the orbit projection of M. Let v1 be the

generator of 71 (F) and let h be a regular fiber of M.

Note that

m(Mo) = (vi,qu, h: [hoqi] = Loihvyt = b, = v})

and

7T1(M) = <U17QI7h : [h7q1] = 1,1)1h’[);1 = h_17q1 = U%aq%h = 1>

e Consider the representation w : m (My) — So defined by

wh) = (1),
w(gr) = (1,2) and
wlvr) = (1)

Assume ¢ : M — M is the covering determined by w. Note that the only sets of
1, 2—imprimitivity for Im(w|mi(Fp)) are Ay = {1} and Ay = {2}. Tt is clear that
q: Im(w|m (Fp)) — S2 = S({A1,As}) holds the relation: ¢(v1) = (A1), the identity
permutation in Sy. Thus M € On (Cf. Theorem 2.3.3).
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e If we consider w : m1(My) — Sy defined by

then M is the 2-fold covering space of orientation and M € Oo (Cf. Theorem 2.3.2).

(b) The case M mon-orientable.

(i) The case M € No.
Assume M = (No,g; #1/a1,- .., Br/ar). Recall that in this kind of Seifert manifolds
M is non-orientable and the orbit surface F' is orientable of genus g; The numbers
Bi/a; in the Seifert symbol are defined by a fibered torus T'(3/«;) which is a fibered
neighborhood of some fiber h; of M. The set of exceptional fibers is contained in

the set {h;};_,. Recall My = M — UT'(f3;/cy). Note that dMy = U]_, T;, where Tj is

atorusfori=1,...,r. Let ¢; = p(T;), where p : M — F is the orbit projection of M.

If h is a regular fiber and {vj}?i | is a basis for 7 (F") then the valuation homomor-

phism e : 7 (M) — S, satisfies e(v1) = —1 and e(v;) = +1, for j > 2.

Fundamental groups of M and Mj have the following presentations:

g
m (M) = (V1,5 V2, Q1,5 s, Py Qg -+ HUQJ 1, v25],

(hyqi] = 1,¢0h% = 1,v1ho;t = B71, [vj,h] =1 for j > 2).

g
7T1(M0) = <Ul7-~7U297Q17~~-7q$7h§Q1Q2' HUQJ 17U2j

[h,qi] = L,vhoyt = Y [vj,h] = 1 for j > 2).
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The orbit projection of My is p| : My — Fy, where Fy C F is a surface. If €' :
m1(Fo) — Sy, is the valuation homomorphism in My then e’ =iy o e, where e is the

valuation homomorphism of M and i : My — M is the natural inclusion map.

Theorem 2.3.4 Consider M = (No,g;31/a1,...,0:/a,) and suppose
{v1,...,v24} is a basis for the orbit surface F' of M. Assume that w : w1 (My) — Sy

is a representation defined by

wh) = (1),

w(g) = oi1---0iy, fori=1,...,r and

w(vj) = pj1pis;, Jorj=1,...,2¢,
where 01 -+ 044, and pj1--- pjs; are the disjoint cycle decompositions of w(q;) and
w(vj), respectively. Assume ¢ : M — M s the covering of M branched along fibers
determined by w and p : M — G is the orbit projection of M. Let €' : m(Fy) — So

be the valuation homomorphism of My.

Then M € Oo (M and G are orientable) or M € No (M is non-orientable and G
is orientable). Furthermore M € Qo if and only if w|m (Fy) trivializes the bundle of

e

Proof.

Recall M, = 0 Y (Mp), Go =GN My = o Y(Fp). We have coverings ¢| : My —
My and ¢| : Gg — Fy. Since the first Stiefel-Whitney class of Fy, wi(Fp), is trivial
then w1 (Gy) is trivial (Remark 2.1.1). Therefore M € No or M € Oo.

By Remark 1.2.1.(b), the valuation homomorphism e : 71 (F') — Zg = Sy gives us a

covering . : (F¢)o — Fy of 2-sheets.

Let ¢ : m(Fy — Zo = S be the valuation homomorphism of My. According to
Lemma 2.3.3 and Theorem 2.1.1, ¢’ is trivial if and only if w|m (Fp) trivializes the

bundle of €. In the class No the valuation homomorphism is non-trivial. Therefore
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M € Oo if and only if w|m (Fp) trivializes the bundle of ¢ O

Remark 2.3.1 Let M = (No, g; 1/, ..., B /) with orbit projectionp : M —
F. Suppose {vj}igzl is a basis for m(F') and My = M — UT(B;/ o), where T(B;/ )

is a fibered neighborhood of either a exceptional fiber or a regular fiber. Recall
Fy = F N M,y. Assume ¢ : M — M is an n—fold covering of M branched along
fibers, where M is connected. Let w : m1(Mp) — Sy, be the transitive representation

determined by @, and let h be a reqular fiber of M.

If w(h) = (1), the identity permutation in Sy, a useful criterion to determine if

M € No or M € Oo is the following:

1. If n is odd, then M € No

2. If w(v1) has a cycle of odd order then M € No

3. If Im(w|mi(Fp)) is not g,Q—impm'mitive then M € No.

4. If Im(w|m (Fy)) is g,Q—impm'mz’tive, then M € Qo if and only if w|mi(Fy) tri-
vializes the bundle of €', where € : m(Fy) — Za = Ss is the valuation homo-

morphism of My.
Example 2.3.2

Let M = (No,1;1/2). The manifold M is non-orientable and F', the orbit surface
of M, is an orientable surface of genus 1. Note that M has exactly one exceptional
fiber A'. Then there exists a fibered neighborhood of A’ homeomorphic to the solid
fibered torus T(1/2). Consider My = M — T(1/2) and {v1,v2} a basis for 7 (F).
Note that OMj is a torus T7. Let ¢ = p(T1), where p : M — F is the orbit projec-
tion of M and let h be a regular fiber of M.

Presentations for the fundamental groups of My and M are

T (Mo) = (v1,v2,q1, h s vihv ™ = A1 g, ) = 1, [h,q1] = 1, q1 = [v1, v2])
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and
T (Mo) = (v1,v2,q1, bt vihv™ = A7 [g, ] = 1, [h,q1] = 1, q1 = [v1,v2], gih = 1).

e Let w: m(Mp) — Sy be the representation defined by

w(h) = (1),

wlv) = (1,2)(3,4),
w(vy) = (1,3)(2,4), and
wlgn) = (1)

Suppose ¢ : M — M is the covering of M determined by w.

Observe that A; = {1,3} and Ag = {2,4} are sets of 2, 2-imprimitivity for
Im(w|mi(Fo)) such that g : Im(w|m1(Fp)) — S({A1, As}) satisfies

qv1) = (A1,Az)
q(v2) = (A1), the identity permutation in S({A1,As}), and

q(q1) = (A1)

e(v1) = (1,2)=-1
e(vs) = (1) =41, and
e(@r) = (1)=+1

Therefore M € Oo (Cf Theorem 2.3.4).

e Suppose w : 71 (Mg) — S3 is the representation such that

w(h) = (1),

w(v)) = (1,2,3)
w(ve) = (1,2,3) and
wlgn) = (1)

Let ¢ : M — M be the covering of M determined by w. In this case M e No
because 3 is odd (Cf. Theorem 2.3.4).
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(ii) The case M € Nnl.
Suppose M = (Nnl,g;(1/a1,...,0r/ar). That is M is non-orientable, the orbit
surface F' is non-orientable of genus g and the valuation is trivial. Consider My =
M —T(3:i/;), where T(3;/c;) is the solid fibered torus corresponding to the ratio
Bi/ ;. Note that OMy = U!_,T;, where T; is a torus for i = 1,...,r. Let Fy = p(M))
and ¢; = p(T;), where p : M — F is the orbit projection of M. If h is a regular fiber
of M and {v;} is a basis for w1 (F') of orientation reversing curves, then presentations
for the fundamental groups of M and Mj are:
m(M) = (vi,...,0,q1,.-.,qr, h;[vj,h] =1,[h,q]) =1,
g

ne g = HU?,(I?%& =1).
7j=1

7-"1(]\4-0) = <v17-"7vqu17"'7q7‘7h; [Ujvh]:17[h

)
Pad
I
—_

The valuation homomorphism of My, €' : w1 (Fy) — Sy, also is trivial.

Theorem 2.3.5 Let M = (Nnl,g;01/ai,...,0r/ar) be a non-orientable Seifert

manifold. Consider a representation w : w1 (My) — S, defined by
w(h) = (1),
w(g) = oi1---0ig, fori=1,...,r and
CU(’U]) = pj,l"'pj,Sja
where 01 -+ 054, and pj1--- pjs; are the disjoint cycle decompositions of w(q;) and

w(vj), respectively. Suppose ¢ : M — M is the covering associated to w. Let M — G
be the orbit projection of M.

Then M € Oo or M € Nnl. Moreover, M € Qo if and only if w|m (Fy) trivializes
the bundle of wi(Fy), where wy(Fy) is the first Stiefel-Whitney class of Fy.
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Proof.

Recall My = o' (Mp) and Gy = ¢~ ' (Fp). Let & : 1(Go) — Sa be the valuation
homomorphism of Mj. Since e is trivial we have € trivial by Lemma 2.3.3 and Re-
mark 2.1.1. There are only two classes of Seifert manifolds having trivial valuation

homomorphism, namely, M € Oo or M € Nnl. Therefore M € Qo or M € Nnl.

Since ¢| : G — F' is a covering, by Corollary (2.1.2), Gq is orientable if and only if
there are sets of %, 2—imprimitivity, Ay and Ay, such that q o (w|m1(Fp)) = wi(Fo).
Therefore M € Oo if and only if there are sets of 5, 2—imprimitivity, Ay and Ao,
such that qo (w|7r1(F0)) = U)l(Fo). Il

Example 2.3.3

Consider M = (Nnl,1;1/2). Suppose p : M — F' is the orbit projection of M. In
this case, F' is a non-orientable surface of genus 1. Note that M has exactly one
exceptional fiber /. Then there exists a fibered neighborhood of A" homeomorphic
to the solid fibered torus T'(1/2). Consider My = M — T(1/2) and let {v;} be a
basis for m1(F). Note that OM is a torus T1. Let Fy = p(My) and ¢q1 = p(T1),
where p: M — F is the orbit projection of M and let h be a regular fiber of M.

Presentations for the fundamental groups of My and M are the following:

m1(Mo) = (v1,q1,h : [v,h] = 1, [q1,h) = 1,q1 = vi)

and

7T1(MO) = <U1,€I1,h : [Ubh] = 17 [qlah] = 17Q1 = U%a‘]%h = 1>
e Assume that w : w1 (My) — Ss is the representation such that

w(h) = (1),
w(gr) = (1,3,2) and
w(vy)) = (1,2,3).
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Let ¢ : M — M be the covering determined by w. Suppose G is the orbit
surface of M. Then G is non-orientable because n is odd. Therefore M € Nnl

(Cf. Theorem 2.3.5)

o If w:m(My) — Sy is a representation defined by

w(h) = (1),
w(gr) = (1,3)(2,4) and
wv)) = (1,2,3,4).

Suppose ¢ : M — M be the covering associated to w and G is the orbit surface

of M.

Then A; = {1,3} and Ay = {2,4} are sets of 2, 2—imprimitivity for Im(w|m;(Fp)),
such that g(vi) = (A1,A2) and ¢(q1) = (A1), the identity permutation in
S({A1,As}). Of course, wi(Fp)(vi) = (1,2) and wi(Fp)(q1) = (1). Therefore
M € Oo (Cf. Theorem 2.3.5).

(iii) The case M € NnIlI.

Suppose M = (Nnll,g;51/ou,...,0 /o) and p : M — F' is the orbit projection.
Since M € Nnll then F is non-orientable. Assume that the genus of F' is g. Write
My = M —T(B;/a;), where T(f;/a;) is the solid fibered torus homeomorphic to a
neighborhood of either a exceptional fiber or a singular fiber. Then OM, = L_,T;,
where T; is a torus for i = 1,...,7. Let Fy = p(My) and ¢; = p(T;). If h is a regular
fiber of M and {vj}?zl is a basis for m(F') of orientation reversing curves, then

presentations for the fundamental groups of M and M are:

g

7T1(M) = (Ula"'7vg7q17"'7Q7"7h;[h7Qi]:17QIq2”'QT:Hv]2'7
7=1

qiaihﬁi =1,[v1,h] = l,vjhvj_l = h~!, for each j > 2).
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9

m(Mo) = (vi,ee Vg0 qus s @y hi [hyai] = Large - g = [ [ 5,
j=1

[v1, h] = 1,Ujhvj_1 = h~L, for each j > 2).

Lemma 2.3.6 Suppose that M = (Nnll,g;01/a1,...,0:/a,) andw : m (Mp) —

Sn 18 a representation such that

w(h) = (1),
w(g) = oi1---0iy, fori=1,...,r and

w(vy) = pj1- - pjs; forj=1,....g,

where 01+ 054, and pj1--- pjs; are the disjoint cycle decompositions of w(q;) and
w(vj), respectively. Let ¢ : M — M be the covering associated to w and let p : M —
G be the orbit projection of M. Assume the valuation homomorphism e : 7 (F) —

L 22 Sy is non-trivial and M is non-orientable (i.e. M € NnII or M € NnIII).

1. If the number of cycles of w(vi) having odd order is odd, then M € NnlIl.

2. If the number of cycles of w(v1) having odd order is even, then M € NnlII.

Proof.

Note that v; is an orientation reversing curve in My because v; is orientation
reversing in Fy and e(v1) = +1. Then p~!(v1) is a 2-sided vertical torus 72. Let
N(p~'(v1)) be an open regular neighborhood of p~!(v;). Then M — N (p~(vy)) is

orientable for va,...,v4,q1,...,q and h are orientation preserving curves in M.

Let 91, be the components of ¢ ~!(v1) corresponding to p1 ;. Then ¢ 1(T?) =

I—lj'lzl(ﬁi,j X Sl)

Suppose N (LI(71,; x S1)) is an open regular neighborhood of U(;,; x S1). It is clear
that M — N (U(91,; x S1)) is orientable because T2 is a Stiefel-Whitney surface for
My (Theorem 1.3.2).



2.3. COVERINGS OF SEIFERT MANIFOLDS BRANCHED ALONG FIBERS 39

Let PD : H'(M,Zs) — Ha(M,Z3) denote the Poincaré duality isomorphism asso-
ciated to M.

Since ¢* (w1 (Mp)) = wi(Mp) then

PDwi(Mo) = [p7"(T%)]

= UL, (1 x SY)]

= [011 x S+ 012 x S+ + [015, x S,
where possibly some classes [#; x S!] are trivial. Since the cycles p; ; are disjoint
and the homology groups are abelian, without loss of generality, we may assume
that there is a k € {1,...,s1}, such that [T}] is trivial for all k& < j < s;. Thus
PDwy(M) = [o11 x SY] + [012 x S + -+ + [14 x S']. Of course, if p; ; has odd
order then 1 < j < k since 71 ; is the core of a Moebius strip contained in Go and
this is a non-separating curve in Gg; consequently ﬁfl(ﬁlﬁj) =01, X8 1'is a non-

separating surface in My and the class [5'(;)] is non-trivial in Ha(Mo).

Let v be a simple closed curve in Gy homologous to ¥1,1 + - -+ + ¥1 and note that
PDuw (M) = [ x S']; it means © x S' is a Stiefel-Whitney surface for My and for
M. Thus & x S! is a vertical torus which is a Stiefel-Whitney surface. Of course,
¥ x S' is one-sided in My and M if and only if ¥ is one sided in Fy. By Theorem
(1.3.3), if the number of cycles of w(v1) having odd order is odd then M € NnllI;
Otherwise, M € NnIII. O

Theorem 2.3.6 Assume that M = (Nnll,g;01/a1,...,0:/a,;) and n € N.

Consider a representation w : w1(My) — S, such that
w(h) = (1),
w(g) = oi1---0iyg, fori=1,...,r and
u)(’U]) = p]',l"'pj,sj‘ fOT‘j:l,...,g,
where 01 -+ 044, and pj1--- pjs; are the disjoint cycle decompositions of w(q;) and

w(vj), respectively. Let ¢ : M — M be the covering associated to w and let p : M —
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G be the orbit projection of M. Let ¢ : m (Fy) — Sy, be the valuation homomorphism
of My.

(a) Suppose that n is an odd number.

(1) Ifw(vy) has an odd number of cycles of odd order, then M € NnlIl.

(2) If w(vy) has an even number of cycles of odd order, then M € NnIII.

(b) Assume that n is an even number and that there exists v;, such that w(vj) has

at least a cycle of odd order.

(1) Suppose that the number of cycles of w(vy) having odd order is a non-zero
even number.
If there exists k # 1 such that w(v) has a cycle of odd order then M e
NnllIl.
Otherwise, if for k # 1 each cycle of w(vg) has even order, then M e NnI
or M € NnIIlI.
Moreover M € NnlI if and only if w|m (Fy) trivializes the bundle of €'

(2) If every cycle of w(vy) has even order, then M € On or M € NnIII.
Furthermore, M € On if and only if w trivializes the bundle of w; (M),
where w1 (My) is the first Stiefel-Whitney class of M.

(c) Ifn is an even number and every cycle of w(vj) has even order, forj=1,...,g,
then M ¢ Nnll. In this case it is possible M € Oo, or M € On, or M € No,
or M € NnI or M € NnIIT .

Proof.
Suppose {v;} is a basis of orientation reversing curves for m;(F'). The valuation
homomorphism e : 71 (F) — Za = S5 is such that e(v1) = +1 and e(v;) = —1, for

Jj=z2

Recall we have ¢’ : m1(Fy) — Sa, the valuation homomorphism of My, and wq(Fp) :
m1(Fy) — Sa, the first Stiefel-Whitney class of Fy, and wi (M) : m1(Mp) — Sa, the
first Stiefel-Whitney class of My. Let € be the valuation homomorphism of M.
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(a)

(b)

(c)

If n is an odd number. Corollary 2.1.1 applied to wi(Mp) and to w;(Fp)
give us that w;(Mp) and w(Gg) are non-trivial, where My = ¢~ !(Mp) and
Go=GNM, = o~ Y(Fp). Therefore My and Gg are non-orientable Then M and
G are non-orientable. Applying Theorem 2.1.1 to the valuation homomorphism
e, we obtain that €, the valuation homomorphism of M, is non-trivial. Therefore

M € NnII or M € NnIII; The result follows from Lemma 2.3.6.

Recall {v;} is a basis of reversing orientation curves for 7 (F).
Since n is an even number and there exists v; such that w(v;) has at least one
cycle of odd order, then the orbit surface G of M is non-orientable (Corollary

2.1.1).

(1) Note that M is non-orientable since Corollary (2.1.1) applied to 8 = w1 (M)
gives us wy (Mp) is non-trivial.
If there exists k # 1 such that vy has a cycle of odd order, then the valuation
homomorphism of M, é, is non-trivial by Corollary 2.1.1 applied to e. Since
the number of cycles of w(vy) having odd order is even, by Lemma 2.3.6 we
obtain M € NnIII.
If each cycle of w(vg) has even order, for all k # 1, then M € Nnl or
M € NnIII and the result follows from Theorem (2.1.1).

(2) First note that Gy is non-orientable and the valuation homomorphism of
M, é, is non-trivial, by Corollary 2.1.2. Also, by Lemma 2.3.6, we conclude
M ¢ NnII. Thus M € On or M € NnIII. We can decide if M € On

applying Theorem (2.1.1) to 6 = wy(Mj) as required.

If n is an even number and every cycle of w(v;) has even order, for all j =
1,...,g, then we have the following cases:
If Im(w|m(Mp)) and Im(w|m(Fp)) are not g,2—imprimitive, then wy(Fp),

w1 (Mp) and & are non-trivial by Theorem (2.1.1) applied to e, to w; (M) and



42 CHAPTER 2. COVERINGS OF SEIFERT MANIFOLDS

to wi(Fp). Therefore M and G are non-trivial. Since every cycle of w(v;) has
even order and é is non-trivial then M € NnIII by Lemma 2.3.6.

Assume I'm(w|mi(Mp)) is g, 2—imprimitive. If wy(Mp) is trivial we have that
M € Oo or M € On. If wi(Mp) is non-trivial, then M € No, or M € Nnl, or
M € NnIII. Note that M ¢ NnII due to Lemma 2.3.6. O

(iv) The case M € NnlIlI.

Let M = (NnlllI,g;B1/cu,...,0:/a,) and let F' be the non-orientable orbit surface
of M. Assume that the genus of F is g. Consider My = M — T(f;/c;), where
T(B;/«;) is the solid fibered torus homeomorphic to a neighborhood of either a ex-
ceptional fiber or a singular fiber. Notice that OMy = U]_,T;, where T; is a torus
fori=1,...,r. Let Fy = p(My) and ¢; = p(T;). Let h be a regular fiber of M and

{vj}?zl be a basis for 71 (F') of orientation reversing curves.

The fundamental groups of M and My have the following presentations:

g
FI(M) = <v17”’7vgaq17"'7Q7"7h;[haqi]:17QIq2”'QT:Hv]2'7
7j=1
q"hP =1,[vy, h] = 1, [ve, h] = 1,vjhvj_1 = h~Y for each j > 3).
g
FI(MO) = <U17"‘7Ug7Q17'”7q7"7h; [h7Qi]:1JQ1q2"‘QT‘:HUJQ‘7
j=1

[v1,h] =1, [va, h] = l,vjhvj_l = h~!L, for each j > 3).

If e : m (M) — Zg is the valuation homomorphism of M, then e(v1) = e(ve) = +1
and e(v;) = —1 for j > 3.

Recall 8 : H(M,Zs) — H"'(M,Z) is the Bockstein homomorphism associated to
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the short exact sequence of coefficients

0—-Z—7Z— Zos — Q.

Suppose that M € NnIII and consider a branched covering ¢ : M — M, then
Bwi (M) = 0 for Bw (M) = 0 and 3 is natural with respect to continuous functions
(0«3 = Bpy). Thus M € Qo or M € On or M € Noor M € NnI or M € NnIII
by Theorem 1.3.1 (and M € NnlII).

Theorem 2.3.7 Suppose M € Nnlll with p: M — F, the orbit projection of
M. Let n € N. Assume {v;} is a basis of reversing orientation curves for mi(F).

Let w : w1 (My) — Sy be a representation defined by

wh) = (1),

w(g) = oi1---0iy, fori=1,...,r and

w(v;) = Pil1" " Pisss forj=1,...,9,
where 01+ 054, and pj1--- pjs; are the disjoint cycle decompositions of w(q;) and
w(vj), respectively. Suppose ¢ : M — M is the covering determined by w and
p: M — G is the orbit projection of M. Let ¢ : m1(Fy) — Sa be the evaluation of
My.

(a) Ifn is an odd number, then M € NnIII.
(b) Suppose that n is an even number and there exists vj such that w(v;) has at
least one cycle of odd order.
(i) If each cycle of w(v1) and w(vy) has even order, then M € On or M €
NnIII. Also, M € On if and only if w trivializes the bundle of w1 (M),
where w1 (My) is the first Stiefel-Whitney class of M.
(ii) Ifw(vy) orw(vy) have a cycle of odd order, then M € NnI or M € NnIIlI.

(c) If n is an even number and each cycle of w(v;) has even order, for all j =

1,...,q, then M € Oo or M € No or M € NnI or M € NnIII.
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Proof.

Let ¢ be the valuation homomorphism of M.

(a) If n is an odd number, then wy(Gp) and w1 (M) are non-trivial by Corollary
2.1.2; the homomorphism é is also non-trivial by Theorem 2.1.1. Thus M and
G are non-orientable. Thus M € NnIII for & is non-trivial and §(w;(M)) = 0.

(b) Since there is one w(v;) having a cycle of odd order, then w;(Gp) is non-trivial
because of Corollary (2.1.2). Thus G is non-orientable.

Recall e(v1) = e(v2) = +1 and e(vg) = —1, for k > 3.

(i) Since v; # v; and v; # vg, then € is non-trivial due to Corollary 2.1.1.
Therefore M € On or M € NnIII. By Theorem 2.1.1 applied to wq (M)
we can decide when M € On as stated.

(ii) Suppose that w(v1) or w(ve) have a cycle of odd order. Note that v; and
v9 are orientation reversing curves in My since they are 1-sided in F{ and
e(v1) = e(vy) = +1. By Corollary 2.1.1, w1 (Mp) is non-trivial and we con-
clude M is non-orientable. Recall G is non-orientable. Therefore M € Nnl
or M € NnIII. Furthermore, M € Nnl if and only if w|m;(Fp) trivializes
the bundle of €.

(c) Assume n is an even number and every cycle of w(v;) has even order for all
j=1,...,9. Then we have the following cases:
o If Im(w|mi (Fp)) is g 2—imprimitive. Then

1. Suppose w|m(Fp)) trivializes the bundle of €’. Then é is trivial (Theorem

2.1.1). Thus, if w|m (Fp) trivializes the bundle of w; (M) then M € OO.

Otherwise, M € Nnl.

2. Suppose w|mi(Fp)) does not trivialize the bundle of e/. Then € is non-

trivial (Theorem 2.1.1). Therefore, if w|m(Fp) trivializes the bundle of

w1 (Fo), then wi(Gp) and wy(G) are trivial (Theorem 2.1.1). Thus G is

orientable and we conclude M € No; Otherwise, if w does not trivialize



2.3. COVERINGS OF SEIFERT MANIFOLDS BRANCHED ALONG FIBERS 45

the bundle wy (Fp), then M € NnIIT or M € On. Again we can decide if
M € On by means of Theorem 2.1.1 applied to wy (Mp).

o If Im(w|mi(Fp)) is not g, 2—imprimitive, we proceed as before in (2). O

To finish our study about representations of Seifert manifolds that send a regular fiber into

the identity we prove the following Theorem which let us to compute the Seifert symbol for M.

Theorem 2.3.8 Let M = (Xuz,g; %, ey g—:) be a Seifert manifold with orbit projection
p: M — F, where Xx € {Oo,0n,No,NnI,NnII,NnIII}. Suppose that F is the orbit
surface of M and let g be the genus of F'. Consider {v;} a basis for m(F) such that every
curve v; is orientation reversing in F, if F' is non-orientable. Let h be a regular fiber of M.
Write My = M — UI_, Vi, where each V; is a fibered neighborhood of the fiber corresponding to
Bi/cu, fori=1,...,r. Note that OMy is the union of r tori, Ty U ---UT,. Let ¢; = p(T;), for

i=1,...,r. Letn € N and w : m1(My) — Sy, be a transitive representation defined by
wh) = (1),
w(g) = 04105y, fori=1,...,r and
w(v;) = pii1-Pis;
where ;1 --- 00, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(vj),

respectively. Let ¢ : M — M be the covering associated to w. Let p: M — G be the orbit
projection of M and suppose that G has genus §.

a) Suppose F is non-orientable, then M s the manifold

B B B B
(Yy7§7 1717 ] 1’21 AR | 'r.’l AR | T’ZT)7
A A1, Arq Ay,

where Yy € {Oo,0n, No, NnI, NnII, NnIII} is determined by Theorems 2.5.3, 2.5.5,
2.8.6 and 2.3.7. If G is orientable, then

n2-g) 3 b

g=1

otherwise,
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b) If F is orientable, then M is the manifold

(V.3 Bia Bi g, B, Br,fr)
Y, 9; Al,l’.“,Alyfl’.“’Ar,l’”.’Ar,fT )

where Yy € {Oo, No} is determined by Theorems 2.5.2 and 2.3.4; and

T
—S5 .
g=1+n(g—1)+ ==l %” ..

The numbers By, and A;y in the Seifert symbol for M in both (a) and (b) are given by:

order(o; k) - Bi

Bi = )
k ged{a, order(o; i) }

)

and

Q;

Ai

- ged{ e, order(o; )}’

where ged{o;, order(o; 1} denotes the greatest common divisor of oy and order(o; ).

Proof.
The genus of G, g, is determined by Lemma 2.3.2 and the class Yy is determined by The-
orems 2.3.2, 2.3.3, 2.3.4, 2.3.5, 2.3.6 and 2.3.7.

Now we compute the numbers B; ; and A; .

Recall that Gy = ¢ !(Fp) and also recall that we have a covering ¢| : Go — Fy. The

representation associated to ¢|: Go — Fp is w| : m1(Fy) — Sp.

The manifold M is obtained from My by glueing a solid tori U; to T;0My with homeomor-
phisms f; : OU; — T; such that f;(m;) = qio‘ihﬁi, where m; is a meridian of 9U;.

If i € {1,...,r} and we consider the torus T; = ¢; x h, then ¢~ !(T;) has ¢; components
for ¢ : Gy — Fp is a covering and w(g;) is a product of ¢; cycles, in particular, ¢~!(g;) has ¢;

components.

Let T} be a component of ¢~ (T}), for k € {1,... {;}. Note that T} is a torus and that

¢ induces a covering ¢;j : T;, — T; with order(o; ) sheets such that, if h is a component



2.3. COVERINGS OF SEIFERT MANIFOLDS BRANCHED ALONG FIBERS 47

of o~!(h) and Gi i is the pre-image of ¢; in the torus T;j, then {ﬁ, ik} is a basis for 7 (T 1)

for ¢| : G — F is a covering. Note that ¢ is the union of order(oo; ;) liftings of ¢;. Then

= order(o; 1)

©ik(h) =h and ;1 (Gir) = q; . Since {iL, ik} is a basis for w1 (T} ), if M C Lpl_,i (m;)

then there are A, and B;, integer numbers such that m; j = (j?,i’kaBiv’“, and

~ ~Ai, 7 ) d i, AL .
Cik(i) = @ir(@py " BPw) = g T P, (2:2)
On the other hand, associated to ¢; ) we have a representation w;x : T; — Sorder(o, ) Such

that w(h) = (1), the identity permutation in S,rg4er(o, ), and W(Gi) = Eorder(s, ), the standard
order(o; ) —cycle in Syger(s, ) Note that w; y satisfies that w; x(m;) = wi’k(qaihﬁi) = (oi k).

This implies
~ order((o;,,)% ag-order((o; ;)% order((o; )%
(g ) = TR = (g T o (prendero), (23)

order(o; 1)
ged{a;,order(o; )}’

But in fact order(o;)*) = hence by recalling Equations 2.2 and 2.3, we

obtain
order(o; k) - B
Bi k= ’ 5
" ged{ay,order(o; )}
and
A= i

5

~ ged{a;,order(o; )}
fork=1,...,l; and either i = 1,..., g, if F' is non-orientable or i = 1,..., 2g, if F' is orientable.

0

2.3.2 The case w(h) = ¢,, the stardad n-cycle

Suppose M is a Seifert manifold and h is a regular fiber of M, in this section we focus in

representations w : m (My) — S, such that w(h) = &,, where ¢, is the standard n—cycle of S,,.

Definition 2.3.2 Let P be an n—sided reqular polygon with vertices labeled with the num-
bers from 1 to n. A reflection p in S, is a permutation determined by a reflection of P

restricted to the vertices of P.
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S, S,

=(1 3) =(1 4)(2 3) =1 5)2 4)

Figure 2.1: Reflections

Note that by definition a reflection p has order 2.

We say that o € S,, anticommutes with ¢, if oe,07! = 5;1.

Lemma 2.3.7 Let o € S,,. Then o anticommutes with €, if and only if o is a reflection.

Proof.
Let P be a n—sided regular polygon and o € S,, be a reflection. Note that €, is induced
by a rotation of P through an angle 27 /n; by inspections it is easy to see that ¢ anticommutes

with &,,.

In a n—sided regular polygon P we have n reflections, then if A = {h € S,, : he,h~! = ¢, 1}

we have that |A| > n.

Now we prove |A| = n.

Suppose p € A, then pe,p~t =&, !. Let - : S, x S,, — S, be the group action defined by
g-h = ghg~!. With this action the stabilizer of &, is the subgroup Stabilizer(e,) = {g € Sy, :
g-en=¢n} =19 € Sn:geng ! =¢e,}. Consider S,/Stabilizer(e,) = {g(Stabilizer(s,)) : g €
S, } and note that r € p(Stabilizer(e,)) if and only if re,,r =1 = pe,p~!. Thus o(Stabilizer(c,)) =
{r e Sylre,r~t =1} = A
On the other hand, the orbit of ¢, under this action is the set O, = {h € S,|h = ge, g~ for some g €

Sp}. Note that O, is the set of n—cycles for the conjugates of an n-cycle have also order n.
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We have a bijection S,,/Stabilizer(e,) — O, . Then n! = |S,| = (|Stabilizer(e,)|)(|Os,|)-

Since |Og, | = (n — 1)!, we obtain |Stabilizer(e,)| = n.

Therefore |A| = n because |A| = |p(Stabilizer(ey))| = |Stabilizer(e,)| = n. O

Lemma 2.3.8 Let 0 € S,,. Then o commutes with e, if and only if there is k € Z such
k

n-

that o = ¢

Proof.

Consider again the group action - : S,, x S, — S, given by g-h = ghg~!. Recall from the
proof of the previous lemma that |Stabilizer(e)| = n. Since {(1),&,,...,e" 1} C Stabilizer(s,)

n

we obtain Stabilizer(e) = {(1),en,...,e" }. Therefore, o = ¢k for some k € Z. O

Lemma 2.3.9 (Torus Lemma)/N-RL] Let T be a torus and let h,q C T be a basis for

m1(T). Let n € Z and assume that w : 71 (T) — S, is the representation such that

w(h) = ey,
wlg) = e,

where e, = (1,2,...,n) is the standard n—cycle. Suppose that ¢ : T — T is the covering space

defined by w. Then there exist a basis h, G C T for m(T) such that p(h) = h"™ and ©(§) = qgh™".

Proof.
Cut T along h and ¢ to get the identification square S shown in Figure 2.2.

The boundary of S is the union of h*,h_,¢" and ¢_. If S(1),...,S(n) are n copies of
S and the boundary of S(i) is the union of h(i)*,h(i)~,q(i)*,q(i)~, we can construct T by
glueing ¢(i)* C S(i) with g(e, (7))~ C S(en(i)) and h(i)* with h(e,(i))~.
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Figure 2.2: Square S

h(1) * h) * h(k+1) * h(n-1)" h(n) *

aw* A G sk S S(n-1) s(m) a)~

X

h(1)~ h(2) ~ h(k+1) ™ h(n-1)~ h(n) ~

Figure 2.3: T

Suppose x € h(1)* and let y € h(k + 1)T be the image of  under the identification. Let
h= ©~!(h) and § a shortest curve in S(1)U-US(n) connecting x and y, as shown in Figure 2.3.
Observe that h NG = {z}, then it is clear that h,G C T is a basis for m (T'). By construction
p(h) = h™ and @(§) = gh™". O

Lemma 2.3.10 (Klein Bottle Lemma) Let K be a Klein bottle with 71 (K) = (h,v :
vhv™! = h7Y). Consider a representation w : m(K) — S, such that w(h) = &,, where
en=(1,2...,n). Assume ¢ : K — K is the covering associated to w. Then w(v) is a reflection
p, the covering space K is also a Klein bottle and, if p(1) = t, then there exists a basis {h, ¥}
for K such that ¢(h) = h" and o(0) = vh~ (1),

Proof.
Note that w(v)e,w(v)™! =&~} for w(h) = &, and vhv~! = h~1. By Lemma 2.3.7, w(v) is
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a reflection p. The surface K is a closed surface. Also x(K) = ny(K) = 0 for x(K) = 0, where
x(K) and x(K) are the Euler characteristic of K and K, respectively. Thus K could be either

a Klein bottle or a torus.

To construct K, cut K along h and v to get the identification square S shown in Figure

2.4.

Figure 2.4: Square S

The boundary of S is the union of h*t,h~,v™ and v~. If S(1),...,S(n) are n copies of S
and the boundary of S() is the union of h(i)T, h(i)~,v(i)*,v(i)~, then K is constructed by
glueing v(i)* C S(4) along v(e, (i)™ C S(en(i)) and k(i)™ with h(p(i))~.

h() * h2)* ho* h(n-1)" h(n) *

X

vyt S(1) & LI S(k) LI S(n-1) S(n) v(n) ~

h(1)~ h(2) = ht)™ h(n-1)~ h(n)~

Figure 2.5: T

Suppose z € h(1)" and let y € h(t)” be the image of x under the identification. Let
h = ¢~ '(h) and @ be a shortest curve in S(1)U---U S(n) connecting = and y, as shown in the

Figure 2.5 Then go#(il) = h", pu(0) = vh~ =1 by construction.



52 CHAPTER 2. COVERINGS OF SEIFERT MANIFOLDS

Notice that

pu(OhTh) = (@) ou(h) s )ou(h)
_ (vh—(t—l))hn(h(t—l)v—l)hn
= vh™w A"
= ovhv Yohv™ - ohvT AP

n—times

= h™"h™ (because of the relation vjhv — =1 = h™1)

= 1.

Thus oht~ ! = h~! for 4 is injective.

Observe that / intersects transversally ¢ only in one single point, thus K must be a Klein
bottle. Otherwise, {h, 7} would be a non-commuting pair in 71 (K), the fundamental group of
the torus K. Finally, {h, o} is a basis for 7 (K) because the complement of these curves is a

2-disk, by construction. (|

Remark 2.3.2 Suppose M is a Seifert manifold with orbit projection p : M — F. Assume
F is of genus g. Let {h;i}l_; be a set of fibers of M which contains all the exceptional fibers
and a finite number of reqular fibers. Recall each fiber has a neighborhood V; fiber preserving

homeomorphic to a fibered solid torus T (0;/a;).

Write My = M — UV;. Note that we have a quotient p| : My — Fy, where Fy is a surface
with boundary. Recall Fy = F N My. The boundary of Fy has r components, one for each
component of OMy. Let qq,...,q, be the components of OFy and h be a regular fiber in My.

Suppose {v;} is a basis for m(F') such that v; is orientation reversing in F, if F' is non-

orientable.
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o Assume M € Oo, a presentation for w1 (My) is

7-[-1(]\40) = <U17"'7/U2g7q17'”7qr‘7h [h Uj]: [h’ Qz]— ’
g
q192 -~ H V25— 1,U2J
Let w : m(My) — Sy, be a representation such that w(h) = €,, where e, = (1,2,...,n).
Then w(v;) and w(q;) commute with ey, for [h,v;] = [h,q¢] = 1, j = 1,...,29 and

i=1,...,7, By Lemma (2.3.8), there are integer numbers k; and s; such that

wlg) = &k, fori=1,...,r and
w(v) = e, forj=1,...,2g.

In w1 (M) we have the relation qi - - - ¢, = [[[vaj—1,v2;5]. Then
(g ar(J Jloaj-1,va)) 1) = 24 = ().

Since e, has order m, there is an integer number p such that Y k; = np. Define k} =

k1 —np and k; = kj, if j # 1. Then we get a representation w' : w1 (My) — Sy, such that

w/(h) = £&n
W'(g) = 81:;, fori=1,...;r and
W(v;) = e&i, forj=1,...,2g.

k/
Clearl k. =0 and €51 = &, because €, has order n. Therefore W' = w and we can
y (A n

always assume > k; = 0.

If M € On, then a presentation for w (M) is
m(My) = <v1,...,vg,ql,...,qr,h;vjhvj_l =h~1[h, ql] =

q1492 - - Qqr = HUJQ>

Let w : m1(My) — Sy, be a representation such that w(h) = €,, where e, = (1,2,...,n).

Note that w(vj) anticommutes with e, that is, w(v;)epw(v;) ™1 =71, and w(q;) commute



54

CHAPTER 2. COVERINGS OF SEIFERT MANIFOLDS

with €, since we have that relations vﬂw;l =htand [h,q¢] = 1,5 =1,...,2g and
t=1,...,r, By Lemmas 2.3.8 and 2.3.7 there are integer numbers k; and reflections p;

such that w : w1 (My) — Sy, is defined by

w(h) = ey
w(g) = &k fori=1,...,r and
w(vj) = pj, for =1,...,9

Since we have the relation q1 -+ - q, = ijz in w1 (M) and reflections have order 2, then

qT(Hv]z)_l) — el ki — (1),

Therefore there is an integer number p such thaty_ ki = np. Let K} = ki —np and k; = kj,
if 7 # 1. We define a representation ' : w1 (My) — S, by

w,(h) = é&n
Wg) = aff', fori=1,....r and
W(vj) = pj, forj=1,....9

Note that W' = w and Yk} = 0. Therefore we can always assume Y k; = 0.

If M € No, then a presentation for w1 (My) is
g
mi(Mo) = (vi,..., 021, G hiquge H V251, V5],
j=

[h,qi] = 1,v1hvf1 =h1, [vj,h] =1 for j > 2).
Assume w : w1 (Mo) — Sy, is a representation such that w(h) = ey, where e, = (1,2,...,n).
Then w(v1) anticommutes with e, for vihvy'; w(v;) and w(q;) commute with e,, for
h,vjl =1h,qi] =1,7=2,...,2g and i =1,...,r, By Lemma 2.3.7, there is a reflection
p1 and by Lemma 2.3.8 there are integer numbers k1, ..., k;, s2,83,...,529—1 and sa4 such

that w : w1 (My) — Sy, is defined by

wh) = e,

w(g) = €k fori=1,...,r and
w(vy)) = m

w(v;) = &i, forj=2,...,2¢.
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In w1 (M) we have the relation qi - - - q, = [[[vaj—1,v2;5]. Then

w(qy - qr(H[Uzjﬂ,vm‘])_l) = g2 kit — (1),
Thus there is an integer number p such that > k; + 2s9 = np. Define ki = k1 —np and
k:; =kj, if j # 1. We get a representation o' : w1 (My) — Sy, such that

J(h) = ep

q) = Eff, fori=1,....r and

vi) = pi
v;) = &, forj=2,...,2g.

It is easy to see Y k. + 2s9 =0 and ek = 55} for e, has order n. Therefore w' = w and

we can always assume Y k; + 2s9 = 0.

e If M € Nnl, then a presentation for w1 (My) is

7I_l(]\4—()) = <v17-"7v97q17"'7q’l‘7h; [vjvh]:17[h7q

=
I
—_

7j=1
Suppose w : w1 (My) — Sy, is a representation such that w(h) = €, wheree,, = (1,2,...,n).
Then w(vj) and w(q;) commute with €y, for [h,v;] = [h,q;] = 1. By Lemma 2.3.8,
Jj=1,...,2g andi=1,...,r, there are integer numbers k; and s; such that
w(g) = &k fori=1,...,r and
w(v)) = &, forj=1,...,g.

Recall in 71 (Mp) we have the relation q - - g, = Hv? Then
w(ql e qr(H U?)fl) — gzkifzzsj = (1)

Since ey, has order n, there is an integer number p such that Y ki — 2 s; = np. Define

Ky = ki —np and k; = kj, if j # 1. Then we get a representation w': m1(Mo) — Sy such
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that
w/(h) = £&n
Wwg) = 5%, fori=1,...,r and
W'(v)) = &i, forj=1,...,9.
k/

Clearly Y ki — 25" s; = 0 and e& = &' because e, has order n. Therefore w' = w and

we can always assume Y k; —2) s; =0.

If M € Nnll, then a presentation for wi(My) is

g
7T1(M0) = <Ul"' - Vg, 41, - o ey I [haqi] =Lqq- g = H,UJZ’
j=1
-1 _ .
[v1, h] = Lvjhv; " =h L for each j > 2).

Assume w : 1 (Mp) — Sy, is a representation such that w(h) = ey, wheree, = (1,2,...,n).
Then w(vi) and w(q;) commute with e, for [vi,h] = [h,q] = 1; if j > 2, then w(vj)
anticommutes with e, because [h,v;] = [h,q;| = 1, for j > 2. By Lemma 2.3.7 and
2.3.8, there are reflections pj, j > 2, and there are integer numbers k; and s1 such that

w: m(My) — Sy is defined by

wh) = e,

w(g) = ki fori=1,...,r
w(vy)) = &}, and

w(vj) = pj, forj=2,...,g.

Note that
wigt- g (o)™ =e=h2 = (1)

because of relation q1 - - q, = ij2 and because reflections have order 2.

Thus there is an integer number p such that > k; — 2s1 = np. Define ki = k1 — np and
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ki =kj, if j # 1. We get a representation ' : m(Mo) — Sy such that

J(h) = e,

() = 5,’?, fori=1,...,r;
W(vy) = e, and

W(vj) = pj, forj=2,...,9.

. ko
It is easy to see Y ki —2s1 = 0 and ekt = ¢! since ¢, has order n. Therefore W' = w

and we can always assume Y ki — 2s; = 0.

o [f M € Nnlll, then a presentation for m(My) is

g
Wl(MO) = <vl""7vqu17"'7Q7‘ah; [h’qz] :1aq1q2"'QT‘:ij2'a
j=1
[v1,h] =1, [vg, h] = 1,vjhvj_1 = h~L, for each j > 3).
Suppose w : w1 (My) — Sy, is a representation such that w(h) = €,, wheree,, = (1,2,...,n).
Then w(vy), w(ve) and w(q;) commute with e, for [vi,h] = [ve,h] = [h,q;] = 1; if j > 3,
then w(vj) anticommutes with ey, for if j > 3 then [h,vj] = [h,q;] = 1. By Lemma 2.3.7

and 2.3.8, there are reflections pj, j > 3, and there are integer numbers k;, s1 and s2

such that w : m (My) — Sy, is defined by

wh) = en

wlg) = &k fori=1,...,r
wo) = e,

w(ve) = €2, and

w(vj) = pj, forj=3,...,9.

Note that
sl ar([[ ) 1) = ko202 —

since q1---qr =[] vj2- and because reflections have order 2.
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Thus there is an integer number p such that Y k; —2s1 — 2s9 = np. Let ki = k1 —np and
K =kj, if j # 1. We obtain a representation ' : w1(Mo) — Sy, such that

J(h) = ey

(g) = 522’ fori=1,...r
Wv) = &

W(ve) = €2, and

W(vj) = pj, forj=3,...,9;

It is easy to see Y ki —2s; —2s9 = 0 and ek = Eﬁl for e, has order n. Therefore W' = w

and we can always assume Y k; — 2s; — 259 = 0.

Lemma 2.3.11 Let M be a Seifert manifold. Assume My, F' and Fy are as in last remark.
Suppose h is a regular fiber of M and w : w1 (My) — Sy, is a representation such that w(h) = &y,
Let o : M — M be the covering of M branched along fibers of M determined by w. Assume
p: M — G is the orbit projection of M. Then F =~ G.

Proof.

Let My = oY (M), Fy= o Y(Fp) and Gg = ﬁ(MO). Then ¢| : Fy — Fy is a covering space
of n sheets. Since w(h) = &, each fiber of My is the preimage of a fiber /' in My under .
Thus the projection p| : Fy — Gy is also an n-fold covering for each fiber of M intersects Fjy in
n points. Suppose that Z,7 € Fy and p(&) = p(j). Then there is one fiber h in My such that
Z,9 € hN Fy. Also there is a fiber &’ of My such that p(h) = (k)" for w(h) = &,. We conclude
ol(Z) = ¢|(g) for ¢|(Z),¢|(7) € b’ N Fy and each fiber intersects Fy in one single point. Thus

there exists the following commutative diagram:

Fo

\pi\

ol Go
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The map @, : Go — Fp is defined as usual: Let # € G and consider & € (p|)~!(z) then
Po(r) = ¢|(Z). Of course, Py(x) does not depend on & because (p|)((p|)~1(z)) is one point.
Note that @ is a covering of 1 sheet for p| : Fy — Gy and 0| : Fy — F, are n—fold coverings
and for the diagram above is a commutative diagram. Thus §, is a homeomorphism. Therefore

there is a homeomorphism p : G — F. g

Note that in this context M is no longer a pullback.

Lemma 2.3.12 Let M be a Seifert manifold and ¢ : M — M be a covering of M branched
along fibers. Assume p: M — G and p : M — F are the orbit projections of M and M,
respectively. Let h be a regular fiber of M. Let w : m(Mpy) — S, be the representation
determined by @. Suppose w(h) = e,. Let Gy and Fy be as in the proof of the previous lemma.
Let @y : Go — Fy be the homeomorphism obtained in the previous lemma. Recall m(F) — Zo

is the valuation homomorphism. Let v C Gy and v C Fy be simple closed curves such that

Po(?) = v.
Then:

(a) The map | : p~1(0) — p~t(v) is an n—fold covering space.
(b) If e(v) = +1, then é(0) = +1.
(c) Ife(v) =—1, Then é(v) = —1.

Proof.

(a) Note that the following diagram commutes.

Thus ¢| : p~1(9) — p~1(v) is a covering space and

W' mpt(v)) — S, = S({a1,...,a,}), the representation associated to this covering,
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sends h into &,. Note that p~'(¢) and p~'(v) are S'—bundles over the simple closed
curves ¥ and v, respectively. Then p~!(9) and p~!(v) are either tori or Klein bottles

depending on the triviality of the S*—bundles.

(b) Since e(v) = +1, then p~!(v) is a torus and $~*(9) is a torus. Thus é(?) = +1 for p~1(9)

is an S1—bundle over 7.

(c) If e(v) = —1, then p~!(v) is a Klein bottle. According to Lemma 2.3.10, we conclude
p~(9) is a Klein bottle and therefore é(7) = —1. O

Theorem 2.3.9 Assume M = (Oo, g;B1/oa,...,Br/ar) is a Seifert manifold. Let vj and

gi be as in Remark 2.3.2 and w : w1 (Mp) — Sy, be a representation defined by

w(h) = e,
w(g) = &5 fori=1,...,r and
wvy) = &, forj=1,...,2g;

where > k; = 0.

Let ¢ : M — M be the covering defined by w. Then M € Oo.

Proof.

Let p: M — F be the orbit projection of M and let p : M — G be the orbit projection
of M. By Lemma 2.3.11, there exists a homeomorphism @ : G — F. Then G is orientable.
Let M, = o Y(Mp). Since ¢ : My — My is a covering and My is orientable, then M, and
consequently, M are orientable by Lemma 2.3.5 and Corollary 2.1.2. Therefore M € Oo. [0

Theorem 2.3.10 Assume M = (On,g;f1/ai,...,0r/ar) is a Seifert manifold. Let v;
and q; be as in Remark 2.53.2 and w : w1 (My) — Sy, be a representation defined by
w(h) = e,
w(g) = &k fori=1,....r and

w(v;) = pj, forj=1,...,9;
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where Y k; =0 and p; is a reflection, for j=1,...,g.

Let o : M — M be the covering defined by w. Then M € On.

Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of

M.
By Lemma 2.3.11, there exists a homeomorphism @ : G — F. Then G is non-orientable. Let
My = o Y (Mp). Since | : Mo — My is a covering and M is orientable, then M is orientable:

M as also orientable by Lemma 2.3.5 and Corollary 2.1.2. Therefore M € On. O

Theorem 2.3.11 Assume M = (No,g; 01/, ...,0/ay) is a Seifert manifold. Let v;
and g; be as in Remark 2.3.2 and w : w1 (My) — Sy, be a representation defined by

wh) = en

w(g) = ki fori=1,...,r and
w(v)) = p

wlvj) = e, forj=2,...,2¢;

where Y ki + 2s9 = 0 and p1 is a reflection. Suppose p1(1) =t; € {1,...,n}.

Let ¢ : M — M be the covering defined by w. Then M € No.

Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of
M. Recall e : m(F) — Zg, the valuation homomorphism of M, is defined by e(v;) = —1 and
e(ve) = +1, for i = 2,...,29. By Lemma 2.3.11, there is a homeomorphism @ : G — F. Thus
G is orientable. Let {v}}?il be a basis for m(G) such that B(vj) = v;. By Lemma (2.3.12),
the map ¢| : p~'(vj) — p~'(v;) is a covering and &(v}) = e(vy), for j = 1,...,2g, where

¢ :m(G) — Zy is the valuation homomorphism of M. Therefore M € No. O
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Theorem 2.3.12 Assume M = (Nnl,g;01/a1,...,0r/o) is a Seifert manifold. Let v;

and q; be as in Remark 2.5.2 and w : m1(My) — Sy, be a representation defined by

w(h) = e,
w(g) = &k fori=1,....r and
wv) = &i, forj=1,....g;

where Y k; —2% s; =0.

Let ¢ : M — M be the covering defined by w. Then M € Nnl.

Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall {v;} is a basis of orientation reversing curves for 7 (F) and e : m(F) — Zo, the
valuation homomorphism of M, is trivial. By Lemma 2.3.11, there is an homeomorphism
@ : G — F. Thus G is non-orientable. Since p is a homeomorphism, there exists a basis
{v} ?:1 of orientation reversing curves for 71(G) such that $(v;) = v;. By Lemma 2.3.12, the
map | : 15*1(1)3-) — p~1(v;) is a covering and é : m1(G) — Zy is trivial, where € : m(G) — Za

is the valuation homomorphism of M. Therefore M € Nnl. O

Theorem 2.3.13 Assume M = (Nnll,g;051/oa,...,0r/a) is a Seifert manifold. Let v;
and q; be as in Remark 2.5.2 and w : m1(My) — Sy, be a representation defined by

w(h) = e,

w(g) = €ef fori=1,...,r
w(vy)) = e}, and

w(v;) = pj, forj=2,...,g;

where Y k; — 2s1 = 0 and p; is a reflection, for all j =2,...,g.

Let ¢ : M — M be the covering defined by w. Then M € NnIl.
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Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall {v;} is a basis of orientation reversing curves for 7 (F) and e : m(F) — Zo, the
valuation homomorphism of M, is defined by e(v;) = +1 and e(v;) = —1, for j =2,...,9. By
Lemma 2.3.11, there is an homeomorphism @ : G — F. Then G is non-orientable. Also there
exists a basis {v] ?:1 of orientation reversing curves for 71(G) such that $(v;) = vj,because
@ is a homeomorphism. By Lemma 2.3.12, the map ¢| : 15_1(11;) — p~Y(vj) is a covering and
/

é(v}) = e(vj), for j = 1,...,9, where é : m(G) — Zy is the valuation homomorphism of M.

Therefore M € NnlIl. O

Theorem 2.3.14 Assume M = (Nnlll,g;(1/aq,...,0Br/ay) is a Seifert manifold. Let

vj and g; be as in Remark 2.3.2 and w : w1 (My) — Sy, be a representation defined by

€

h) = e

@) = ek, fori=1,...,r

€

— S1
= ETL y

€

€

€

(
(
(v1)

(v2) = ¢
(vj) = pj, forj=3,...,9;

where Y ki — 251 — 259 = 0 and pj is a reflection, for j =3,...,9.

Let ¢ : M — M be the covering defined by w. Then M € NnIII.

Proof.
Let p : M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.
Recall {v;} is a basis of orientation reversing curves for 7 (F) and e : m(F) — Zo, the
valuation homomorphism of M, is defined by e(vi) = +1 and e(v;) = —1, for j = 2,...,¢.

By Lemma 2.3.11, there is an homeomorphism @ : G — F. Then G is non-orientable. Also

there exists a basis {v] }?:1 of orientation reversing curves for m(G) such that B(v}) = vj, for
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@ is a homeomorphism. By Lemma 2.3.12, the map ¢| : ;5_1(11;-) — p~!(vj) is a covering and
é(vj) = e(vj), for j = 1,...,g, where € : m(G) — Zz is the valuation homomorphism of M.

Therefore M € NnIIl. O

Corollary 2.3.1 Let M = (Xxz,g; 61/, ...,0./3) and My as in Remark 2.3.2. Assume
h is a reqular fiber of M. Let w : w1 (M) — Sy, be a representation such that w(h) = €, and let

p: M — M be covering space determined by w.

Then M s in the same class of M.
Now let us compute some specials Orbit Surfaces for the coverings.

Lemma 2.3.13 Suppose M = (Oo, g; 51/a1,...,Br/ay) is a Seifert manifold. Assume h
is a regular fiber of M. Let w : w1 (My) — Sy, such that w(h) = &, where ¢, = (1,2,...,n). By
Remark 2.3.2, w: m(Mgy) — Sy, is defined by

wlh) = e,
w(g) = &b fori=1,....r and
wvy) = &, forj=1,...,2g;

where vj and q; are considered as in Remark 2.3.2 and ) k; = 0.
Let ¢ : M — M be the covering defined by w.

Then there are an orbit surface G, of My and a basis 01, . .. , Vg for m(Gy) and curves g

in the boundary of Gl such that o4 (G;) = qih™", @4 (0;) = v;h =%, for all j.

In particular, we have an orbit surface G' of M such that v1, . . ., g is a basis for m (G').

Proof.
Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of

M.
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Recall Fy = p(Mp). By Lemma 2.3.11, there exists a homeomorphism @, : Go — Fp, where
Fy = p(Mp) and Gy = p(p~(Mp)). Then there exists a basis {v}, q;}, where j =1,...,2g and
i =1,...,7, for m(Go) such that y(v;) = v; and Py(g;) = g, for all j = 1,...,2g and for

1=1,...,7

Recall e : m(F) — Zg, the valuation homomorphism of M, is trivial. By Lemma 2.3.12

é(v}) = é(q;) = +1, where € : 11 (G) — Zs is the valuation homomorphism of M.
By Lemma 2.3.12, | : p~1(¢}) — p~ () is a covering space; using Lemma 2.3.9 we obtain
a basis {h, g} for m1(5~'(¢})) such that py(h) = h™ and pu(d) = ¢:h ™.

Analogously, there is a basis {#;,h} for 771(13_1(1)9)) such that px(h) = h™ and @4 (v;) =

v;h™%, for all j. Note that, by construction, v; and ¢; intersect every fiber of ﬁfl(v;») and

P 1(q}), respectively, in exactly one point.

Since h commutes with v;, for j =1,...,2g, we obtain

s (@1 G ([1[02j-1,025]) 1) = @h™ - qh ™ ([T[va—1, ve]) 7"

~ R 2kig ... ¢ (TT[var—1,v2]) 7! (recall S k; = 0.)
a1 ¢ (TT[var—1, var]) *
1,

12

1

where all homotopies are reldI. Thus Gy - - - G- ([[T2j-1, 2;]) ~* ~ 1 for ¢4 is injective.
Then the curves qi, . .., G- span a surface G{, in My. After some isotopies of G|, in M fixing
dGY, we obtain GY is an orbit surface. After filling the holes of My, G} gives rise to G’ as

required. O

Lemma 2.3.14 Suppose M = (On,g;p1/oa,...,0:/ar) is a Seifert manifold. Assume
h is a regular fiber of M. Let My be as in Remark 2.5.2 and w : m(My) — S, such that
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w(h) = ey, where e, = (1,2,...,n). By Remark 2.3.2, w : w1(My) — Sy, is defined by

w(h) = e,
w(g) = &b fori=1,...,r and
w(vj) = pj, forj=1,....g;

where Y ki =0 and p; is a reflection, for j =1,...,g. Suppose p;j(1) =t; € {1,...,n}, for
j=1...,9.

Let ¢ : M — M be the covering defined by w.

Then there are an orbit surface G, of My and a basis 01, . .. , g for m(Gy) and curves §;

in the boundary of Gy such that ¢4 (G;) = ¢;h ™", pu(v;) = v;h =G for all j.

In particular, we have an orbit surface G’ ofM such that Uy, ..., 7, is a basis for m (G').

Proof.

Let p : M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall Fy = p(Mp) and {v;} is a basis of orientation reversing curves for m;(F'). By Lemma
2.3.11, there exists a homeomorphism B, : Go — Fy, where Fy = p(Mp) and Gy = p(¢ 1 (Mp)).
Then there exists a basis {v},q;}, where j = 1,...,g and i = 1,...,7, for m(Go) such that

Po(vj) = v;j and Py(q;) = gi, forall j=1,...,gand for i =1,... 7

Recall e : m(F) — Zs, the valuation homomorphism of M, is defined by e(v;) = —1, for
j=1,...,9,and e(¢;) = +1, for i = 1,...,r. Let € : m(G) — Zy be the valuation homomor-
phism of M; by Lemma 2.3.12 we have that ¢| : p~'(¢}) — p~'(q:) is a covering, e(v)) = —1
and é(¢}) = +1.

From Lemma 2.3.9 it follows that we have a basis {h, §;} for 71 (5~ (¢})) such that w4 (h) =

h™ and @4(G;) = gih ki
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Recall p;(1) = t;. By Lemma 2.3.10 there is a basis {#;, h} for Wl(ﬁ_l(v;)) such that
@4(h) = h™ and @4 (v;) = v;h~%=D for j=1,...,9.

Note that, by construction, v; and ¢; intersect each fiber of ;5_1(21}) and p~1(q}), respec-
tively, in exactly one point.

Since h anticommutes with v;, we obtain vjh_(tj_l) = h(tj_l)vj and v; h(tj —-1)= B~ (=1

for j =1,...,2g. Then v;h=®& =Dy R(t=1) = p=D=(t=1y2 — 2

Note that
ou (@ @IH)) = @b g ([l
~ R 2kig .. ~qr(I1 vjh*(tifl)vjh*(tfl))*l, (recall " k; =0.)

~ q - q(ITo)) 71,
~ 1.

Thus ¢1 --- ¢ (]] 17]2-])_1 ~ 1 because for ¢y is injective.
Then the curves gy, .. ., - span a surface G} in M. After some isotopies of G in M fixing

DGy, we obtain GY is an orbit surface. After filling the holes of My, G} gives rise to G’ as

required. O

Lemma 2.3.15 Suppose M = (No,g;1/aq,...,0r/ay) is a Seifert manifold. Assume
h is a regular fiber of M. Let My be as in Remark 2.3.2 and w : w1 (My) — S, such that

w(h) =&y, where e, = (1,2,...,n). Let w : m(My) — S, be a representation is defined by

wlh) = en

w(g) = &k fori=1,...,r and
w(vi) = p

w(vj) = e, forji=2,...,2g:

where > ki + 2s2 = 0 and p1 is a reflection. Suppose p1(1) =t; € {1,...,n}.
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Let o : M — M be the covering defined by w.

Then there are an orbit surface G, of My and a basis 01, . .. , g for m(Gy) and curves g
in the boundary of Gl such that w4 (G) = qih ™", ou(v1) = vih~ M~ and pyu(v;) = v;h ™%,
forj=2,...,2g.

In particular, we have an orbit surface G' of M such that vy, . . ., Uy is a basis for m (G').

Proof.

Let p : M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall Fy = p(Mp). By Lemma 2.3.11, there exists a homeomorphism @, : Go — Fp, where
Fy = p(Mp) and Go = p(¢~'(Mp)). Then there exists a basis {v},qj}, where j = 1,...,g
and i = 1,...,r, for m(Go) such that Py(v}) = v; and Py(q;) = ¢, for j = 1,...,g and for

1=1,...,7

Recall e(vi) = —1, e(vj) = +1, for j = 2,...,2¢g, and e(q;) = +1, for i = 1,...,r, where
e : m(F) — Zy is the valuation homomorphism of M. Let é : m(G) — Z2 be the valuation
homomorphism of M; by Lemma 2.3.12 we have that | : 5~(¢}) — p~"(¢) is a covering space,
é(v)) = —1,é(v;) = +1,for j=2,...,2g and é(¢q;) = +1, fori=1,...,7.

From Lemma 2.3.9 it follows we have basis {h, v;} and {h, §;} for m; (p~'(v})) and m1 (5~ (g})),
respectively, such that gp#(iz) = k", pu(9;) = vjh ™% and pu(§) = gh~%, for j = 2,...,2¢

and fori=1...,r.

Recall p1(1) = t;. By Lemma 2.3.10 there is a basis {01, h} for m(p~(v})) such that
@4 (h) = h™ and @4 (v1) = vih~ ("1~ By construction, v; and ¢; intersect each fiber of ]5_1(2);-)

and p1(q}), respectively, in exactly one point.
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Since h anticommutes with v; we obtain Uflhsﬂ' = h_sﬂ'vfl. Then
vlh_(tl_l)vgh_”h(tl_l)vflh”vgl = 01U2Uf1U51h282

because h commutes with vs.

Thus

P (fh..-dr(H?:l[lbj—hﬁszJ) = qih™ g T ([l (B2j1), o4 (B2))]) 7
B Shigy - g (T, [oag1, vay]h%52) 1

~ hmXhkig ... q.h 2 J—1lvaj—1,va5]) 7Y,

~ b Xk g ([T92 [vgj -1, v9]) "

~ 1 (for Y k; 4 259 = 0).

12

Thus G - - - Gr([][02j—1,72;]) 7' =~ 1 for ¢x is injective. Then the curves gi,...,q  span a
surface Gy in M. After some isotopies of Gy in M fixing OGl, we obtain G is an orbit surface.

After filling the holes of My, Gl gives rise to G’ as required. O

Lemma 2.3.16 Suppose M = (Nnl,g;p1/oa,...,0:/ar) is a Seifert manifold. Assume
h is a regular fiber of M. Let w : w1 (My) — S, be a representation such that w(h) = &y, where

en=(1,2,...,n). By Remark 2.3.2, w: m1(My) — Sy is defined by

w(h) = e,
wlg)) = ki fori=1,...,r and
w(v;) = e, forj=1,...,9.

where Y ki —2) s; =0.
Let ¢ : M — M be the covering defined by w.

Then there are an orbit surface G{, of My and a basis 01, . . . , g for m(Gy) and curves g

in the boundary of Gy such that w4 (G;) = ¢;h ™", pu(0;) = v;h=) | forall j=1...,g.

In particular, we have an orbit surface G' of M such that o1, . . ., g is a basis for m (G').
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Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall Fy = p(Mp) and {v;} is a basis of orientation reversing curves for 71 (F'). By Lemma
2.3.11, there exists a homeomorphism %, : Go — Fp, where Fy = p(Mp) and Go = p(¢ 1 (Mp)).
Then there exists a basis {v;,ql’}, where j = 1,...,g and i = 1,...,r, for m1(Gp) such that

Po(v;) =vj and Py(g;) = @, forall j=1,...,g and fori = 1,...,7.

Recall the valuation homomorphism of M, e : m(F) — Za, is trivial. Let € : m(G) — Z»
be the valuation homomorphism of M; by Lemma 2.3.12 we have that ol 1N — p~Ha)

is a covering, é(vj) = é(q)) = +1,for j=1,...,gandi=1,... 7

From Lemma 2.3.9 it follows we have a basis {h,§;} for m (5~ 1(¢})) such that ou(h) = h"
and ¢y (Gi) = gh™".

Analogously, there is a basis {9;,h} for wl(ﬁ_l(v})) such that g (h) = h™ and @4 (7;) =
vjh™%, for j = 1,...,9. Note that, by construction, ¥; and ¢; intersect each fiber of p’_l(v;-)

and ﬁfl(qg), respectively, in exactly one point.

Since h commutes with v; and ¢;, then:

oy (dl g (I 1732)_1> ~ qhR g bR ([ (R %))

~ Xk sig (] U?)*l, (recall > ki —2>"s; =0.)
qi--- QT‘(H UJZ')_17
1.

1

12

Thus ¢1 -+ ¢(]] 15?.)_1 ~ 1 for ¢4 is injective.
Then the curves qi, ..., G- span a surface Gf, in My. After some isotopies of G{, in M fixing
dGY, we obtain GY is an orbit surface. After filling the holes of My, G} gives rise to G’ as

required. O
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Lemma 2.3.17 Suppose M = (Nnll,g;(1/oq,...,0: /o) is a Seifert manifold. Assume
h is a regular fiber of M. Let w : w1 (My) — Sy, be a representation such that w(h) = e, where
en =(1,2,...,n). By Remark 2.3.2, w: m(My) — Sy, is defined by

wh) = en
wig) = b fori=1,...n
wlv) = &,
w(vj) = pj, forj=2,...,g;

where Y ki—2s1 = 0 and p; is a reflection, forj =2,...,g. Assume p;(1) =t;, forj =2,...,g.
Let ¢ : M — M be the covering defined by w.

Then there are an orbit surface G{, of My and a basis 01, . . . , g for m(Gy) and curves g
in the boundary of Gl such that pu(G;) = gih ™, wu(v1) = vih=CY) and pu(v;) = v;h~ L1,
forallj=2...g.

In particular, we have an orbit surface G' of M such that o1, . . ., g is a basis for m (G').

Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall Fy = p(Mp) and {v;} is a basis of orientation reversing curves for 71 (F'). By Lemma
2.3.11, there exists a homeomorphism @, : Gy — Fy, where Fy = p(My) and Gy = p(¢~1(Mp)).
Then there exists a basis {vé-,qg}, where j = 1,...,g and ¢ = 1,...,r, for m(Gp) such that

Po(v;) =vj and Py(g;) = ¢, forall j=1,...,g and fori =1,... 7.

Recall also the valuation homomorphism of M, e : m(F) — Zg, is defined by e(v;) = +1
and e(v;) = —1, for j =2,...,9. Let € : m(G) — Zy be the valuation homomorphism of M;
by Lemma 2.3.12 we have that ¢| : p~1(¢})) — p~!(q;) is a covering, é(v}) = é(q}) = +1, for
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i=1,...,rand &(v)) = -1, ifj=2,...,9.

By Lemma 2.3.9, we have basis {h,v1} and {h, ¢} for w1 (p~'(v})) and 71 (5~"(¢})), respec-
tively, such that wu(h) = ™, @4 (01) = vih = and p4(G;) = ¢:h~". Note that there is also a

basis {©;,h} for 771(]5_1(11;)) such that ¢y (h) = h" and pu(v;) = v;h~G~D for j =2,...,¢g,

for Lemma 2.3.10. By construction, v; and ¢; intersect each fiber of ﬁ_l(v;-) and p~1(q}), re-

spectively, in exactly one point.

Since h anticommutes with vq, then h*(tﬂ'*l)vj = vjh(tjfl) and hfzslvj = vjh251. Conse-

quently h_(tj_l)vjh_(tf_l) = vj, h_251vj2 = v?h_Qsl and

P# ((11 g ( j=1 1712‘)71) ~ qh Mg R (v h )2 H§=2 Ujhi(tj*l)vjh*(trl))*l
~ hm kA2 g (T2, v2) 7Y, (vecall S k; — 251 = 0.)

j=1Yj
g ([Tv5)

~ 1.

12

Thus 1 --- ¢ (]] 17]2)_1 ~ 1 for py is injective.
Then the curves ¢, ..., - span a surface G{, in My. After some isotopies of G}, in M fixing
dGY, we obtain GY is an orbit surface. After filling the holes of My, G} gives rise to G’ as

required. O

Lemma 2.3.18 Suppose M = (Nnlll,g;p1/aq,...,0r/ar) is a Seifert manifold with or-
bit projection p : M — F. Assume h is a reqular fiber of M. Let w : w1 (My) — S, be a repre-
sentation such that w(h) = e, where ¢, = (1,2,...,n). By Remark 2.5.2, w: m(Mo) — Sy, is
defined by

wlh) = e

wig) = b fori=1,...n
wlv)) = &,

w(ve) = €52, and

w(v;) = pj, forj=3,...,g;
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where Y ki — 2s1 — 252 = 0 and p; is a reflection, for j = 3,...,g9. Assume pj(1) = t;, for

ji=2,...,9.
Let p: M — M be the covering defined by w.

Then there are an orbit surface Gf, of My and a basis O, . . ., 0g for m(G}) and curves
G in the boundary of Giy such that o4(G) = qh ™", wu(v1) = vih= Y, u(vh) = veh™(52),
ou(v;) = vjh_(ti_l), forallj=3...,9.

In particular, we have an orbit surface G' of M such that vy, . . ., Uy is a basis for m (G').

Proof.

Let p: M — F be the orbit projection of M and let p: M — G be the orbit projection of
M.

Recall Fy = p(Mp) and {v;} is a basis of orientation reversing curves for 71 (F'). By Lemma
2.3.11, there exists a homeomorphism @, : Gy — Fy, where Fy = p(My) and Gy = p(¢ 1 (Mp)).
Then there exists a basis {v;.,qg}, where j = 1,...,g and ¢ = 1,...,r, for m(Gp) such that

Po(v}) =vj and y(g;) = @, forall j=1,...,gand fori = 1,...,7.

The valuation homomorphism of M, e : m(F') — Zg, is defined by e(v1) = e(V2) = +1 and
e(vj) = =1, for j =3,...,9. Let € : m(G) — Zy be the valuation homomorphism of M; by
Lemma 2.3.12 we have ¢| : p1(q¢}) — p~1(g) is a covering, é(v]) = é(vh) = é(q}) = +1, for
i=1,...,mand é(v)) = -1, ifj=3,...,9.

By Lemma 2.3.9, we have basis {h,v1}, {h,v2} and {h,§} for m (5~ (v})), m (5" (vh))
and 1 (p~1(q})), respectively, such that w#(ﬁ) = h", ou(V1) = 1R, pu(v2) = vah™*2 and
¢4(d;) = gih ™. Note that by Lemma 2.3.10 there is also a basis {#;, h} for m; (ﬁ_l(v;)) such

that cp#(iz) = h" and @4 (v;) = vjh_(tj_l), for j = 3,...,g. By construction, v; and ¢; intersect

each fiber of ﬁfl(v;-) and p~1(q}), respectively, in exactly one point.
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Note that

oo (i1 3T )

1

Qb g (ol T oyt o Dgh )
h X kit2s1g, g ( i U?)*l, (recall Y k; —2s1 =0.)
~ q-q([Tof) 7,

~ 1;

12

because h commutes with v1,v2 and ¢;; and h anticommutes with v;, for j =3,...,g.
Thus ¢1 -+ - ¢ (]] 1732})*1 ~ 1 because p4 is injective.

Then the curves gy, .. ., - span a surface Gj in M. After some isotopies of G in M fixing
OGY, we obtain GY is an orbit surface. After filling the holes of My, G} gives rise to G’ as
required. O

Theorem 2.3.15 Let M = (Xz,g;01/a1,...,0:/a,) be a Seifert manifold, where
Xz € {O0,0n,No,NnI, NnII,NnIII}. Let h be a regular fiber of M. Write My = M — LU_, V;,
where each V; is a fibered neighborhood of an exceptional fiber or a fibered neighborhood of a
regqular fiber, for i = 1,...,r, and V; is homeomorphic (under a fiber preserving homeomor-
phism) to the torus T(B;/a;). Assume n € N. Let w : m1(My) — S, be a representation such
that w(h) = €y, where e, = (1,2,...,n). Then

wlg) = &N fori=1,...,r and
W(U]) = Ty,
where {h,vj,q;} is a standard system of generators of w1 (My), and 7; is a power of e, if v;

commutes with h, or a reflection if v; anticommutes with h.

Let ¢ : M — M be the covering of M branched along fibers determined by w. Then M is in
the same class of M and the Seifert symbol of M is:
By B,

Xx,9,—,...
( x?.g?Al) 7A7.

),
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with
o Bi + ki
" ged{n, B + kia;}’

nog

Ai = 3
ng{nv ﬁz + kzal}

where ged{n, B; + k;a;} denotes the greatest common divisor of n and B; + ki«;.

Proof.
By Remark 2.3.2, w is defined as stated. Also M is in the same class of M because of
Corollary 2.3.1.

Suppose that F, of genus g, is the orbit surface of M. Recall Fy = p(M), M, = oY (Mp)
and Gy = p(My), where j: M — G is the orbit projection of M.

Let G be the orbit surface of M.

By Lemma 2.3.11, there exists a homeomorphism @, : Go — Fy. Thus 0Gg has r compo-

nents because dFy has r components. Therefore M has r components.

Note that we can obtain M from My by glueing solid tori U; to T; with homeomorphisms
fi : OU; — T; such that f;(m;) = ¢ hP | where m; is a meridian of dV;..

Let G’ be the orbit surface of M obtained in Lemmas 2.3.13, 2.3.14, 2.3.15, 2.3.16, 2.3.17
and 2.3.18. Recall that Lemmas 2.3.13, 2.3.14, 2.3.15, 2.3.16, 2.3.17 and 2.3.18 give us a basis
{#;} for 71 (G) and curves g; in G, such that, p4(q) = g;h k.

Now we compute B; and A;.

Because of m; ~ ¢{"*h”%, we have that w(m;) = w(qf‘ihﬁi) = Plithiai Let d; = ged{n, 3; +

kic;}. Note that the order of w(m;) is n/d; and that ¢~!(m;) has d; components. Let 1m; be a
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component of ¢~ (m;), then

(i) = mj! = g il (2.4)

On the other hand, m; = (LA ihBi for some A; and B; positive integer numbers such that
gcd{A;, B;} =1, then
pli) = (qih ™) e = g Ak, (25)

Equating (2.4) and (2.5) we get that
o Bi + ki an
" ged{n, Bi + kioi}’

nog

A4 = ged{n, B; + kio; }

d




Chapter 3

Heegaard genera of coverings of

Seifert manifolds branched along

fibers

3.1 Heegaard genera of Seifert manifolds

Theorem 3.1.1 [B-Z]
Let M = (Oo,g;1/a1,...,0:/a,) be a Seifert manifold; assume o; > 1, and 1 <i <.

i) If M = (00,0;1/2,1/2,...,1/2,5,/(2XA+1)), with A > 0, r even and r > 4, then rank(m (M)) =
r—2<h(M)<r-1.

ii) Suppose that M does not belong to the case (i) and r > 3, then rank(mi(M)) = h(M) =

2g4+7r—1.
ii’) If g > 0 and r = 2, then rank(mi(M)) = h(M) = 2g + 1.

iii) If r =1, then rank(mi(M)) = h(M) = 2g if 1 = £1.
Otherwise, rank(mi(M)) = h(M) = 2g + 1.

iii’) If r =0, then rank(mwi(M)) = h(M) = 2g if 81 = £1.
Otherwise rank(mi(M)) = h(M) = 2g + 1.
7
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Theorem 3.1.2 [B-Z]
Let M = (On,g;B1/aq,...,0Br/ay) be a Seifert Manifold; suppose c; > 1 and 1 < i <.

i) If r > 2, then h(M) =g+ r — 1.
ii) Suppose r=1.

(a) If 51 = £1, then h(M) = g.

(b) If 81 # £1 is even, then h(M) =g+ 1.

iii) Ifr =0, then h(M) = g if 1 = £1; otherwise, h(M) =g+ 1.

Remark 3.1.1 In Theorem 3.1.2, if B1 # +1 is odd, Boileau and Zieschang claimed but
did not prove that h(M) = g+ 1. According to [Nul] this claim is correct.

Theorem 3.1.3 [Nu/ Let M be a non-orientable Seifert manifold.
(i) If M = (No, g; 51/oa, ..., Br/c), where a; > 1, then

(a) If r > 2, then h(M) =2g +r — 1.
(b) Suppose r = 1. If 1 is even, then h(M) =2g+ 1. If 51 = 1, then h(M) = 2g.

(c) Suppose r =0. If By is even then h(M) = 2g + 1. If By is odd, then h(M) = 2g.
Also, if r =1 and p1 # 1 is odd, then 2g < h(M) < 2g + 1.
(ii) If M = (Xx,9;01/0a,...,0: /), where Xx € {NnI, NnII,NnIlI}, and a; > 1; then:

(a) If r > 2, then h(M) =g+ r — 1.
(b) Suppose r = 1. If 51 is even, then h(M) =g+ 1. If p1 = 1, then h(M) = g.

(c) Suppose r =0. If By is even, then h(M) = g+ 1. If B1 is odd, then h(M) = g.

Also, if r =1 and 1 # 1 is odd, then g < h(M) < g+ 1.
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3.2 Heegaard genera of coverings

Let M be a Seifert manifold with orbit projection p : M — F. Assume ¢ : M — Mis a
covering of M branched along fibers. In this section we compare the Heegaard genus of M,
h(M), with the Heegaard genus of M, h(M). We always will assume that M is not in the

following list:

(@) M = (On,1;31/a1), ay > 1

(b) M =(00,0; 811, B2/c2), a; > 1
(c) M =(00,0;51/2,32/2, 33/m)

(d) M = (00,0;51/2,5/3,3/3)

(e) M = (00,0;51/2,52/3, B3/4)

() M = (00,0; 1/2,52/3, 35/5)

We take out the cases (a) — (f) because these manifolds have finite fundamental group and

in this cases S3 is the universal covering of M. Thus h(M) > h(S3) = 0 if 71 (M) # 1.

(g) M =(00,0;1/2,1/2,...,1/2,5,/(2XA + 1)), with A > 0, r even and r > 4.

(h) M = (Zz,9;8/a), with Zz € {No, NnI, NnII, NnIII}, 3 # 1, $ odd and « > 2. (Non-

orientable Seifert manifolds with exactly one exceptional fiber and 5 # 1 odd.)

We rule out (g) y (h) because we can not compute h(M) precisely. In case (g), we only

know r — 2 < h(M) <r — 1 and in case (h), h(M) satisfies 2g < h(M) < 2g + 1.

Let M be a Seifert manifold and {h;};_; be a set of fibers of M which contains all the
exceptional fibers and a finite number of regular fibers. Recall each fiber has a neighborhood
V; fiber preserving homeomorphic to a solid fibered torus 7'(3;/a;) be the fibered solid torus

homeomorphic to V;, for ¢ = 1,...,r. Note that «; and (; are coprime numbers and «; > 1.
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Define My = M — UV;.

Suppose ¢ : M — M is a covering of M branched along fibers and M is connected. By
Theorem 2.3.1, we know that there are ¢ : M — M’ and ¢ : M’ — M branched coverings such

that the following diagram is commutative

M P
\
@ M’

/

M
Also if wy, and w¢ are the representations associated to v and ¢, respectively, we have that
wy (') = &, and we(h) = (1), where (1) is the identity permutation in S, and e, = (1,2,...,t);
h and h' are regular fibers of M and M’, respectively. Thus we will only consider representa-

tions w(m(Mp)) — Sy, such that w(h) = (1) and w(h) = &,, where h is a regular fiber of M.

Along this section we use the following notation:

M is a Seifert manifold with orbit projection p: M — F, and h is a regular fiber of M.

e The surface F' has genus g. Let {h;};_; be a set of fibers of M which contains all the
exceptional fibers and some regular fibers. Recall each fiber has a neighborhood V; fiber

preserving homeomorphic to a fibered solid torus T'(5;/«;), fori =1,...,r.

e {v;} is a basis for m (F) and we assume v; is orientation reversing if F' is non-orientable,

for each j.

o My=M—U_,V,

Note that 0My has r components; 11,...,T,
e q; = p(T).

o w:m(My) — S, is a transitive representation.
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e The identity permutation in S,, is denoted by (1) and the standard n—cycle (1,...,n) is
denoted by ey,.

e ¢ : M — M is the covering branched along fibers of M associated to the representation

w:m(My) — S, and p: M — G is the orbit projection of M.

The surface G has genus g.

e The natural number n is always greater than 2. Otherwise, if n = 1 then ¢ would be a

homeomorphism.

The Heegaard genus of M is denoted by h(M).

3.2.1 Heegaard genera when w(h) = (1)

Let M = (Xz,g9;01/a1,...,0:/a,) be a Seifert manifold, where
Xz € {Oo0,0n,No,NnI, NnlI, NnIlII}. Suppose that w : m(My) — S, is a transitive

representation defined by

wh) = (1),
w(g)) = o41---04y, fori=1,...,r and
w(vi) = pj1 Pis;s
where 01 - 054, and pj1-- - pjs; are the disjoint cycle decompositions of w(g;) and w(v;), res-

pectively.

By Theorem 2.3.8,

a) If F is non-orientable, M is the manifold

. B By, B,1 By,
g, A PR ) A bR A PR A )7
171 1,51 T',l 7"7&,

where Yy € {Oo,0n,No, NnI, NnlI, NnIII} and it is determined by Theorems 2.3.3,
2.3.5, 2.3.6 and 2.3.7. If GG is orientable, then

n2-g)+>ili—nr
5 .

(Yy,

g=1
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If G is non-orientable, then

s
§zn(g—2)+2+nr—z&-.
i=1

b) If F is orientable, then M is the manifold

B B B B
Yy, g; 1’1,..., 1’61,..., T’l,..., T’ZT),
Aqq Ay, Arq A,

where Yy € {Oo, No} and it is determined by Theorems 2.3.2 and 2.3.4; and
g=14+n(g—1)+

The numbers B;; and A;, in the Seifert symbol for M in (a) and (b) are:

By — order(o; k) - Bi

— d
' ged{ e, order(o; i)}’ an

Q

Ai

- ged{c, order(o; )}’

where ged{c;, order(o;} denotes the greatest common divisor of oy and order(o; ).
We hightlight the following equations for future reference.

Note that n > ¢; > 1, foralli=1,...,r, (3.1)

because ¢; is the number of disjoint cycles of w(g;) and

A, =1, if and only if, a;|order(o; ) (3.2)

since the definition of A; .

Let a be a positive number. Assume n > 1. Then

n(a—2)+2>aqif and only if a > 2 (3.3)

and

2+ 2n(a —1) > 2a if and only if a > 1. (3.4)
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Lemma 3.2.1 Let M = (Xz,g9;01/1), where Xx € {Oo0,0n, No,NnI, NnII, NnIII}.

Consider a transitive representation w : m(My) — S, defined by

wh) = (1),
wln) = o1---00, and
w(vj) = pj1Pis;s

where o1 -+ 054, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(vj), res-

pectively.

By Theorem 2.3.8, we have that M = (Y, §; B1/ Ay, - -- , By, / Ag,), with By, = order(oy) - B1
and A, =1, for k=1,...,¢1. Let p: M — F be the orbit projection of M. Let g be the genus
of F. Then:

(a) If F is non-orientable, then h(M) =n(g —2) +n — £ + 3.
(b) If F is orientable, then h(M) =2n(g—1) +n — €, + 3

Proof.
By Theorem 2.2.1, we can assume M = (Yy, §;n01/1). Note that n3; # 1 for n > 2 and
(1 is an integer number. Also nf is even if (1 is even, this implies that we can compute h(M ),

if M is non-orientable.

(a) Suppose F' is non-orientable.

(i) If G is non-orientable, then § = n(g—2)+2+n—¥;, by Lemma 2.3.8. Since nf; # 1,
then

h(M)=g+1=n(g—2)+n—1¥¢; +3.

(ii) If G is orientable, by Lemma 2.3.8, 2g = n(g — 2) + 2+ n — ;. Thus

h(M)=2G4+1=n(g—2)+n—1{,+3,

for nB # 1.
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Therefore

hWM)=25+1=n(g—2)+n—{ +3.

(b) Suppose F' is orientable. Then G is orientable and by Lemma 2.3.8 we know 2g = 2n(g —
1) +n —¢; + 2. Since nf; # 1 we obtain

Corollary 3.2.1 Let M = (Xz,g;51/1), where Xz € {Oo,0n, No,NnI, NnII, NnIII}.

Consider a transitive representation w : w1 (My) — S, defined by

wh) = (1),
w(l) = o1---04, and
w(vj) = pj1-Pls;s

where 01 -+ 04, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(vj), res-

pectively.

Let ¢ : M — M be the covering of M branched along fibers associated to w. Then h(M) >
h(M)

Proof.

Consider the following cases:

First case. F' is non-orientable. By Lemma 3.2.1, h(M +1=n(g—2)+n—1~{ +3.

1) =
Recalling Equations 3.3 and 3.1 we conclude h(M ) > h(M )

Second case. F is orientable. Then h(M) = 2§+ 1 = 2§ = 2n(g — 1) + n — £1 + 3 for Lemma
3.2.1. By Equation 3.4 we obtain h(M) > h(M).
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Lemma 3.2.2 Let M = (Xz,g;31/a1) with oy > 2. Consider a transitive representation
w:m(My) — Sy, defined by

wh) = (1),
w(l) = o1---04, and
w(vj) = pji1-Pis;s

where 01 -+ 04, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(v;), res-

pectively.

Let o : M — M be covering associated to w. By Theorem 2.3.8, we have

M = (vig,Bl/Ala aB€1/AK1)7 where

B, — order(oy) - B1
R gcd{a,order(oy)}

and
a1

A = .
F gcd{aq,order(oy)}

Recall ged{on, order(oy)} denotes the greatest common divisor of a1 and order(oy,).

Let k1 = #{oy : oy torder(oy)}. Then:
(a) Assume F is non-orientable.
1. Suppose k1 =0. If f1 =1, n =1 and w(q1) = (1,2,...,01), then
h(M) =n(g — 2) + n — £1 + 2. Otherwise, h(M) =n(g — 2) +n — {1 + 3.
2. Suppose ki = 1. Then h(M) =n(g—2)+n—{; +3

3. Suppose ki > 2, then h(M) =n(g —2) +n — 1 + k1 + 1.
(b) Assume F is orientable.

1. Suppose k1 = 0. If By = 1, n = a1 and w(q1) = (1,2,...,a1), then h(M) =

2n(g — 1) +n — > ¢ + 2. Otherwise, h(M) =2n(g — 1) +n — {1 + 3.
2. Suppose ki =1, then h(M) =2n(g — 1) +n — 01 + 3.

3. Suppose ky > 2, then h(M) = 2n(g — 1) +n — 01 + ky + 1.
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Proof.
Note that A; = 1 if and only if «a;|order(o;). Thus k; is the number of exceptional fibers
of M. Let G be the orbit surface of M and let § of G.

(a) Suppose F' is non-orientable.

1. Assume k; = 0. Then aq|order(oy), for all k = 1,...,¢;.. Thus there are integer
numbers pr > 0 such that order(oy) = prai. Hence, by Theorem 2.2.1 we can
assume that M = (Yy, j; B/1), where B = /3 > pk. Also, if 8 is even then B is
even; then it is possible to compute the Heegaard genus of M when 3 is even. Note
that B=1if and only if 51 =1, n = a1 and w(q1) = (1,2,...,a1).

(i) If G is non-orientable, then § = n(g —2) + 2 + n — ¢; due to Theorem 2.3.8
Therefore, from Theorems 3.1.1,3.1.2 and 3.1.3 we obtain that h(M) = § =
ng—2)+n—»0+2,if B =1, n=a; and w(q;) = (1,2,...,a1); Otherwise,
WMM)=g+1=n(g—2)+n—{ +3.

(ii) If G is orientable, then 2§ = n(g — 2) + 2 + n — ¢; due to Theorem 2.3.8.
Therefore, from Theorem 3.1.1, 3.1.2 and 3.1.3 we obtain that h(M) = §

n(g—2)+n—»01+2,if n=ca; and w(q1) = (1,2,...,a1); Otherwise, h(M) =

g+1=n(g—2)+n—40,+3.

2. Assume k; = 1. By renumbering the indices, if necessary, we can assume that A7 > 2
and A,, = 1, for each m = 2,...,¢;. Then there are integer numbers p,, > 0 such
that order(o.,) = pmau, for all m € {2,...,¢1}. Thus, by Theorem 2.2.1 we have
that M = (Yy, §; B/A1), where

B = Bi+piA1) pm

Bi(order(o1) + o1 pm)
gcd{au,order(o1)}

Note that B is an even number if (1 is even. Then we always can compute the

Heegaard genus of M.

Suppose that B = 1. Then gcd{ay,order(c1)} = fi(order(o1) + a1 ) pm). From

this fact we obtain 1|a; and (order(o1)+a1 Y pm)|order(oy), consequently, 8 = 1
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and a1 ) pm = 0. Since ay > 0 we conclude Y p,, = 0. Thus p,, = 0. This
contradicts our assumption of p,, > 0.

Therefore B # 1.

(i) If G is non-orientable, then § = n(g —2) +n —¢; + 1. Hence by Theorems 3.1.1,
3.1.2 and 3.1.3 we obtain h(M) =2§+1=n(g—2) +n —{; + 3.

(ii) If G is orientable, then 2g = n(g — 2) + n — ¢; + 1. By Theorems 3.1.1, 3.1.2
and 3.1.3 we conclude h(M) =g+ 1=mn(g—2)+n— {1+ 3.

3. Assume Ky > 2. Recall ky is the number of exceptional fibers of M.

(i) If G is non-orientable, from Theorem 2.3.8 we obtain that § = n(g—2)+n—~¢;+2.
By Theorems 3.1.1, 3.1.2 and 3.1.3 we conclude h(M) = §+k —1 =n(g—2) +
n—¥0+k +1.

(ii) If G is orientable, by Theorem 2.3.8 we know that 2§ = n(g — 2) +n — {1 + 2.
Since k; is the number of exceptional fibers of M we have h(M) = 25+k —1 =
n(g—2)+n—»01+k + 1.

(b) Suppose F' is orientable, then G is orientable and 2¢g = 2n(g — 1+ n — ¢1) + 2 due to
Theorem 2.3.8.

1. If k1 = 0, then aylo(og), for all k& = 1,...,¢;.. Thus there are integer numbers
pr > 0 such that order(or) = prai. Hence, by Theorem 2.2.1 we can assume
that M = (Yy,§; B/1), where B = 3, Y. pi. Also, if 8 is even then B is even;
then it is possible to compute the Heegaard genus of M when 3 is even. Note
that B = 1 if and only if 1 = 1, n = a1 and w(q1) = (1,2,...,a1). Therefore
h(M)

=2g=2n(g—1)+n—01+2,if n=c; and w(q1) = (1,2,...,a1). Otherwise,
h(M)=2G+1=2n(g—1)+n—{; + 3.

2. If k; = 1, by renumbering the indices, if necessary, we can suppose that A; > 2
and A,, =1, for each m = 2,...,¢;. Then there exist integer numbers p,, > 0 such

that order(oy,) = pmai, for all m € {2,...,¢1}. By Theorem 2.2.1, we can assume
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M = (Yy,§; B/ A1), where

B = Bi+(1A1) pm
Bi(order(o1) + a1 >, pm)
gced{ay,order(o1)}

Note that B is an even number if 3 is even. Then we always can compute the

Heegaard genus of M.

Suppose that B = 1. Then gcd{a,order(o1)} = Bi(order(o1) + a1 ) pm). From
this fact we obtain 1|« and (order(o1)+ a1 Y pm)|order(oy), consequently, 8 = 1
and a1 Y pmy = 0. Since g > 0 we conclude > p,, = 0. Thus p,,, = 0 and we obtain

a contradiction to our assumption p,, > 0.

Therefore B # 1 and h(M) =25 +1=2n(g—1) +n — {1 + 3.

. If By > 2, then h(M) = 2§ + k1 — 1 since ky is the number of exceptional fibers.

Therefore h(M) = 2n(g — 1) +n — £ + ki + 1. O

Corollary 3.2.2 Let M = (Xx,g;01/a1) where Xx € {Oo,0On.No.NnI, NnII, NnIII}

and o > 2. Consider a transitive representation w : m(Mgy) — Sy, defined by

where ;1

pectively.

Let ¢ :

Proof.

wh) = (1),
wln) = o1---04, and
w(vj) = pj1Pis;s

oy, and pj1---pys; are the disjoint cycle decompositions of w(q;) and w(vj), res-

M — M be covering associated to w. Then h(M) > h(M).
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Recall F and G are the orbit surfaces of M and M, respectively. Let k; be as in previous

lemma.

(a) Suppose F' is non-orientable. Then g > 2 because g = 1 implies M has finite fundamental

group.

1. Assume k1 = 0.

If 1 =1, n =0 and w(q) = (1,...,a1), then h(M) = n(g —2) +n — {, + 2, by
Lemma 3.2.2. Notice that h(M) = g because 8 = 1. From Equation 3.3 we get that

n(g —2) +2 > g. Equation 3.1 yields to n > ¢;. Therefore h(M) > h(M).

If B #1orn # ay or w(q) # (1,...,a1), then h(M) = n(g—2) +n — £, + 3.
Recalling Equations 3.3 and 3.1 we obtain that n(g —2)+2 > g and n — ¢; > 0.

Therefore h(M) > g+ 1 > h(M).

2. Assume k; = 1. From Lemma 3.2.2 we know that h(M) = n(g —2) +n — f; + 3.

Using again Equations 3.3 and 3.1 we conclude h(M) > g+ 1 > h(M).

3. Assume k; > 2. Then h(M) = n(g — 2) +n — £1 + k; + 1 because of Lemma 3.2.2.
Since k1 > 2, Equation 3.3 implies that n(g — 2) + k1 > g. By Equation 3.1, we
conclude that k(M) > h(M) as we stated.

(b) Suppose F is orientable. Note that F is not S?, otherwise M would be a Seifert manifold
with finite fundamental group and we do not want M with finite fundamental group.

Thus g > 1.
1. Suppose k1 = 0.
If 6=1,n=a; and w(q) = (1,...,a1), then h(M) = 2n(g — 1) +n — £, + 2 for

Lemma 3.2.2. Also h(M) = 2g because 3 = 1. Since g > 1, using Equation 3.4 we
obtain that 2n(g — 1) + 2 > 2¢. From Equation 3.1 we conclude h(M) > h(M).
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IfB#1orn#ao orw(q)#(1,...,a1), then h(M) =2n(g—1) +n— ¢, +3. By

Equations 3.4 and 3.1, we conclude h(M) > 2g +1 > h(M).

2. Suppose ki = 1. In this case, h(M) = 2n(g — 1) + n — 1 + 3. Hence Equations 3.4

and 3.1 let us conclude that h(M) > 2g +1 > h(M)).

3. Suppose k; > 2. From Lemma 3.2.2 we obtain that h(M) = 2n(g—1)4+n—f,+k; +1.

Equation 3.4 yields to 2n(g — 1) + k1 > 2¢. From Equation 3.1 we obtain k(M) >

h(M).

Lemma 3.2.3 Let M = (Xx,g;61/0a,...,0 /o), where

Xz € {Oo0,0n,No,NnI, NnII,NnIII}, «; > 2, for each i € {1,...,r}, and r > 2 (a

Seifert manifold with at least two exceptional fibers). Consider the transitive representation

w:m(My) — S, defined by

wh) = (1),
w(g) = oi1---0ig, fori=1,...,r and
(,(.)(U]) = pj,l e pj,5j7

where 01 -+ 04, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(v;), res-

pectively.

Let p: M — M be the covering associated to w. By Theorem 2.3.8,

M = (Yy, 5 Bi1 B, B, B'r,fr)
Y, 9; Al,l’.“,Al,Elj'“’A’r,lj'“’Ar,Er ;

where
d Y. A
By — order(o; ) - Bi

_ d
; ged{a;,order(o; )}’ "

Q;

Aig = .
ok ged{a, order(o; 1)}

Let k; = #{0is € w(q) : a; t order(o;s)}. By renumbering the indices, if necessary, we

can assume that w(q;) = o1 -+ Oik, -+ Oig, i such way that o; { order(o;y), fork=1,... k;.

5

(a) Assume F' is non-orientable.
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1. Suppose Y i ki = 0. Note that aslorder(oi,s), for i = 1,...,7 and for s =

1,...,4;.. Assume that p; s are integer numbers such that order(o; s) = p; so;. Write

B = Z?:l Zilzl pi,sﬁi-

Then h(M) = n(g — 2) + nr — 3. 4; + 2, if B = +1; Otherwise, h(M) = n(g — 2) +

nr—y £; + 3.

2. Suppose Y i_, k; = 1. By renumbering indices, if necessary, in this case we can
assume that oy t order(o1,1), ailorder(oys), for s = 2,...,01, and o;lorder(o;s),
fori=2,...,r and fors=1,..., 4. Assumep’ljs, fors=2,...,01 and p; s, fori =
2,...,7 and for s = 1,...,¢;, are integers numbers such that order(cs) = p’LSal,
for s = 2,...,01, and order(o;s) = piscu, for i = 2,...,1r and for s = 1,...,4,.
Define

01 r 4
B=Bii+ A1 Y P+ Y. Y pish)-
5=2

i=2 s=1
Then h(M) = n(g — 2) + nr — 3. 4; + 2, if B = +1; Otherwise, h(M) = n(g — 2) +
nr—y 4 + 3.

3. Suppose 3 0_, ki > 2. Then h(M) =n(g —2) +nr — S i + 3 k; + 1.
(b) Assume F is orientable.

1. Suppose Y i ki = 0. Note that a;lorder(oi,s), for i = 1,...,r and for s =
1,...,4;.. Let p;s be integer numbers such that order(c;s) = pisci. Define B =
S S pisBi. Then h(M) = 2n(g — 1) + nr — Y24 + 2, if B = +1; Otheruwise,
(M) =2n(g—1) +nr — 3 4; + 3.

2. Suppose Y i ki = 1. We can assume that aq 1 order(c1,), ailorder(ois), for
s=2,...,01, and o;|order(o;), for i =2,...,r and for s =1,...,¢;. Assume that
p'ljs, for s =2,..., 01 and p; s, fori = 2,...,r and for s = 1,...,4;, are integers

numbers such that order(oy ) = p’l’sal, for s =2,...,01, and order(o;s) = pj s,
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fori=2....r and for s=1,...,¢;. Write

01 r 4
B=DBi1+ A1 <ﬁ1 ZP’LS + Z me@') .
s=2

1=2 s=1
Then h(M) = 2n(g—1) +nr — 3. £; + 2, if B = +1. Otherwise, h(M) = 2n(g—1) +
nr— > ¢ + 3.

3. Suppose S ki > 2. Then h(M) = 2n(g — 1) +nr — 3. 0; + > ki + 1.

Proof.

Note that > k; is the number of exceptional fibers of M because A; , = Qi =
’ ged{ o, order(o; 1)}

1 if and only if «;|order(o; ). We proceed case by case.
(a) Suppose F' is non-orientable.

1. Assume ) k; = 0. Recall p; s are integer numbers such that order(o;s) = p;sa;.

From definition of B;j, A;; and from Theorem 2.2.1 we can assume that M =

(Yy,§: B/1), where B =571 37 pishie

(i) If G is non-orientable, then §j = n(g — 2) + nr — 3. 4; + 2. Therefore h(M) =
G=n(g—2)4+nr—3¢;+2,if B==+1. Otherwise, h(M) = g+ 1 =n(g—2) +
nr— > {; + 3.

(ii) If G is orientable then 2§ = n(g —2) +nr — > £; +2. Then h(M) = 2§ = n(g —

2)4+nr—>"¢;+2,if B = +1. Otherwise, h(M) = 2g+1 = n(g—2)+nr—>_ £;+3.

2. Assume ) k; = 1. Recall B =By 1+ A4, (ﬁl 51:2 Pls+ D iea Efle pmﬁi) , where
p’l,s, for s = 2,...,4; and p;,, for @ = 2,...,7 and for s = 1,...,¢;, are integers
numbers such that order(oy ) = p/l,sab for s = 2,...,41, and order(o;s) = pi s,

fori=2,...,rand for s=1,...,¢;. Then

M = (Yy,g;BLl/Al,l,Bm/l, . .,Blygl/l, .. .,BT71/1, . ,Br,gr/l).

By Theorem 2.2.1 and Definition of B, , we can consider M = (Yy,3§; B/A1q).

(i) If G is non-orientable, then § = n(g—2)+nr—>"¢;+2. Thus h(M) = § = n(g—
2)+nr—>.0;+2, if B = £1. Otherwise, h(M) = §+1 = n(g—2)+nr—>_;+3.
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(ii) If G is orientable, then 2¢g = n(g —2) + nr — > _ ¢; + 2 and we can conclude that
(M) = n(g — 2) 4+ nr — 3. £; + 2, if B = +1. Otherwise, h(M) = n(g — 2) +
nr—>y 4+ 3.

3. Assume ) k; > 2. Note that if G is non-orientable then § = n(g—2)+nr—>_¢;+2,
and if G is orientable then 2g = n(g — 2) + nr — > ¢; + 2. Since > k; is the
number of exceptional fibers then h(M) = §+ Y. k; — 1, if F is non-orientable
and h(M) = 25 + S k; — 1, if F is orientable. Then it is clear that h(M) =
n(g—2)+nr—=>0;+> ki + 1.

(b) Suppose F is orientable. Then 2g = 2n(g — 1) +nr — >_ ¢; + 2, by Theorem 2.3.8.

1. Assume ) k; = 0. Recall p; s are integer numbers such that order(o;s) = p;sa;.
From definition of B; i, A; i, and from Theorem 2.2.1 we obtain that M = (Yy,g; B/1),
where B =S"7_ S°% | p; o3;. Thus h(M) = 25 = 2n(g—1)+nr—>_ £;+2, if B = +1.
Otherwise, h(M) =25 +1=2n(g—1) +nr — 3. 4; + 3.

2. Assume > k; = 1. Recall B=By1+ A4 <ﬁ1 S Prs+Diza S pi,s/Bi> , where
p’lvs, for s = 2,...,4; and p;4, for @ = 2,...,7 and for s = 1,...,¢;, are integers
numbers such that order(oy) = p’l,sal, for s =2,...,41, and order(o;s) = pi s,

fori=2,...,r and for s=1,...,¢;. Then

M = (meé;Bl,l/Al,l?Bl,?/L .. .,Bl’gl/l, .. -yBr,l/la . ,Br,gT/l).

By Theorem 2.2.1 and Definition of B; j,, we can consider M = (Yy,§; B/A; ). Thus
(M) = 2§ =2n(g — 1) + nr — 3. 4; + 2, if B = +1. Otherwise, h(M) = 2§+ 1 =
2n(g— 1) +nr—> 4; + 3.

3. Assume Y k; > 2. Then h(M) = 2n(g — 1) +nr — 3. 4; + S k; + 1 for 3. k; is the

number of exceptional fibers of M. O

Corollary 3.2.3 Let M = (Xz,g; 01/, ..., Br/a,) where
Xz € {00,0n,No,NnI, NnII, NnIII}, and g # 0, and o; > 2, for each i € {1,...,r}, and
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r > 2 (a Seifert manifold with at least two exceptional fibers and orbit surface different from

S2). Consider the transitive representation w : w1 (Mo) — Sy, defined by

wh) = (1),
w(g) = o410y, fori=1,...,r and
U.)('U]) = pj71 e pj,S]W

where o1 -+ 0y, and pj1 -+ pjs; are the disjoint cycle decompositions of w(q;) and w(vj), res-

pectively.

Let ¢ : M — M be the covering associated to w. Then h(M) > h(M).

Proof.
Let r be the number of exceptional fibers of M. Since M has at least two exceptional
fibers, then h(M) =2g+r—1or h(M) = g+r — 1, if F' is orientable or not, respectively. Let
k; be as in previous lemma. Recall Y k; is the number of exceptional fibers of M. Again we

proceed case by case.

(a) If F is non-orientable. Recall § = n(g —2) + 2+ nr — >_._, ¢, if G is non-orientable;
otherwise, if G is orientable we have 2g =n(g —2) +2+nr —>_;_, ;.

1. If > k; = 0, then h(M) > n(g—2)+nr—>._; £;+2. Recall a; > 2 and o |order(o; 1),
for all 4, k, then each cycle of w(g;) has order at least 2. Thus ¢; < 5. Alsof; <n—1
since n — 1> §, if n > 2. Then ST < (n—1)(r—2).

Hence

;Eig(n—l)(r—2)+2+2—(n—l)(r—2)+n

because £,_1 < § and £, < 3.
Note that (n —1)(r—2)+n=(n—-1)(r —1) + 1.
From the facts

n(g—2)+2+m"—zr:€i —h(M):(n—l)(g—2)+(n—1)r—z&+1,
i=1
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(n—1)(r—2)+n=(n-1)(r—1)+1and h(M) > [n(g—2)+2+nr—>_ 4],
it follows that:

e If g =1, then
(g —2)+2+mr =Y L] —h(M)=(n-1)(Fr-1)-> L+1>0.
=1
Thus h(M) > h(M).

o If g > 2, then

[n(g—2)+2+nr—zr:&]—h(M) > (n—l)(g—Q)—l—(n—l)(r—l)—Z&—i—l > 0.
i=1

Thus h(M) > h(M).
Therefore h(M) > h(M).

2. If Y k; = 1, then

(g —2)+nr =Y Li+2]—h(M)=(n-1)(g—2)+n-1)r—> fi+1
=1 =1

Recall h(M) > n(g —2) +nr — 3. 4; + 2 and /; is the number of cycles of w(qr).

From previous lemma, we can suppose aq,1 1 order(o1,1), oy,1|order(oys), for s

2,...,01,and o;|order(o; ), fori =2,...,randfor k = 1,...,¢;. Then order(o; ) >

2,if s # 1; and order(o; ) > 2, for i = 2,...,r and for all k.

(i) Assume n = 2. Then M has exactly one exceptional fiber if and only if
M = (X, g;81/on, B2/2,. .., 0;/2), where a1 > 2y w(g;) = (1,2), for i =
1,...,r. Thus M = (Yy,§; Bi1/A11,02/1,...,6:/1). It is easy to see in this
case that > ;¢; = r Then [n(g —2) +nr — >, li+2] — h(M) = g— 1.
Recalling g # 0 we conclude k(M) > h(M).
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Now note that
n — order(o1,1)

< +1

b= 2
for w(q1) contains the cycle o1 and the cycles o1, for s = 2,...,r, but
the cycles o1, for s = 2,...,7, have order at least 2 then we have at most

n — order(oy.1) n — order(oy.1)

2

+1 cycles in w(qy). Also, we have that the inequality

1< =

-1
+ 1 follows since order(oy,;) > 1. Thus [; < nT + 1.

Then

" n—1 n 1
;ei_ 5 St (=D =3)=n-1)F-3)+n+;

because f; < n/2and (1 < “1+1. Since (n—1)(r—3)+n+1/2 < (n—1)(r—1)+1
we obtain
(n=1)(r—1)+1=> £ >0.
i=1
Last inequality together the fact h(M) > [n(g — 2) +nr — >, £; + 2] allow us
to get the following;:

e If g =1, then

[n(g—Q)—i—m‘—ZT:&—FZ —h(M)=(n—1)(r—1) ZE +1>0.

=1

Thus h(M) > h(M).

o If g > 2, then

n(g—2)—|—nr—z&+2

=1

—h(M) = (n—1)(g—2)+ Zy+1>0

Thus h(M) > h(M).
Therefore h(M) > h(M).

3. If > ki > 2, notice that



3.2. HEEGAARD GENERA OF COVERINGS 97

The inequality

n— Zf;l order(o;s)

l; < 5 +k;
follows since /; is the number of cycles of w(g;) and order(o; ;) > 2for j = k+1,...,7;
also the inequality
kv
—> " ord ; -1
n— Y . qorder(o;s) < n s

5 =

follows since Zf;l order(o;s) > 1.

-1
Then >0 li—> i 1 ki < (n2)7“ On the other hand, r/2 < r —1 for r > 2. Thus

(n—l— <Z£—Zk>20andweobtain
(n—1)(r—1) - (Ze—2k>

Finally, we have that:

e If g =1, then

h(M)—h(M)=(n—1)(r—1) — (Zz — Zk) > 0.

i=1 i=1

o If g > 2, then
(M) —h(M) > (n—1)(g—2)+ (n—1)(r — 1) <Zz —Zk)

Therefore h(M) > h(M).

(b) Assume F is orientable. In this case, G is orientable and 2g = 2n(g—1)+nr—>_;_, {;+2.

1. It S"k; = 0, then
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Recall o; > 2 and «y|order(o; i), for all 4,k, then each cycle of w(g;) has order at
least 2. Thus ¢; < n/2. Also ¢; < n—1since n —1 > n/2, if n > 2. Then
sl < (n—=1)(r - 2).

Hence

- n n

S ti<-1)(r—2) 4242

i:1€_(n )(r )+2—|—2
because £,_1 <n/2 and £, < n/2.

It is clear that (n — 1)(r—2)+n=(n—1)(r — 1) + 1.

Since 2§ — h(M) =2(n—1)(g — 1) + (n — 1)r — >_7_, ¢; + 1, we have that
25— h(M)>2(n-1)(g—1)+(n-1)(r—1)=> £Li+1>0.
i=1

Therefore h(M) > h(M).

I k=1, recall h(M) > 2g. Then
25— h(M)=2(n—-1)(g—1)+(n-1)r—Y £;+1.
=1

By previous lemma, we can suppose a1 { order(oi1), aji|order(oys), for s =
2,...,01,and o|order(o; ), fori =2,...,rand for k = 1,...,¢;. Then order(oy ) >

2,if s # 1; and order(o; ) <2, for i =2,...,r and for all k.

(i) Assume n = 2. Then M has exactly one exceptional fiber if and only if
M = (Xz,9;61/01,02/2,...,0r/2), where aq > 2y w(q;) = (1,2), for i =
1...,r. Thus M = (Yy,§; Bi1/A11,062/1,...,05,/1). It is easy to see in this case
that 3 ¢; = 7. Then 2§ — h(M) = 2(g — 1) + 1 and we conclude h(M) > h(M)
since g # 0.

(ii) Assume n > 3. In this case we have that ¢; <n/2<n—1,foralli=2,... r,
since order(o; ) > 2, for i > 2. Thus . s ¢; < (n—1)(r — 3). Now note that

n— OTd267‘(01,1) 1< n ; 1 s

4 <
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n — order(o1,1)
2
of cycles in w(q1); in w(q1) we have the cycle o1 and the cycles o;, for

The first inequality ¢ < + 1 follows for ¢; is the number

J = 2,...,r, but the cycles o;; have order at least 2, for j = 2,...,r, then
n — order(oy.1)

we have at most + 1 cycles in w(q1). The second inequality
n — order(oy,1)

2

-1
+1< n 5 + 1 follows because order(oy1) > 1.

Then

T

Zfiﬁ(n—l)(r—3)+ﬁ+n_l

1
2 5 5 +1l=mn-1D(r-3)+n+—
1=

2

for £ <n/2and {; < nT_l—&—l. Since (n—1)(r—3)4+n+1/2 < (n—1)(r—1)+1

we obtain

(n—l)(r—l)—l—l—i&-ZO.
i=1

Therefore h(M) > 2g > h(M).

3. If Y k; > 2, then
h(M)—h(M)=2(n—1)(g—1)+ (n—1)r — (Z@- — Zki> .
=1 =1
Note that

k;
0 < n— Y . order(o;s)

< 5 + k;

because ¢; is the number of cycles of w(g;) and order(o; ;) > 2 for j =k+1,...,1;

note also that

n— Zf;l order(oj s)
2

n—1
thi<s——+ki

since Zf;l order(o;s) > 1.
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(n—1)(r—1)
Therefore ——%F—~———= Z £; — Z k;

Because of r > 2, then § <7 — 1. Thus

(n—1)(r—1) (ZE—ZI{:)
Therefore h(M) > h(M). O

Corollary 3.2.4 Assume r is an even non-negative number such that r > 4. Consider the
Seifert manifold
= (00,0;(—2r +3)/4,1/2,1/2,...,1/2)
r—times

and note that w1 (M) is infinite. Let w : w1 (Mo) — S be the representation defined by

wlh) = (1)
wi@) = e
w(Qr) = £&2.

Let ¢ : M — M be the (unbranched) covering associated to w.

Then h(M) < h(M).

Proof.

First we have to highlight that the representation w : m1(My) — Sa extends to a repre-
sentation w : 71 (M) — Sy for w(g{"h%) = (1). Also, it is easy to see that h(M) = r — 1, by
Theorem 3.1.1. Now note that h(M) = 2((r/2) — 1) = r — 2 since

M = (0o, (r/2)—1;(-2r+3)/2,1/1,...,1/1) by Theorem 2.3.8
(r—1)—ti

= (Oo,(r/2) —1;1/2).

Hence h(M) < h(M). O
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Remark 3.2.1 Of course, there are also manifolds M = (Oo,0; 1 /a1, ..., B /ca,) whit
at least two exceptional fibers and infinite fundamental group, admiting representations w :
T (My) — S, such that w(h) = (1) and the covering M determined by w satisfies that
h(M) > h(M), for example:

Assume 1 is an even non-negative number such that r > 4. Consider the Seifert manifold

M = (00,0;1/4,1/2,1/2,...,1/2)

r—times

and note that h(M) =r — 1 and 71 (M) is infinite. Let w : m1(My) — Sa be the representation
defined by

wh) = (1)
w(q) = &2
w(gr) = &2
Then
M = (Oo,(r/2)—1;1/2,1/1,...,1/1) by Theorem 2.3.8
————

(r—1)—times

= (0o,(r/2) = 1;(1 +2(r—1))/2)

and we have that h(M) = 2((r/2) = 1) + 1 =7 —1 since 1 + 2(r — 1) # 1.

Therefore h(M) = h(M). O
We can summarize some of the previous Corollaries in the following Theorem.

Theorem 3.2.1 Let M = (Xz,g;01/a1,...,0:/a,) where
Xz € {O0,0n,No,NnI, NnII,NnIlI} and g # 0. Let n € N and w : m1(My) — S, be a

transitive representation defined by
wh) = (1),
w(g) = oi1--0ig,Vi=1,...,r and

w(vj) = pj1 Pis;
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where 01 -+ 04, and pj1---pjs; are the disjoint cycle decompositions of w(q;) and w(v;), res-

pectively, and {h,v;,q;} is a standard system of generators of m (Mp).

Then h(M) > h(M).

Proof.
The result follows from Corollaries 3.2.1, 3.2.2 and 3.2.3. O

3.2.2 Heegaard genus when w(h) = ¢,

Recall e, = (1,2,...,n) € S,,. Given a Seifert manifold M = (Xz,g;51/c1,..., 0 /a.), where
Xz € {Oo,0n,No, NnI, NnII, NnIII}, with orbit projection p : M — F, where F has genus

g, and given a representation w : w1 (My) — S, defined by

w(h) = e&p,
w(g) = efivi=1,...,r and
w(v;) = 7,
7; is a power of the n-cycle e, if e(v;) = +1 or 7; is a reflection pj, if e(v;) = —1. Then,

if ¢ : M — M is the covering determined by w, by Theorem 2.3.15 we have that M =
(Xz,9;B1/A1,...,B./A,), where

'_ Bi + kic;
Y ged{n, B; + kia;}

and
no;

A; = .
ged{n, B; + kia;}

Recall ged{n, B; + kic;} denotes the greatest common divisor of n and (; + k;a;.

Note that «; > 2 implies that A; > 2.
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Lemma 3.2.4 Let M = (Xx,g;51/a1) be a Seifert manifold, where
Xz € {Oo,0n,No, NnI, NnII, NnIII} where oy > 1. Suppose that n € N and w : w1 (My) —
Sy is the representation defined by

wh) = e,
wlq) = e, and
w(vj) = T,

where {h,q;,vj} is a standard system of generators of i (My), and 7 is a power of ep, if v;
commutes with h; otherwise, if v; anticommutes with h, 7; is a reflection p;.

Suppose © : M — M s the covering determined by w.

o Assume (81 + kia1) t n. Then h(M) =29+ 1 or (M) = g+ 1, if F is orientable or F
is non-orientable, respectively. Also h(M) > h(M).

o Assume (81 + kioy)|n. Then h(M) = 2g, if F is orientable; Otherwise, if F is non-
orientable, then h(M) = g. Furthermore, h(M) = h(M) or h(M) < h(M), if 3, = £1 or
81 # £1, respectively.

Proof.

Y k
Observe that M = (Xz, g; B1/A1), with By = fi+ kg noy

and A; = .
ged{n, B1 + k1a1} ' ged{n, Bi + kron )
It is clear that B; = %1 if and only if (51 + kic)|n. Of course, through this proof, if M is

non-orientable we ask (31 + k11 be even, in order, to compute h(]\Zf ).

o If (81 + ki1a1) 1 n, then By # £1 and

~ 2941, if F is orientable, or
h(M) =

g+ 1, otherwise.

On the other hand, it is clear that h(M) <29+ 1 or h(M) < g+ 1, if F is orientable or
F' is non-orientable, respectively. Hence h(M) > h(M).

e Suppose (81 + kia1)|n. Then M = (Xz,g;+1/A;) and we conclude that h(M) = 2g or

h(M ) = g, if F' is orientable or F' is non-orientable, respectively.

On the other hand, note that:
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(a) If 81 = £1, then h(M) = 2g or h(M) = g, if F' is orientable or F' is non-orientable,
respectively. Thus h(M) = h(M).

(b) If 51 # =£1, then h(M) = 29+ 1 or h(M) = g+ 1, if F is orientable or F' is
non-orientable, respectively. Thus h(M) < h(M).

Corollary 3.2.5 Let 1 be an even number and consider the Seifert manifold
M = (Xz,g;01/a1), where Xx € {Oo,0n, No,NnI,NnII,NnIIl} and oy > 1. Let w :

71 (M) — Sig,| be the representation defined by

w(h) = €4,

wln) = (1), and

w(vy) = 7,
where 7; is a power of €5, or a reflection p; depending on if vj commutes or anticommutes
with h, respectively. If ¢ : M — M is the covering branched along fibers of M determined by
w, then ¢ : M — M is an (unbranched) covering of M and h(M) < h(M).

Proof.
Since w(q{"hP) = 5|ﬁﬁll| = (1) then w : m(Mo) — S|,| extends to a representation w :
m(M) — Sig,|- Therefore ¢ : M — M is an unbranched covering of M. By Lemma 3.2.4 we
conclude that k(M) < h(M). O

Lemma 3.2.5 Let M = (Xz,g;01/0a,...,0:/ar) be a Seifert manifold, where Xx €
{O0,0n,No,NnI, NnII, NnIII} such that a; > 2 and r > 2. Consider a representation
w:m(My) — Sy, defined by

w(h) = ep,
wlg) = ek vi=1,...,r and
wlvj) = 7,

such that Tj is a power of ey, if v; commutes with h; otherwise, T; is a reflection p;, if v;

anticommutes with h.
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Let ¢ : M — M be the covering associated to w.

Then h(M) = h(M).

Proof.
Let F and G be the orbit surfaces of M and M, respectively. If g is the genus of F, then
G also has genus g since I' and G are homeomorphic because of Theorem 2.3.15. Note that

a; > 2 implies that A; > 2, thus the number of exceptional fibers of M is equal to r. Therefore
h(M) = h(M). O

Now we are able to prove the following theorem.

Theorem 3.2.2 Consider M = (Xx, g; 81/au, ..., Br/ar) a Seifert manifold, where Xz €
{O0,0n,No, NnI, NnII, NnIII} and assume w : w1(My) — S, is a representation defined by

w(h) = e,
w(g) = e vi=1,...;r and
w(v;)) = 7,

such that 7; is a power of €, if v; commutes with h; otherwise, 7; is a reflection pj, if v;

anticommutes with h.

Suppose @ : M — M is the covering determined by w.
If M = (Xz,g;61/0n), where a1 > 1, (1 + k1a1)|n and (1 # £1, then h(M) < h(M).
Otherwise, h(M) > h(M).

Proof.

The result follows from Lemma 3.2.4 and Lemma 3.2.5. O
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