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momentos cŕıticos, gozar conmigo momentos felices y afianzar la confianza en mi mismo
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Abstract

Graphs provide basic and illustrative examples of non-commutative random variables via

their adjacency matrices. The main objective of this thesis is to discuss the general

question of assigning distributions to graphs and simplicial complexes, for these to be

considered as random variables in some non-commutative probability space.

We split the problem in three parts. First, we need to decide which matrices associated

with simplicial complexes are we considering as random variables. Second, we must specify

a expectation or state to endow our matrices with distributions. Third, we may also want

to consider collections of compatible conditional expectations , so that we may relate the

different distributions for different choices of matrices.

Surprisingly, if we restrict the third question, allowing only the simplest types of operator-

valued spaces, i.e. projection-valued spaces, then the joint algebraic distribution of inci-

dence and boundary matrices and their duals contains the distributions of most of the

matrices that are usually considered while studying simplicial complexes. This includes

adjacency matrices and combinatorial Laplace operators, of all dimensions.

In addition, the simplicity of the *-algebra generated by the boundary matrix leaves little

room for finding self-adjoint operators. Two of the few canonical choices are naturally

endowed with analytic distributions that encode the Betti numbers of the considered

simplicial complex.

It is to remark that a notion of independence is required for the task. In our case, the

concept of categorical independence studied was developed in [25], where it is intended

to be the link between all the independence notions in quantum probability spaces. For

this work, the categorical indepence of orthogonal spaces is a valuable concept because

iii
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it enables and encourages the separated study of different orthogonal pieces, which are

independent, of an operator.

A second objective, is to define a Boolean cumulant type on higher dimensions, i.e. sim-

plicial complexes. We hope that these observations will be helpful for finding simpler and

meaningful examples for independent non-commutative random variables, particularly in

those general NCP frameworks still lacking of non-artificial realizations.



Introduction

Non-commutative, or quantum probability (NCP) is an area of Mathematics which started

in the 70’s with the works of Cushen, Giri, Hudson and von Waldenfels [16, 26, 29, 51].

The main idea of NCP is to re-interpret fundamental notions of probability theory (in

particular, the notions of distributions and independence, as well as the derived limit

theorems and stochastic processes) in terms of algebraic, analytic and (some years later)

combinatorial structures.

This abstract setting allows to understand certain special relations between operators as

”new notions” of independence. An important boost on the interest in the theory hap-

pened when Voiculescu observed that his recently defined notion of free independence [47]

actually explained the global collective behaviour of prominent random matrix ensembles

in his striking work [48]. Ever since, new notions of independence have emerged, trying

to better describe relations between operators.

In this work, our first goal is to present the ideas and concepts of the recent manuscript [45]

which relates the concepts of Betti numbers, Boolean cumulants and non-commutative

distributions, from a more categorical point of view. Our second goal is to develop and

consolidate those ideas by considering the relevant operators in more general algebraic-

probabilistic frameworks. As pointed out in [45], one already needs a, very basic, notion

of operator-valued independence to provide elementary examples of ”topological” random

variables.

The document is organized as follows:

Chapter 1 of preliminaries, where we briefly discuss about three major elements that take

place in the work. Such as the category theory language and some special categories; the

1
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free product of algebras where the different notions of independece in non-commutative

probability are developed. And the simplicial homology that sets the main interest of the

work as we study topological information that could be extracted from non-commutative

probability spaces.

In Chapter 2 we give the main definitions of non-commutative probability spaces and

examples of interest in the work. As we also adress the different notions of independence

and set them in a category theory enviroment developed by Franz, [22], and do some

remarks about the matter.

Chater 3 is mainly divided in two. The study of graphs and simplicial complexes as ran-

dom variables in a rectangular probability space, from the point of view of the topological

information that can be obtained from this arrangement. And a discussion about higher

dimensional Boolean cumulants as generalization of the Boolean cumulants in graphs and

their star product .

Finally, an appendix where we adress, as in Chapter 2, the main definitions and concepts

of the classical probability theory that we are interested in the work and discuss the concept

independence of random variables in a probability space from a broader point of view.



Chapter 1

Preliminaries

The objective of this chapter is to set the background where the work lies in concepts

and results. We are interested in using the language of category theory, focusing on

some special categories. Homology and cohomology theories are subjects of interest as

well because they provide tools to conceive a topological space as a random variable in

different non-commutative probability spaces, with distributions encoding homological

invariants.

1.1 Category theory elements

We first introduce some category theory elements that we will use throughout the work

to understand the non-commutative notions of stochastic independence. We do not give

major details on proofs in this chapter because these not required for the goals in this

work. We use [21, 30] as references in this section.

Definition 1.1.1. A category C consists of a class of objects, denoted by Obj(C), and for

each two objects X, Y a set of morphisms, HomC(X, Y ), or simply Hom(X, Y ) when the

context is clear, that satisfy:

i. For every object X there is an identity morphism 1X ∈ Hom(X,X).

ii. For each three objects X, Y, Z if f ∈ Hom(X, Y ), g ∈ Hom(Y, Z) then g ◦ f ∈

3
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Hom(X,Z), this composition is associative and the identity morphisms act neutrally

under this operation.

We will write X ∈ C to say that X is an object of C and f : X → Y for a morphism

f ∈ Hom(X, Y ). A morphism f : X → Y is called a monomorphism if it is left cancellative,

i.e., if f ◦ g1 = f ◦ g2 then g1 = g2. It is called an epimorphism if it is right cancellative,

that is if g1 ◦ f = g2 ◦ f then g1 = g2. It is called an isomorphism if it is invertible, that

is, if there exists a (necessarily unique) morphism f−1 : Y → X such that f ◦ f−1 = 1Y

and f−1 ◦ f = 1X . In this case we say that X is isomorphic to Y , denoted by X ∼= Y and

we write f : X ∼= Y to indicate that f is an isomorphism.

In a category an object X is said to be initial if for every object Y the set Hom(X, Y ) is

a singleton, i.e. cointains precisely one morphism, and terminal if for every object Z the

set Hom(Z,X) is a singleton. An object that is both initial and terminal is said to be a

zero object .

If a category has a zero object then this object is unique, in the sense that if 0 and 0′ are

zero objects then they are isomorphic. Indeed, let Hom(0, 0′) = {f} and Hom(0′, 0) = {g},
then g◦f = 10′ and f ◦g = 10. We define the 0X,Y morphism for objects X, Y in a category

with a zero object as the morphism defined by the composition X → 0→ Y .

A subcategory D of a category C is a category whose objects and morphisms are respec-

tively objects and morphisms of C and the identity morphisms and composition maps

agree. A subcategory is called full if every morphism of C between objects of D is also

a morphism of D. It is clear that for every subclass of objects there is a unique full

subcategory with exactly those objects.

Example 1.1.2. Now we provide some examples of categories and subcategories by giving

the objects and morphisms that define each of them.

1. The category Set whose objects are all sets and whose morphisms between two

sets X and Y are the functions f : X → Y . The composition is the usual map

composition and the identity map on a set X is the identity morphism 1X . In this

category the empty set is the only initial object and the singleton sets are the only

terminal objects.
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2. The category Gr of groups as objects and group homomorphisms as morphisms.

A subcategory of Gr is the category Ab whose objects are the abelian groups and

their respective morphisms.

3. The category Top whose objects are all topological spaces and the morphisms are

the continuous maps.

4. The category Vect of (complex) vector spaces as objects and morphisms given by

all the linear maps. A subcategory of Vect is Vectinj with the same objects, but

only injective linear transformations as morphisms. In the category Vect, the 0

vector space is the zero object where as in Vectinj it is only an initial object.

5. The category Hilb has as objects all Hilbert spaces and as morphisms all bounded

linear maps. In this category one subcategory is Hilbisom with the same objects,

but only isometries as morphisms.

Given two categories C and D. A functor F is a rule that assings to each object X ∈ C
and each morphism f : X → Y respectively, an object F(X) ∈ D and a morphism F(f)

in D that preserves identity morphisms (F(1X) = 1F(X) for all X ∈ C) and agrees with

the composition maps in both categories, in one of the following ways:

Covariant, if F(f) : F(X) → F(Y ) and F(g ◦ f) = F(g) ◦ F(f) for all f : X → Y ,

g : Y → Z with X, Y, Z ∈ C.
Contravariant, if F(f) : F(Y ) → F(X) and F(g ◦ f) = F(f) ◦ F(g) for all f : X → Y ,

g : Y → Z with X, Y, Z ∈ C.
Given two functors F : C → D and G : D → E , the composition G ◦ F can be defined as

the composition of the assignation rules that define each one of them is a functor from C
to E .

Given two categories C,D, we define the Cartesian product C × D, consisting of ordered

pairs (X, Y ) with X ∈ C, Y ∈ D as objects and ordered pairs (f, g) with f : X →
X ′, g : Y → Y ′ as morphisms from (X, Y ) to (X ′, Y ′). This is a category with the entrywise

composition rule and identity map 1(X,Y ) := (1X , 1Y ) for (X, Y ) ∈ C × D. In this sense,

we can think about the projections on each component for objects and morphisms. The
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projections define functors P1 : C × D → C, P2 : C × D → D. A functor defined on a

cartesian product category is called bifunctor. We notice that we can define inductively

the cartesian product of a finite collection of categories,
∏n

i=1 Ci as the n-tuples of objects

and morphisms as described before.

For a pair of functors F ,G : C → D between the same categories, a natural transformation

is a family α = (αA : F(A)→ G(A))A∈C of morphisms such that the diagram

F(A)
αA //

F(f)
��

G(A)

G(f)
��

F(B)
αB // G(B)

commutes for every morphism f : A → B in C. A natural transformation is usually

denoted by α : F ⇒ G and it is also convenient to write α : F(A) → G(A) instead of αA

for the single morphism. A natural transformation is called a natural isomorphism if all

αA are isomorphisms.

1.1.1 Additive categories

Now we introduce a type of category where the concepts of homology and cohomology

are developed: the additive categories.

Definition 1.1.3. Let C be a category and {Xi : i ∈ I} ⊂ C, we define a product of the

family {Xi}i∈I as an object P ∈ C together with a family of morphisms {πi : P→ Xi}i∈I
such that for any other object B ∈ C and a family of morphisms {ϕi : B→ Xi}i∈I , there

is a unique morphism ϕ : B → P such that πi ◦ ϕ = ϕi. The object P is denoted by∏
i∈I Xi.

In the case of two objects X, Y ∈ C we can give a commutative diagram for a product

X
∏
Y , where the morphism ϕ : B→ X

∏
Y is unique:

B
ϕ
X

{{

ϕ
Y

##
ϕ

��
X X

∏
Yπ

X

oo
π
Y

// Y
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We notice that the definition of a product for two objects can be extended, in the sense

of the general definition, to any finite amount of objects. For example, in the category

Set the cartesian product
∏n

i=1 Xi of the sets Xi, i = 1, . . . , n is a product of the sets Xi.

This definition of product involves only objects and morphisms and not the elements of

each object. We give the dual definition; i.e. the coproduct, a concept that plays a central

role in this thesis, as it allows universal formulations of the different notions of stochastic

independence.

Definition 1.1.4. Let C be a category and {Xi : i ∈ I} ⊂ C, we define a coproduct (or

sum) of the family {Xi}i∈I as an object S ∈ C together with a family of morphisms

{ιi : Xi → S}i∈I such that for any other object B ∈ C and a family of morphisms

{ψi : Xi → B}i∈I , there is a unique morphism ψ : S → B such that ψ ◦ ιi = ψi. The

object S is denoted by
∐

i∈I Xi.

We give a commutative diagram for X q Y in the case of two objects X, Y ∈ C: By

inverting arrows,

B

X

ψ
X

;;

ι
X

// X q Y
ψ

OO

Yι
Y

oo

ψ
Y

cc

As before, we can extend this definition of coproduct to a finite colection of objects Xi,∐n
i=1 Xi. For example, in the category Set the disjoint union is a coproduct of the sets

involved.

Remark 1.1.5. In a category with a zero object, the empty product and the empty

coproduct are both the zero object. In the sense of initial and terminal objects, we can

say that a product is a terminal object and a coproduct is an initial object, closing the

respective type of diagram.

Definition 1.1.6. A pre-additive category is a category C enriched in the category of the

abelian groups Ab and the composition is bilinear, in the sense that all of its Hom sets

are abelian groups and (f + f ′) ◦ g = f ◦ g + f ′ ◦ g, f ◦ (g + g′) = f ◦ g + f ◦ g′, for all

f, f ′ ∈ Hom(X, Y ) and g, g′ ∈ Hom(Y, Z).
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As a consequence, there is a 0Hom(X,Y ) morphism for every X, Y ∈ C such that f +

0Hom(X,Y ) = f = 0Hom(X,Y ) + f . This morphism also satifies that f ◦ 0Hom(X,Y ) = 0Hom(X,Z)

and 0Hom(Y,Z) ◦ g = 0Hom(X,Z) for all f, g due to the bilinear behavior of the composition.

We will denote the 0 morphism on each Hom set without the subindex. If the category

has zero object for any objects X, Y it holds that 0XY = 0Hom(X,Y ).

Remark 1.1.7. In a preadditive category an initial object is also a final object and vice

versa, so a preadditive category with either initial or final objects have a zero object. We

can verify this from the fact that, in either case, for an initial or terminal object X, it

holds that Hom(X,X) = {1X} = {0Hom(X,X)}, and thus its Hom set is the zero group

and 1X = 0Hom(X,X). Let Y, Z be any objects and f : X → Y and g : Z → X; then

f = f ◦ 1X = f ◦ 0Hom(X,X) = 0Hom(X,Y ) and g = 1X ◦ g = 0Hom(X,X) ◦ g = 0Hom(X,Y ). This

means that both the Hom sets Hom(X, Y ) and Hom(Z,X) have only one element, i.e. X

is a zero object.

Therefore, as a consequence of the Remarks 1.1.5 and 1.1.7, in a preadditive category, a

product is a coproduct and vice versa. This kind of products or coproducts are called

biproducts . Now we have all the requirements to define the additive categories.

Definition 1.1.8. An additive category is a preadditive category which admits a finitary

product.

Notice that this is equivalent to say that an additive category is a preadditive category

with a zero object in which every pair of objects admit a product.

The foremost example of an additive category is the category of all R-modules for a fixed

ring R, the R-module homomorphisms have a bilinear behavior respect to the composition,

the direct sum of R-modules is a finitary product and there is the 0 R-module as zero

object.

1.1.2 Tensor categories

Tensor categories are important in this work because we need a categorical framework to

develop categorical independence and remark that this notion unifies different notions of

independence.
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Definition 1.1.9. A tensor category is a category C together with a bifunctor � : C×C →
C which is associative under natural isomorphism with components

αA,B,C : A� (B � C)→ (A�B) � C

called associativity constraint , and has a unit object E ∈ C acting as left and right identity

under natural isomorphisms with components

lA : E � A→ A, rA : A� E → A

called left unit constraint and right unit constraint , respectively, such that the coherence

axioms hold, i.e. the diagrams

(A�B) � (C �D)
αA�B,C,D

**
A� (B � (C �D))

αA,B,C�D

44

1A�αB,C,D

��

((A�B) � C) �D

A� ((B � C) �D)
αA,B�C,D // (A� (B � C)) �D

αA,B,C�1D

OO

A� (E � C)
αA,E,C //

1A�lC ''

(A� E) � C

rA�1Cww
A� C

commute for all objects A,B,C,D ∈ C. If the natural transformations α, r and l are all

identities, we say that the category is strict .

The coherence axioms are called the pentagon and triangle axioms respectively and it is

shown that these imply the commutativity of all diagrams which only contain α, r and l.

As examples of tensor categories we have the additive categories.

1.1.3 Chain and cochain complexes and the homotopy category

The chain complexes are the backbone of the homology and cohomology theories. In

this section we study chain and cochain complexes of an additive category and define the

homotopy category.
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Definition 1.1.10. Let C be an additive category. A complex (C•, d•) in C is a sequence

of objects and morphisms in C, {Cn, dn : Cn → Cn+1}n∈Z such that dn+1 ◦ dn = 0 for each

n. In this case we say that the complex is indexed by cohomology and sometimes we call

it a cochain complex . In a diagram, we have

C• : · · · // Cn−1 dn−1
// Cn dn // Cn+1 // · · · .

We will use the notation C• instead of the pair (C•, d•) to refer to the complex.

A chain complex (C•, d•) in C is a sequence of objects and morphisms in C, {Cn, dn : Cn →
Cn−1}n∈Z such that dn ◦ dn+1 = 0 for each n. In this case we say that the complex is

indexed by homology. In a diagram we have

C• : · · · // Cn+1
dn+1 // Cn

dn // Cn−1
// · · · .

As in the former case, we use C• instead of (C•, d•).

We will always consider complexes unless it is said to be otherwise though the notation

should be clear about it. We consider the complexes in C as objects of some nature, so we

wonder if there is a category associated to C whose objects are the complexes. We have

the following definition

Definition 1.1.11. A morphism of complexes f • : C• → D• between the complexes C•

and D• is a sequence of morphisms {fn : Cn → Dn}n∈Z such that the diagram

· · · // Cn−1
dn−1
C //

fn−1

��

Cn
dnC //

fn

��

Cn+1 //

fn+1

��

· · ·

· · · // Dn−1
dn−1
D // Dn

dnD // Dn+1 // · · ·

commutes, i.e. fn+1 ◦ dnC = dnD ◦ fn for each n.

The identity morfism 1C•
• is the sequence of identity morphisms 1Cn for each n. From

the definition is clear that if f • : C• → D• and g• : D• → E• are morphisms of complexes

in C, then the sequence of morphisms {gn ◦ fn}n∈Z denoted by g• ◦ f • is a morphism of

the complexes C• and E•. Consequently, we define the category of complexes of C as the

category denoted by Comp(C) whose objects are the complexes in C and the morphisms

are the morphisms of complexes.
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We remark that Comp(C) is also an additive category; where the product of complexes

C•i , i = 1, . . . , k is the complex
∏k

i=1C
•
i given by the sequence of objects and morphisms

{
∏k

i=1C
n
i ,
∏k

i=1 d
n
Ci
}n∈Z and

∏
is the product in C.

An interesting concept is that of homotopy between two morphisms of complexes of either

type chain or cochain. We will develop this later in the work.

Definition 1.1.12. An homotopy h between the morphisms of complexes f •, g• : C• →
D• is a sequence of morphisms {hn : Cn → Dn−1}n∈Z such that fn − gn = dn−1

D ◦ hn +

hn+1 ◦ dnC . In a diagram we have:

· · · // Cn−1
dn−1
C //

��

fn−1

����

Cn
dnC //

fn

��

hn

��

Cn+1 //

fn+1

��

hn+1

��

· · ·

��
· · · // Dn−1

dn−1
D // Dn

dnD // Dn+1 // · · · .
The concept is analogous for chain complexes. An homotopy h between the morphisms of

chain complexes f•, g• : C• → D• is a sequence of morphisms {hn : Cn → Dn+1}n∈Z such

that fn − gn = dDn+1 ◦ hn + hn−1 ◦ dCn. We draw no diagram for this case as it looks

exactly as the former one.

In either case, when there is an homotopy between morphisms of complexes we say that

the morphisms are homotopic

Remark 1.1.13. This concept induces a relation between morphisms of complexes. We

mean that f • ∼ g• if they are homotopic; the same relation holds for morphisms of chain

complexes. As a matter of fact, the relation is an equivalence relation.

Indeed, the sequence of 0 morphisms define an homotopy between f and f , if there is an

homotopy h between f and g, then −h as the sequence of the additive inverses of the

sequence h is an homotopy between g and f . Finally if there are homotopies h and h′

between f and g, and g and f ′ then the sequence h + h′ is an homotopy between f and

f ′. This proves that being homotopic is an equivalence relation. We omited the chain or

cochain notation with bullets because the homotopies hold in either case.

Therefore, it makes sense to think of the equivalence classes of morphisms of complexes,

HomComp(C)/ ∼, as morphisms of a category. We define the homotopy category of an
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additive category C as the category K(C) whose objects are the complexes in C and

HomComp(C)/ ∼ as its set of morphisms.

When the category C is made of modules over some ring R, the morphisms between them

are linear transformations and ker f , Im f are concepts we have clear, unlike the ker f in

an additive category in general. A complex in C, C• has the condition dn+1 ◦ dn = 0, in

this context mean that Im dn ⊆ ker dn+1. The same for a chain complex in C, where the

condition means that Im dn+1 ⊆ ker dn.

Definition 1.1.14. For a complex C• in a category of R-modules over a fixed ring R, we

define the nth-cohomology as the R-module

Hn =
ker dn+1

Im dn
.

and for a chain complex C•, the nth-homology as the R-module

Hn =
ker dn

Im dn+1

.

We may use the notation H• and H• to denote the sequences of cohomologies and ho-

mologies respectively.

TheseR-modules have meaning according to the nature of the objects where the complexes

are taken from and the morphisms that define the complex. We study some cases in the

next section.

1.2 Free product of algebras

Despite its similarity to the coproduct, the free product of algebraic structures of the same

type is not necessarily a coproduct in the corresponding category where the structures

belong. We will use [25, 37, 43] as references.

We think of the free product of a family {Ai}i∈I of unital algebras as an algebra A made

of words with letters taken from each factor, that satisfy an universal property. Let us

assume that Ai ∩ Aj = C1, where 1 is the common unit of all the Ai. If not, we identify

1i = 1 for each i and 1 is the unit in A.
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Definition 1.2.1. Let Ai be a unital algebra over C for each i ∈ I. The free product

with identification of units of the Ai is a unital algebra A, given together with a family

of unital algebra homomorphisms ιi : Ai → A indexed in I, such that for every family

of unital algebra homomorphisms φi : Ai → B indexed in I to a unital algebra B, there

exist a unique homomorphism Φ: A → B such that Φ ◦ ιi = φi, ∀i ∈ I. The free product

algebra A of the Ai is denoted by ∗i∈IAi.

In the definition, it is not explicitly stated (even though suggested by our assumptions),

that all the Ai have nothing in common but the scalar multiples of the unit. It is valid

to think of the free product B ∗ B for some unital algebra B, as long as we relabel each

copy of B, to think them as different algebras, with only C1 in common.

We want to understand the structure of the free product algebra A of the Ai. Let Ai be

equipped with a unital linear functional τi : Ai → C (NCPS in Definition 2.1.1), define

Aoi := ker τi and let Wi1,...,in := span{a1 · · · an : a1 ∈ Aoi1 , . . . , an ∈ A
o
in}.

Thus, we get a direct sum decomposition of the underlying vector space of A = ∗i∈IAi as

A = C1⊕

 ∞⊕
n=1

⊕
i1,...,in∈I

ij 6=ij+1,j=1,...,n−1

Wi1,...,in

 . (1.1)

Remark 1.2.2. For n ≥ 1 and every i1, . . . , in ∈ I such that ij 6= ij+1, j = 1, . . . , n − 1,

the vector spaceWi1,...,in is isomorphic to the tensor product Aoi1⊗· · ·⊗A
o
in , via the linear

map determined by a1 ⊗ · · · ⊗ an 7→ a1 · · · an for a1 ∈ Aoi1 , . . . , an ∈ A
o
in . The Equation

1.1 takes the form

A = C1⊕

 ∞⊕
n=1

⊕
i1,...,in∈I

ij 6=ij+1,j=1,...,n−1

Aoi1 ⊗ · · · ⊗ A
o
in

 .

From the universal properties of the direct sum and the tensor product, it is clear that A
satisfy the universal property stated in the Definition 1.2.1. Yet, it is not clear that A is

an unital algebra because we have not stated a product in A. To define a multiplication

in A, let us focus first on factors a1 ⊗ a2 and b1 ⊗ b2. If a2 and b1 do not belong to the

same vector space Aoj then we can think of (a1⊗ a2) · (b1⊗ b2) = a1⊗ a2⊗ b1⊗ b2 with no
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problem because it is in a summand of A. A problematic situation is, for instance, when

a1, b1 ∈ A0
i1

, a2, b2 ∈ Aoi2 and we need the product (a1 ⊗ a2) · (b2 ⊗ b1) in A. A natural

candidate for this product is a1⊗ (a2b2)⊗ b1 but a2b2 may not be in any Aoj . We consider

the centering of a2b2, ˙(a2b2) = a2b2 − τi2(a2b2) · 1 ∈ Ai2 . So the new candidate becomes

a1⊗(a2b2)⊗b1 = a1⊗ ˙(a2b2)⊗b1 +τi2(a2b2) ·a1b1. Once again, a1b1 may not be an element

in any summand of A. By taking the centering of a1b1 we get a perfect candidate for the

product (a1 ⊗ a2) · (b2 ⊗ b1) = (τi1(a1b1)τi2(a2b2)) · 1 + τi2(a2b2) · ˙(a1b1) + a1 ⊗ ˙(a2b2)⊗ b1

which is an element in the summand C1⊕A0
i1
⊕ (A0

i1
⊗A0

i2
⊗A0

i1
) ⊂ A.

A problem in this way of defining the product in A is that it may seem that it depends

on the selected functionals τi, but the class of isomorphism of A itself does not depend

on the τi due the universal property satisfied by A.

Definition 1.2.3. Let (Ai, τi)i∈I be a family of unital algebras equipped with a unital

linear functional τi : Ai → C. Consider the free product algebra A = ∗i∈IAi and its direct

sum decomposition in Equation 1.1, where the subspaces Aoi = ker τi, i ∈ I. The free

product of the functionals (τi)i∈I is defined as the unique unital linear functional τ : A → C
such that τ |Wi1,...,in

= 0 for every n ≥ 1 and i1, . . . , in ∈ I with ij 6= ij+1, j = 1, . . . , n− 1.

This functional τ is denoted by ∗i∈Iτi and the pair (A, τ) is called the free product of

(Ai, τi)i∈I . We write sometimes (A, τ) = ∗i∈I(Ai, τi) instead of (∗i∈IAi, ∗i∈Iτi).

Remark 1.2.4. The inclusion homomorphisms ιi : Ai → A turn out to be one to one, so

we think that Ai ⊂ A for all i ∈ I. The restriction of the free product functional τ to

an Ai is equal to the orignial τi : Ai → C. Indeed, τ was defined so that ker τ ⊃ ker τi

and both τ(1) = 1 = τi(1); hence the funcionals coincide on ker τi and C1. Therefore

τ |Ai
= τi. Consequently, we think of (Ai, τi) a subspace of (A, τ).

The free product in Definitions 1.2.1 and 1.2.3 is also called free product amalgamated

by the unit , because we had the assumption that Ai ∩ Aj = C1. Now lets assume that

we have a family of algebras {Ai}i∈I and an algebra B not necessarily unital such that

B ⊂ Ai,∀i and Ai ∩ Aj = B, i 6= j. Once again, we think that the only thing in common

among the Ai is the subalgebra B relabeling if needed. When B ⊂ A we call A an algebra

over B.

Definition 1.2.5. Let Ai be an algebra over B for each i ∈ I. The free product with
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amalgamation over B of the Ai via the monomorphisms αi : B → Ai is an algebra A,

together with a family of algebra homomorphisms ιi : Ai → A indexed in I, such that

ιi ◦αi = ιj ◦αj for all i, j ∈ I and for every family of algebra homomorphisms φi : Ai → C
indexed in I to an algebra C, there exist a unique homomorphism Φ: A → C such that

Φ ◦ ιi = φi, ∀i ∈ I. The free product algebra A of the Ai is denoted by ∗ B
i∈I
Ai.

Definition 1.2.6. Let A be an algebra over B. A linear map F : A → B is a B-functional

(or a conditional expectation) if for all b, b1, b2 ∈ B, a ∈ A it holds that F(b) = b and

F(b1ab2) = b1F(a)b2. We will denote an algebra A over B equipped with a B-functional

by (A,B,F) (OVPS in Definition 2.1.1).

In our case, we consider the set theoretical inclusions B ↪→ Ai as the algebra monomor-

phisms for the amalgamated free product of the Ai. The structure of A can be understood

as the algebra whose underlying vector space is

A = B ⊕

 ∞⊕
n=1

⊕
i1,...,in∈I

ij 6=ij+1,j=1,...,n−1

Wi1,...,in

 ,

where theWi1,...,in can be understood as words not containing letters in B. The letters can

be taken exactly as in the unital case, let Ai be equipped with a B-functional Fi : Ai → B
and define Aoi := kerFi.

Definition 1.2.7. Let (Ai,B,Fi)i∈I be a family of algebras over B equipped with a B-

functional Fi : Ai → B. The free product of the B-functionals (Fi)i∈I is defined as the

unique B-functional F : A → B such that F|Wi1,...,in
= 0 for every n ≥ 1 and i1, . . . , in ∈ I

with ij 6= ij+1, j = 1, . . . , n− 1. This B-functional F is denoted by ∗ B
i∈I

Fi and the tripple

(A,B,F) is called the B-amalgamatedfree product of (Ai,B,Fi). We write (A,B,F) =

∗ B
i∈I

(Ai,B,Fi).

Remark 1.2.8. The free product of unital algebras is a particular case of the B-amalgamated

free product of algebras, where the Ai are unital and B = C1.
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1.3 Simplicial homology elements

In this section we will provide some elements of algebraic topology to help us exploring

simplicial complexes through boundary matrices. As we did in the former section, we

will not give major proofs as the content is asumed to be known. We use [17, 27, 46] as

references.

1.3.1 Simplicial complexes

One of the main objects of this work are simplicial complexes as they are the main

example we resented so far of treating a topological space as a random variable inQ a

non-commutative probability space. Furthermore, the way of doing it relates of properties

of the simplicial complex itself.

Definition 1.3.1. A set A = {a0, a1, . . . , ak} ⊂ Rn, k ≥ 1 is said to be geometrically

independent or affine independent if the set {a0−a1, . . . , a0−ak} is linearly independent.

A set having only one point is considered to be geometrically independent.

We now introduce the notion of simplex which is fundamental for the definition of sim-

plicial complexes.

Definition 1.3.2. Let A = {a0, a1, . . . , ak} ⊂ Rn;n ≥ k be a geometrically independent

set of points. The k-dimensional simplex , or k-simplex , spanned by A, and denoted by

σk, is the set in Rn given by

σk =

{
x =

k∑
i=0

αiai : αi ≥ 0 and
k∑
i=0

αi = 1

}
,

the set A is called the vertex set . We will denote sometimes σk as A, as it is costumary

in computing sciences textooks.

Remark 1.3.3. We are always referring to simplices as geometric objects. This geometric

representation is denoted by |σ| for a simplex σ, so we are thinking |σ| as a topological

space (subspace of Rn, n large enough) with the subspace topology.
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Definition 1.3.4. Let σ and τ be simplices. A simplicial map f : σ → τ is a map f from

the vertices of σ to the vertices of τ such that a simplex {a0, . . . , ak} of σ is mapped to a

simplex {f(a0), . . . , f(ak)} of τ . f is a simplicial isomorphism, or an isomorphism, if it is

bijective and {a0, . . . , ak} is a simplex of σ if and only if {f(a0), . . . , f(ak)} is a simplex

of τ . If there is an isomorphism f : σ → τ , we say that σ and τ are isomorphic.

The 0-simplex is one point, the 1-simplex is the straight line segment defined by two

points and which we will always consider of lenght
√

2. The 2-simplex is a triangle

and its inside points, considered to be an equilateral triangle with side lenght
√

2. This

consideration is known as the standard k-simplex , spanned by the canonical basis vectors

{e1, . . . , ek+1} ⊂ Rk+1. Of course each k-simplex is embedded in any euclidean space of

dimension n ≥ k + 1. We make this consideration because every k-simplex is isomorphic

to the standard k-simplex via the linear map that assigns ai−1 7→ ei, i = 1, . . . , k + 1.

For example, let σk be a k-simplex. A 0-simplex is a vertex of σk, a 1-simplex is called

an edge of σk, and higher dimensional simplices of σk are called faces. For r ≤ k it is said

that σr is an r-dimensional face (or an r-simplex) of σk if every vertex of σr is a vertex

of σk. If r < k then σr is called a proper r-face of σk.

Simplices are supposed to be building blocks for a class of topological spaces, called

simplicial complexes. Spaces in this class are simple enough to find invariants that were

later generalized to arbitrary spaces.

Definition 1.3.5. A simplicial complex K is a finite collection of simplices of Rn, n

sufficiently large, which satisfies the following conditions:

1. If σ ∈ K, then every face of σ is also in K.

2. If σ and τ are in K, then either σ ∩ τ = ∅ or σ ∩ τ is a common face of both σ and

τ .

The dimension of the simplicial complex K, denoted as dimK, is defined to be −1 if

K = ∅ and d ≥ 0 if d is the largest integer such that K has a d-simplex.

Remark 1.3.6. What we have defined above is actually a finite simplicial complex, which

are for now the objects of our interest. Also, a d-dimensional simplicial complex does not
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need to lie in Rd. Since a simplicial complex satisfies the two conditions, its geometrical

representation can be forced to lie in Rm where m is greater than d. Actually, it is known

that the minimum m for a d-dimensional simplicial complex to lie in Rm is, in general,

m = 2d+ 1.

Example 1.3.7. Let σ2 be the 2-standard simplex, then the set K of all faces of σ2, i.e.

K = {{e1}, {e2}, {e3}, {e1, e2}, {e1, e3}, {e2, e3}, {e1, e2, e3}}

is a simplicial complex. This simplicial complex is known as the closure of σ2 and denoted

by Cl(σ2). In general, we have that Cl(σn) is the set of all faces of σn.

Remark 1.3.8. This way to define simplicial complexes can be thought as gluing simplices

together through faces of common dimension lesser than the dimension of the simplicess

involved in the process. In the non-connected case, just put disjoint simplices in the same

euclidean space without making any identifications and, thinking of them as one object.

This way of thinking the construction of a simplicial complex makes sense when thinking

of simplices as building-blocks and will be useful later in the work.

The Definition 1.3.4 for simplicial maps and isomorphisms are the same for simplicial

complexes. We notice that if we have simplicial maps f : K1 → K2 and g : K2 → K3,

then g ◦ f : K1 → K3 is a simplicial map and for every K, there is an identity map

1K : K → K given by the set theoretic identity, so the simplicial complexes along with

simplicial morphisms form a category, which we denote as SC.

Definition 1.3.9. Let K be a d-dimensional simplicial complex. For each r, 0 ≤ r ≤ d,

let Kr denote the set of all those simplices of K which are of dimension k ≤ r. Then Kr

is a simplicial complex which is called the r-dimensional skeleton, or the r-skeleton, of K.

The r-skeleton is a subsimplicial complex of K and naturally a subspace of K as well.

For example, given a a simplicial complex K the 0-skeleton, K0, is its vertex set. The

1-skeleton, K1 of K is a graph given by the vertices and edges of K; it is said that K is

connected if K1 is a connected graph, i.e. for any pair of vertices a and b in K, there is a

sequence of edges {ai, ai+1}, i = 1, . . . ,m− 1 such that a1 = a and b = am in K.

As we mentioned when studying simplices, the geometric realization |σ| for a simplex σ is

a compact subspace of Rm and a simplicial complex K has a geometric realization, |K|,
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which is also a topological space. As K is built from simplices and each simplex has a

topology on its own; we consider the weak topology on |K| defined by the closed simpleces

in K. We call this topology on K the coherent topology .

1.3.2 Simplicial homology

In this section we are interested in studying the simplicial complexes via algebraic tools. In

other words, we are interested in associating a sequence of abelian groups {Hn(K) : n ≥ 0}
with a given simplicial complex K. These groups, called homology groups of K, are

invariants of the topological structure of |K| and have interesting functorial properties.

Definition 1.3.10 (Orientation of Simplicial Complexes). Let σk be a k-simplex, σk =

{v0, . . . , vk}. Let us suppose that the vertices are ordered by declaring v0 < v1 < · · · < vk.

Then this ordering determines a direction among the vertices of σk. Any other ordering of

these vertices gives raise to a permutation of vertices, which is either an even permutation

or an odd permutation of the given ordering. When we consider the simplex σk together

with the equivalence class of even permutations of its vertices, we say that σk is positively

oriented and we denote this pair by +σk. Also, when we consider σk with the equivalence

class of odd permutations of its vertices, we say that σk is negatively oriented and denote

the pair by −σk. The 0-simplex is always considered to be positively oriented.

By an oriented simplex σk we mean, the simplex σk together with an order of vertices

determining a positive orientation. When we change the given order by a transposition,

the same simplex σk will be positively oriented on the new ordering but negatively oriented

with respect to the earlier ordering. Thus, we note that a simplex can be ordered in several

ways.

For example, consider the 1-simplex σ1 = {v0, v1}. If we order v0 < v1 then σ1 is {v0, v1}
and −σ1 is {v1, v0}. These two simplices, +σ1 and −σ1 are now different 1-simplices, one

having the direction from v0 to v1 and the other having the direction from v1 to v0.

Note that a k-simplex σk = {v0, . . . , vk} with a given order of vertices will have all of its

faces ordered by the ordering induced by the ordeirng of σk.

Definition 1.3.11. A simplicial complex K is said to be oriented if each of its simplices
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is assigned an orientation.

As a consequence, we will have several ways to order a simplicial complex K. An order

of its vertices induces an ordering for each simplex of K. We can also give an arbitray

order to each simplex of K. Thus, if a simplex τ of K is a face of a simplex σ of K, it

might happen that the orientation of τ induced by σ may coincide or may be opposite to

the original orientation of τ .

Definition 1.3.12. Let K be an oriented simplicial complex and σp and σp+1 be two

simplices of K whose dimensions differ by 1. For each pair (σp+1, σp) we associate its

incidence number , denoted by [σp+1, σp], as follows: If σp is not a face of σp+1, we say that

[σp+1, σp] = 0. If σp is a face of σp+1, we label the vertices of σp so that +σp = {v0, . . . , vp}.
Let v be the extra vertex of σp+1, then {v, v0, . . . , vp} might be +σp+1 or −σp+1. We define

[σp+1, σp] =

 1 if + σp+1 = {v, v0, . . . , vp}

−1 if − σp+1 = {v, v0, . . . , vp}
.

Theorem 1.3.13. Let K be an oriented simplicial complex. If σp+2 is a (p− 2)-simplex

face of a simplex σp of K, then∑
[σp, σp−1][σp−1, σp−2] = 0,

where the sum is over all (p− 1)-simplices σp−1 of K.

Let S̃q denote the set of oriented q-simplices of K. We will only write σq instead +σq

when referring to the elements of S̃q.

Definition 1.3.14. Let 0 ≥ q ≥ dimK and Z be the additive group of the integers. A

map f : S̃q → Z such that if q ≥ 1, then f(−σq) = −f(σq) for each σq ∈ S̃q is called a

q-chain. For q = 0, a 0-chain is just a map from the vertices (the oriented 0-simplices) of

K to Z. The set of all the q-chains of K is denoted by Cq(K). If q < 0 or q > dimK we

set Cq(K) = 0.

Remark 1.3.15. For each q ∈ Z, the set Cq(K) is an abelian group with the pointwise

maps operation. The group Cq(K) is called the q-dimensional chain group of K. We have
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that Cq(K) is 0 when q /∈ {0, . . . , dimK}, so the sequence indexed in Z of chain groups of

K is . . . , 0, Cn(K), Cn−1(K), . . . , C0(K), 0, . . . , where n = dimK. Also, the group Cq(K)

is a free abelian group generated by the elementary q-chains for every q-simplex σq given

by

σ̄q(τ q) =


1 τ q = σq

−1 τ q = −σq

0 otherwise

.

Consequently, Cq(K) is generated by the positively oriented q-simplices of K.

Definition 1.3.16. For each 0 < q ≤ dimK we define a map ∂q : Cq(K) → Cq−1(K) on

the generators of Cq(K) as follows

∂q(σ
q) =

∑
σq−1∈K

[σq, σq−1]σq−1.

Then, it is extended over Cq(K) by linearity, i.e. if f =
∑
ηqσ

q then ∂q(f) =
∑
ηq∂q(σ

q).

The map ∂q is called the boundary morphism. We note that for q ≤ 0 or q > dimK the

morphism ∂q is the zero morphism.

The ∂q morphisms are well defined because if σq = {v0, . . . , vq} is positively oriented

by the vertex ordering written in the set, then σq = {vρ(0), . . . , vρ(q)} for every even

permutation ρ of {0, . . . , q} and ∂q(σ
q) = ∂q(σ

q
ρ) for every ρ even permutation; σqρ denotes

σq with the order induced by ρ. For an odd permutation ϕ of {0, . . . , q} we have that

∂q(σ
q) = −∂q(σqϕ).

Remark 1.3.17. If σq = {v0, . . . , vq} is oriented by the vertex ordering written in the

set, then σq has q+ 1 faces σq−1
i = {v0, v1, . . . , v̂i, . . . , vq}, i = 0, 1, . . . , q, where v̂i denotes

that the vertex vi has been omitted on the list and each of these faces are oriented by

the induced ordering. The σq−1
i also satisfy that [σq, σq−1

i ] = (−1)i and, therefore, the ∂q

morphism takes the form ∂q(σ
q) =

∑q
i=0(−1)iσq−1

i . To make it more explicit:

∂q{v0, v1, . . . , vq} =

q∑
i=0

(−1)i{v0, v1, . . . , v̂i, . . . , vq}. (1.2)
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This version of the formula for the boundary morphism is used in many textbooks to

avoid the concept of incidence number.

Lemma 1.3.18. For each q ∈ Z, the composite homomorhism ∂q ◦ ∂q+1 : Cq+1(K) →
Cq−1(K) is the zero morphism, i.e. ∂q ◦ ∂q+1 = 0.

Remark 1.3.19. The chain groups and the boundary morphisms form a sequence of

groups and morphisms {Cq(K), ∂q : Cq(K)→ Cq−1(K)}q∈Z which is a chain complex, and

we denote it by C(K)•. Thus, we have the sequence of homology groups

Hq(K) =
ker ∂q

Im ∂q+1

,

which are all zero for q > dimK or q < 0, because ∂q = 0, and possibly non-trivial groups

Hq(K) occur when 0 ≤ q ≤ dimK.

Definition 1.3.20. Let K be an oriented simplicial complex. The subgroup ker ∂q of

Cq(K) is called the cycle group and the subgroup Im ∂q+1 of Cq(K) is called the boundary

group, denoted by Zq(K) and Bq(K) respectively. The elements of Zq(K) and Bq(K) are

called q-cycles and q-boundaries respectively.

Taking this definition into account, the homology groups of the chain complex C(K)• are

of the form

Hq(K) =
Zq(K)

Bq(K)
.

Two q-cycles b1 and bq are homologous if they yield the same homology class, i.e. b1 − b2

is a q-boundary.

We must note that the chain complex C(K)• is defined depending on the orientation

given to the simplicial complex K. Let K be a simplical complex and, K1 and K2 be K

with two different orientations. We defined the groups Cq(K) as the free abelian group

generated by the postively oriented q-simplices of K. In this sense we can think that a

positively oriented q-simplex of K1, as a simplex is the same simplex of K2 but may be

positively oriented in K2 or not. We mean, σq(K1) is either σq(K2) or −σq(K2). Thus,

intuitively, the sets of positively oriented q-simplices of K1 and the respective set of K2

must generate the same group, according to that relation. This also implies that the
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boundary morphisms yield the same morphisms and the homology groups are essentially

the same. An important theorem states that the homology for a simplicial complex K

does not depend on the orientation:

Theorem 1.3.21. Let K1 and K2 be the same simplicial complex K equipped with two

different orientations. Then, Hq(K1) ∼= Hq(K2) for all q ∈ Z.

Therefore, we can refer to the homology groups of a simplicial complex K independently

of the orientation given to K. We notice that each group Cq(K) is free abelian with

a finite base then the subgroups Zq(K) and Bq(K) are free abelian finitely generated

groups. As a consequence, H0(K) is free abelian and Hq(K) are abelian groups that

may or not be free but are finitely generated. Then, for each q ∈ Z we know that each

Hq(K) ∼= Fq(K) ⊕ Tq(K) where Fq(K) is the direct sum of copies of Z, called the free

part of Hq(K) and Tq(K) is the direct sum of finite cyclic groups called the torsion part

of Hq(K).

Definition 1.3.22. Let K be a simplicial complex with homology groups Hq(K). If for

each q we write Hq(K) ∼= Fq(K) ⊕ Tq(K), we define the q-th Betti number of K as the

rank of Fq(K).

We will omit the subindices on the boundary morphisms ∂ and on the sequence of mor-

phisms that defines a morphism of chain complexes from now on in order to avoid cum-

bersome notation.

Definition 1.3.23. Let K and L be simplicial complexes, and f : K → L a simplicial

map. Then for each q ≥ 0, we define a homomorphism f# : Cq(K)→ Cq(L) by

f#({v0, . . . , vq}) =

{
{f(v0), . . . , f(vq)}, if all the f(vi)

′s are distinct,

0, otherwise,

for each simplex {v0, . . . , vq} of K and then extending it linearly on Cq(K).

The map f# is a well-defined since any permutation on the left side produces the same

permutation on the right side. The collection {f# : Cq(K)→ Cq(L)} of homomorphisms

is a morphism of chain complexes, i.e. f#∂ = ∂f#. This is stated in the next result.
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Proposition 1.3.24. If f : K → L is a simplicial map, then the induced sequence

{f# : Cq(K)→ Cq(L)} of homomorphisms commutes with the boundary homomorphisms

∂ of the chain complexes and hence, f# induces a group homomorphism f∗ : Hq(K) →
Hq(L) for each q given by

f∗([zq]) = [f#(zq)].

Remark 1.3.25. From the definition of the induced sequence of homomorphisms {f∗ : Hq(K)→
Hq(L)}, it follows that

(a) If 1K : K → K is the identity map, then the induced homomorphism (1K)∗ : Hq(K)→
Hq(K) is the identity map for each q.

(b) If f : K → L and g : L→M are simplicial maps, then for all q,

(g ◦ f)∗ = g∗ ◦ f∗ : Hq(K)→ Hq(M).

These two properties mean that the induced homomorphism defines a covariant functor

from the category of simplicial complexes SC to the category of sequences of abelian

groups SeqAb whose objects are sequences of abelian groups and morphisms sequences

of group homomorphisms.

Taking this into account, the homology groups help us to distinguish when two simplicial

complexes are different in the sense that two non-isomorphic simplicial complexes have

at least one non-isomorphic homology group.

Theorem 1.3.26. If K and L are isomorphic simplicial complexes then, Hq(K) ∼= Hq(L)

for all q.

The theorem states the homology groups are invariants of the simplicial structure of a

simplicial complex K. Now we are going to discuss about the topology of |K|. The

homology groups are in fact a topological invariant of the polyhedron |K|.

Definition 1.3.27. A topological space X is said to be a polyhedron or triangulable if

there exist a simplicial complex K and an homeomorphism f : |K| → X. The simplicial

complex K is called a triangulation of X.
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We note that we are talking about finite triangulations and considering only finite poly-

hedra. It is clear from the definition that for a simplicial complex K, |K| is a polyhedron

and K a triangulation of |K|.

Proposition 1.3.28. Let f : K → L a simplicial map. Then there is an induced con-

tinuous map |f | : |K| → |L| defined as follows: if x ∈ |K|, then x belongs to an unique

simplex {v0, . . . , vk} of K. We write x =
∑k

i=0 αivi and define |f |(x) =
∑k

i=0 αif(vi).

Remark 1.3.29. If we are considering |K| and |L| as topological spaces, then a continuous

map f : |K| → |L| may or may not be induced by a simplicial map. In case it is induced

by a simplicial map we will refer to the map as f instead of |f |. In this sense we think of

the continuous maps from |K| to |L| as simplicial or non-simpicial.

Let f : K → L and g : L → M be simplicial maps. It follows from the definitions that

the induced map |g ◦ f | : |K| → |M | is the composite map |g| ◦ |f |. If 1K : K → K is the

identity map of the simplicial complex K, then the induced map |1K | : |K| → |K| is the

identity map 1|K|. The assignation K → |K| is a covariant functor from SC to Top.

Definition 1.3.30. Let K be a simplicial complex and v be a vertex of K. The star

of v and the open star of v, denoted respectively by st(v) and ost(v) are defined as the

following subsets of K and |K|:

st(v) = {σ : σ is a simplex of K and v is a vertex of σ},

ost(v) =
⋃
{int(σ) : σ is a simplex of K and v is a vertex of σ}

Given a continuous map h : |K| → |L|, a simplicial approximation of h is a simplicial map

g : K → L if for each vertex v of K, h(ost(v)) ⊂ ost(g(v)).

Let f : |K| → |L| and h : |L| → |M | be continuous maps and g1 : K → L, g2 : L → M

simplicial aproximations of f and h, respectively. Then g2◦g1 is a simplicial aproximation

of h ◦ f .

Theorem 1.3.31. Let f : |K| → |L| be a continuous map. Then there is a barycentric

subdivision K(r) of K and a simplicial map g : K(r) → L such that g is a simplicial

aproximation of f . Also, |g| : |K(r)| = |K| → |L| is homotopic to f .
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On the road to the topological invariance of the homology groups, we want to know

wether or not there is an induced homomorphism f∗ : Hq(K) → Hq(L) for a continuous

map f : |K| → |L|. In the case that the map is induced by a simplicial map, the answer is

yes because f∗ is the group homomorphism induced by the simplicial map. If the map f is

not induced by a simplicial map, we know there is a simpicial aproximiation g : K(r) → L

of h so that the induced continuous map |g| : |K(r)| = |K| → |L| is homotopic to h.

As a consequence, we have an induced homomorphism g∗ : Hq(K
r) → Hq(L). There is

an isomorphism µ : Hq(K) → Hq(K
(r)) for any integer r, and if we have two simplicial

aproximations of h, g : K(r) → L and g1 : K(m) → L, then g∗ ◦ µ = (g1)∗ ◦ µ. With these

two conditions, which can be proved, the induced homomorphism h∗ : Hq(K) → Hq(L)

given by h∗ = g∗ ◦ µ is well-defined.

Remark 1.3.32. It follows that for continuous maps f : |K| → |L| the sequence of

induced homomorphisms {f∗ : Hq(K)→ Hq(L)} satisfies

(a) The identity map 1|K| : |K| → |K| induces the identity homomorphism 1Hq(K) : Hq(K)→
Hq(K) for each q.

(b) If f : |K| → |L| and g : |L| → |M | are continuous maps, then the induced homo-

morphism (g ◦ f) : Hq(K)→ Hq(M) is the homomorphism g∗ ◦ f∗

This means that we have a functorial relation between polyhedra and sequences of Abelian

groups and hence the homology groups are a topological invariant.

Theorem 1.3.33. If |K| is homeomorphic to |L| then, Hq(K) ∼= Hq(L) for all q.

We note that for a polyhedron there is not a unique triangulation, for example a subdivi-

sion of a triangulation for a polyhedron is also a triangulation because |K(r)| = |K|. But,

this is not the only way to have different triangulations. If K and L are triangulations

of a polyhedron X then, there are homeomorphisms f : |K| → X and g : |L| → X. This

means that h = g−1 ◦ f is an homeomorphism between |K| and |L|. By the topological

invariance of the homology groups, Hq(K) ∼= Hq(L). Taking this into account, we can

compute the homolgy of a polyhedron by choosing a suitable triangulation as it does not
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depend on the triangulation. We may take one further step to compute the homology of

a polyhedron by homotopy.

Definition 1.3.34. A homotopy between two continuous maps f, g : X → Y is a contin-

uous map H : X × I → Y such that H(x, 0) = f(x) and H(x, 1) for all x ∈ X. H can be

considered as a family of maps Ht : X → Y , t ∈ I where each map is jointly continuous.

If there is a homotopy between two maps f and g, we say that they are homotopic, and

we denote it by f ' g.

We say that a continuous map f : X → Y is a homotopy equivalence if there is a continuous

map g : Y → X such that g ◦ f ' 1X and f ◦ g ' 1Y . In this case we say that the spaces

X and Y are homotopically equivalent and we write X ' Y .

Theorem 1.3.35. If f, g : |K| → |L| are homotopic maps, then they induce the same

homomorphisms between homology groups, i.e. f∗ = g∗ : Hq(K) → Hq(L). In particular

|K| and |L| have the same homology.

As a consequence of the previous Theorem, if |K| ' |L| then Hq(K) ∼= Hq(L) for all q.

We conclude that the homology groups are a homotopic invariant.
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Chapter 2

Non-commutative Probability and

categorical independence

In this chapter we introduce the foundations of non-commutative probability spaces. We

also indtroduce the different concepts of independence most used in non-commutative

probability theories to extend the definition to a concept of independence to a general

context and show all of them are examples in the general context. We study the categorical

independence proposed by Franz [22] because an objective of this work was to get a Betty

cumulant type, and thus, a new notion of independence that holds a moment-cumulant

formula. This problem remains open.

2.1 Main definitions and examples

A non-commutative probability space is an abstract setting where spectral measures re-

lated to operators and probability measures associated to random variables can be studied

in a unified way.

Definition 2.1.1. We define some concepts.

i. A non-commutative probability probability space (NCPS) is a pair (A, τ), where A
is a complex algebra with multiplicative unit 1A and τ : A → C is a unit-preserving

29
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linear functional, i.e. τ(1A) = 1. The elements a ∈ A are called non-commutative

random variables in (A, τ) and we are referring to them as random variables, om-

miting the non-commutative part or nc-random variable if the context needs.

We call the value τ(ak) the k-th moment of the random variable a ∈ A and for

a1, . . . , ak ∈ A the mixed moment is the collection of values τ(ai(1)ai(2) · · · ai(k));

i : [m] → [k],m ∈ N. These collections of values are known respectively as the

algebraic distribution of the random variable a, and the algebraic joint distribution

of (a1, . . . , ak) ∈ Ak or the multivariate distribution of (a1, . . . , ak).

A NCPS morphism between two NCPS (A, τ) and (B, ψ) is a unital homomorphism

of algebras Φ: A → B such that ψ ◦ Φ = τ .

ii. An operator-valued probability space (OVPS) is a tripple (A,B,F), where, B ⊆ A is

a subalgebra of the unital algebra A (which may or may not contain the unit), and

F is a B-linear conditional expectation. This means that for all a ∈ A and b, b′ ∈ B
we have

F(bab′) = bF(a)b′ ,F(b) = b.

We will say that the OVPS (A,B,F) is a B-valued probability space or just a B-

probability space.

A OVPS morphism between two OVPS (A1,B1,F1) and (A2,B2,F2) is a homomor-

phism of algebras Φ: A1 → A2 such that Φ(B1) ⊂ B2 and F2 ◦ Φ = Φ ◦ F1. When

the morphism is between two B-probability spaces, the B-VPS morphism satisfy

that F2 ◦ Φ = F1 because F2(B) = B = F1(B).

Typically it is asked that A is a ∗-algebra, i.e. A is endowed with an anti-linear involution
∗ : A → A. The functional τ is often required to be positive, in the sense that τ(a∗a) ≥ 0

for all a ∈ A. A random variable a is said to have an analytic distribution if there

is a measure µa such that the moments are encoded by the measure, as seen in the

appendix. This is why we are particulary interested in selfadjoint (a∗ = a), unitary

(a∗a = aa∗ = 1), or normal (a∗a = aa∗) random variables in a C∗-algebra or a W ∗-

algebra: As a consequence of the Riesz-Markov representation theorem there is always a
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probability measure with those moments τ(am1(a∗)m2), either supported on the real line,

on S1, or on the complex plane respectively, and thus, these special random variables have

analytic distribution. It is remarkable that outside the single random variable normal

situation, it is a rare fact that random variables have an analytic distribution.

We say that two operator-valued probability spaces (A,B1,F1) and (A,B2,F2) are com-

patible if B1 ⊆ B2 and F1 ◦ F2 = F1. If B ∼= C we usually write τ instead of F and we say

that the OVPS is scalar. In particular, scalar OVPS are NCPS.

Remark 2.1.2. From definition 2.1.1 we see that the OVPS define a category whose

objects are the OVPS and the morphisms are the OVPS morphisms. Indeed, the identity

morphism for each OVPS (A,B,F) is the homomorphism of algebras given by the set

theoretical identity and morphisms hold the composition law, i.e. if Φ: A → B and

Ψ: B → C are OVPS morphisms then Ψ ◦ Φ: A → C is an OVPS morphism. Thus,

the NCPS form a subcategory of the OVPS category whose morphisms are the NCPS

morphisms. Also, the B-VPS form a subcategory of the OVPS category.

Let us introduce the basic examples of classical probability spaces as NCPS and deter-

ministic matrices. We start by considering these first as scalar probability spaces and

later as operator-valued spaces.

Example 2.1.3. We will be working on these basic examples of NCPS and OVPS exam-

ples in this work.

1. Let AF := L∞(Ω) be the algebra of bounded complex random variables on a prob-

ability space Ω.

Involution is given by pointwise complex conjugation of random variables and τ := E
is the usual expectation.

The probabilistic terminology used in non-commutative probability theory comes

from this example. We call a = (a1, a2, . . . , ak) ∈ AkF a random variable, and we

refer to the (ordered collection of) values

(τ(ai(1)ai(2) · · · ai(m)),m ≥ 1, i : [m]→ [k])

as the moments of a, or more formally, as its algebraic non-commuative distribution.
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2. Now consider A := Mn(C), with involution given by the Hermitian transpose. There

are several candidates for the linear functional τ . Let us mention some of them.

The normalized trace τ = 1
n
tr. Note that, for a normal matrix A, i.e. A∗A = AA∗,

the moments of (A,A∗) are determined by the values of 1
n
tr(Am(A∗)l) for all m, l ≥ 1.

Let U be an orthonormal eigenvector basis matrix, i.e. each column of U is a unit

length eigenvector u, and the u are orthogonal. Then,

1

n
tr(Am(A∗)l) =

1

n
tr((UΛU∗)m(UΛ∗U∗)l) =

1

n
tr(Λm(Λ∗)l) =

1

n

∑
i≤n

(λi)
m(λi)

l,

which are exactly the moments of the unique complex random variable with distri-

bution µA that assigns a weight of 1
n

to each eigenvalue λi of A, counting multiplicity.

Canonical conditional expectations compatible with 1
n
tr : Mn(C) → 〈In〉 are the

identity id : Mn(C)→Mn(C) and the projection to the diagonal

F : (aij)ij 7→ (aijδij)ij.

If 〈, 〉 is a sesquilinear product on Cn and v ∈ Cn is a unit vector, we may define the

vector state τv(A) = 〈v,Av〉. In particular, for the vector v = e1 = (1, 0, 0, . . . , 0),

this expectation yields just the (1, 1)-entry of the matrix, τv(A) = A11. We denote

τi = τei .

Any convex combination of unit-preserving linear functionals is a unit-preserving

linear funcional. In particular, the normalized trace is the convex combination of

vector states 1
n
tr = 1

n

∑
τei .

Associated probability measures for normal elements A ∈ Mn(C) to 1
n
tr is µ =

1
n

∑
δλi(A), and associated to the vector state τv is µv =

∑
j ω

(i)
j δλj(A), with weights

ω
(i)
j adding up to 1, i.e.

∑
j ω

(i)
j = 1 =

∑
i ω

(i)
j . Indeed, if we express v =

∑
j≤n αjvj

in terms of an orthonormal basis of eigenvectors {v1, . . . , vn} for A, then

τv(A
k(A∗)l) = 〈v,Ak(A∗)lv〉 = 〈

∑
j≤n

αjvj,
∑
j≤n

λkj λ̄
l
jαjvj〉 =

∑
j≤n

|αj|2λkj λ̄lj
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are the moments of the discrete probability measure with atoms at the same eigen-

values λ1, . . . , λn with corresponding weights w
(i)
j = |αj|2, and the sum of them is 1

because v is a unit vector.

An interesting case is when A is an adjacency matrix of a graph. We label the

vertices in certain order v1, . . . , vn and identify the vertex vi with the vector ei of

the standar basis in Rn. The moments τi(A
k) are the number of cycles in vi of

lenght k and the distribution µi has that weight ω
(j)
i = 0 if vi and vj are in different

connected components of the graph.

The measure µi can be used to extend Voiculescu’s results on adjoint distributions

of Ginibre and deterministic matrices, from the global case τ = 1
n
tr⊗E, to the local

case τ = τei ⊗ E.

3. Projection-valued (or rectagular) spaces [6, 7].

Let (A, τ) be a NCPS equipped with pairwise orthogonal, self-adjoint projections

p0, . . . , pd ∈ A, with τ(pi) > 0, p2
i = pi and p0 +p1 +· · ·+pd = 1A. If B = 〈p0, . . . , pd〉

is the (d+1)-dimensional commutative algebra generated by these projections, there

is a unique conditional expectation F : A → B compatible with τ , given by

F(a) =
d∑
i=0

τ(pi)
−1τ(piapi)pi.

For block-diagonal elements in a rectangular space (i.e. elements a ∈ A of the

form a =
∑d

i=0 piapi), the study of the distribution of (a, a∗) is essentially the

separated study of the pairwise orthogonal pieces (ai, a
∗
i ) where ai := piapi. In

fact orthogonality is a categorical independence and pieces in different blocks are

B-independent with respect to classical, free, boolean and monotone independence.

Thus, it is natural to associate a normal block-diagonal element a ∈ A in a rect-

angular space with the tuple of probability measures µ = (µ0, µ1, . . . , µd), where µi

is the analytic distribution of the normal element piapi in the compressed NCPS

(piApi, τ(pi)
−1τ |piApi). So once again normal block-diagonal elements have an ana-

lytic distribution. In MN(C) we have a conditional expectation on the algebra of di-
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agonal matrices F : MN(C)→ DN(C) given by the assignation (aij)ij 7→ (δijaij)ij is

compatible with 1
N

tr. For block-diagonal matrices A = diag(B0, . . . , Bd) ∈ MN(C),

where N = n0 + · · ·+ nd and Bi ∈Mni
(C), we have the 〈P0, . . . , Pd〉-valued proba-

bility space and Pi is the projection to the i-th block such that P0 + · · ·+ Pd = IN .

4. Tensor product of OVPS .

The algebraic tensor product can be used to combine examples of OVPS. If (A1,B1,F1)

and (A2,B2,F2) are OVPS, then so is (A1 ⊗A2,B1 ⊗ B2,F1 ⊗ F2). Let us mention

two important contructions from prototypical examples.

First, the tensor product (Mn(C) ⊗ AF , 1
N

tr ⊗ E) which can be identified with

the space of matrices with random entries, equipped with the normalized expected

trace. The moments of a normal random matrix with respect to 1
n
tr ⊗ E are now

the moments of the averaged uniform spectral probability distribution. Voiculescu’s

seminal work [48] is framed in these kind of NCPS, where he showed that, as the size

of the matrices n becomes larger, important random matrices behave increassingly as

free operators (see next subsection for definition of free independence and appendix

B for more details).

Second, consider the tensor product of two algebras of deterministic matrices. Recall

that the algebra Mn(C) ⊗Mm(C) can be identified with Mnm(C) and 1
n
tr ⊗ 1

m
tr

corresponds to the normalized trace 1
nm

tr. Indeed, if A ∈ Mn(C), B ∈ Mm(C) and

their inclusions in the tensor product A 7→ A⊗ Im =: Ã, B 7→ In⊗B =: B̃, we have

1

nm
tr(A⊗B) =

1

nm
tr(Ã)

1

nm
tr(B̃) =

m

nm
tr(A)

n

nm
tr(B) =

1

n
tr(A)

1

m
tr(B).

If we consider the same spaces but change the normalized trace for the vector state

τi. We can move from the global case τ = 1
n
tr⊗ E to the local case τ = τi ⊗ E and

to τi ⊗ τj respectively. In the first NCPS the functional τ is clear. In the second

case, the operator τi ⊗ τj corresponds to the operator τei⊗e′j . Indeed,

τei⊗e′j(A⊗B) = 〈ei ⊗ e′j, A⊗B(ei ⊗ e′j)〉 = 〈ei, Aei〉〈e′j, Be′j〉 = τi(A)τj(B).
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The idea of B-valued probability is to enlarge the algebra of scalars to B ⊆ A instead of

C〈1A〉.
The B-valued analogue of an algebraic distribution requires a bit more care. It is no

longer sufficient to consider the collection of moments

(F(ai(1)ai(2) · · · ai(m)),m ≥ 1, i : [m]→ [k]).

Since the notions of independence are concepts relative to the generated algebras of the

corresponding random variables (see discusion on independence in next section), we will

be interested not only in those moments, but also more general expressions, such as

(F(ai(1)b1ai(2) · · · bm−1ai(m)),m ≥ 1, i : [m]→ [k], b1, . . . , bm−1 ∈ B).

Obseve that, in the scalar case, no new information is provided since we can just factor

the bi’s out of the expectation, since these commute with the rest of the algebra.

The following theorem guarantees the existense of unique conditional expectations which

are compatible with a given state.

Theorem 2.1.4. (Umegaki). Let A be a W ∗-algebra with a regular tracial state τ : A → C
and let B ⊆ A be a W ∗-sub-algebra. Then there exists a unique conditional expectation

F : A → B, compatible with τ .

2.2 Independence notions in probability

The first work on classification of notions of independence was formulated in a combinatorial-

algebraic way by Speicher [41] and it included the Boolean independence (recently shown

to be explained by combinatorial-algebraic structures [42]). The combinatorial-algebraic

axioms of Speicher were later reformulated by Ben-Ghorbal and Schürmann [8] in terms

of universal properties of co-products on different categories of algebras (see also Franz

[22]).

The BGS classification is hierarchical. It uses the same set of axioms (and varies only on

the considered category).
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At the first level of the classification (on the category of unital, commutative algebras)

the only notion of independence is the classical tensor independence. At the second

level, of unital, non-commutative algebras, there are two: the classical independence

and Voiculescu’s free independence. At the third level, of non-unital, non-commutative

algebras, there are three notions of independence that meet the axioms.

Muraki observed that, at the third level, a simmetry axiom from the BGS classification

only prevented two new notions of independence meeting the rest of the axioms. These

are called the monotone, and anti-monotone notions of independence.

Definition 2.2.1. Let (A,B,F) be a B-probability space. Let A1, . . . , Ak ⊆ A be not

necessarilly unital sub-algebras containing B.

i. The algebras A1, . . . , Ak are B-classically independent if they commute and

F(an1
1 a

n2
2 · · · a

nk
k ) = F(an1

1 )F(an2
2 ) · · ·F(ank

k ),

for any ai ∈ Ai, ni ≥ 0, i ≤ k. This independence is also called tensorial indepen-

dence.

ii. For any a ∈ A, let ȧ := a− F(a). The algebras A1, . . . , Ak are B-free if

F(ȧ1ȧ2 . . . ȧm) = 0,

for any m ≥ 1 and any ai ∈ Aj(i), i ≤ m, such that j(1) 6= j(2) 6= · · · 6= j(m).

iii. The algebras A1, . . . , Ak are B-Boolean independent if

F(a1a2 · · · am) = F(a1)F(a2) · · ·F(am),

for any m ≥ 1 and any ai ∈ Aj(i), i ≤ m, such that j(1) 6= j(2) 6= · · · 6= j(m).

iv. The algebras (A1, A2) are B-monotone independent (in that order), if

F(a0a1 · · · a2m) = F(a1)F(a3) · · ·F(a2m+1)F(a0a2 · · · a2m−2a2m),

for any m ≥ 1 and any a1, a3, . . . , a2m−1 ∈ A1, a2, a4, . . . , a2m−2 ∈ A2, and a0, a2m ∈
A2 ∪ 〈1A〉.
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v. The algebras (A1, A2) are B-anti-monotone independent (in that order), if

F(a0a1 · · · a2m) = F(a1)F(a3) · · ·F(a2m+1)F(a0a2 · · · a2m−2a2m),

for any m ≥ 1 and any a1, a3, . . . , a2m−1 ∈ A2, a2, a4, . . . , a2m−2 ∈ A1, and a0, a2m ∈
A1 ∪ 〈1A〉.

Remark 2.2.2. Note that all the independence notions mentioned in the definition de-

pend on the conditional expectation F that defines the OVPS. Two algebras A1,A2 can

be B-independent (in some sense) respect to a conditional expectation F1 but not respect

to another conditional expectation F2.

We point out now that our realization A ⊗ Im, In ⊗ B of classical independent random

variables works not only for the normalized traces but also for vector states τei , τe′i in each

of the factors. We only need to observe that, just as 1
nm

tr(Ak ⊗ Bl) = 1
n
tr(Ak) 1

m
tr(Bl)

for the normalized traces, τei⊗e′j(A
k ⊗ Bl) = τei(A

k)τe′j(B
l) is the (i ⊗ j)-th entry in the

diagonal of the tensor product. Thus, again, A ⊗ Im and In ⊗ B behave as independent

random variables with respect to those vector states and the sum yields the additive

convolution of the local distributions µ
(i)
A , µ

(j)
B .

Boolean, monotone and anti-monotone independence also find simple realizations in terms

of tensor products. Indeed, if Pi and P ′j are the projections to the subspace generated by

the elementary vectors ei and e′j in each of the factors, then, with respect to τei⊗e′j , the

matrices A⊗ Pi, and P ′j ⊗B are Boolean independent, A⊗ Pi, and In ⊗B are monotone

independent and A ⊗ Im, and P ′j ⊗ B are anti-monotone independent. When A,B are

adjacency matrices of graphs, the additive convolutions correspond to graph products.

For their realizations, free random variables actually require infinite dimensional spaces

(or infinite graph products). We discuss about these products in Section 3.2.

Remark 2.2.3. In [37], it is exhibited that in the scalar case B = 〈1A〉 ∼= C if a and b

are classical and free independent, then at least one of them is constant. Thus, in the

scalar case the notions of independence exclude each other. These notions become less

exclusive as the algebra B grows larger, as we saw in Example 2.1.3 with the OVPS which

was independent in three senses. The extreme case when B = A implies that F = 1A and
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makes all random variables in A independent in all five senses. If we want to find more

meaningful independence relations and more useful conditional expectation F, we need to

find a smaller subalgebra B.

2.2.1 Categorical independence

In order to unify the different notions of independence in quantum probability, Franz

introduced a categorical definition of independence [22]. For this subsection, we follow

[25]. We are going to highlight that linear independence and orthogonality fit into this

general notion of independence as well. Let C be a tensor category and Pi : C × C → C
for i ∈ {1, 2} be the projection functors of the respective component.

Definition 2.2.4. Let C be a tensor category. A natural transformation ι1 : P1 ⇒ � is

called left inclusion and a natural transformation ι2 : P2 ⇒ � is called right inclusion.

A tensor category together with a left and a right inclusion is called an inclusive tensor

category or a tensor category with inclusions . It is denoted by (C,�, ι1, ι2) or simply C
when the context is clear.

In the previous definition, inclusions for a tensor category are two collections of morphisms

ιiB1,B2
: Bi → B1 �B2 for i ∈ {1, 2}, B1, B2 ∈ C such that

A1

ι1A1,A2 //

f1
��

A1 � A2

f1�f2
��

A2

f2
��

ι2A1,A2oo

B1

ι1B1,B2 // B1 �B2 B2

ι2B1,B2oo

commutes for all fi : Ai → Bi, i ∈ {1, 2}. We shall omit the objects on the subindex to

simplify notation.

We will give some examples of tensor categories with inclusions later. For now, let us

introduce the categorical notion of independence.

Definition 2.2.5. Let C be a tensor category with inclusions. Two morphisms f1, f2 : Bi →
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A are independent if there exists a morphism h : B1 �B2 → A such that the diagram

A

B1

f1

::

ι1
// B1 �B2

h

OO

B2
ι2
oo

f2

dd

commutes. Such a morphism h is called independence morphism for f1 and f2.

Example 2.2.6. We give examples of tensor categories with inclusions and independent

morphisms on them.

1. In the category Vect, the direct sum of vector spaces V1 and V2 is a coproduct.

Therefore, given two linear maps fi : Vi → W to a vector space W , there exist a

unique linear map h : V1 ⊕ V2 → W with h(vi) = fi(vi) for all vi ∈ Vi, i ∈ {1, 2},
namely h = f1 + f2. Here we are identifying Vi with the corresponding subspace of

V1⊕V2, i ∈ {1, 2}. This means that the direct sum of vector spaces is a coproduct in

the category and hence, Vect is a tensor category. The canonical inclusions on the

direct sum define the inclusions for Vect to be a tensor category with inclusions. In

conclusion, the morphisms f1 and f2 are independent with independence morphism

f1 + f2.

We remark that a category with a coproduct is a tensor category with inclusions

and any two morphisms fi : Bi → A, i ∈ {1, 2} are independent with independence

morphism h : B1 qB2 → A given by the universal property of the coproduct.

2. With the previous example in mind, let us consider the category Vectinj of vector

spaces with injective linear transformations. The direct sum turns this into a tensor

category with inclusions respect to the canonical inclusions Vi ↪→ V1⊕V2. Then, two

morphisms fi : Vi → W , i ∈ {1, 2} are independent only if h = f1 + f2 is injective,

i.e. f1 and f2 are independent if and only if they have linearly independent ranges.

If h is injective then 0 = f1(v1) + f2(v2) implies that f1(v1) = 0 and f2(v2) = 0,

conlcuding that the ranges are linearly independent. Conversely, if the ranges are

linearly independent and h(v1 ⊕ v2) = 0, then f1(v1) + f2(v2) = 0 and we conclude
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that fi(vi) = 0, i ∈ {1, 2}. Since fi are injections, it follows that v1 = 0 and v2 = 0,

so h is injective.

In this sense, if A and B are subspaces of a vector space V , they are linearly inde-

pendent if and only if their canonical inclusions in V are categorically independent,

as the ranges of the inclusions are A and B respectively.

3. Similarly, Hilbisom is a tensor category with inclusions as Hilbert spaces are vector

spaces. In this case, two isometries fi : Hi → G are independent if and only if their

ranges are orthogonal. As before, the only choice for an independence morphism is

h = f1 + f2. h is an isometry if and only if

0 = 〈f1(x1) + f2(x2), f1(x1) + f2(x2)〉 − 〈x1 ⊕ x2, x1 ⊕ x2〉
= 〈f1(x1), f2(x2)〉+ 〈f2(x2), f1(x1)〉
= 2Re〈f1(x1), f2(x2)〉

for all x1 ∈ H1, x2 ∈ H2, which means f1(H1)⊥f2(H2).

We remark that if A and B are subspaces of a Hilbert space H. Then, they are

orthogonal if and only if their canonical inclusions in H are categorically indepen-

dent.

4. In Definition 2.2.1, the five B-independence notions for algebras A1 and A2 are

recipes on their free product A1 ∗ A2, and each recipe comes from an universal

product defined on A1 ∗ A2 that turns the category of B-probability spaces into a

tensor category with natural inclusions Ai ↪→ A1 ∗A2. The simplest example is the

classical independence where the recipe is the tensor product of B-linear functionals:

F1 ⊗ F2(a1 · · · an) = F1

(−→∏
ai∈A1ai

)
F2

(−→∏
ai∈A2ai

)

and
−→∏

denotes the product of the elements ai in the same order they appear in

a1, . . . , an. This is studied in detail on the Appendix (see Section A.2 for the par-

ticular case of classical probability).
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2.2.2 Free independence

We want to show with more detail that free independence of algebras Ai is a categorical

notion independence, as mentioned in Example 2.2.6, 4.

We notice that Definition 1.2.7 is in fact, the definition for the free product of B-VPS and

1.2.3 for the free product of NCPS. In [37], the next proposition is proven in the scalar

case, and the demonstration for the operator-valued case is analogue.

Proposition 2.2.7. Let (Ai,B,Fi)i∈I be a family of OVPS, and let (A,B,F) be their

B-amalgamated free product. Then the following statements hold.

(1) The subalgebras Ai, i ∈ I are B-freely independent in A.

(2) (A,B,F) has the following universal property. Let (C,B,FC) be an OVPS, suppose

that for every i ∈ I we have a B-VPS morphism Φi : (Ai,B,Fi) → (C,B,FC) such

that (Φi(Ai))i∈I are freely independent in (C,B,FC). Then there exist a unique B-

VPS morphism Φ between (A,B,F) and (C,FC) such that Φ|Ai
= Φi for every i ∈ I.

Proposition 2.2.7 states that a family of subalgebras Ai, i ∈ I, are B-freely independent

if and only if for any B-VPS (C,B,FC) such that any B-VPS morphisms Φi between

(Ai,B,Fi)i∈I and (C,B,FC) are categorically independent in the category of B-VPS.

Remark 2.2.8. Nica and Speicher prove in [37] that if all the Ai are ∗-algebras (or W ∗-

algebras) and the functionals τi are all positive (or normal, or self-adjoint). Then, A and

τ are of the same type as the Ai and τi. Thus, (A, τ) is the same type of NCPS as (Ai, τi)
for all i, i.e. (A, τ) is an object in the category of the NCPS we are working with.

Remark 2.2.9. We must remark that in the commutative case, the free product of

algebras is not a commutative algebra. Consequently, if Ai ⊂ A are subalgebras of a

commutative algebra A, then the only notion of independence that they support is the

classic one (tensor notion). This is due to the fact that there are no free products as

objects in the category. This is why in Remark 2.2.3 we say that in the scalar case the

tensor and free independence notions are exclusive to each other.
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Chapter 3

Non-commutative distributions for

graphs and simplicial complexes

From the point of view of Ben Ghorbal - Schuermann [8], there are only three notions

of independence. An additional, non-symmetric notion of independence, called monotone

independence, is included in the classification if one removes the commutativity axiom,

as observed first by Muraki [35].

Graphs have been important for NCP-theory, as adjacency matrices associated to graph

products have provided important/simple examples of realizations of convolutions, for

each notion of independence.

In this chapter we show that the boolean probabilistic structures show-up when consider-

ing processes of simplicial complexes. For this, we need only quite standard NCPS with

their usual expectations.

The operators considered in [45] are concrete examples of non-commutative random vari-

ables living in graded algebras (as in [32]) where non-commutative analytic and algebraic

distributions encode topological data of the associated topological space.

43
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3.1 Graphs as random variables

Definition 3.1.1. Let G = (V,E) be an undirected graph, where V is the vertex set and

E is the edge set. The adjacency matrix of G is the matrix AG = (aij) ∈ Mn(C) with

entries

aij = aji =

{
1, (vi, vj) ∈ E,
0, otherwise.

Note that the choice of an adjacency matrix is determined by an order of the vertices of

G (the spectrum of AG is invariant to this choice). The graphs in this work are always

understood to be finite.

A rooted graph is a graph G with a highlighted vertex, called root , and labelled r. A

rooted graph is denoted by (G, r). The adjacency matrix for a rooted graph is the usual

adjacency matrix of G. The root is often selected in a special position (first or last) for

convenience.

According to example 2.1.3, we have already several ways to study the adjacency matrix

of a graph AG as a random variable: either in (A, τ) or in (A, τei), where A = 〈AG〉C,

τ = 1
n
tr and τei = 〈ei, Aei〉.

For the first case, the k-th moment of G is

1

n
tr(AkG) =

1

n

∑
i : [k]→[n]

ai1i2ai2i3 · · · aiki1 .

Each non-zero product ai1i2ai2i3 · · · aiki1 correspods to a k-vertex cycle (consisting of k

edges, connecting a sequence of k+1 adjacent vertices in the graph, starting (and ending)

at the vertex i1). Thus, the k-th moment is just the average number of such k-cycles.

The analityc distribution of G is the measure µAG
= 1

n

∑
δλi(A) that assigns a weight of

1
n

to each eigenvalue λi of A, counting multiplicity.

In the same NCPS, we may choose to represent a graph as a non-commutative random

variable, through the graph Laplacian, rather than the adjacency matrix. The graph

Laplacian is defined as LG = DG−AG ∈Mn(C), where DG is the degree matrix of G (the

diagonal matrix with the vertex degrees).
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We are interested in the graph Laplacian because it encodes the Betti number β0(G),

i.e. the number of connected components of G, in its analytic distribution, as the weight

µLG
(0) = n−1β0(G).

Indeed, assume that vi1 , vi2 , . . . , vik are the vertices of a connected component C in G and

let vC ∈ Cn be the indicator vector for C whose i-th component is one if i = ij, j ≤ k and

zero otherwise. Then we observe that, applied to the indicator vector vC , the adjacency

matrix AG(vC) = DG(vC) yields exactly the degree vector of the component, and thus,

for each component, the vector vC is a null-eigenvector of LG. This shows that each

component contributes with a weight of 1
n

to the zero eigenvalue in µLG
and one can show

that there are no additional null eigenvalues, and thus the weight is exactly n−1β0(G).

Remark 3.1.2. It was shown that LG encodes topological information from G which

happens to be homological, the zero-th Betti number. Also, from the relation LG =

DG−AG, the algebraic joint distribution of any two elements from {AG, LG, DG} contain

the same information (that is, 〈AG, DG〉 = 〈AG, DG〉 = 〈AG, LG〉). We conclude that the

nc-distributions of AG and LG are quite related.

In particular, the unital algebras 〈AG〉, 〈LG〉 coincide for d-regular graphs, as DG = dIn

becomes a multiple of the identity.

If the distribution is computed with respect to the vector state τi = τei , the moments

simply count the k-cycles that start at the selected vertex vi (that may be thought as a

root of the graph).

Note that, if the graph is not connected the τi-moments, and thus the distribution µ
(i)
AG

,

depend only on the connected component of G that contains the root vi, as observed in

Example 2.1.3. At the level of probablity distributions, the weight of the local distribution

λj in µ
(i)
AG

is non-zero if and only if vj is in the same connected component as the root vi.

Consequently, topological properties of G are encoded in a collection of nc-distributions

of AG. The number of connected components is information available when taking this

collection of local distributions, but in a different way than when the Laplacian matrix is

used; in this case we can focus on graph properties of each component and, in particular,

on the properties of one special vertex.

Taking this into account, the question of assigning an nc-distribution to a graph becomes



46
CHAPTER 3. NON-COMMUTATIVE DISTRIBUTIONS FOR GRAPHS AND

SIMPLICIAL COMPLEXES

a bit ambiguous, with the two main candidates being the adjacency matrix and the graph

Laplacian, and the answer depending on the specific feature of the graph to be deduced

from the distribution.

There are non-square matrices associated to graphs that are relevant, the incidence and

the boundary matrices.

Definition 3.1.3. Let G be a graph with vertices v1, . . . , vn0 and edges e1, . . . , en1 . The

incidence matrix IG ∈Mn0×n1(C) with entries

aij =

{
1, vi ∈ ej,
0, otherwise.

We will denote the incidence matrix as I1 instead of IG, even if the graph G referred is

not explicit.

Remark 3.1.4. The boundary matrix is obtained from the boundary operator in the

simplicial homology applied to the graph. We mean, let G be a graph as in the definition.

The boundary operator, ∂1 : C1 → C0, formula as in 1.2 for simplicial homology for the

graph, is defined in the edges e = (vi, vj) by

∂1e = vj − vi.

In consequence, the boundary matrix is a signed version of the incidence matri and this

signation depend on the order chosen to compute the simplicial homology of the graph.

For a graph G with n0 vertices and n1 edges, we will consider these matrices in a rectan-

gular space by inculding them in MN(C), N = n0 + n1 by

IG =

(
0 I1

0 0

)
, JG =

(
0 ∂1

0 0

)
.

We will not be able to properly study these matrices with the functionals that we have

considered so far, such as the normalized trace or the vector states. Before fixing states,

let us first explore some known identities obtained from these matrices obtained directly

by computing the products.
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If IG ∈ MN(C) is to be viewed as a nc-random variable, we observe first that I2
G = 0

and thus for a non-trivial distribution with respect to the normalized trace (or the τi’s)

we need its adjoint. The nc-distribution of 〈IG, I∗G〉 is then completely determined by the

individual distributions of the (mutually orthogonal) positive (hence normal) operators

IGI
∗
G =

(
I1I
∗
1 0

0 0

)
, I∗GIG =

(
0 0

0 I∗1I1

)
.

Since we wish to study these orthogonal operators separately, we should consider the

〈P0, P1〉-valued distribution of 〈IG, I∗G〉, where P0 and P1 are the projections to the diagonal

blocks, so that P0 + P1 is the identity matrix.

The same can be said about J := JG. Thus, it is natural to consider IG, I
∗
G, JG, J

∗
G as

elements of a rectangular probability space (MN(C), 〈P0, P1〉).
The first operator I1I

∗
1 ∈ Mn0(C) can be expressed in terms of AG and DG as I1I

∗
1 =

AG + DG. In the same way, I∗1I1 = AG′ + 2P1, where G′ is the dual graph of G (also

called line graph, where edges of G are the vertices of G′ and two edges are adjacent if

they share one vertex).

Similar considerations hold true for the boundary matrix JG, in particular,

∂1∂
∗
1 = DG − AG = LG, ∂∗1∂1 = 2P1 − sgn(AG′),

where sgn(AG′) is a signed version of the dual adjacency matrix, which depend on the

signation of the boundary operator. The operators JJ∗ + J∗J , JJ∗ and J∗J are called

combinatorial, up and down Laplacians respectively.

The above identities say that the scalar distributions of adjacency matrices, dual adjacency

matrices, degree matrices and graph Laplacian are related to each other and, as we see in

in Theorem 3.3.1, these relations may be expressed entirely in terms of distributions of

incidence and boundary matrices.

Example 3.1.5. Let K3 be the complete graph of three vertices. Let us list the blocks of

the matrices meentioned, i.e. adjacency, incidence and boundary and the betty numbers

encoded in the (global) spectral meassure of the combinatorial Laplacian.
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11 33

22

Figure 3.1: The complete graph of three vertices, K3.

AK3 =


0 1 1

1 0 1

1 1 0

 = AK′3 , ∂1 =


−1 0 −1

1 −1 0

0 1 1

 .

Then we have for the matrices A = diag(AK3 , 0), the degree matrix D, and JJ∗ + J∗J =

diag(∂1∂
∗
1 , ∂

∗
1∂1) the following identities:

∂1∂
∗
1 =


2 −1 −1

−1 2 −1

−1 −1 2

 = LK3 = AK3 +D, and L1 := ∂∗1∂1 =


2 −1 1

−1 2 1

1 1 2

 .

With spectral distributions respect to 1
n
tr, µLK3

= 1
3
δ0 + 2

3
δ1 and µL1 = 1

3
δ0 + 2

3
δ1 respec-

tively. Which mean that β0 = 1 and β1 = 1, the two Betti numbers corresponding to

K3. Though we only mentioned that we could get the zeroth Betti number enconded in

the global distribution of the Laplacian matrix and none about the first Betti number.

In the next section we are going to generalize this fact and obtain all the Betti numbers

corresponding to a simplicial complex encoded in its combinatoral Laplacian.

3.2 Boolean cumulants and products of graphs

In terms of graphs, the monotone independence was first treated in [2] and the free

case in [1] (where also the increasingly important concepts of subordination and free

deconvolution are formulated in terms of graphs).
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For any two points they are isomorphic, in particular, if the points are vertices in different

graphs. We can think of glueing graphs by vertices if we think on the previous idea.

Definition 3.2.1. Let (G, r) and (G′, r′) be rooted graphs and let φ : r → r′ be the vertex

homeomorphism. We define the star product of (G, r) and (G′, r′) by the rooted graph

G ?G′ = Gtφ G′ with root r where r is the glueing vertex of G and G′. We mean, (G, r)

and (G′, r′) is the quotient topological space in G t G′ given by the relation r ∼ r′ and

choosing r as the root in the new graph.

Example 3.2.2. We give two graphs and their star product in the next figure.

Figure 3.2: Rooted graphs and their star product.

We notice that if we think on a random walk in a rooted graph starting in the root, then

the star product of rooted graphs will behave as walking in either on the two pieces if

we are not walking through the root because the only way to have a walk in both pieces

is taking a step in the root. So it could be said that it is independent on which graph

we walk. This is going to have an interesting consequence, let us recall about Boolean

cumulants.

In the framework of an NCPS (A, τ), the Boolean cumulants (bm(x, . . . , x))m≥1 and the

multivariate boolean cumulants bm(xi(1), xi(2), . . . , xi(m), m ≥ 1, i : [m]→ [k]) are polyno-

mials on the (mixed) moments. The multivariate boolean cumulants for (a1, . . . ak) ∈ Ak

may be defined inductively, by solving the formlulas:

τ(ai(1)ai(2) . . . ai(m)) =
∑

1≤j≤m

bj(ai(1), ai(2), . . . , ai(j))τ(ai(j+1)ai(j+2) · · · aim),m ≥ 1, i : [m]→ [k]

The boolean cumulants (bm)m≥1, bm : Am → C are thus homogeneous polynomials on
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the moments. For example, the first cumulants are the mean b1(ai(1)) = τ(ai(1)) and the

covariance b2(a1, a2) = τ(a1a2)− τ(a1)τ(a2).

Recall that the local moments in Mn(C) of a self-adjoint matrix A are m
(j)
k = τj(A

k) =∑
i : [k−1]→[n] Aji(1)Ai(1)i(2) . . . Ai(k−1)j which, in the case of an adjacency matrix of a graph,

count the number of k-cycles from the root vertex. It can be shown by induction that the

corresponding Boolean cumulants count only those irreducible k-cycles, which revisit the

root at the very last step.

Hence, it is immediate from the observation to deduce that Boolean cumulants are additive

for star products of rooted graphs, that is, with respect to τei⊗e′j , τ(ei), τ(e′j), we have

bk(AG1?G2 , AG1?G2 , . . . , AG1?G2) = bk(AG1 , . . . , AG1) + bk(AG2 , . . . , AG2).

As the Boolean cumulants, the classical, free, and monotone cumulants are also homo-

geneous polynomials on the mixed moments, [40, 42]. Let us define other rooted graph

products to show what we mean about graph matrices realizing additive convolutions .

Definition 3.2.3. Let (G, r) and (G′, r′) be rooted graphs. We define

i. The cartesian product of G and G′ is the graph consisting of as many copies of

(G, r) as vertices in G′ and copies of (G′, r′) as vertices in G. On each vertex of

G glue by the root a copy of (G′, r′), then fix the copy on the root of (G, r) and

glue on each vertex of that copy, a copy of (G, r); then, glue the remaining vertices

of those glued copies to the copies of (G′, r′) on the corresponding vertices in the

copies where (G, r) was glued. This product we denote it as the graph G�G′ which

is a simple graph and observe that this product is commutative. This description is

a bit cumbersome but we will illustrate it in an example (Figure 3.2).

ii. The comb product of (G, r) and (G′, r′) is the graph obtained by gluing on each vertex

of G a copy of (G′, r′) by its root. The comb product of (G, r) and (G′, r′) is a rooted

graph with root r, the root of G. We notice this product is not commutative.

iii. The opposite comb product of (G, r) and (G′, r′) is the comb product of (G′, r′) and

(G, r).
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Figure 3.3: Rooted graphs and their cartesian, comb and opposite comb products.

As observed in [2, 1], if the matrices A ∈Mn(C) and B ∈Mm(C) are adjacency matrices of

graphs, the same can be said about the elementary nc-independent constructions A⊗ Im,

In ⊗ B, A ⊗ Pe′j , Pej ⊗ B mentioned before. The additive convolutions therefore turn

into graph products: cartesian product (tensor), star product of rooted graphs (Boolean),

comb product of rooted graphs (monotone), and the opposite comb product of rooted

graphs (anti-monotone).

The case of the Boolean convolution A ⊗ Pe′j + Pej ⊗ B, realized by the star product of

rooted graphs is of special interest for us. Boolean cumulants, defined with respect to a

local state τj, count the number of irreducible k-cycles (i.e. k-cycles not visiting the root

at some intermediate step).

The cases of the tensor, monotone and anti-monotone convolutions are realized respec-

tively by the matrices of graph productos A⊗ Im + In⊗B (cartesian product), A⊗Pe′j +

In ⊗B (comb product) and A⊗ Im + Pej ⊗B (opposite comb product).

There is also a free product of rooted graphs [1] (see also [53]) which is in fact an infinite

graph (Figure 3.2). It can be constructed inductively. First we take the orthogonal product

of the rooted graphs. For each vertex which is not the root on the first graph, we glue a

new copy of the other graph by its root. Then, for each new vertex added in the last step,



52
CHAPTER 3. NON-COMMUTATIVE DISTRIBUTIONS FOR GRAPHS AND

SIMPLICIAL COMPLEXES

a new copy of the first graph shall be glued to the new vertex, by its root, and we repeat

this last step inductively; this is one branch which turns out to be infinite. The second

branch is the same process but starting with the other graph and alternate glueings with

the first. The star product of these two (infinite) branches is the free product of two

rooted graphs. We say a step on the construction is doing a step on the construction on

each branch and do the star product of the graphs obtained in that step.

The resulting infinite graph is known as the free product of rooted graphs, and it realizes

free additive convolution of the local probability distributions of the factors.

Figure 3.4: A third step of the construction of the free product of rooted graphs on the

root.

From the perspective of analytic transforms (see [42]), the so-called self-energy transform

Kµ : z 7→ Fµ(z)− z linearizes the Boolean additive convolution µ ] ν. Indeed, Kµ]ν(z) =

Kµ(z) + Kν(z)), where Fµ(z) = (Gµ(z))−1 is the C+-analytic self-map, defined as the

reciprocal of the Cauchy transform

Gµx(z) = τ((z − x)−1) =

∫
R

dµx(t)

z − t
.

In turn, the monotone µ . ν and antimonotone µ / ν additive convolutions are linearized

by compositions of the F -transforms: Fµ.ν(z) = Fµ(Fν(z)) and Fµ/ν(z) = Fν(Fµ(z))

Thus, as observed in [1], the free graph product can be thought as a star product of two

infinite branches, where each branch is closely related to infinite alternating iterations of

comb and opposite-comb products of the factor graphs. This provides some simple insight
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into the analytic subordination phenomenon for computing free additive convolutions.

The method of analytic subordination has been very useful (together with its B-valued

generalization) for practical applications in large random matrix theory [4, 5].

The asymptotic semicircularity of Wigner random matrices [52] is universal. This means

that, under mild moment conditions, the limit eigenvalue distributions of Wigner matrices

do not depend on the specific distribution of the entries, as long as these are centered and

have a fixed variance.

Thus, it can be shown that the eigenvalue distributions of normalized adjacency matrices

from homogeneous Erdös-Rényi random graph models converge to the semicircular distri-

bution [10]. A few years later, Ding and Jiang used asymptotic free independence to show

that the spectrum of the corresponding normalized graph Laplacian converges to the free

convolution of a normal distribution and the semicircle distribution [18]. Recently, the

Laplacian and adjacency matrices of inhomogeneous Erdös-Rényi random graphs have

been shown to converge in spectral distributions to operators built-up by free and classi-

cally independent random variables [15].

These results suggest that it should be possible to describe spectra of Laplace operators

and adjacency matrices of more sophisticated random graph models (likely using more

advanced construccions, such as B-independence or traffics)

Thus, in general, it seems relevant to consider not only adjacency matrices, but also graph

Laplacians, for a broader study of nc-random variables associated with graphs.

3.3 Simplicial complexes as random variables

A (finite, abstract) simplicial complex X =
⋃
r≤d ∪i≤nrσ

(r)
i is a collection of simplices,

with the property that any subsimplex of any simplex σ
(r)
i ∈ X also belongs to X, and

the intersection of any two different simplices of X (possibly of different dimensions), is

either empty or equal to some common subsimplex. We write N = n0 +n1 + · · ·+nd. Let

us always suppose that the simplicial complex X we are talking about is of dimension d.

We label the n0 vertices of X with the numbers 1, 2, . . . , n0 and denote an r-dimensional

face σ
(r)
j = (i(0)i(1) . . . i(r)) by listing its vertices in increasing order.
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For example, we may denote the abstract hollow tetrahedron by the collection of faces

X = {1, 2, 3, 4, 12, 13, 14, 23, 24, 34, 123, 124, 134, 234},

or, for short, we may list only the faces of maximal degree 〈123, 124, 134, 234〉 (when they

determine the simplicial complex).

When it comes to higher-dimensional simplicial complexes, the question of selecting a

scalar-valued distribution includes as obvious candidates the generalizations of the adja-

cency matrix to higher dimensions r ≤ d − 1, A
(r↑)
X ∈ Mnr(C), where the NCPS Mnr(C)

may be endowed with the normalized trace or a vector-state. Of course we may also

consider the corresponding degree matrices D
(r↑)
X ∈Mnr(C).

Here, the arrow ↑ indicates that an r-face is adjacent to another r-face iff they belong

to an (r + 1)-face of X. The moments of A
(r↑)
X ∈ Mnr(C) count k-cycles of neighboring

r-faces. In fact, A
(r↑)
X coincides with the adjacency matrix of the graph where the r-faces

of X are the vertices, sharing an edge if the faces belong to the same (r + 1)-face. We

shall discuss these graphs in more detail at the end of the section.

We may also consider dual adjacency matrices (A
(r↓)
X )1≤r≤d, where adjacency between

r-faces is determined by sharing an (r − 1)-face. Dual adjacency matrices are more

representative to our first undestandings of growing processes of simplicial complexes.

When two tetrahedra are glued by a 2-face, we normally think that the two tetrahedra

are the main objects, as in A3↓, and not the 8 faces, two of which to be identified, as in

A2↑.

However, while the usual adjacency matrices (Ar↑)0≤r≤d−1 completely determine the ab-

stract simplicial complexes, the dual matrices may forget some information. For example,

the hollow tethrahedron without the base X1 = 〈123, 134, 124〉 and the notebook with

three triangular sheets X2 = 〈123, 124, 125〉 have the same matrix A2↓, but the A1↑ are

different.

For Laplacian matrices, unlike the graphs case, reasonable higher-dimensional general-

izations are not simply obtained by substracting degree and adjacency matrices. This

will push us to consider non-square matrices, such as the incidence or boundary matrices.

These demand to be treated as elements of a rectangular (or projection-valued) space

[6, 7].



3.3. SIMPLICIAL COMPLEXES AS RANDOM VARIABLES 55

Before leaving the scalar case for B-valued situations, we want to discuss a few combina-

torial properties of the square matrices (A
(r↑)
X )0≤r≤d−1

In general, A
(r↑)
X is the adjacency matrix of a graph, consisting of a collection of nr+1

cliques (or complete graphs) (K
(i)
r+1)i≤nr , each corresponding to an (r + 1)-face in X.

Vertices of such cliques are the r-faces of the (r + 1)-simplices. If two (r + 1)-simplices

share an r-face, this corresponds at the level of graphs to the identification of the two

vertices of the two cliques associated to the indentified r-faces.

The existence of each (r+ 1)-face in X implies the mutual adjacency of all its subfaces of

dimension r. Thus, adjacency in general comes with multiplicity.

Now let us go back to our main question of associating matrices and distributions with

simplicial complexes.

As we shall see in this section, boundary and incident matrices require to be considered

as projection-valued distributions. Projection-valued random variables are very tame

instances of B-valued random variables. Both the questions of organizing/assigning al-

gebraic or analytic distributions of simplicial complexes can be better understood in this

framework as we saw earlier in the graph case.

For a simplicial complex X, the incidence matrix IX = I = (Iij)N ∈ MN(C) consists

entirely of zeros and ones. The entry Ij1,j2 is 1 if and only if dim(σj1) + 1 = dim(σj2) and

σj1 ⊂ σj2 . We usually consider a convenient order of the N faces, by increasing dimensions

(sometimes, when X consists of several disconnected components, one may order faces

first by blocks according to components and then each block by dimension).

So this matrix is a upper shifted (n0, . . . , nd)-block matrix, where there are matrices

Ir(X), 1 ≤ r ≤ d and IX is of the form

MN(C) 3 I =



0 I1(X) 0 · · · 0 0

0 0 I2(X) · · · 0 0
. . .

0 0 0 · · · 0 Id(X)

0 0 0 · · · 0 0


.

The Ir(X) are the incidence matrices of the graphs associated to the adjacency matrices
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A
(r−1)↑
X , so we have an adjacency matrix for the simplicial complex, AX = diag(A0↑

X , . . . , A
(d−1)↑
X , 0).

Thus, AX is a block diagonal matrix in MN(C).

The boundary matrix JX ∈ MN(C) is obtained from the simplicial homology applied to

the simplicial complex X. This time we have d boundary operators, ∂r : Cr → Cr−1,

1 ≤ r ≤ d, defined on r-faces σ(r) = (i(0)i(1) · · · i(k − 1) · · · i(r)) by the Equation 1.2 as

∂r(σ
(r)) =

∑
k≤r

(−1)k(i(0)i(1) · · · i(k − 1)î(k)i(k + 1) · · · i(r)),

where the notation î(k) indicates that the vertex i(k) has been removed from σ(r) to

obtain an (r − 1)-dimensional face.

Consequently, δr is a signed version of Ir(X) for each r. Similar to the incidence matrix,

the boundary matrix is a shifted (n0, . . . , nd)-block diagonal matrix of the form

JX = J =



0 ∂1 0 · · · 0 0

0 0 ∂2 · · · 0 0
. . .

0 0 0 · · · 0 ∂d

0 0 0 · · · 0 0


.

A fundamental fact from simplicial homology is that ∂r−1∂r = 0 for all 1 ≤ r ≤ d, and

thus J2 = 0 = (J∗)2. Also, J is a signed version of I, just as in the graph case.

We notice that, as in each dimension of X we have a graph (and a dual version) then the

matrices I, I∗, J, J∗ hold the identities we exposed for graphs. These relations for each

1 ≤ r ≤ d are:

IrI
∗
r = A(r−1)↑ +

D(r−1)↑

r
, I∗r Ir = A(r)↓ + (r + 1)Pr, (3.1)

∂r∂
∗
r =

D(r−1)↑

r
− sgn(A(r−1)↑), ∂∗r∂r = (r + 1)Pr − sgn(A(r)↓) (3.2)

The different dimensions of the faces induce a block-structure on MN(C) and thus a

natural decomposition of the identity matrix into d + 1 pairwise orthogonal projections

IN = P0 + P1 + · · ·+ Pd, where Pr is the projection to the subspace Cr ⊂ CN , Cr ∼= Cnr ,

called chain group. In particular, tr(Pi) = ni.
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ConsiderX with its faces ordered by increasing dimension and let Fλ0 : MN → 〈P0, P1 . . . Pk〉
be the conditional expectation onto the algebra of projections to each chain group.

The projection-valued expectation is of course compatible with the diagonal expecta-

tion Fλ1 : MN(C) → DN(C). Then the previously considered scalar-valued distributions,

both local and global, for simplicial complexes, and some more, are compressions of some

projection-valued distribution of 〈IX , IX , JX , J∗X〉, sitting between (and compatible with)

the expectations Fλ0 and Fλ1 .
Recall that we are thinking of the adjacency, degree, incidence and boundary matrices,

taking into account the block structure that suggest such conditional expectations which

are compatible with the studied expectations, 1
n
tr and τi. The next result states that

all these distributions are obtained by studying a special *-algebra endowed with the

conditional expectations before.

Theorem 3.3.1. All the distributions for simplicial complexes above mentioned, local

and global, are included in the joint ∗-distribution of IX , JX with respect to a tower of

compatible projection-valued expectations, sitting between Fλ0 : MN(C)→ 〈P0, P1, . . . , Pk〉
and Fλ1 : MN(C)→ DN(C).

Proof. We first observe that the positive (thus normal) operators IXI
∗
X , I∗XIX , JXJ

∗
X ,

J∗XJX in 〈IX , I∗X , JX , J∗X〉 are P0, P1, . . . , Pk block-diagonal matrices and hence, by com-

pressing, their algebraic distribution can be recovered from the individual distributions of

the d+ 1 orthogonal pieces.

We will state the matrix relations (all of them well-known and elementary, expressed

in Equations 3.1 and 3.2) in terms of conditional expectations simultaneously for all

dimensions. One has access to matrices for each different dimension by considering the

corresponding compressed space.

1. Fλ1(IXI∗X) = Fλ1(JXJ∗X) is a block-diagonal matrix, with each block being the r-

dimensional degree matrix D
(r↑)
X ∈Mnr , 0 ≤ r ≤ d− 1, averaged by dimension. The

compressed piece corresponding to Pd is the zero matrix.

2. IXI
∗
X − Fλ1(IXI∗X) is a block-diagonal matrix containing each r-dimensional adja-

cency matrix A
(r↑)
X ∈Mnr , 0 ≤ r ≤ d−1. The compressed piece corresponding to Pd
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is the zero matrix. With JX we obtain signed versions of each adjacecncy matrix.

3. Fλ1(I∗XIX) = Fλ1(J∗XJX) = 0P0 + 2P1 + 3P2 + · · ·+ (d+ 1)Pd

4. I∗XIX − Fλ1(I∗XIX) is a block-diagonal matrix containing each dual r-dimensional

adjacency matrix A
(r↓)
X ∈ Mnr(C), 1 ≤ r ≤ d. The compressed piece corresponding

to P0 is the zero matrix. With JX we obtain a signed version of each dual adjacency

matrix.

5. JXJ
∗
X+J∗XJX is a block-diagonal matrix containing all combinatorial Laplace opera-

tors, defined as Lr := ∂r+1∂
∗
r+1 + ∂∗r∂r ∈Mnr(C), for 0 ≤ r ≤ d, with ∂0 = ∂d+1 = 0.

6. Fλ1((J∗XJX − Fλ1(J∗XJX))2) = Fλ1((I∗XIX − Fλ1(I∗XIX))2) is a block-diagonal matrix

containing all dual degree matrices D
(r↓)
X ∈ Mnr(C), for 1 ≤ r ≤ d, averaged by

dimension.

It is worth to mention that the positive operators in the block diagonal of JXJ
∗
X and

J∗XJX are respectively called the up and down Laplacians, and their spectra have been

studied in [28]. The operator JXJ
∗
X + J∗XJX is called the combinatorial Laplacian.

We now recall that block-diagonal normal operators may be equipped with a (d+1)-tuple

of probability distributions. The choice for a good normal block-diagonal operator is then

important for associating X with a tuple of analytic distributions, which is intended to

be informative in some sense.

From our previous theorem, we have seen that the algebra 〈IX , I∗X , JX , J∗X〉 equipped with

projections to the diagonal includes most algebraic distributions associated with simplicial

complexes. Now, we turn back to the question of associating analytic distributions.

In the scalar case, this amounts to select a state and a normal operator in A. In the

B-valued case, there is in general no analytic distribution unless our operator is of a very

special kind. For example, the case of normal, block-diagonal operators in a projection-

valued space.
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So let us first describe normal block-diagonal operators in the algebra 〈IX , I∗X , JX , J∗X〉.
In the algebra 〈IX , I∗X〉 there are several choices for such operators. For example: IkX(I∗X)k

or (I∗X)kIkX , for k ≤ d or, more generally, the block-diagonal operators TT ∗ or T ∗T , where

T = Ik1X (I∗X)l1Ik2X (I∗X)l2 · · · (I∗X)lm .

The operator T is non-zero, then the block-diagonal operators TT ∗ and T ∗T have non-

trivial analytic distributions. if

−d ≤
∑
i≤r

ki −
∑
i≤r

li ≤
∑
i≤r

ki −
∑
i≤r−1

li ≤ d,

for all r ≤ m. Thus, there are plenty of potential analytic distributions if we include IX

in our analysis.

If, instead, we restrict our search to the much better behaved algebra 〈JX , J∗X〉, where

we have the convenient identity 0 = J2
X = (J∗X)2, the algebraic moments of 〈JX , J∗X〉 are

completely determined by the analytic distributions of the mutually orthogonal, positive,

block-diagonal operators JJ∗ and J∗J . Thus, there are not so many possibilities for

block-diagonal normal operators.

Two canonical choices are
√
L := JX + J∗X , and its square L = (JX + J∗X)2 = JXJ

∗
X +

JXJ
∗
X =

∑
0≤r≤d PrLrPr. Both may be equipped with a (d + 1)-tuple of probability

distributions (µ0, µ1, . . . , µd). The block-diagonal pieces Lr = ∂∗r+1∂r+1 + ∂r∂
∗
r , 0 ≤ r ≤ d

are the so-called higher-dimensional combinatorial Laplace operators (see Eckmann [19])

from Hodge theory.

The diagonal blocks of the orthogonal operators L↑ := JXJ
∗
X and L↓ := JXJ

∗
X are respec-

tively, the up and down-Laplacians. We highlight that the analytic distribution of JXJ
∗
X

and JXJ
∗
X completely determines the algebraic F0-distribution of (JX , JX).

By the properties of (∂r)r, one can show that ker(L) = Im(L↑) ∩ Im(L↓) and thus, each

Betti number of X is just dim ker(Lr). Consequently, Betti numbers can be read from

the weight µr(0) = n−1
r βr(X).

Example 3.3.2. Let us consider, σ2, the 2-simplex.
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11 33

22

Figure 3.5: The 2-simplex, σ2.

We have its adjacency and incidence matrices:

A =



0 1 1 0 0 0 0

1 0 1 0 0 0 0

1 1 0 0 0 0 0

0 0 0 0 1 1 0

0 0 0 1 0 1 0

0 0 0 1 1 0 0

0 0 0 0 0 0 0


, I =



0 0 0 1 0 1 0

0 0 0 1 1 0 0

0 0 0 0 1 1 0

0 0 0 0 0 0 1

0 0 0 0 0 0 1

0 0 0 0 0 0 1

0 0 0 0 0 0 0


.

There is an ordering on σ2 where the boundary morphisms are

∂1 =


−1 0 −1

1 −1 0

0 1 1

 , ∂2 =


−1

−1

1

 .

Let us show the interesting blocks mentioned in Equations 3.1 and 3.2 that prove Theorem

3.3.1. Let us see first the incidence blocks:

I1I
∗
1 =


2 1 1

1 2 1

1 1 2

 = A(0↑) +D(0↑), I∗1I1 =


2 1 1

1 2 1

1 1 2

 = 2P1 + A(1↓),

I2I
∗
2 =


1 1 1

1 1 1

1 1 1

 = A(1↑) +
D(1↑)

2
, and I∗2I2 = (3) = 3P2 + A(2↓).
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Next, we see the boundary blocks:

∂1∂
∗
1 =


2 −1 −1

−1 2 −1

−1 −1 2

 = D(0↑)−A(0↑) = L0, ∂
∗
1∂1 =


2 −1 1

−1 2 1

1 1 2

 = 2P1−sgn(A(1↓)),

∂2∂
∗
2 =


1 1 −1

1 1 −1

1 1 1

 =
D(1↑)

2
− sgn(A(1↑)), and ∂∗2∂2 = (3) = 3P2 − sgn(A(3↓)).

Finally, we see the interesting analytic distributions considering the blocks of the combi-

natorial Laplacian:

L0 = ∂1∂
∗
1 , L1 = ∂∗1∂1 + ∂2∂

∗
2 =


3 1 0

0 3 0

2 2 3

 , and L2 = ∂∗2∂2.

Their analytic distributions are µL0 = 1
3
δ0 + 2

3
δ3, µL1 = 3

3
δ3, and µL2 = 1

1
δ3, respectively,

whose weights on their eigenvalue 0 show respectively that the Betty numbers of σ2 are

β0 = 1, β1 = 0 and β2 = 0.

Remark 3.3.3. We encountered Betti numbers in analytic nc-distributions quite directly,

guided by the natural question in NCP of assigning analytic distributions to simplicial

complexes.

3.4 Star product and additive Boolean cumulants of

simplicial complexes

Thinking about the random walks in graphs as we talked about in Section 3.2, we could

think about random walks for higher dimension simplicial complexes. As in graphs, we

walk from a vertex to another through edges, i.e. adjacent vertices; in simplicial complexes

we are only allowed to move from a face to another if the faces are adjacent. This restrict

the walks to be made in one dimension of faces in the simplicial complex in either of
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the two ways, upside (A↑X) or downside (A↓X). Let us say that the walks in dimension

r are called r-walks . To take more general walks in a simplicial complex we would need

different notions of adjacency (and their duals) to make it happen.

On the other hand, if we think of simplicial complexes as in Remark 1.3.8; where they are

made of simplices properly glued, we think of the star product of simplices (or simplicial

complexes) and walks in the resulting simplicial complex.

In the Section 1.3.1 we considered all the simplices to be standard and two of r-simplices

σ1 and σ2 are homeomorphic via a piece-wise linear bijection described in the case where

one of them was no standard (it is obvious for standard).

Definition 3.4.1. An r-rooted simplicial complex is a simplicial complex X with a high-

lighted r-simplex (often called root , and labelled fr), r ≤ dimX. An r-rooted simplicial

complex is denoted by (X, fr). The adjacency matrices of a r-rooted simplicial complex

(X, fr) are the usual adjacency matrices of X.

Definition 3.4.2. Let (X, fr) and (X ′, f ′r) be rooted graps, r ≤ min{dimX, dimX ′}, and

let φ : fr → f ′r the homeomorphism between the chosen r-simplices. The r-star product

of (X, fr) and (X ′, f ′r) is the r-rooted simplicial complex X ?r X
′ = X tφX ′ with root fr,

the glueing r-simplex.

When we think of a random r-walk in an r-rooted simplicial complexes starting at the

root, we are interested in a specific type of walk that is compatible with the r-star product.

We mean, there are random r-walks in X ?r X
′ starting at the root. Then, the r-star

product of these simplicial complexes behave as each walk is taken in either of the two

pieces if we are not walking through the root.

Let us state a generalization of Boolean cumulants. Let X be a simplicial complex and

let A↑ = 〈A↑X〉C. (A↑, τi) is the NCPS where τi is the vector state corresponding to an

r-face.

Given an r-rooted simplicial complex (X, fr), we define a collection of d r-Boolean cu-

mulants for X. The k-th r-up Boolean cumulant denoted by b
(r)↑
k as the k-th Boolean

cumulant of the rooted graph associated to A
(r)↑
X , 0 ≤ r ≤ d− 1.

From the fact that A↑X is a block diagonal matrix then (A↑X)k is also block diagonal matrix

and each block is the k-th power of the corresponding block and thus, the local moments in
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Mn(C) of the self-adjoint matrixA↑X arem
(j)
k = τj((A

↑)k) =
∑

i : [k−1]→[n] A
↑
ji(1)A

↑
i(1)i(2) . . . A

↑
i(k−1)j

which count the number of k-r-cycles from the root simplex; AX denotes the up adjacency

matrix. It can be shown by induction that the up Boolean cumulants count only those

irreducible k-r-cycles, which revisit the root at the very last step, just as in the graph

case (the simplicial complex on each dimension is looked like a graph).

Consequently, the boolean cumulants are additive for r-star products of r-rooted simplicial

complexes, that is, with respect to vector states, we have

b
(r)↑
k (A↑X1?rX2

, A↑X1?rX2
, . . . , A↑X1?rX2

) = b
(r)↑
k (A↑X1

, . . . , A↑X1
) + b

(r)↑
k (A↑X2

, . . . , A↑X2
).

Remark 3.4.3. We talked about the upside and downside adjacencies for a simplicial

complex, but we only define Boolean cumulants for the upside notion. This is due to

the associated rooted graphs to simplicial complexes and the star product of them. We

mean, for rooted simplicial complexes (X1, fr), (X2, f
′
r), the upside adjacency notion and

the r-star product, X1 ?r X2, on the r-th level. If X1 and X2 have n and m r-simplices

respectively, it holds that

A
(r)↑
X1?rX2

= A
(r)↑
X1
⊗ Im + In ⊗ A(r)↑

X2
.

Thus, the associated graph to X1 ?r X2 on the r-th level is the star product of the rooted

graphs associated on the r-th level to X1 and X2.

On the other hand, on the downside notion of adjacency the star product phenomena does

not hold, consequently, if we define the k-th r-down Boolean cumulant for the downside

notion as the k-th Boolean cumulant of the rooted graph associated to A
(r)↓
X , 0 ≤ r ≤ d−1,

this cumulants are not additive respect to the star product of rooted simplicial complexes

because the associated graph to the star product simplicial complex is not the star product

of the graphs associated to each simplicial complex. For instance, if we consider two

copies of the 2-simplex σ2, rooted on an edge, we have their rooted star product and their

associated downside adjacency graphs respectively on the first level in Figure 3.6.

We observe that the associated graph of σ2 ?r σ2 have cycles that does not exist in either

graph associted to the respective copy of σ2 that are counted in the boolean cumulant for

σ2 ?r σ2, not counted in either copy.
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Figure 3.6: σ2, their rooted star product and their associated downside adjacency graphs

respectively on the first level.



Appendix A

Classical probability theory

The purpose of this section is to give a short background to understand the classical notion

of independence of random variables and other important topics in classical probability

theory such as the central limit theorem and the law of the large numbers.

We will develope this section without major proofs as we did in the preliminaries. We

rather give some remarks or do some discussions if necessary. We will follow [24] and [44]

as references for this section.

A.1 Foundations

We would say that probability theory is the study of measure spaces with total measure

one, so the concepts studied must have the same meaning in every measure space that

models the events or random variables. In this sense, the core concepts of probability

theory, such as random variables, can be defined without explicit mention of a measure

space. So we take a functional analysis approach in this section to keep the language and

notation used in the work.

Let Ω be a set that we will call the sample space, which is the set of the immediate

outcomes of all sources of randomness that one is studying. Ω defines a probability space

Ω = (Ω,F ,P) where F is a σ-algebra of subsets of Ω also called the family of events and

65
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a probability measure P on the family of events, i.e. an assignment E 7→ P(E) of a real

number in [0, 1] known as the probability of the event E such that P(Ω) = 1 and P is

countably additive. We usually denote that Ω is a probability space instead of (Ω,F ,P).

Definition A.1.1. Let Ω be a probability space and R = (R,R) a measurable space. A

map X : Ω → R is called a random variable if X is a measurable map. We say X is a

real random variable when R = R and is a complex random variable when R = C, both

equipped with the σ-algebra of the Lebesgue measurable sets.

Example A.1.2. Let X and Y be real or complex random variables over a probability

space Ω. Then X + Y and XY given by the pointwise operation in each case are also

random variables. In fact, the collection of complex(real) random variables forms an

algebra of functions and each element of the algebra is also a random variable.

For now the concept of random variable involves the sample space and we remarked before

that it should not. So we need to introduce an object that carries with all the properties

of the random variable and does not involve, explicitly at least, the sample space. For

now let us take a look to the folowwing example:

Example A.1.3. Let Ω be a probability space, R and R′ be measurable spaces and

X : Ω→ R be an R-valued random variable. If f : R→ R′ is a measurable function then

f(X) is an R′-valued random variable that can be defined without reference of the sample

space as the unique random variable given by the identity of predicates f(X) ∈ S and

X ∈ f−1(S) which holds for every R′-measurable set S.

In this sense, we could think that the random variable X as the unique random variable

given by the identity of events X−1(S) and X ∈ S for any R-measurable set, which does

not require explicit mention of the sample space but of the measurable space R. So it

makes sense to think of the probaility of the event X ∈ S, P(X ∈ S). Notice that

this defines the measure probability P without explicit mention of the sample space. We

denote px := P(X = x).

Taking the discussion into account, we notice that P ◦X−1 is a measure which is in fact

a probabilty measure on R. We denote as µX := P ◦ X−1, i.e. µX(S) = P(X−1(S))

for every R-measurable set S. µX is called the distribution of X or the law of X. We
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remark that µX carries out every interesting property of the random variable X and is

a pure measure-theoretic concept as it does not mention the sample space but only the

measurable spaces involved.

As consequence, we sometimes abuse the notation by writing X instead of µX and for

random variables X and Y we write X ≡ Y for µX = µY .

So far, we know that an R-valued random variable induces a probability measure; the

converse is also true. Given a probability measure µ on a measurable space R there is an

R-valued random variable X with distribution is µ.

Now we study an important concept in classical probability that also allows to conceive

a classical probability space as a non-commutative probability space. This is the concept

of expectation or mean of an integrable random variable.

Definition A.1.4. Let X be an absolutely integrable R valued random variable on a

probability space Ω. We define the expectation or mean E[X] as the integral

E[X] =

∫
Ω

X(ω)dP (ω) =

∫
R

zdµX(z).

An important property of expectation is that it is a linear operator, i.e. E[X + αY ] =

E[X] + αE[Y ] for absolutely integrable complex or real variables random X, Y and α a

scalar. When
∑∞

i=1 |αi||E[Xi]| is finite, then the linear behavior of E applies to infinite

sums.

Given a measurable map f : R → R, we recall R-valued the random variable f(X) and

thus we would like to relate about the expectation of f(X) in relation to the expectation

of X. We find it as follows

E[f(X)] =

∫
R

zdµf(X)(z) =

∫
Ω

f ◦X(ω)dP (ω) =

∫
R

f(z)dµX(z).

An important example of expressions such as E[f(X)] for complex or real random variables

are the moments of X namely E[|X|k] for k ∈ N.

For an absolutely integrable real random valuable we have that E[|X|] ≥ 0 and the Markov

inequality , which states that for any λ > 0 holds

P(|X| ≥ λ) ≤ 1

λ
E[|X|].
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Definition A.1.5. Let X be a complex or real random variable with finite second mo-

ment, i,e, E[X2] <∞. We define the variance of X

Var(X) := E[(X − E[X])2] = E[X2]− E[X]2.

Now, for a random variable with finite second moment. The Markov inequality implies

the Chebyshev inequality , which states that for any λ > 0 holds

P (|X − E[X]| ≥ λ) ≤ Var(X)

λ2
.

In consequence, having knowledge of the first and second moments we could describe

better the distribution of the random variable X respect to the mean value.

A.2 Classical independence is tensorial

Now we are interested in studying a family of random variables that interact with each

other rather than studying each one of them. Once one studies families (Xα)α∈A of

random variables Xα taking values in measurable spaces Rα on a single sample space Ω,

the distrbution of the individual random variables Xα is no longer sufficient to describe

all the probabilistic statistics of interest, the joint distribution of the random variables

becomes relevant. Let us recall the product of σ-algebras before introducing the mentioned

concept.

Definition A.2.1. Let (Ωj,Rj) be a measurable space for each j ∈ J . Then, the σ-

algebra on the cartesian product
∏

j∈J Ωj generated by the sets A ×
∏

j 6=i Ωj, A ∈ Rα.

We denote this measurable space as ⊗j∈JΩj and is called the product measurable space.

In case that (Ωj,Rj) are the same measurable space, we denote the product measurable

space as ΩJ . Notice that in the product A×
∏

j 6=i Ωj we mean that A takes the i-th place

and each Ωj in their corresponding place as in the cartesian product
∏

j∈J Ωj.

Given a family of random variables (Xα)α taking values in measurable spaces Rα on a

single sample space Ω, we can think of them interacting as a single random variable taking

values in the product measurable space ⊗j∈JRj.
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Definition A.2.2. Let (Xα : Ω → Rα)α∈A a family of random variables. The joint

distribution of the family (Xα) is the probability measure in ⊗α∈ARα such that for each

event S ∈ ⊗α∈ARα indicates the probability which the tuple (Xα)α is in S.

Remark A.2.3. Notice that in the former definition the joint distribution is not given

in terms of the distributions of each random variable Xα. There is an important case in

which the joint distribution is determined by the individual distributions, this is called

independence.

The Lebesgue-Fubini-Tonelli theorem states that given two σ-finite measure spaces (A,A, µ)

and (B,B, ν), there is an unique measure µ⊗ ν on A⊗B such that

µ⊗ ν(S × T ) = µ(S)ν(T ), for all S ∈ A, T ∈ B.

Further more, for every non-negative measurable function f : A × B → R such that∫
|f |dµ⊗ ν <∞. Then,∫

fdµ⊗ ν =

∫
dµ(a)

∫
f(a, b)dν(b) =

∫
dν(b)

∫
f(a, b)dµ(a).

This measure is called the product measure of µ and ν on A⊗B.

Definition A.2.4. A family (Xα)α∈A of random variables is said to be jointly indepen-

dent or that the Xα are independent if the joint distribution of (Xα)α∈A is the product

measure of the individual distributions of each Xα. And we say that the family (Xα)α is

independently and identically distributed , or iid , if they are jointly independent and all

the Xα have the same distribution.

Let us recall that for Hilbert spaces over measure spaces we have the isomorphism

L2(S, dµ)⊗ L2(T, dν) ∼= L2(S ⊗ T, dµ⊗ dν).

Where the left side is the tensor product of Hilbert spaces and the right side is the product

of measure spaces with the product measure. The isomorphism is given explicitly by

f ⊗ g → fg.

Let AS = L2(S, dµ) and AT = L2(T, dν) the spaces of random variables with finite second

moment on their respective measure spaces. Then if X ∈ AS, Y ∈ AT are independent,
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the expectation of the joint distribution can be factorized as the product of the expectation

of each random variable, we can see this as:

E[XY ] =
∫
xydµX,Y =

∫
xydµ(x)⊗ dν(y) =

∫
dµ(x)

∫
xydν(y)

=
∫
xdµ(x)E[Y ] = E[X]E[Y ] ∼= EX ⊗ EY .

Remark A.2.5. If X and Y are independent then the expectation of (X, Y ) is the tensor

product of the expectation of X and Y respectively. This can be understood the same

way for a family (Xα)α of random variables due to the definition of product measure and

independence. We observe here that the expectation of a random vector (Xα)α can be

realized as the product of the expectation of each entry.

In a diagram, For two random variables with all finite moments and AX ,AY be the

algebras spanned by X and Y respectively, we have that

C

AX

EX

99

ι1
// AX ⊗AY

h

OO

AY
ι2
oo

EY

ee

where ι1 = 1AX
⊗ 1, ι2 = 1 ⊗ 1AY

, 1 is the constant random variable with value 1 in C
and h = EX ⊗ EY if and only if X and Y are independent.

A.3 Fundamental theorems

Here, we state the two fundamental theorems about asymptotic distributions due to their

importance on the theoretical development of the area.

Definition A.3.1. Let (Xn)∞n=0 be a sequence of random variables taking values in R.

1. We say that the sequence converges in distribution to a random variable X, if for

every continuous and bounded function f : R→ R holds that

lim
n→∞

E[f(Xn)] = E[f(X)].
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2. We say that the sequence converges in probability to a random variable X, if for

every ε > 0 holds that

lim
n→∞

P (|X(ω)−Xn(ω)| > ε) = 0.

One can see that convergence in probability implies convergence in distribution. Now we

can state the law of large numbers and the central limit theorem.

Theorem A.3.2 (Law of large numbers). Let (Xn)∞n=0 be a sequence of iid scalar random

variables. If we denote for each n as

Yn :=
X1 + · · ·+Xn

n
.

Then, the sequence of random variables (Yn)n converges in probability to Y = E[X1].

So the law of large numbers is stating that if we make a histogram for each n of Yn then

the histogram is constant with value E[X1].

Theorem A.3.3 (Central limit theorem). Let (Xn)∞n=0 be a sequence of iid centered real

random variables with all finite moments. If we denote for each n as

Zn :=
X1 + · · ·+Xn√

n
.

Then, the sequence of random variables (Zn)n converges in distribution to a Gaussian

random variable with µ = 0 and σ2 = Var(X1).
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