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Abstract

We give the explicit chaos representation of the solution of a class of one
dimensional stochastic bilinear heat equations with drift in the first haos and
driven by a space-time white noise. The solution is a stochastic process with
finite moments of all orders.

The L2?-Lyapunov exponents of the solution are also estimated.
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1 Introduction

Semilinear heat equations driven by space-time or space white noise has been studied
by several authors (see [1], [4], [7], [8], [10], [11], [13], [14]).
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In one dimensions the solution is usually in L? and in many dimensions the solution
is in some distribution spaces.

The chaos expansion is a convenient way to solve linear stochastic equations and
it is very useful for obtaining many properties of the solution, such as: continuity,
estimates of the Lyapunov exponents and for the moments, large deviations, etc.(see
4], [11], [12], [13)).

In the present paper we consider one-dimensional linear heat equations with the
drift in the first chaos, deterministic initial condition and driven by a two-parameter
Brownian sheet. This class includes those considered in the above mentioned papers.
The solution is a process for which we compute explicitely the chaos decomposition
of the unique weak solution. Then we use the chaos expansion in order show that
the solution is an analitic functional with finite moments of all orders and also for
obtaining upper estimates for the second moment Lyapunov exponent of the solution.
The results can be extended to general elliptic operators.

2 Preliminaries

Let {(Wiz},so ve[0.1] be a Brownian sheet defined on a complete probability space
(Q, F, P), where F is the completion of the Borel o-algebra generated by W. That
is W is a centered Gaussian random field with covariance

EWs Wiy) =(sAt)(xAy), s,t >0, z,y €[0.1].

In the sequel we recall the basic definitions and some results of the stochastic calculus
of variations with respect to W. For details we refer to [8] and [9].

For f € L?((Ry x [0,1])"), f symmetric, we denote by I,(f) the nth multiple Wiener-
Ito integral. Recall that every F € L*(Q,F, P) has a a unique orthogonal chaos
decomposition

F=> I(f),
n=0

fo=1Iy(fo) = E(F) and f,, € L*((R, x [0,1])"), f, symmetric.
For every A > 1 we define

o0
2 n 2
1Fx = Zn!)\z an||L2((R+><[O,1])") ’

n=0



and
Ho={F € L*(Q,F,P):||F||, <oo, YA>1}.

The elements of H,, are called analitic functionals and H, is included in the space
D, of smooth functionals introduced by Watanabe[15].
For a process {u;},~g<p<; With the chaos decomposition

oo

Ug e = Z In(f;;’x)a

n=0

fo € L2((Ry x [0,1])™), f5*(.) symmetric and for A > 1, we put

o) T 1
HUHiT = Z”!)‘Qn/o /0 ”ff;wHi?((R+><[0,l})") dzdt,
n=0

and we define Hy, (L* ([0, 7)) as the class of all processes u such that [lull, , < oo
for all A > 1. Also we denote by

D:DY? cCL*(Q,F,P)— L*(R, x[0,1] x Q)
the derivative operator and by

Dk

11,21, 5tk Tk

= Dtl,l'l"'Dtkawk :

IW2CL%QJZPyeL2«R+xmJDka>

the iterated derivative operator.

Let 6 : Dom § C L* (R, x [0,1] x Q) — L? (€, F, P) be the Skorohod integral op-
erator, which is the adjoint of the derivative operator D. We will make use of the
notation 6(u) = [;° fol uy AW, . for any u € Dom 6.

Let LF? = L2(R, x [0,1],D"?), that is, a process u € L? (R, x [0, 1] x Q) belongs to
LF? if uy, € D*? for a.a. t, 2 and there exists a measurable version of Df ., o U,
veryfying

11,21, 5tk Tk

E [ / Dk |’ drdtday..da,dty..dt, | < oo,
(Ry x[0,1])"+!



or equivalently, if

Ug e = Z In(f£7w)a
n=0

fi% e LA(Ry < [0,1))7"), f4* symmetric, f, € L*((Ry x [0,1])"™), to saying that

Zn(n —1)..ln—k+1)n! ”fn||i2((R+><[071Dn+l) < 0.

n=2

Theorem 2.1[9](Integration by parts formula). Let {Xi},co7 be a process of the

form
t pl
Xt:/ / us<y)dWs,y7
o Jo

such that
(Zl) u € L*2.
(i2) There exists p > 4 with

/ B (Dy s (2))) P dadtdyds +
([0,7]%[0,1])?

" (/([0 T]%[0,1])* |D§1’y1’827y2ut (x))}p dmdtdwﬂ&) < 00.
) XU,

Let {Vi},ciom) be a continuous process with a.s. finite variation such that

(jl) Ve LY and
T T 1
E U / / |Ds,yvt|4dtdyds] < 0.
0 0 0

(j2) The mapping t — D, .V, is continuous with values in L* (), uniformly with
respect to s,x. Then we have

t 1
XV, = / / us(y) VsdWs o, +
0o Jo



t t 1
/ VI Xods + / / us(y) D, Vsdyds.
0 o Jo

Let pi(z,y) be the Green function to the heat equation on the interval [0.1] with
Dirichlet boundary conditions, that is

o0

1 _ (yfzf2n)2 _ (y+zf2n)2
Dy (37’ y) = E e 2t —e 2t

27t

n=—oo

For a function g : R — R denote

1
Fyg(x) = / pi(, y)g(y)dy.
0
Let a’(s) : R — R, b: Ry — R, n:[0,1] — R be measurable functions.

We introduce the hypothesis (H):
(H) b,n are bounded and

T oo T 00
/ / |a(s)| dsdt < oo, / / ‘at(s)|2 dsdt < oo for all T' > 0.
o Jo o Jo

We consider the linear stochastic heat equation

Oug(x O us(z e

Dule) — L0 o7 (atYuy(x) + b(t)ug () S

u(0) = w(1)=0 >
U = n.

Definition 2.2. We say that a measurable process {u:()};0 ,ecpo,1) IS @ weak solu-
tion of (2.1) if for every t € [0,1] and ¢ € C?([0,1]) with ¢(0) = ¢(1) = 0 we have
Lo, ()b()u.(*) € Dom ¢ and

/Olgo(m)ut(x)dx—/ dx—// ;azﬁ uy(z)dads +
/ / )1y (0 g (2)dads + / / (2)dW, . (2.2)

By using integration by parts formula (Theorem 2.1) and stochastic Fubini theorem
(deterministic and stochastic) we obtain as in Gyongy|2], [3](in the adapted case) the
following result.




Theorem 2.3. Assume the hypothesis (H) holds. Let {uy()},50 sccio1) be a measur-
able process which satisfies the assumptions of Theorem 2.1.

Then the following statements are equivalent.

(1) u is a weak solution of (2.1).

(2) For every t > 0 and (s,x) € CY2([0,¢] x [0,1]) with 1(s,0) = (s,1) =0, s €

[0,¢] we have
[ vt ayuters — [ o0, -

/ / {1 8212;2 ° 8¢éia x)l us(x)dzds +

/Ot /01 b (s, 2)11 (0 )us () dads + /Ot /01¢(8,$)b(8)u5(x)dW57x. (2.3)

(8) For almost every w € Q2 and for all t

u(z) = Pz //pt s(z,y) 1 (a®)us(y)dyds +

//pt s(7,9)b(8)us(Y) Wiy, (2.4)

for almost all x.

3 Main Results

We introduce the following notation (later we give the hypotheses which guarantee
that the quantities introduced below are well-defined):

Given ty, ...,t, and a symmetric function of n — j variables (j < n), we denote by
fn—j(ti, .., t;;) the function f,_; evaluated in t’s other that ;,, .., 1,

AL {<Zla'a ) Zk%zllfk#l@k ,...,n},jgn,



t . 1
hy(u) = /0 a"(u)dr, Y; = exp {5 Hht(.)HiQ(RH},

C, = exp {/Ot (@*(): o9 () 2 ds} :

Remark 3.1. We have the following straightforward equalities:

d . on .
%hi@ (t,...,tn) = nsym (at ® h?( 1))(t, ...,tn)) : (3.5)
dYy
— = (a0 1) o, Yoo (3.6)
dc,
—t= (', 1) 115, Ot (3.7)

Theorem 3.2. Assume that (H) is satisfied. Then the equation (2.1) has the unique
weak solution in Hyo(L? ([0,T]) for all T > 0, given by the chaos expansion

wile) = 3 L), (3.8)

o7 = CY,Pm(z), (3.9)
and for n > 1,

P, hE™(ty, ..., ty,
fﬁm(tla"'7tnax17'-'axn):CtY;f{ tn(m) ¢ <1’ ; )+

n!

sym Z1t1<..4<tj<tpt—tj($7xj)b(tj)ptj—tj_l(xjyxj—l)b@j—l)---
j=1



Pra-ty (@2, 22)b(00) P (@B 1, )| =

%Cty; Z Z Ly <<ty <t X

7j=1 (’il,..,ij)GAj’n
Xpt*tij (.I', xij)b(tij )ptij —ti;_y (xij’ xijfl)b<tij71)“'pti2 —tij1 ('Tiw Liy )b(tll) X

)P (@i ) Fis i) + P(@)hE (b s t)] (3.10)

Moreover for all t > 0,z € [0,1] and n > 1,

127 2, oy < % CEY2 (4 1)

o i) (1)
+

X — - . 3.11

n!Z (n—j)I(L+1) (3.11)

J=0

Proposition 3.3. Let u;(x) be the unique solution given in Theorem 3.2. Then the
following properties are satisfied.
(i) For all t > 0,z € [0,1], u(z) € Hy and

sup  |lw(x)|], < oo for every T >0, > 1. (3.12)
0<t<T,0<z<1
(ii) The mapping
(t,x) = wy(z) : Ry x [0,1] — Hoo

18 continuous.
(iii) For every p>1,T > 0,

sup  E(Ju(x)) < o0. (3.13)

0<t<T,0<z<1



Proposition 3.4. Assume the hypothesis (H) is satisfied and let ui(x) be the unique
solution given in Theorem 3.2. Moreover suppose that there exist « > 1,hy € R, hy >
0, such that

limsup—/ / s)dsdr < hy (3.14)

t—00

lim SUP ||ht||L2 (Ry) S ha. (3.15)

t—00

Then

1
hmsupt— log sup E (|uy(z)] ) <

t—00 0<z<1

2(h1—|—h2), a>1.
Corollary 3.5. Assume the hypothesis (H) is satzsﬁed and a € L'(R.) N L*(R,).
Then (8.16) is fulfilled with o = 1,hy = 0, hy = ||a||L2(R+)
Corollary 3.6. Assume the hypothesis (H ) is satisfied and

hmsupt—/ / la"(s)| dsdr < ky < o0, (3.17)
t—o00
lim sup— / / s)|? dsdr < ky < 0. (3.18)
t—o0

Then (3.16) is fulfilled with o = 2, hy = k2 ||b]| . , he = k1.
Corollary 3.7 (Adapted case). Assume the hypothesis (H) is satisfied. Moreover let
a"(s) = a"(s)lj(s) for all r,s and suppose that (3.17)

hmsup—/ / |a" (s)|* dsdr < k < oo. (3.19)

t—00 t

Then (5.16) is fulfilled with o = 2, hy = k ||b|| , ho = k1.

Remark 3.8. Estimate from below of the L2-Lyapunov exponents can be obtained
in a similar way.



4 Proofs

Proof of Theorem 3.2. Euxistence. Let u € Hyo([0,7]), T > 0, be a weak solution
given by the expansion (3.8). Then, from the expression of the Skorohod integral and
the product formula for multiple Wiener integrals( see [5] or [8]) and by identifying
the kernels of multiple Wiener integrals in (2.4), it follows that the sequence of kernels
{fl=} . is solution of the infinite system of deterministic integral equations

t 1
0" = Pun(x) +/ / Pi—s(@,y) (@* @ 1, f1) 2 g, xpo.1y) Ay s, (4.20)
0 0

and for n > 1,

n

1 t 1 o
ToT (815 ey Sy Ty vy Ty) = — Z/ / pis(x,y)a’(s;) [ (8, ;) dyds +
o Jo

=1

t 1
(TL + 1) /(; /(; ptfs(xay) <as ® 17 fs:El(Sl? o5 Sy L1y oeey x">L2(R+><[O,1]) dde +

1 & U
; Z 1si<tptfsi (33; xi)b(si)fni’f(si, xz) (4-21)
i=1

We prove that f5* given by (3.9), (3.10) is a solution of (4.20), (4.21).
We have

0 (s1,m1) = Ai(s, z, s1,21) + Ao(s, z, 51),
Al(sa x, 51,.@1) — Cs}/sps—sl (I’,$1>b(51))P817]((E1)131<3,

As(s,x,81) = CsYs Psn(z)hs(s1)).

Then

t 1 t el
/ / Pe—s(2,y) (a® ® 1, A1(8,Y)) 12 (R, x[o.1) WVdS = / / pi—s(2,y)CsYs x
0 Jo 0 Jo

10



<[ e b Pt s s -
/ c.Y, / | { / RN ) y1>dy] *(51)b(51) Pyn(yn)dysdsrls =
/ CY/ {/ De—s, (Y, yl)Psln(yl)dyl} a’(s1)b(s1))dsids =

Pate) [ €. [ arsps)dsds = Pt [ vicr (1.22)

Also we have

t 1
/ / ptfs(xa y) <as ® 17 AQ(Sv y)>L2(R+><[0,1] dde =
0o Jo

/ot/olp”(x’y)csn /Ooo /01 a*(s1) Poyn(y)hs(s1)dyrdsy dyds =
/ cr / U Puos(® y)Psm(y)dy] a*(s1)hy(s1)ds1ds =

t
Pin(x) / Y/Clds. (4.23)
0

From (4.22) and (4.23) we obtain (4.20).
Next using the expression for f; given by (4.21) we have that

t 1
2 [ [ palen) (@8 © 185 61,1)) gy s =
0 0

2/ / Di—s(z,) U / 0)f3(0, sy, 2, ml)dzdé} dyds = Z (4.24)

7j=1

11



I = /Ot/olpts(:c,y) /OOO /01 a*(0)CsYeps—s, (y, 11)b(s51) ¥

Xps, (21, 2)b(0)(Pon) (2) lo<g<s, <sdzdfdyds,

= [ [ o) [ [ @@ ot 00 5

XPo—s, (2, £1)b(51)(Psyn) (1) Lo< sy <o<sdzdfdyds,

t 1 ') 1
13 - / / pt—s(xa y)/ / as(e)CsYsps—G(y7 z)b(9)10<9<31 X
0 0 0 0

X (Pon)(2)hs(s1)dzdOdyds,

t rl oo rl
14:/ / pts(:ﬂ,y)/ / a*(0)CsYops—s, (4, 21)b(51) Lo<s, <o ¥
0o Jo 0 0

X (P51 77) ($1)h5<(9)d2d9dyd8,

I = (P)(2) /0 t /0 0 (0)C. Y hy (6)hs(s1)dbds.

By using the semigroup property of p we obtain easily that

t S1
I = 1a cppas (2, 20)b(51) (P ) (1) / oy, / a*(0)b(0)d0ds,
s1 0

t s
Iy = 1sl<tptsl(xaiUl)b(Sl)(Pslﬁ)(xl)/ CsY:e/ a®(0)b(0)dbds,

12



and then

t s
L+1,= 1sl<tpt51(56,351)5(81)(133177)(111)/ / ClY.ds. (4.25)

s1 J0

Similarly we obtain

I3 = (Pn)(x) /Ot ClY;hg(s1)ds, (4.26)
= Lycapia (o 0)Ws) (Pun)(w) [ €., (4.27)
I = (P (2) /0 O ha(s1)ds. (4.28)

Replacing (4.25)-(4.28) and the expresion of f; given by (3.10)in (4.24) we obtain
(4.21) for n = 1.
For arbitrary n write

fi’fl(sh ey St 1y Ty ooy Tpp1) = AY(S1, ooy Spp1, Tog1) +

n
87y77:17"77;'
E E [Al 3(51,...,Sn+1,x1,...,$n+1)+

5=1 (i1,1i) €D m

J
S,y,i17..7’ij Svyvilv"vij

E A2’k (81,...,8n+1,$1,...,$n+1)+A3 (81,...,Sn+1,$1,...,$n+1)—|—

k=2

Bj-’y’il’”’ij (81, vy Snt1, L1y -eey $n+1):| + Cs’y(Sl, ceny 3n+1)7 (429)
(n 4+ VA (s1, ..., Spt1, Tng1) =

CsY’a‘lsn+1<sps—8n+1 (y7 xn-&-l)b(sn—&-l)P8n+177(xn+1)h;®n(31v ey sn)v

13



(n+ 1)IAY (51, ..., 8p41,25) =
CsYs 1y, <sps—s; (Y, 25)(55) Poyn(@)hs (s5) R (35),
(n+ 1)!Ai’y’i1”"ij(sl, ey Spt 1y Ty ey Tpg1) =
CsYil,, <siy <sij<sPs—si (y, xz’j)b(sij)---psifsil (@i, T4, )b(85,) X
XDsi, —snin (Tiy flf’n+1)b(8n+1)Psn+177(55n+1)h§(n7j) (8iys o) 815 Bny1),
(n+ 1)!A§’,%’il""ij(81, ooy St 1y T1y oy Tpg1) =
CYils, <oy, <snpr<sy, <c<si; <sPs—sq, (U i, )b(5i,) ..
--Dsiy —snia (mikv y)b(5n+1)psn+1fsik71 (anrl, UCik,l)b(Sik,l)m
oDy —si, (Tigs xil)b(sil)PSiln(xil)h?("_j) (8i1y s S35 Bng),

(’fL + ].)!Ag’y’il’“’ij (81, ey Spt1, Ly -eey l‘n+1) =

Cs}/:elsil <...<S¢j <Sn+1 <spsfsn+1 (ya 5n+1)b<3n+1)~ ..
Py (Tnt1, 3, )0(81,) - Py (i, ) RE" (34, .0 83, i),

syyﬂ.lv"ﬂ"
Bj ! (317 ey Sty L1y oeny xn—f—l) - CsYrslsil<4..<sij <sps—sij (y, mz])b(sz])

14



P, n(xh)hs(sn—l—l)h?(n_j) (§i17 SE) §ij7 §n+l)a

en 3i1

(n + 1)!08,y(51’ ) SnJrl) = OsY;Psn(y)h;@(n+l)(sla cee SnJrl)‘

By the semigroup property of p and Fubini’s theorem we obtain

t 1
I=+1) / / Pe-s(z,y) (@® @ 1, A (s1, ..., ) r2(R, (0.1 AYdS =
o Jo

1 t
L paa) / Y,CUhE™ (51, .., 5)ds,
n! 0

t pl
Ij = (TL + 1)/0 /0 ptfs<xvy) <as ® 17 Aj’y(sla ] S”+1)>L2(R+><[0,1]) dde =

1 ¢ o
ﬁps]n(x)/o KC;h? (Sj)dS,

sy o g
0 Jo

X <as @1, AVS 9 (s, 8,y Ty ey T dyds =

LJ ’ n)>L2(R+><[O,1]

1
) Ly, <.<siy<tPi—s;, (2, 2:;)b(8i;) o P, (i) X

t Siq ]
/ }/sCs |:/ as<8n+1)b(8n+1)d5n+11 h?(nij)(giu ceey §ij)d87
S; 0

L5

Jy Y= (n+ 1)/ / Pi-s(2,y) X
0 Jo

15

(4.30)

(4.31)

(4.32)



ERTRAPRN S —
X <as®1,A2jk J(sl,,..,sn,ml,...,mn)> dyds =
Js L2(Ry x[0,1]

1
mlsi1<.4.<$i]. <tpt—$7;j ('ra Ii]')b<5i]') """ Psiln(aj’il) X

t
/ Y.C,

J

Sig_1

Sik ) R
/ a8(8n+1)b(sn+1)dsn+1] h?(n_j)(gm e Sij)dsa

i e [ [ i
0 JoO

ERTRAPRN S —
X <as®1,A3j J(sl,,..,sn,ml,...,mn)> dyds =
’ L2(R x[0,1]

1
mlsil<...<$i]. <tpt—$i]. (Q?, xij)b(s’ij)"'PSiln(mil) X

t
/ Y.C,

J

From (4.32)-(4.34) we deduce

S
/ a8(5n+1)b(5n+1)d5n+1] R (5, 8, )ds.
si;

Jiteeds | piteds | piteis _

1
H 1Si1 <'”<sij <tpt—8ij ('1:7 xij )b(sij ) P /’7(:1:11 ) X

Sil

t
X / Y,CLhE (3, .., &, )ds.

Also we have

Ji = (n+ 1)/ / Pi-s(2,y) X
0 Jo

16

(4.33)

(4.34)

(4.35)



% <CI/S ® 17 B;,y,il,.-,ij<81’ ceey Sy L1y eeny xn)>L2(R+><[0 1 dyds =

1

m ]-Sil <~~~<5ij <tpt—$ij <I7 Si]' )b(sij ) """ P5i1 Tl(‘r’tl) X

t
b/m YIChE (3, ..., &, )ds. (4.36)

i

Next

t 1
J = (n + 1)/ / ptfs(x, y) <as ® Cs,y(517 ceny Sn)>L2(R+X[0,1] dyds =
0 0

t
—%Iﬁn@dt/‘Cl}ghfnﬁnw“,&ﬁds. (4.37)
n! 0

Suming (4.30) and (4.37) we get
1 t
I+J= - 577(56)/ (CYs) hE™(s1, ..., 8p)ds =
- 0
1 an
EPSTI(:U)CtY;fht (Sla ) Sn) -
1 t

n! Jo

and from and (4.36), (4.37) yield

nsym (a® ® h®("’1)) (81, .-y Sp)ds, (4.38)

Jl J+J’2 J+J3 J+J’4 R

1
ﬁlsi1<"'<sij <tptfs,'j (.CU, Sij )b(SZJ) """ PSil n(xn) X

t
x/(ﬂ@ﬂ@"%%wﬁwﬁz

2

17



1
1

1
mlsil<...<sij <tPt—s;, (55; Sij)b(Si]) Pszlﬁ(%l) X

t
></ CY(n — j)sym (¢’ ® pEn=i= 1)) (841, -y B3, )ds.
Finally (4.38), 4.31 and (4.39) prove the validity of (4.21) for n.
Next, for t > 0, x € [0,1],7 < n, we have

. 2
Hsym [1t1<...<tj<tpt—tj (z, ‘Tj)b(tj)"Ptjn(xj)h?(n Dtj, --;tn)] ‘

[re
(n—7)!

12 1Bl (| 2et oo

(n—j)!

X/ / pt t; (‘TJIj)p‘?jftj,1<xj7mj71)"'
t1<...<tj<t J[0,1)

”'pf2—tl (1‘2, l’l)dl‘ldl']dtldt] =

i
2, o 257 (24=)
(=5t T(E+1)

18

Hlsi1<-~-<5ij<tpt_5ij (ili', Sij)b(sij) Pszln(xn)CtY;fh e ])(3117 ) §ig) -

Hlsil <<oi;<tPi-sy, (z, 55;)b(8i;) .- Ps; (i, )C’Sij Y. h;@;gnﬂ') (815 s 83y) —

L2((R+x[0,1))")

/ / , }pt,tj(x,xj)b(tj)..Ptjn(xj)fdxl..dxjdtl..dtj
t1<..<tj<t J[0,1]Y

(4.39)



which implies easily (3.11).
Now from (3.11) we have for A > 1,

2 n z|12 2
lue(@) I3 =D N | £ oy oy < CEY2 Il %

) (tnbu‘;o)%
Z )\2712 H tHL2 (Ry) 4 _

n=1 j=0 (Tl—j) P(%+1)

J

n— b 2
(n -+ 1) 2 20, (4=)

8»&-

2(Ry) N2 |he3 2
CEY? Inll3, LRy : te L2(Ry)
J=0 n=j (n =)t F(%+1)
2(j+k) dlblle, ) 2
(G AR+ DA R T ( 4“)
— a2l o) L
;; k! I (4+1)

A Rt HhtHLz(R+ = J(
C2Y2|n|l2, Z Z
k=0

3=0

|ht”)

A |2 R+)Z

tIA4]]b)) 4 3
0o )\2k||ht||2k 0o ( |LHoo>

Z k!L2(R+) Z 5 ( A

k=0 Jj=0




and then
(@)1 < CEYE Il (24+ 2 hlaca, ) X

.Z

2
)‘ ”htH 2(R ) 2 )

(4.40)

Now it is clear that (4.40) implies that u € H.,(L? ([0, T]) and u is a solution of (2.1).

Uniqueness. Let u € Hy([0,T]) be a weak solution. Define

v = I(h) — /0 thr(r)b(r)dr: /0 th((ﬂ")dr— /0 thr(r)b(r)dr,

y(z) = e tuy(x).

10%¢(
X, = // 3 8:U2 (x)dzds +
// x)[1(a®)us(z dxds—l—// z)dW 4,

Of course we have

v, = I1(a") = hy(£)b(t), Dye " = —hy(t)e .

From definition we have for ¢ € C?([0, 1]) with ¢(0) = (1) =0

xi= [ et - [ oo

By integration by parts (Theorem 2.1) we obtain easily that

/0 plaula)ds — / ! o@)n(@)ds =

20

(4.41)



/ / ;a;ﬁ ys(z)duds + /0 t /0 1 p(2)b(s)ys (2)dWs. (4.42)

Thus (4.41), (4.42) show that y is a weak solution of the equation

Oy (x 15) T 82Wy
yég) = ; gatcg + b(t)ye() 6t8;
y:(0) = w(1)=0

Yo = n,

which has a unique solution (see [1], [11]). B

Proof of Proposition 3.3. The property (3.12) is a consequence of (4.40) and
(3.13) follows from (4.40) and Proposition 2.2 of [13]. Consider now a sequence
(t*, 2¥) converging to (¢, z).

We have f" (t1, ..., tn, @1, ..., ) converges to fo%(ty, ..., tn, 1, ..., Tn) as k — oo, for
almost all ¢;, z;. Then (3.11) and the dominated convergence theorem yield

2
T =20, (4.43)

L2((Ryx[0,1])")

Next (4.43) and (3.12) imply that

2 kﬂoo
Hutk —ut H |

Proof of Proposition 3.4. From (4.40) for A = 1 and [4, page 50] we have for
e>1,t— oo,

B (|u()) < GBIl (2+ IelFaca,) ) %

- <t52||b|| )
A3 A 1 < C (24 hilace,) ) %

(]
j=1 2

X {Qexp (%) +O(%)} ;

where from it is easy to conclude taking ¢ — oo and then € (1. W
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