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Introduccion

Esta tesis comprende dos capitulos. El Capitulo 1 es el articulo aceptado el mes de junio 2012
para publicacion en la revista Bernoulli “The Lamperti representation of real-valued self-similar
Markov processes”. El Capitulo 2 corresponde al articulo en preparacién “On Lévy processes
conditioned to avoid zero”. El punto en comin de ambos capitulos son los procesos de Lévy
a valores reales. A continuaciéon daremos una breve descripcion sobre los procesos de Lévy y
la relacién que éstos guardan con cada capitulo. También daremos una descripcion general del
contenido de los Capitulos 1 y 2.

Procesos de Lévy

Los procesos de Lévy a valores reales son procesos estocasticos con incrementos independientes
y estacionarios. En el Capitulo 1, tenemos que todos los procesos de Markov autosimilares
positivos se pueden expresar como la exponencial de un proceso de Lévy cambiado de tiempo
por la inversa de su funcional exponencial. Generalizaremos esta propiedad al caso en el cual
el proceso de Markov autosimilar toma valores en los reales. En el Capitulo 2, la regularidad
por si misma del punto cero para los procesos de Lévy implica la existencia de una densidad
continua del g-resolvente (ver [5]). Bajo el supuesto adicional de que el proceso de Lévy no
es un proceso de Poisson compuesto, se puede hallar una funcién invariante para el semigrupo
del proceso matado en su primer tiempo de llegada a cero. La funcién invariante se obtiene
como un limite de una sucesion de funciones determinada por la densidad del g-resolvente. Con

ayuda de la h transformada de Doob, construimos la ley de una nueva clase de procesos de
Markov.

En los dos capitulos, la tripleta (a,o,7), que caracteriza a los procesos de Lévy, es fun-
damental en las pruebas, férmulas y ejemplos. Recordamos la definicién de la tripleta de un
proceso de Lévy. Si & es un proceso de Lévy con ley P, entonces para cualquier ¢t > 0, & es
una variable aleatoria infinitamente divisible y su transformada de Fourier admite la formula
de Lévy-Khintchine, i.e., existe una funcion ¢ : R — C tal que

E(e?) = e N X e R,
con v dada por

2
Y(A) = ia\ + %)\2 + /R(1 — ™M + i xl{p<ny)m(dT), A ER, (1)

donde a € R, 0 > 0y 7 es una medida definida en R\ {0} que cumple [ (1A2%)7(dz) < co. La
constante a es conocida como deriva, o es el coeficiente Gaussiano y 7 es llamada una medida
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de Lévy. Para nuestra comodidad al momento de hacer célculos, escogemos el exponente
caracteristico de manera diferente en cada capitulo. Por ejemplo, en el Capitulo 2, tomaremos
1) como en (1), mientras que en el Capitulo 1, ¢ sastisface E(e?¢t) = ¥ ¢ > 0, A € R, con

2
(N = iah — %/\2 + /(em — 1 — Ml ygay)n(dz), A €ER.
R

Un ejemplo importante de un proceso de Lévy, que estard presente en toda esta tesis, es
el proceso a-estable. Para a = 2, el proceso £ es el bien conocido y estudiado movimiento
Browniano. En el caso a € (0,2), el proceso a no tiene coeficiente Gaussiano y la medida de
Lévy tiene densidad v con respecto a la medida de Lebesgue, la cual esta dada por

+

V(y) =cC y_a_ll{y>0} + C_|y|_a_11{y<0}a

con ¢t and ¢~ dos constantes no negativas tales que ¢t + ¢~ > 0. Ademds, se puede mostrar
que v se escribe de la siguiente manera,

(X)) = c|A|*(1 —ifsgn(A) tan(ar/2)), X € R,

donde (¢ 4T ) N
C C — C
C= — a(a—l) COS(CWT/Q), B:m

_C_

Para mayor detalle sobre la teoria de los procesos de Lévy, sugerimos los libros [5, 35, 45].

Capitulo 1. La representacion de Lamperti de procesos
de Markov autosimilares a valores reales

En este capitulo hacemos contribuciones a la teoria de los procesos de Markov autosimilares a
valores reales. Especificamente, obtenemos una representacion tipo Lamperti para los procesos
de Markov autosimilares a valores reales matados en su primer tiempo de llegada a cero, esto
es, representamos procesos de Markov autosimilares a valores reales como procesos invariantes
multiplicativos cambiados de tiempo.

Representacion de Lamperti

Sea F el conjunto [0,00) o R". Una familia cadlag de procesos de Markov fuerte con espacio de
estados E, {X® = (X,P,),r € E}, es llamada autosimilar de indice a > 0 si para toda ¢ > 0,
la ley de (¢X.-ar,t > 0) bajo P, es la misma que la ley de (X;,t > 0) bajo P, para toda .
En el caso cuando el proceso toma valores positivos fue estudiado por Lamperti in 1972. En
su articulo, él probo varias propiedades sobre esta clase de procesos. El resultado el cual es de
nuestro interés es conocido como la representacion de Lamperti. La representacion de Lamperti,
algunas veces llamado transformacion de Lamperti, establece que cualquier proceso de Markov
autosimilar positivo matado en su primer tiempo de llegada a cero, se puede representar como
la exponencial de un proceso de Lévy cambiado de tiempo por la inversa de su funcional
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exponencial. Formalmente, si X es un proceso de Markov autosimilar positivo de indice a > 0,
entonces el proceso (&,t > 0) definido por

exp{&} =27 ' X, >0,

donde .
v(t) = inf {8 >0 / (Xu) “du > t} :
0

con la convencién usual inf{()} = +oo, es un P-proceso de Lévy. Aqui, P = P;.

Nuestro objetivo en esta parte de la tesis es generalizar el resultado anterior al caso en el
cual el proceso tiene como espacio de estados la linea real. Para este fin, seguimos algunas ideas
en [22] para poder caracterizar a los procesos subyacentes en tal representacién. Los procesos
resultantes son los llamados procesos invariantes multiplicativos que satisfacen la propiedad
de Feller, los cuales aparecen en [34] como procesos de Markov autosimilares con valores en
R™ cambiados de tiempo. En el caso n = 1, a este tipo de procesos los llamaremos procesos
de Lamperti-Kiu. Formalmente, un proceso de Lamperti-Kiu, Y = (Y;,¢ > 0), es un proceso
cadlag tomando valores en R* := R\ {0}, satisfaciendo la propiedad de Feller y que ademés
cumple lo siguiente

{(aY;,t > 0),P,} £ {(sgn(a)Y:,t > 0),Pigs} (2)
paratoda z,a # 0. En esta tesis también damos una representacién de los procesos de Lamperti-
Kiu como la exponencial de una cierta clase de procesos. Al hacer esto, se completa el trabajo
de Kiu [34].

Dos resultados principales son establecidos en este capitulo. Teorema 1 (abajo) establece
que, dependiendo del signo del proceso, el comportamiento de los procesos de Markov autosi-

milares entre cambios de signo es como un proceso de Markov autosimilar positivo (o negativo).
Escribimos esto formalmente, sea H,, el n-ésimo cambio de signo del proceso X:

HO = 0, Hn = inf {t > anl : Xtth < 0}, n 2 1.

Suponga que P,(H; < o) = 1, para toda « € R*. Defina,

X L0 < X, |7 (Hos — Ha), )
| X, |
y X
Jn _ Hyq : n Z 0. 4
XHn+1— ( )

Entonces, (X™ . n > 0) y (J,,n > 0) satisfacen lo siguiente.

Teorema 1. Sea X = (X, P,),er- una familia de procesos de Markov autosimilares a valores
reales de indice o > 0, tal que P,(H; < 00) = 1, para toda x € R*. Entonces

(i) Las trayectorias entre cambios de signo, (X™ n > 0), definidos en (3), son independien-
tes bajo P, para v € R*. Ademds, para toda n > 0,

{(X}”),o <t < | Xa | (Hpsr — Hn)> ,IP$} £ (X0 <t < Hy),Pony1y )

De aqui, son procesos de Lévy matados en un tiempo exponential cambiados de tiempo.
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(ii) Las variables aleatorias J,,m > 0, definidas en (4), son independientes bajo P, para
x € R* y para n > 0, se satisface la identidad

{Jn, P} £ {J0: Pegna)(-1yn } -

(iii) Para cada n > 0, el proceso X™ y la variable aleatoria J, son independientes, bajo P,
para x € R*.

El Teorema 1 implica que seis son los objetos aleatorios que definen al proceso subyacente
en la representacion de Lamperti, esto es, tenemos (§1,¢7,¢(T, (7, UT,U7), donde T, £~ son
dos procesos de Lévy, (T, (™ son dos variables aleatorias exponenciales y Ut, U~ son dos va-
riables aleatorias que toman valores en los reales, todos independientes. Con esto en mente,
construimos el proceso estocastico siguiente.

Sean £, & procesos de Lévy a valores reales; (', (™ variables aleatorias exponenciales con
pardmetros ¢*, ¢, respectivamente, y U™, U~ variables aleatorias con valores en los reales.

Sean (£, k > 0), (%, k > 0), (P, k > 0), (T k > 0), Uk >0), (U"k > 0)
sucesiones independientes de variables aleatorias i.i.d. tales que

£+,0 Léw 5_,_ 5_70 Léw 5_ C+’O Léw C+ C_’O Léw C_ U+’0 Léw U+ U_’O Léw U
Para cada z € R* fijo, consideramos la sucesion ((¢®F) (@R @) L > 0), donde para k > 0,

(EFF,CHEUR), if sgn(e)(—1)F = 1,
(5(%’6)7 C(IJC)’ U(M)) —
(kR UK, if sgn(z)(—1)F = —1.
Sea (T,gx) ,> 0) la sucesién definida por

n—1
T =0, TF =3 "¢N, nz1,
k=0

y (Nt(x),t > 0) un proceso de renovacién alternante:
N =max{n>0:T® <t}, t>0.

Escribimos

T T T x,N(z) x.k z,k
‘715 ) — t— T](V()z)a £¢(7t) = gi(z) ! )7 éé ) = fé(z,k))~
t t

Sea (Yt(m), t > 0) el proceso definido por

Y = vexp{g”}, t>0, (5)
donde
N 1
g =+ 3 (Qx,k)JrU(m))ijNt(w)’ >0
k=

El Teorema 2 establece que cualquier proceso de Lamperti-Kiu se puede obtener como en (5).



Teorema 2. Sea Y®) el proceso definido en (5). Entonces,

(i) el proceso Y®) es Felleriano en R* y satisface (2). Ademds, para cualquier tiempo de
paro finito T:

=(sgn (z)
((Y’I(‘$)>—1YT(‘Z—287 s Z O) é (exp{gs( g (YT ))}7 s 2 O),
donde EV) es una copia de E), independiente de (&S'), 0<u<T).

(i) Sea (X®),ers = (X, P,)secr+ una familia de procesos de Markov autosimilares a valores
reales de indice a > 0, tal que P,(H, < o0o) = 1, para toda x € R*. Para cada x € R*
defina el proceso Y@ por

Y@ — x@

V(z)(t)7 t Z 07

donde i
v @ () = inf {s >0: / | X @ |~ dy > t} :
0

Entonces Y se puede descomponer como en (5). Mds aun, cada proceso de Lamperti-Kiu
se puede construir como en (5).

(iii) Reciprocamente, sea (Y ™) er- una familia de procesos definidos como en (5) y considere
los procesos (X)) ,cr+ dados por

X = y® t>0,

7(tlz|m*)
donde .
7(t) = inf {3 >0: / | exp{a&®}|du > t} , t<T,
0

para algin o > 0. Entones (X)) e+ es una familia de procesos de Markov autosimilares
a valores reales de indice av > 0.

El Teorema 2 también nos permite calcular el generador infinitesimal de los procesos de
Lamperti-Kiu, esto se consigue en la seccién 1.2.2 de esta tesis. Con ayuda del generador
infinitesimal de los procesos de Lamperti-Kiu y del teorema de Volkonski, podemos dar dos
ejemplos en donde las caracteristicas de los procesos subyacentes se pueden calcular en forma
explicita. El primero de ellos es el bien conocido proceso a-estable y el segundo es el proceso
a-estable condicionado a evitar cero, el cual es un ejemplo particular de los procesos de Lévy
condicionados a evitar cero, construidos en la segunda parte de esta tesis.

Capitulo 2. Procesos de Lévy condicionados a evitar cero

Una de las aportaciones de este capitulo consiste en construir la ley de los procesos de Lévy
condicionados a evitar cero. Para esta construccion, seguimos algunas ideas de los articulos [17],
48], siendo que en éste ultimo el caso simétrico ha sido estudiado. La herramienta matemaética
usada para esta construccién es la técnica de la h-transformada. El procedimiento es como
sigue, consideramos un proceso de Lévy cumpliendo dos hipétesis: el punto cero es regular
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por si mismo y el proceso de Lévy no es un proceso de Poisson compuesto, encontramos una
funcién invariante para el semigrupo del proceso de Lévy matado en su primer tiempo de
llegada a cero. Con ayuda de esta funcion, la h-transformada y la medida de excursiones fuera
del cero, generamos una nueva familia de medidas de probabilidad. A continuacién damos
algunos detalles matematicos y una breve discusién sobre el procedimiento empleado.

Para enunciar los resultados principales, introducimos algo de notacién. Sea D]0,00) el
espacio de trayectorias cadlag w : [0, 00) — RU{A} con tiempo de vida ((w) = inf{s : ws = A},
donde A es un punto cementerio. Sean X el proceso coordenadas y F; = (X, s < t), la filtracion
natural de X. Sea (P,,z > 0) una familia de medidas tal que (X,P,) es un proceso de Lévy
iniciando en z, escribimos P = Py. Denotemos por n la medida de excursiones fuera del cero.
Sea Ty el primer tiempo de llegada a cero para X, esto es, Ty = inf{s > 0 : X, = 0}, con
inf{()} = oo. La familia (P?,¢ > 0) es llamada semigrupo del proceso de Lévy matado en Tj.

Es bien conocido que bajo la hipotesis de que el punto cero sea regular en si mismo y
suponiendo que (X,P) no es un proceso Poisson compuesto, es posible asegurar la existencia
de una densidad continua para el g-resolvente. Denotemos por u, la densidad del g-resolvente
y sea (hq,q > 0) la sucesién de funciones dada por

ho() = 1 (0) = u(—2) = [n(¢ > )| "BulTh > @), ¢>0, zeR (6)

Tenemos que para cualquier ¢ > 0, la funcién h, es una funcién excesiva para el semigrupo Py.
Definimos la funcién A por

h(z) = lim h,(z), =z €R.

q—0

La funcién h estd bien definida y es una funcién PP-invariante tal como lo establece el teorema
siguiente.

Teorema 3. La funcion h(x) estd bien definida y es invariante con respecto al semigrupo del
proceso de Lévy matado en Ty, i.e.,

P’h(z) = h(x), t>0,z€R.

Ademas,
n(h(Xy),t<¢)=1, Vt>D0.

El Teorema 3 nos permite definir una nueva familia de medidas sobre el conjunto Hy =
H U {0}, donde H = {2 € R : h(z) > 0}. Sea (P}, z € Ho) la tnica familia de medidas tales

que para x € H,,

1
—E2(1,0(X})), z€H,
sy ) D(Iah(Xy), @€

n(lAh(Xt)l{t<<}), xr = O,

para toda A € F;, para toda t > 0. De esta manera, tenemos:

Teorema 4. Las medidas (IP’%):EE% es una familia de medidas Markoviana tales que
(i) PE(Xo=2) =1, Va € H,.
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(ii) PH(Ty = 00) = 1, Va € Ho.

COn SEMIGTUPO:

h
Pti(x,dy) = %Pto(x, dy), x€HH, t>0,

y ley de entrada bajo IP’% dada por
PE(X: € dy) = n(h(y)1x,eanLie<c)-

Ya que IP’%(TO = 00) = 1, para toda = € Hy, entonces llamamos a (X, Pﬁ)xe%o procesos de
Lévy condicionados a evitar cero. Ademads, como se mencioné anteriormente, h, es una funciéon
PP-excesiva, entonces por (6), para z € H, es posible construir un proceso Lévy condicionado
a evitar cero hasta un tiempo exponencial con parametro ¢ > 0. Si tomamos limite cuando
q — 0, como el teorema siguiente muestra, podemos obtener la ley ]P"E. Esta es otra razén por
la cual usamos el nombre procesos de Lévy condicionados a evitar cero.

Teorema 5. Sea e, una variable aleatoria exponencial con pardmetro g > 0, independiente de
(X,P). Entonces, para cualquier x € H y cualquier (F;)i>o-tiempo de paro T,

i Po(A, T < e, | Ty > e;) = PL(A), VA€ Fp.
q—

En el caso a-estable, la funcion h se puede calcular explicitamente, esto es,

|.T|, a = 2,
h(z) =
K(a)(1 = Bsgn(x))|=[*, o€ (1,2),
donde L2 — o) sin(an/2)
K(a) = em(a — 1)(1 + 42 tan2(am/2))
y
_ (42 -0a) cos( o -
“= ala—1) (a/2), B_c++c_'

El proceso resultante es el proceso a-estable condicionado a evitar cero, el cual aparece en el
Capitulo 1 como ejemplo de un proceso de Markov autosimilar a valores reales.

Finalmente, si X es un proceso de Lévy espectralmente negativo satisfaciendo las condiciones
mencionadas al principio, entonces

1 ® -
- o (0)x —
Vo0 (1—e®0%)+W(x), si tliglo X 00,
h(x) = V01 + Wi(x), si hl;risogp Xy =— hggclgf X = o0,
W(x), si lim X; = oo,

t—o00

donde W es el exponente de Laplace del proceso (X, P), ®(q) es la raiz mas grande de la ecuacién
U(A) =qy W es la funcién 0-escala del proceso (X, P).
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Organizaciéon de la tesis

La tesis esta organizado como sigue. El Capitulo 1 estd divido en cuatro secciones. La Seccién
1.1 es sobre algunos hechos de los procesos de Markov autosimilares y la representacion de Lam-
perti. La Seccion 1.2.1 esta dedicada a algunos resultados preliminares acerca de los procesos de
Markov autosimilares a valores reales. En la Seccién 1.2.2 construimos el proceso subyacente en
la representacién de Lamperti y establecemos el resultado de que todo proceso de Lamperti-Kiu
se puede escribir de esta forma. También se muestra la representacién de Lamperti y se calcula
el generador infinitesimal de los procesos de Lamperti-Kiu en esta seccién. La Seccion 1.3 esta
dedicada a probar los resultados principales. En la Secciéon 1.4 proporcionamos dos ejemplos
en donde es posible calcular explicitamente las caracteristicas de los procesos de Lamperti-Kiu:
el proceso a-estable y el proceso a-estable condicionado a evitar cero. El Capitulo 2 se en-
cuentra dividido en cinco secciones. La Seccién 2.1 es una breve introduccion sobre algunos la
construcciéon de los procesos de Lévy condidicionados a evitar cero en el caso simétrico y los
procesos de Lévy condicionados a permanecer positivos. Se introduce notacion en la Seccion
2.2.1. Los resultados principales son enunciados en la Seccién 2.2.2 y sus pruebas se encuentran
en la Seccién 2.3. Algunas propiedades de la sucesién de funciones que define a h y de h misma,
se encuentran en la Secciones 2.3.2 y 2.3.3. En la Seccion 2.3.4 se introduce una funcién auxiliar
y se demuestran algunas propiedades de ésta. La Seccion 2.4 estd dedicada exclusivamente a
probar los resultados principales. Finalmente, en la Seccién 2.5 estudiamos los casos a-estable
y espectralmente negativo.
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Introduction

This thesis is divided into two chapters. Chapter 1 is the paper accepted for publication in the
Bernoulli journal, “The Lamperti representation of real-valued self-similar Markov processes”.
Chapter 2 corresponds to a paper still in process, “On Lévy processes conditioned to avoid
zero”. The common point of these two chapters is real-valued Lévy processes. We will give a
brief summary on real-valued Lévy processes and their relation to these in each chapter. Also,
we will give a general description of the content of Chapters 1 and 2.

Lévy processes

The real-valued Lévy processes are cadlag stochastic processes having independent and station-
ary increments. In Chapter 1, we have that all positive self-similar Markov processes can be
expressed as the exponential of Lévy processes time changed by the inverse of their exponential
functional. We generalize this property to the real-valued case, that is, we obtain a similar
representation in the case when the self-similar Markov process is taking values in the real line.
In Chapter 2, the regularity of the point zero for a Lévy process implies the existence of a
continuous density for the g-resolvent kernel (see p.g. [5]). Under the additional assumption
that the Lévy process is not a compound Poisson process, we find an invariant function for
the semigroup of the killed process at its first hitting time. The invariant function is obtained
as a limit of a sequence of functions determined by the continuous density of the g-resolvent
kernel. With help of the h-Doob transformation, we construct the law of a new kind of Markov
processes.

In both chapters, the triple (a, o, 7), which characterize the Lévy processes, is fundamental
in proofs, formulas and examples. We recall the definition of the triple of a Lévy process. If £
is a Lévy process with law P, then for any ¢ > 0, & is an infinite divisible random variable and
its Fourier transform admits the Lévy-Khintchine decomposition, i.e., there exists a function
1 : R — C such that

E(e?ét) = e N X e R,

with ¢ given by
2
W(A) = ia\ + %)\2 + /R(l — M+ ALy <ry)T(dz), N ER, (1)

where a € R, 0 > 0 and 7 is a measure defined on R\ {0} satisfying [, (1 A 2®)7(dz) < oo.
The constant a is known as drift, o is the Gaussian coefficient and 7 is called a Lévy measure.
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For computational convenience, the characteristic exponent is chosen in different ways in each
chapter. For instance, in Chapter 2 we will take ¢ as in (1), while in Chapter 1, 1) satisfies
E(e?ét) = N ¢ >0, A € R with

2
(N = iah — %/\2 + /(em — 1 — Ml ygay)n(dz), A €ER.
R

An important example of a Lévy process, which will be presented in this thesis, is the so
called a-stable process. For a = 2, the process £ is the well known and studied Brownian
motion. In the case a € (0,2), the a-stable process has no Gaussian coefficient and the Lévy
measure has a density v with respect to Lebesgue measure given by

+

V(y) =cC y_a_ll{y>0} + C_|y|_a_11{y<0}a

with ¢t and ¢~ being two nonnegative constants such that ¢* 4+ ¢~ > 0. Furthermore, it is
verified that v can be expressed as

(X)) = c|A|*(1 —ifsgn(A) tan(an/2)), X € R,

where
(¢t 4+ )2 - a) ct—c

c=— oo —1) cos(am/2), BZC*%—C*'

For a detailed account on the theory of Lévy processes, see [5, 35, 45].

Chapter 1. The Lamperti representation of real-valued
self-similar Markov processes

In this chapter we make contributions to the theory of real-valued self-similar Markov processes.
To be specific, we obtain a Lamperti type representation for real-valued self-similar Markov
processes killed at their first hitting time of zero, that is, we represent real-valued self-similar
Markov processes as time changed multiplicative invariant processes.

Lamperti representation

Let E be [0,00) or R". A cadlag strong Markov family {X® = (X,P,),z € E} is called a
E-valued self-similar Markov process of index o > 0 if for all ¢ > 0, the law of (¢X.-a;,t > 0)
under P, is the same as (X;,t > 0) under P, for all xz. The case when the self-similar
Markov process is taking values in the positive half-line was first studied by Lamperti in 1972.
In his paper, he proved several interesting properties for this particular class of self-similar
Markov processes, but the result that interests us is the well known Lamperti representation.
The Lamperti representation, sometimes called Lamperti transformation, establishes that any
positive self-similar Markov process killed the first time that it reaches the point zero, can be
represented as the exponential of Lévy processes time changed by the inverse of their exponential
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functional. Formally, if X is a positive self-similar Markov process of index o > 0, then the
process (&;,t > 0) defined by

eXp{ft} = xile/(tb t > 07

where )
v(t) = inf {s >0: / (X)) %du > t} :
0

with the usual convention inf{()} = +oo, is a P-Lévy process. Here, P = PP;.

Our aim in this part of the thesis is to generalize the latter result to the case when the
process has the real line as state space. To get our aim, we follow some ideas in [22] in
order to characterize the underlying processes in this representation. The resulting underlying
processes are the so called Feller multiplicative invariant processes, which appearing in [34] as
time changed R"™-valued self-similar Markov processes. In the case n = 1, we will call them
Lamperti-Kiu processes. Formally, a Lamperti-Kiu process Y = (Y;,t > 0), is a cadlag process
taking values in R* := R\ {0}, having the Feller property and satisfying

{(aYi,t > 0),P,} = {(sen(a)Y;, t > 0), Pl }, (2)

for all z,a # 0. We also give a representation of the Lamperti-Kiu process as the exponential
of certain processes. Doing this, we also complete Kiu's work ([34]).

Two main results are established in this chapter. Theorem 1 (below) establishes that, de-
pending on the sign of the process, the behaviour of real-valued self-similar Markov processes
between time sign changes is as a positive (or negative) self-similar Markov process. We state
this formally, let H,, be the n-th change of sign of the process X:

Hy=0, H,=inf{t>H,;: XX, <0}, n>1

Assume that P,(H; < oo) = 1, for all # € R*. Define,

X
Xt(n) 4 X t, 0<t<|Xp,| “(Hny1 — Hy), (3)
| X, |
and X
Jn = o ; >0 1
XHn-H* ( )

Then, (X™ n > 0) and (J,,n > 0) satisfy the following.

Theorem 1. Let X = (X, P,).cr- be a family of real-valued self-similar Markov processes of
index a > 0, such that P,(Hy < c0) =1, for all x € R*. Then

(i) The paths between sign changes, (X™ n > 0), as defined in (3), are independent under
P., for x € R*. Furthermore, for alln > 0,

{(Xt(n)a 0<t< |XHn|_a(Hn+1 - Hn)) 7Pa:} é {(Xty 0<t< Hl) 7]P)sgn(x)(fl)"} .
Hence, they are time changed Lévy processes killed at an exponential time.
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(i) The random variables J,,n > 0, as defined in (4), are independent under P,, for x € R*
and for n > 0, the identity

L
{Jnu ]P)x} = {J07 IP)sgn(x)(—l)"} )
holds.

(iii) For everyn > 0, the process X™ and the random variable J,, are independent, under P,,
for x € R*.

Theorem 1 implies that six random objects define the underlying processes in the Lamperti
representation, that is, we have (£, (1, (7, U, U™), where {7, £ are two Lévy processes,
(T, (" are two exponential random variables and U', U~ are two real random variables, all
independent. With this in mind, the following process is constructed.

Let &7, £ be real valued Lévy processes; (*,(~ be exponential random variables with
parameters g+, ¢, respectively, and U*, U~ be real valued random variables. Let (7% &k > 0),
(% k>0), (CH* k>0), (C* k>0), (U k>0), (U * k>0) beindependent sequences
of i.i.d. random variables such that

€+70 L%w £+ £ ,0 Law ff <.+,0 ng C+ C,’0 ng C, U+70 L%W U+ U,’O L%w U-.
For every » € R* fixed, we consider the sequence ((£@*) (@R 7@k k> 0), where for k > 0,

(TR PR UTR)if sgn(x)(—1)F =1,
(f(%k% C(x,k)’ U(L’f)) —
—k p—k Tr—ky Ve —
(&7, ¢ UR),  if sgn(z)(—1) 1.

Let (Tnm), n > 0) be the sequence defined by

n—1
k=0

and (Nt(x),t > 0) be the alternating renewal type process:
N =max{n>0:T® <t}, t>0.

Write o
T T T xz,N,* x,k x,k
() T((?r)7 5()25( :) 5( ):g( )

o o@ k)

Let (Y;/(x), t > 0) be given by

Y;(”T) = xexp{gt(x)}, t >0, (5)
where
N1
£ =g+ 3 (P +UeP) N, ez,
k=0

Theorem 2 establishes that any Lamperti-Kiu process can be written as (5).
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Theorem 2. Let Y be the process defined in (5). Then,

(i) the process Y'®) is Fellerian in R* and satisfies (2). Furthermore, for any finite stopping
time T':

=(sgn (x)
((Y,I(1$))_1Y'I(‘.Z_;_)S;S Z 0) é (exp{gs( g (YT ))},S 2 O),
where EV) is a copy of EV) which is independent of (&S'), 0<u<T).

(i) Let (X@)pcpe = (X, Py)rer+ be a family of real-valued self-similar Markov processes of
index o > 0 such that P,(Hy < o0) = 1, for all x € R*. For every x € R* define the
process Y& by

() _ (@)

where .\
V@ (t) = inf {s >0: / |X@ |~ dy > t} .
0

Then Y@ may be decomposed as in (5). Moreover, every Lamperti-Kiu process can be
constructed as explained in (5).

(iii) Conversely, let (Y®)),cr- be a family of processes as constructed in (5) and consider the
processes (X @) ep+ given by

X = y® t>0,

T(tz]=*)?

where

7(t) = inf {s >0: / | exp{a&®}|du > t} , t<T,
0

for some a > 0. Then (X®),er+ is a family of real-valued self-similar Markov processes
of index av > 0.

Theorem 2 also allows us to compute the infinitesimal generator of the Lamperti-Kiu pro-
cesses, this is accomplished in Section 1.2.2. With help of the infinitesimal generator of
Lamperti-Kiu processes and Volkonski’s theorem we provide two examples where the characte-
ristics of the underlying processes can be computed explicitly. The first one is the well known
a-stable process and the second is the a-stable process conditioned to avoid zero, which is a
particular example of a Lévy process conditioned to avoid zero constructed in the second part
of this thesis.

Chapter 2. The Lévy processes conditioned to avoid zero

One of contributions in this chapter consists of constructing the law of Lévy processes condi-
tioned to avoid zero. For this construction, we follow some ideas from the papers [17] and [48],
in the latter, the symmetric case has been studied. The mathematical tool to perform this
construction is the h-path transformation technique. The procedure is as follows, we consider a
Lévy process satisfying two hypotheses: the point zero is regular for itself and the Lévy process
is not a compound Poisson process. We find an invariant function for the semigroup of the Lévy
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process killed at its first hitting time of zero. With help of this function, the h-path transfor-
mation and the excursion measure away from zero, we generate a new family of probability
measures. Here are some mathematical details and a brief discussion on the procedure.

In order to state the main results, we introduce some notation. Let D0, c0) be the space of
cadlag paths w : [0,00) — RU{A} with lifetime ((w) = inf{s : ws = A}, where A is a cemetery
point. Let X be the coordinate process and F; = (X5, s < t). Let (P,,2 > 0) be a family of
measures such that (X,P,) is a Lévy process with starting point z, we set P = Py. Denote by
n the excursion measure away from zero. Let Ty be the first hitting time of zero for X, that is,
To = inf{s > 0 : X, = 0}, with inf{0} = oco. The family (P?,t > 0) is called semigroup of the
Lévy process killed at Tj.

It is well known that under the hypothesis of regularity for itself for the point zero and
assuming that (X, P) is not a compound Poisson process, we always can ensure the existence of
continuous density for the g-resolvent. Denote by u, the continuous density of the g-resolvent
and let (h,,q > 0) be the sequence of functions given by

he(2) = ug(0) — ug(—2) = [n(C > )] 'Pu(Tp > €y), ¢>0, z€R (6)

We have that for any ¢ > 0, the function h, is an excessive function for the semigroup P?. We
define the function A by

h(z) = 1111_I>r(1) he(z), xe€R.
The function h is a well defined function and is PP-invariant as the following theorem establishes.
Theorem 3. The function h(x) is well defined and is invariant with respect to the semigroup

of the killed process, i.e.,
P’h(z) = h(x), t>0z¢cR.
Furthermore,

n(h(X),t <) =1, Yt>0.

Theorem 3 allows us to define a new family of measures on the set Hy = H U {0}, where

H={x € R:h(x) >0} Let (IP’%,:U € Ho) be the unique family of measures such that for

x € Hy,

1 )
P%(A) _ mEx(lAh(Xt))’ c r}_[’

n(Iah(X)1lp<y), = =0.
for all A € F;, for all t > 0. We have the following Theorem.

Theorem 4. The measures (Pg)xe% 1s a Markovian family of measures such that
(i) Pi(Xo=2) =1, V& € H,.

(ii) Py(Ty = o00) = 1, Vo € Ho.
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with semigroup:

h
P}(m,dy) = %Ptg(x, dy), z€H, t>0,

and entrance law under ]P’% given by
P5(X; € dy) = n(h(y)Lixean L)

Since IF’%(TO = o00) = 1, for all z € Hy, we call (X, IP’%)J;E%O Lévy processes conditioned to
avoid zero. Furthermore, as mentioned above, h, is a PP-excessive function, then by (6), for
x € H, it is possible to construct a Lévy process conditioned to avoid zero up to an exponential
random time with parameter ¢ > 0. If we take the limit as ¢ — 0, as the following theorem
shows, we can obtain the law P!, This is another reason whereby we use the name Lévy
processes conditioned to avoid zero.

Theorem 5. Let e, be an exponential time with parameter ¢ > 0 independent of (X,P). Then
for any x € H, and any (Fi)i>o- stopping time T,

mP,(A, T < e | Th > e,) = PL(A), VA€ Fr.
q

In the a-stable case, the function h can be computed explicitly, namely,

||, a =2,
h(z) =
K(a)(1 = Bsgn(z))|z[*~", o€ (1,2),
where L2 — o) sin(an/2)
K(a) = em(o — 1)(1 4 B2 tan*(am/2))
and
c= —(C +e)l2-a) cos(arn/2), [ = c —¢

ala—1) ct+c

The resulting process is the a-stable process conditioned to avoid zero, which appears in Chapter
1 as an example of a real-valued self-similar Markov process.

Finally, if X is a spectrally negative Lévy process satisfying the conditions aforementioned,
then

1 ®
— ®(0)z if 1i - _
T (0) )(1 ) 4+ Wi(x), if tli)r?o X, 00,
— —T P .
h(z) = (04 + W(z), if h?iigp Xy =— lltrl_lmlélf X; = 00,
W(x), if tlim X = o0,
— 00

where W is the Laplace exponent of the process (X, P), ®(q) is the largest root of the equation
U(A) = ¢, and W is the 0-scale function of the process (X, P).
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Organization of the thesis

The thesis is organized as follows. Chapter 1 is divided into four sections. Section 1.1 is on
some facts of the self-similar Markov processes and Lamperti’s representation. Section 1.2.1 is
devoted to some preliminary results about real-valued self-similar Markov processes. In Section
1.2.2, we construct the underlying process in Lamperti’s representation and establish the result
that all Lamperti-Kiu processes can be written this way. Lamperti’s representation is given and
the infinitesimal generator of Lamperti-Kiu processes is computed in this section. Section 1.3 is
devoted to prove the main results. In Section 1.4, we provide two examples where it is possible
to compute explicitly the characteristics of the Lamperti-Kiu process: the a-stable process and
the a-stable process conditioned to avoid zero. Chapter 2 is also divided into four sections.
Section 2.1 is on some facts of the construction of Lévy processes conditioned to avoid zero in
the symmetric case and Lévy processes conditioned to stay positive. Notation is introduced
in Section 2.2.1. The main results are stated in Section 2.2.2 and their proofs are found in
Section 2.3. Some properties of the sequence of functions which defines h, and h itself, are
given in Section 2.3.2 and 2.3.3. In Section 2.3.4, an auxiliary function is introduced and some
of its properties are shown. The Section 2.4 is exclusively dedicated to prove the main results.
Finally, in Section 2.5 we study the cases: a-stable and spectrally negative Lévy processes.
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Chapter 1

The Lamperti representation of
real-valued self-similar Markov
processes

1.1 Introduction

Semi-stable processes were introduced by Lamperti in [36] as those processes satisfying a scaling
property. Nowadays this kind of processes are known as self-similar processes. Formally, a
cadlag stochastic process X = (X;,t > 0), with Xy = 0, and Euclidean state space F, is self-
similar of order o > 0, if for every a > 0, the processes (X4, t > 0) and (a*X;,t > 0), have the
same law. Lamperti proved that the class of self-similar processes is formed by those stochastic
processes that can be obtained as the weak limit of sequences of stochastic processes that have
been subject to an infinite sequence of dilations of scale of time and space. More formally,
the main result of Lamperti in [36] can be stated as follows: let (X;,¢ > 0) be a stochastic
process defined in some probability space (€2, F,P) with values in E. Assume that there exists
a positive real function f(17) /oo such that the process (X[, ¢ > 0) defined by

PR,

Lofm)T T
converges to a non-degenerated process X in the sense of finite-dimensional distributions. Then,
X is a self-similar process of order o and f(n) = n*L(n), for some a > 0, where L is a slowly
varying function. The converse is also true, every self-similar process can be obtained in such
a way.
If X is a Markov process with stationary transition function P;(x, A), then the self-similarity
property written in terms of its transition function takes the form

Pu(, A) = Pi(a™z,a” " A), (1.1)

forall a > 0,t > 0, x € E, and all measurable sets A. We will assume that X is a strong
Markov process and refer to it as a self-similar Markov process of index o > 0.



From now on, €2 denotes the space of cadlag paths, X the coordinates process and (F;,t > 0)
its natural filtration, i.e, F; = o(Xj, s < 1).

There are many other ways than (1.1) to define self-similar Markov processes. The definition
used in this thesis is the following.

Definition 1.1. Let E be [0,00) or R". We will say that {X® = (X,P,),z € E} is a family of
E-valued self-similar Markov processes with index o > 0 if it is a cadlag strong Markov family
with state space E, and that satisfies that for every ¢ > 0,

{(cXp-ap,t > 0),P,} £ {(X,,t>0),P}, VazeL.

The case E = [0,00) was first investigated by Lamperti in [37] and has further been the
object of many studies, see for instance [6]-[14] and the reference therein. Here we summarize
some of his main results. Let T" be the first hitting time of zero for X i.e.,

T =inf{t > 0: X, =0},

with inf{()} = co. Then, for any starting point 2 > 0, one and only one of the following cases
holds:

C.1T=o00,a.s.
C2T<oo, Xp_ =0, a.s.

C.3 T <oo, Xp_ >0, as.

We refer to C.1 as the class of processes that never reach zero, processes in the class C.2
hit zero continuously, and those in the class C.3 reach zero by a jump. In particular, if 7' is
finite, then the process reaches zero continuously or by a jump. Another important result in
[37] is the representation of positive self-similar Markov processes as the exponential of Lévy
processes time changed by the inverse of their exponential functional. This representation is
known as the Lamperti representation and its extension to real-valued processes is one of the
main motivations of this thesis. Formally, the Lamperti representation can be stated as follows.
Assume that the process X is absorbed at 0. Let (&;,¢ > 0) be the process defined by

exp{&} = x_le,(t), t>0,

where )
v(t) = inf {s >0: / (X)) %du > t} ,
0

with the usual convention inf{()} = +oo. Then, under P,, ¢ is a Lévy process. Furthermore, &
satisfies either (i) limsup,_,. & = oo a.s., (i) limy_,0o § = —o0 a.s. or (iii) £ is a Lévy process
killed at an independent exponential time { < oo a.s., depending on whether X is in the class
C.1, C.2 or C.3, respectively. Note that since an exponential random variable with parameter
q is infinite if only if ¢ = 0, then we can always consider the process £ as a Lévy process
killed at an independent exponential time ¢ with parameter ¢ > 0. Conversely, let (£, P) be a



Lévy process killed at an exponential random time ¢ with parameter ¢ > 0 and cemetery point
{—o0}. Let @ > 0 and for = > 0, define the process X @ by

Xt($) = v exp{&rz—oy}, >0,

where

() = inf {u 50 /0 exp{aé,}ds > t} |

Then, (X®),-¢ is a positive self-similar Markov process of index o > 0 which is absorbed at
0. Furthermore, the latter classification depending on the asymptotic behaviour of ¢ holds.
An important relation between T and the exponential functional of the Lévy process & is

(T,P,) £ (x* foc exp{ad;s}ds, P). Further details on this topic can be found in [37, 6].

In [34] the case of R™-valued self-similar Markov processes was studied. The main result in
[34] asserts that, if X killed at T is a Feller self-similar Markov process, then the process Y
defined by

Yi=X,p, t20,

v(t) = inf {s >0: / | Xy %du > t} :
0

is a Feller multiplicative invariant process, i.e., Y is a Feller process with semigroup @), satisfying
Qi(x, A) = Qi(ax,aA), (1.2)
for all z # 0, a,t positive and A € B(R" \ {0}). Another way to write (1.2) is
Qi(x,a ' A) = Qy(|alz,sgn(a)A),

for all ¢ positive, z,a # 0 and A € B(R™\ {0}). This property may also be written in terms of
the process Y as follows:

where

{(aY,,t > 0),P,} = {(sgn(a)Y;, t > 0), P}, (1.3)

for all ,a # 0. In [34], the converse of this result has not been proved but using (1.3), it is
easy to verify that it actually holds. Indeed, let Y be a strong Markov process taking values in
R™\ {0} and satisfying (1.3). Let a > 0 and define the process X by

Xy =Y 1, t=0,

where

©(t) = inf {s >0: / Y, |“du > t} ,
0

with inf{()} = oo. Since the strong Markov process is preserved under time changes by additive
functionals, then X is a strong Markov process. Note that

Sl t)(Y) = inf {s >0 /0 Y[ > t} ) (Y.

3



Then, using the latter identity and (1.3) with a = ¢, we have

{(CXc*atat 2 O)a]P)a:} = {(Cycp(c*"‘t)at 2 O)a]P)x} é {(Ygo(t)at > O)a]P)cac} = {(th Z 0)7]P)cx}

This proves the self-similarity property of X. Then X is a R"”-valued self-similar Markov process
of index v > 0 which is killed at T'. It is important to mention that no explicit form of Y has
been given in [34]. Giving a construction of Feller multiplicative invariant processes taking
values in R* := R\ {0}, that we will call Lamperti-Kiu processes, is another main motivation
of this thesis.

Definition 1.2. Let Y = (Y;,t > 0) be a cadlag process. We say that Y is a Lamperti-Kiu
process if it takes values in R*, has the Feller property and (1.83) is satisfied.

A subclass of Lamperti-Kiu processes has been studied by Chybiryakov in [22] who gave the
following definition. Let Y be a R*-valued cadlag process defined on some probability space
(Q, F,P) such that Yy = 1. It is said that Y is a multiplicative Lévy process if for any s,t > 0,
Y, 'Y, is independent of G, = o(Y,,u < t) and the law of Y;'Y,,, does not depend on t. It
can be shown that if Y is a multiplicative Lévy process, then Y is Markovian and its semigroup
satisfies (1.2). Furthermore, there exist a Lévy process £, a Poisson process N and a sequence
U = (U, k > 0) of i.i.d. random variables, all independent, such that

Ny
K:am{&+zyﬁ+MM},t20 (1.4)

k=1

The converse is also true, i.e., if £ is a Lévy process, N a Poisson process and U = (Uy, k > 0) a
sequence of i.i.d. random variables, £, N and U being independent, then Y defined by (1.4) is a
multiplicative Lévy process. It is easy to see that a multiplicative Lévy process is a symmetric
Lamperti-Kiu process.

The reason in [22] to study the class of multiplicative Lévy processes was to establish a
Lamperti type representation for real valued processes that fulfill the scaling property given in
the following definition. A strong Markov family {X® = (X ,P,), 2 € R*} with state space R*,
is self-similar of index o > 0 in the sense of [22], if for all ¢ # 0,

{(CX|C|_Qt7t > 0)>Pw} = {(Xtat > O),Pm}, (15>

for all x € R*. The Lamperti type representation given in [22]| establishes that for such a
self-similar process X®), the process Y, defined by

Y, =2 X W

y(m)(t)7 13 Z 07

where

V@ (t) = inf {5 >0 / | X @)=y, > t} , >0,
0

with inf{(} = oo, is a multiplicative Lévy process. Conversely, let Y be a multiplicative Lévy
process, and

Ny
gt:§t+ZUk+i7TNta t >0,

k=1



where £, N and (Ug,k > 0) are as in (1.4), so that Y; = exp{&:}, t > 0. For x € R*, define
X @ by
X = 1Yy, 120,

where

7(t) = inf {u >0: / | exp{a&, }|du > t} , t>0,
0

with inf{()} = co. Then X is a R*-valued self-similar Markov process in the sense of [22],
which is recalled in (1.5).

It is important to observe that if we take ¢ = —1 in (1.5), it is seen that the process X @)
is necessarily a symmetric process and as a consequence Y is also symmetric. In this work we
establish the analogous description for non-symmetric real valued self-similar Markov processes.

1.2 Preliminaries and main results

1.2.1 Real-valued self-similar Markov processes and description of
Lamperti-Kiu processes

In this section, we will prove some additional properties of real-valued self-similar Markov
processes, in order to characterize them as time changed Lamperti-Kiu processes.

Let X be a real-valued self-similar Markov process. Let H, be the n-th change of sign of
the process X, i.e.,

HO = O, Hn = inf {t > anl . Xtth < 0} , n > 1.
Note that
H1 (X) = lnf{t > O . Xtth < O}
= ]x|°‘inf {\:c|*°‘t >0 (]x\le‘x|a|x|_at) (]x|*1X‘x|a(|x‘_at)_) < 0}
= ]x|aH1 (|Z"71X|z‘a.) . (16)
Hence, by the self-similarity property, for € R*, it holds that P, (H; < 00) = Pygn(y)(H1 < 00).
Furthermore, proceeding as in the proof of Lemma 2.5 in [37], it is verified that for each = € R*,

either P,(H; < o0) =1 or P,(H; < 00) = 0. The latter and former facts allow us to conclude
that there are four mutually exclusive cases, namely,

Cl1lP.,(H <o0)=1,Vz>0andP,(H =00)=1, V<0
C2P,(H <o0)=1,Ve<0and P,(H =00) =1, Vx> 0;
C.3 P,(H, = 0) =1, Vo € R*;
C4P.(H <o0)=1VzeR"



In the case C.1, if the process X starts at a negative point, then {(=X¢1y<ry,t > 0),Py}aco
behaves as a positive self-similar Markov process, which have already been characterized by
Lamperti. Now, if the process starts at a positive point, it can be deduced from Lamperti’s
representation (further details are given in the forthcoming Theorem 1.5 ()) that the process
X behaves as a time changed Lévy process until it changes of sign, and when this occurs, by
the strong Markov property, its behaviour is that of X issued from a negative point. The
case C.2 is similar to the first one. For the case C.3, depending on the starting point, X or
—X is a positive self-similar Markov process, again we fall in a known case. In summary, the
Lamperti representation for the cases C.1-C.3 can be obtained from the Theorem 1.5 (i) and
the Lamperti representation for the positive self-similar Markov processes. Thus, we are only
interested in the case C.4, where the process X a.s. has at least two changes of sign (and by
the strong Markov property infinitely many changes of sign). For this case, we have:

Proposition 1.3. If P,(H; < oo) = 1, for all x € R*, then the sequence of stopping times
(Hp,m > 0) converges to the first hitting time of zero T, P,-a.s., for all x € R*.

The proof of this result will be given in Section 1.3. We can see that under the condition of
Proposition 1.3, if X is killed at 7', then X has an infinite number of changes of sign before it
dies. Moreover, if T" is finite, then X reaches zero at time 7" continuously from the left.

The result in Proposition 1.3 is well known in the case where X is an a-stable process and X
is not a subordinator. In that case, if « € (0,1], T' = oo a.s., while if @ € (1, 2], with probability
one, T' < oo and X makes infinitely many jumps before reaching zero. This process and its
Lamperti representation will be studied in section 1.4.1.

In the cases C.1-C.3, we can not ensure the veracity of Proposition 1.3. The following
example illustrates the latter.

Example 1.4. Let (X,P,).cr be a real-valued self-similar Markov process with index a > 0.
Assume that condition C.4 is satisfied. Consider the stopping time

S:inf{t>O:Xt_<O,Xt>0}

and the process X defined by B
X = Xilpesy, t2>0.

Then the process ()? ,P.)zer is a real-valued self-similar Markov process with the same index
as X. The behaviour of the first change of sign H, _is as in the case C.1, the other changes of
sign satisfy H,, = oo, for n > 2 and the lifetime of X, T'= S, is finite. Hence the conclusion of
the Proposition 1.3 does not hold.

Hereafter we assume that P,(H; < oo) = 1, for all x € R*. Then, for every n > 0, the
process (Xt > 0) given by
XM = 0 <t < [Xp, | (Hnp1 — Hy), (1.7)

is well defined. We call the random variable Xy, an overshoot or undershoot when Xy, _ <0
and Xpg, > 0 or Xy, _ > 0 and Xy, < 0, respectively. The random variable X, _ is called
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the jump height before crossing of the z-axis. The case Xy, < 0 means that the change of
sign at time H,, is from a negative to a positive value. Now, we define the sequence of random
variables (J,,,n > 0) given by the quotient

n > 0. (1.8)

These random objects satisfy the following properties.

Theorem 1.5. Let {X® = (X, P,),x € R*} be a family of real-valued self-similar Markov
processes of index a > 0, such that P,(Hy; < o0) = 1, for all x € R*. Then

(i) The paths between sign changes, (X™ n > 0), as defined in (1.7), are independent under
P,., for x € R*. Furthermore, for alln > 0,

{(Xt(n)a 0<t< |XHn|7a(Hn+1 - Hn)) 7]P>I} é {(Xt7 0<t< Hl) >Psgn($)(—1)"} : (19>

Hence, they are time changed Lévy processes killed at an exponential time.

(i) The random variables J,,n > 0, as defined in (1.8), are independent under P, for x € R*
and for n > 0, the identity

L
{JnaPCC} = {J07]Psgn(z)(fl)"} ’ (110)
holds.

(iii) For everyn > 0, the process X™ and the random variable J,, are independent, under P,,
for x € R*.

From (1.9) we can see that only two independent Lévy processes killed at an exponential time
are involved in the Lamperti representation. In the same way, from (1.10), only two independent
real random variables represent the quotient between overshoots (undershoots) and jump height
before crossing of the z-axis. Furthermore, by (%ii) all these random objects are independent.
The latter theorem is at the heart of our motivation to construct the Lamperti-Kiu processes
in the next section.

1.2.2 Construction of Lamperti-Kiu processes

In this section we give a generalization of time changed exponentials of Lévy processes as well
as of the processes which are defined in (1.4). We will see that all Lamperti-Kiu processes can
be constructed as this generalization of (1.4).

Let £, & be real valued Lévy processes; (*,(~ exponential random variables with pa-
rameters ¢, ¢~, respectively, and U™, U~ real valued random variables. Let (¢7* k > 0),
(EF k>0), (CH* k>0), (C* k>0), (U k>0), (U * k>0)beindependent sequences
of i.i.d. random variables such that

o0 Law —0 La _ o La —_0 La _ o Law —_0 La —
€+7 = §+7 5 ' :Wg ) <+7 = C+7 C ’ ZWC ) Ut = U+7 UEU.
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For every » € R* fixed, we consider the sequence (€@ ¢@k) U@k k> 0), where for k > 0,

(EHF ¢HE UBR)if sgn(x)(—1)F = 1,
(5(%’6)7 C(x’k), U(M)) —
ek, ¢F UF), if sgn(z)(—1)F = —1.

Let (T,(Lx), n > 0) be the sequence defined by

n—1
k=0
and (Nt(‘r),t > 0) be the alternating renewal type process:
NP =max{n>0:T® <}, t>0.

For notational convenience we write

(z)
(I) T(QJ()I)7 g(m) _ g(l’th ) 5(33»]“) — g(x,k)

o s@ S k)

Finally, we define the process Y@ = (Y, ¢ > 0) by

Y\ = zexp{&”}, t>0, (1.11)
where
N1
g0 =g 4 3 (80 1) 4inN®, e >0,
k=0

Remark 1.6. Observe that the process Y ®) is a generalization of multiplicative Lévy processes.
For, take (£7, U1, (1) = £ (6-,U~,(7) it is seen that Y@ is a multiplicative Lévy process, as it
has been defined in [22]. Moreover if ¢t =0and ¢- > 0, then for z > 0, Y® does not jump to
the negative axis and Y® is the exponential of a Lévy process, which appears in the Lamperti
representation for positive self-similar Markov processes.

The following theorem is the main result of this chapter. The first part states that Y(®
is a Lamperti-Kiu process, the second and third parts are the generalization of the Lamperti
representation.

Theorem 1.7. Let Y®) be the process defined in (1.11). Then,

(i) the process Y is Fellerian in R* and satisfies (1.3). Furthermore, for any finite stopping
time T':

S(sgn (=)
(VY s> 0) £ (exp(EX0T ), s > 0),

where EV) is a copy of EY) which is independent of( b ,0 <u<T).



(ii) Let {X@ = (X,P,),z € R*} be a family of real-valued self-similar Markov processes of
index o > 0 such that P,(Hy < oo) = 1, for all x € R*. For every x € R* define the
process y@) by

yt(w) = Xl(,:(vcz)(ty t> 07

where

V@ (t) = inf {s >0: / | X @ |~ dy > t} :
0

Then Y@ may be decomposed as in (1.11). Moreover, every Lamperti-Kiu process can be
constructed as explained in (1.11).

(iii) Conversely, let (Y ®)),cr+ be a family of processes as constructed in (1.11) and consider
the processes (X @) er+ given by
X = y® t>0,

(=)’

where

7(t) = inf {s >0: / | exp{a&@}|du > t} , t<T,
0

for some a > 0. Then (X)), ep- is a family of real-valued self-similar Markov processes
of index av > 0.

From now on, we denote a Lamperti-Kiu process by Y. Now, we obtain an expression for
the infinitesimal generator of Y, that will be used in the examples.

Proposition 1.8. Let K be the infinitesimal generator of Y. Let A, A~ be the infinitesimal
generators of &1, £, respectively. Let f be a bounded continuous function such that f(0) = 0
and (f oexp) € Dy+ and (f o —exp) € Dy-. Then, for every x € R*,

Kf(x) = A7D(f o sgn(x) exp)(log[a]) + ¢*" (E[f (—wexp{U*™®}) — f(x)]) . (1.12)

With the help of the latter proposition we can give the infinitesimal generator of Y in terms
of the parameters of the Lévy processes £ and £~ as follows. Recall that the characteristic
exponent of the Lévy process £* can be written as

[o*]?

VE(N) = aFi\ — TV + / [ — 1 —iM(y)]n*(dy), XER,
R

where a* € R, o > 0, [(-) is a fixed continuous bounded function such that I(y) ~ y asy — 0 and
7 is the Lévy measure of the process {*, which satisfies 7({0}) = 0 and [, (1Az?)7n*(dz) < oo.
Furthermore, the choice of the function [ is arbitrary and the coefficient a* is the only one
which depends on this choice (see remark 8.4 in [45]). Later in the examples we will choose
conveniently this function. Hence, the infinitesimal generator of the Lévy process £* can be
expressed as

A7) =@+ S+ [+ - 10 - F@iwle ), e

9



Then using the expression of A* and (1.12), we find for z € R*,

O_Sgn(:r) 2
Kfe) = 1o (a) + T E )+ [ () - $() - af (0)i(log )6 du)
+¢ B[ (—w exp{U™}) — ()]}, (1.13)

where b%8@) = gsen(@) 4 [goen(@)]2 /2 @%@ (dy) = 78" (du) o logu. Hence, by Volkonskii’s
theorem, the generator K of the time changed process Y; is given by Kf(z) = |z|=*K f(z), for
x € R*. Hence, knowing that the infinitesimal generator of Y is given by (1.13) it is possible
to identify the infinitesimal generator of the self-similar Markov process X and conversely.

1.3 Proofs

Proof of Proposition 1.3. The strong Markov property implies P,(H, < oo,Vn > 0) = 1.
Thus, (H,,n > 0) is a strictly increasing sequence of stopping times satisfying H,, < T, for all
n > 0. Let H be the limit of this sequence, then H < T'. If H = oo, then clearly T' = oo and
H = T. On the other hand, if H < oo, then on the set {H < T}, it is possible to define the
process X = (X#4tlgt<r—my,t > 0). This process has no change of sign, and by the strong
Markov property, for all y € R*, conditionally on Xz =y, X! has the same distribution as X
under P,. This contradicts the fact that X has at least one change of sign. Therefore, H =T,
a.s. [

Proof of Theorem 1.5. For t > 0, we denote by 6, : Q — €2 the shift operator, i.e., for w € €,
Oiw(s) = w(t+s), s > 0.

(i) Let F be a bounded and measurable functional. From (1.6) and the self-similarity
property, it follows

X «

E, {F ( |§°| Lo<t< |X0|‘aH1)] — Fegno) [F (X1,0 < t < Hy)],
0

for x € R*. Moreover, sgn(Xp, ) = sgn(x)(—1)", P,-a.s. These two facts and the strong Markov

property are sufficient to complete the proof. Indeed, for X, ... X as defined in (1.7) and

for all Fy, ..., F, bounded and measurable functionals, we have

n (n—1
E. | ][] F (XW)] = E, [[[Fx (*W)Ex,, {Fn (%0 <t< yXOyaH1>H
k=0 k=0 °

[n—1
= E, [[] Fx (XY) Eggngaycyn [Fo (X0, 0 <t < Hl)]]
| k=0

Esgn(w)(—l)" [Fn (Xt, 0<t< Hl)] ,

n—1
= E, [[]F (x®)
Lk=0

where the strong Markov and self-similarity properties were used to obtain the first and second
equality, respectively. Now, taking Fy = ... = F,_; = 1, we have

E, [Fn (2(,}”), 0<t<|Xp | *(Hpsr — Hn))] = Bugao)(—1) [Fo (X0, 0 < ¢ < Hy)J.
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This proves (1.9). In addition

n n—1

15 (x® I 5 (x®)
k=0 k=0

This proves the independence in the sequence {(X( 0<t<|Xpyg,| *Hy1— Hy)),n >0}
under P,.

E, [F, (x™)].

(i1) From (1.6) and the self-similarity property, we derive that

o ()] e ()]

for all x € R*, and f bounded Borel function. Now, let fy,..., f, bounded Borel functions.
Proceeding as in (i), using (1.14) and the strong Markov property, we obtain

[ )] - it ()

XHk+1* XH/@H*

The conclusion follows as in (3).

(#i) By the strong Markov property, (i) and (i), it is sufficient to prove the case n = 0. For
k>1,let f:R* 5 R, g:R* — R be two Borel functions, and 0 < s; < ... < s;. We note
o0 on {sx < Hy}. Hence, by the Markov property and

— Hy
S XH177

(1.14), we have

This ends the proof. O]

In order to prove Theorem 1.7, we first prove the following lemma. This lemma is a con-
sequence of the lack-of-memory property of the exponential distribution and the properties of
the random objects which define Y®), Before we state it, we define the following process. For
z € R*, let Z®) be the sign process of Y#_ ie., Zt(x) = sgn(Y;(m)), t > 0. Note that Z® is a
continuous time Markov chain with state space {—1,1}, starting point sgn(z) and transition

semigroup e'Q, where
(3 1)
AN

Furthermore, since the law of Z(*) is determined by Q (hence by ¢*,(~), then the process Z®
is independent of ((£@*) U@ k > 0).

Lemma 1.9. Let n,m be positive integers and s,t be positive real numbers. We have the
following properties
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(a) Conditionally on T <t < T(H, the random variable TnJrl —1t has an exponential distri-
bution with parameter ¢'*™, where ¢*™ equals ¢* if sgn(xz)(=1)" = 1 and ¢~ otherwise.
Furthermore,

z,n) (@n) £ 220
gem —glem ) L840,

where (EW, Z("O)) are independent of (€0%) (R 0 < k < n) and with the same distribu-
tion as (€09, ¢0),

b) Conditionally on T\ <t < T T
nt1

n+m

<t+s< T(Jr)m+1 the distribution of f(injjm)

n+m

)

(@)
is the same as the distribution of §Zt~(’z’;1)> conditionally on Tm,

s—Tpm ¢

7@ 7@
( ¢ ) T,r(nl_"_l )7 '.6.;

P(61700 €dz | T, <t4s <0, T <t < T

n+m

)

_P(gz’f(”ﬁ)) edz | A < s < T

S—

where (57'"”), Tn(%)) are independent of (€0 T,ﬁ ), 0 < k < n) with the same distribution as
(0m, 7).

Proof of Lemma 1.9. The first part of (a) follows from the lack-of-memory property of the ex-

ponential distribution. Now, by construction, (£ (@n) c@n) n >0) is a sequence of independent
random objects which depends on = only through its 51gn and T\" +m =Tn @ 4 >y ! ¢(@ntk)

Hence, it is always possible to take (5( 0) ,E (-0)) and (5 m), T&)) with the properties descrlbed
in (a) and (b), respectively. Thus, it only remains to prove the equality in distribution in (a)
and (b).

Denote by [, @) the density of the random variable T Slmple computations lead to

Pl = e de T <t < T / /t € dz)g= e dr £y (u)du
P e dz)P(TTE”“") <t<T\),

where the independence and stationarity of the increments of the Lévy process €™ have been
used in the first equality and we made the change of variables v = r — (t — u) to obtain the
second. Hence, the equality in law of (a) is obtained.

By (a) we have that for all m > 0, conditionally on T <t < T +)1, the random variable
(@)
T —t has the same distribution as 7..' ’ and it is independent of (T % DO0<k< n). Hence

n+m

PEW™m e de TH <t+s<TO | TW <t <TW)

ths=T{,,
= P(¢ ;( 752) € dz, TE) < s < T )
and o
P(TY, <t+s<T@ T <t<TE)=PTE) <5< T,
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Therefore

P e dy | T, <t+s <TI0 T <t <T)

ths=T7,,
= P(¢' ;(Zt(x)>) €dz | TT(nZt <s< Tr(n—H ).
This finishes the proof. O

Proof of Theorem 1.7. (i) First we prove that Y(®) satisfies the property (1.3). We note that

the process £ depends on z only through its sign, then clearly for all a € R*, £(el*) £ g,
Hence, we have

(sen(a)|alz exp{&1}, ¢ > 0)

(az exp{&{7},t > 0)
(@Y, ¢t > 0).

(sgn(a)Y,™ ¢ > 0)

Therefore, the process Y *) satisfies the property (1.3).
Let s,¢ > 0, then by Lemma 1.9, conditionally on T\*) < ¢ < T,E‘fL)l, 7

n+m

<t+s<T
we have

Y(x) — z,n z,n z,n
t+s exp{ (z,n+m) Z ( +k) +U mn—l—k)) +€é n) 5( ) + U(a:,n) +Z7Tm}
k=

(x) tts—T® -7
Y, 1 "

n+m
) m-l () 1 (@)
L A Z, ~ 7 .
= exp A( A( U k) +amm p .
(x)
~=(2; )
S— Tm k=0

Hence, for s,t > 0,
Y(ff) _ (z
o £ expl &7, (1.15)
Y;

where £0) is a copy of £0) which is independent of (Eu), 0 <wu <t). Thus, Y® has the Markov
property. Furthermore

Y@ s>0) £ Wﬁmszo,
t+s

where Y0 is a copy of Y) which is independent of (Yu ) ,0 < wu < t). This also ensures that all
processes Y (®) have the same semigroup.

Now, we prove that Y (*) is a Feller process on R*. Let Q; be the semigroup associated to
Y @) We verify that Q is a Feller semigroup, that is,

(1) Qtf c Co(R*>, for all f S C(](R*),
(ii) limyyo Qif (z) = f(x), for all z € R*.
Let x € R* be fixed. For all y € R* such that sgn(y) = sgn(x), by property (1.3), we have

Qufw) =E|f (v")| =E|r (2v¥)].
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The latter expression and the dominated convergence theorem ensure the continuity of Q;f in
z. By (1.3), (¥, t > 0) £ (|2, ¢ > 0) for all # € R*. Hence,

Qif(r)=E [f <Y;(I)>} - E [f (me(Sgn(x)))] . zeR".

Using again the dominated convergence theorem, we obtain lim,|—,. Q¢f(x) = 0. For the last
part,

B 1 ()] =B [ ()| 77 (17 )+ B 1 (05 1= 1 <)
For the first term we have

E [ f (Yt(l‘)) ( T > t] P (fo) > t) —E [ f <$ exp{€2® })

)5 ] e

Letting ¢t — 0, the last expression converges to f(z) by the right continuity of £%"®). Thus,
it only remains to prove that the second term converges to zero as t tends to zero. Since f is

bounded,

for some positive constant C'. Again, letting ¢ — 0 we obtain the desired result.

The strong Markov property of Y®) follows from the standard fact that any Feller process
is a strong Markov process.

(ii) First note that v(®)(t) satisfies

t
>t):/ Y jeds, ¢ > 0. (1.16)
0
Indeed, if
t|x|®
) = [ X s,
0

then, since 70 (v2) (1) =) =1, it follows dv'®) (1) /dt = 1/|X,2) [~ = | Y]

Now, we claim the following: for every # € R* and n > 0, there exists a Lévy process £@m)
independent of (ng), 0<s< Hy(f)) such that,

X, = X exp{et) X1 oh 0<t< HY, — H®), (1.17)

where s
T(ﬂfv”)(t) = inf {3 >0: / eXp{OszLm’n)}du > t} . (1.18)

0

To verlfy this, we take > 0 and n even, the other cases can be proved similarly. In this case,
X > 0. By the strong Markov property, conditionally on Xy =y, we have

(Xpts0,0 St < Hopy — Hy) £ {(X,,0 <t < Hy) P}
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And since the process on the right hand side of the latter expression is a positive self-similar
Markov process, then by Lamperti’s representation there exists a Levy process (£1,P) such

that
L
[(X,0 <t < 1), P} £ { (yexp{€ls o 10 <t < A¥(0)) P},

where

At (o0) = /OOO exp{a&] }ds.

Furthermore, since H; < oo, Py-a.s., then {* is a killed Lévy process with lifetime ¢, expo-
nentially distributed with parameter ¢* > 0 and hence

C+
AT = X s,
(00) / explatt}ds

Note that we chose the superscript 4+ because sgn(Xpy, ) > 0.
Thus, we have obtained that for all x > 0, n even,
TH(t

{(Xpp46,0 <t < Hyyr — Hy) B} = { <X§;ﬁf exp{€7, )} 0ST< A+(oo)> ,P} .
Hn,

This shows (1.17). Also, the Lamperti representation ensures that for all z € R*, n > 0,

¢lam)

|X1(rf2|_a(Hn+1 —H,) = / exp{ac@™ Y du, (1.19)
0
which implies that for all n > 1
n—1 ¢(@:k)
H =X / exp{ag(™ }du. (1.20)
k=0 0

Now, for z € R* we define the sequence (U@ n > 0) by

(z)

Hypiq1—

Then, by (1.17) and (1.19) it follows that

X = X exple™y,
and also -
K@ _ @ NHen @) rcem) e
Hopr = Xbpo- o = X, exp{& + U]
H7L+17
Hence, for all n > 0,
X = zexp { (55’“’“) + Uwv)) +im(n + 1)} . (1.21)
k=0

15



Note that because of Theorem 1.5, for every x € R*, the sequence (£ (@) U@m) n > 0)
satisfies the condition which defines the process Y®) in (1.11). It only remains to prove that
X @) time changed is of the form (1.11). For that aim, write

¢
A@M () = / exp{a€@du, 0<t< @,
0

Thanks to (1.17), (1.18) and (1.21), we have

X e x@peaog — i P&

=z exp{éﬁ)Tn }.

On the other hand, by (1.20), for 0 < t < (@™ it follows
n—1 C(z,k) ¢
H®Y + ]X}fg\o‘A(””’”)(zﬁ) = Z ]X%)\O‘/O exp{ €™M }du + \X}fj]a/o exp{ €™} du
k=0
n—1 /‘C<
k=00

Tk+1

n-1 t+Ty
= > [ letleplag@dut [ jal explag)du
k=0 Tk n

x,k)

t
2] exp{a&y, }du + / 2] exp{a€ ;. [}du

t+Thn
= / |z exp{EY|*du.
0

Hence

X}QTW el ]ods = xexp{géf_)Tn}, 0<t< C(a:,n).
0 S

The latter and (1.16) imply that Y@ can be decomposed as in (1.11). Furthermore, as a
consequence of this decomposition and the converse of the main result in [34], we can conclude
that every Lamperti-Kiu process can be constructed as explained in (1.11).

(iii) Let (G;) be the natural filtration of Y® ie., G, = U(Y;(z),s <t),t>0. Let F/; =
Gr(t]z|-), t = 0. Clearly, X (@) is (F;)-adapted, and since the strong Markov property is preserved

under time changes by additive functionals, X®) is a strong Markov process. We recall £(¢*) £

E@ for all ¢ > 0. Thus, if ¢ > 0, then

(=) _ (=)
(cXC,at,t > 0) = <cx exp{é’T(tlcx',a)},t > 0)
£ <ca: exp{Eif:"l)cx'_a)},t > 0)

_ (Xt(“),t > o) .
This proves the self-similar property of X®). It only remains to prove that all X® have the
same semigroup. We have
X = X))

T(tlz|=) T((t+s)]x[=*)"
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On the other hand, for all s, > 0,
T((t+s)|z|™%) = 7(t|z|~®) + inf {7" >0: / |exp{a€£ft‘ml oyt ldu > slz|” 04}
0

= T(t‘x|_a) + lnf {T > 0 : /0\ ‘(Y;—((:i?ad*"‘))_l}/;‘(é?x‘*a)—i-u

du > 5|Xt(x)|_°‘} .

) 1y ®) s > 0. Then

o () (z)
Write Y5 = (Y. T (t|a] )45

(tlz[=*)

(@ _ y@p@
Kivs = XX o ay

Hence by the strong Markov property of Y@ Theorem 1.7 (i), we obtain

P(X" edz | F) = P(X,f’”)?f(“)lx o) € 2| F)
= P(yexp{& sg‘r;|_a } € dz)| o
:Xt
= P(xY e d2) -
y:Xt(
This concludes the proof. O

Remark 1.10. Let A® = (Aﬁx), 0 <t < o0) be the process defined by
t
AP = / |exp{a€®}|ds, 0 <t < oo.
0

Note that A® only depends on x through its sign. From (1.20), (1.21) and Proposition 1.3,

under P,
T = lim H, = |x|O‘A§gn(‘”)),
n—oo

i.e., there is a relation between the hitting time of zero for X and the exponential functional of
&, similar to the one known for positive self-similar Markov processes. Furthermore, Lamperti’s
representation can be written as

Xt(x)l{t<T} :Eexp{ 7—(90) (t|z|~ a)}l{t<‘$|aA§gn(x))}7 t >0,
where 77 (¢) = inf{s > 0: [ | exp{a&i™ }du > t}, t < AD.

Proof of Proposition 1.8. We prove the case z > 0, the case < 0 can be proved similarly. Let
Ty and T the first and the second times of sign change for Y, respectively. In the case x > 0,

lelnf{t>OY;<O}, Tzzlnf{t>T1K>0}
Since f is bounded, we have

E.[f(Y)] = f(2) = E[f(Y) Linsey — f(2)] + Eo[f (Vo) Liny <e<moy] + Eo[f (V) 1<y,
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Recall that by construction of Y, (71,7T3) are such that under P,, for z > 0, they have the
same distribution as (¢, (T4 (™), with {7, (~ independent exponential random variables with
parameters ¢*, ¢, respectively. It is easy to verify that

q (1-— e‘q+t) —q¢(l—e77)
P.(T, <1) = ¢ —q"

. ¢t #q,

1—e 7 — gtte ™, - =q".

It follows that P,(Ty < t) = o(qTq t*/2) as t — 0. Hence, using again that f is bounded, we
obtain

1 1

Now we write

1

7 Bl /(YD) Lprion] - f(2)) = %(Ex [Flexp{& )] — f(x))e™ " + %f(x)(e‘q” - 1),

where £T is a Lévy process such that & = log(z), P,-a.s. The last expression implies

lim 1(E‘,,:[ fY)Lzsn] = f(2)) = AT(f o exp)(log(z)) — ¢" ().

t—0 ¢

To conclude, observe the identity
E. [/ (Yo) Lz coery] = Bulf(—expl{&y o + €5 + UFD) [0 <t = < CPL(Ty < t < T),

where 1 is as before and £~ is a Lévy process with lifetime ¢~ independent of (¢+,¢, U;")
and satisfying {; = 0, P,-a.s. This together with

o1 1 o1 .

t—0

and the convergence
lim T [f(— expl o+ +UFN [0S £ = CF < ¢ = Blf(~rexp{U))],
which holds by the right continuity of £* and £, imply that
i B (Vo)1) = ¢ E{f(~rexp{U})].

This ends the proof. m

1.4 Examples

The aim of this section is to characterize the law of (€%, (¥, U*) which defines the Lamperti-Kiu
processes through two examples. The first example is the a-stable process killed at the first
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hitting time of zero, and the second is the a-stable process conditioned to avoid zero in the
case o € (1,2).

We start by reviewing some results in the literature about self-similar Markov processes.
Through this section X will denote an a-stable process and T its first hitting time of zero
(T = inf{t > 0: X; = 0}, with inf{(}} = c0); and we will denote by X° and X? the a-stable
process killed at T" and conditioned to avoid zero, respectively.

In the case a = 2, the process X has no jumps and X° corresponds to a standard real
Brownian motion absorbed at level 0. On the other hand, the Brownian motion conditioned to
avoid zero is a three dimensional Bessel process, see e.g. [43]. Thus, depending on the starting
point, X* is such that X% or —X? is a Bessel process of dimension 3. Since all Bessel processes
are obtained as the images by the Lamperti representation of the exponential of Brownian
motion with drift, see e.g. [14] or [51], we obtain the following for x € R*,

Xz? = IeXp{éS(tm‘w)}, *Xti = xexp{é(tm_a)}, t>0,

where £° and ¢? are real Brownian motions with drift, viz., £&© = (B, — ¢/2,¢t > 0) and & =
(Et +1t/2,t > 0), with B, B real Brownian motions. Therefore, the Lamperti representation is
known in the case a = 2, so we exclude this case in our examples.

For 0 < a < 2, let 1) be the characteristic exponent of X: El[exp (iA\X;)] = exp (tp(N)), t > 0,
A € R. It is well known that 1) is given by

@D()\) = 1a\ + /R(Gv\y —-1- i>\y1{|y|<1})l/(y>dy, = R, (1.22)

where v is the density of the Lévy measure:

V(y) = C+y7a711{y>0} + Ci|y‘7a711{y<0}7 (1'2?))

with ¢t and ¢~ being two nonnegative constants such that ¢ + ¢~ > 0. The constant a is
(¢t —c¢)/(1 —a) if a # 1. For the case a = 1 we will assume that X is a symmetric Cauchy
process, thus ¢t = ¢~ and a = 0.

Another quite well studied positive self-similar Markov process killed at its first hitting time
of 0 is the process obtained by killing an a-stable process when it leaves the positive half-line.
Formally, if R is the stopping time R = inf{t > 0 : X; < 0}, then the process killed at the
first time it leaves the positive half-line is X7 = (X;1y<pgy,t > 0) where 0 is assumed to be a
cemetery state. Caballero and Chaumont in [10] proved that the Lévy process & related to X
via Lamperti’s representation has the characteristic exponent:

O(N) = iaX + /[ei’\y —1—diXe? — D1gev_y<ylm(dy) —c o™, NER, (1.24)
R

where the Lévy measure 7(dy) is

ctey c ey
W(dy) = Wl{y>o} + ml{yd)} dy. (1.25)

Note from (1.24) that the killing rate of the Lévy process £ is c-a L.

19



A further example in the literature appears in [13]. They studied the radial part of the
symmetric a-stable process taking values in R%. In the case d = 1, 0 < a < 1, they proved that
the Lévy process in the Lamperti representation for the radial part of the symmetric a-stable
process is the sum of two independent Lévy processes &1, & with triples (0,0, ) and (0,0, 7o)
where

k(o)eY k(o)eY k(o)e?
m(dy) = (Wl{y>0} + Wl{y<0} dy, ma(dy) = Wd?/ (1.26)

and
o

T M1 —a) cos &t

k()

In other words, the Lévy process in the Lamperti representation is the sum of a Lévy process
with Lévy measure similar to (1.25) and a compound Poisson process. Since the process Y is
symmetric in this case, the results in [13] confirm Chybiryakov’s results.

The Lévy processes with Lévy measure having the form (1.25) or 7 in (1.26) are examples
of Lamperti-stable processes. For the definition and properties of Lamperti-stable processes,
see [12].

1.4.1 The a-stable process killed at zero

The following theorem provides the expression of the infinitesimal generator of the process X°.

Theorem 1.11. Let a € (0,2) and let A, A° the infinitesimal generators of the a-stable
process and the a-stable process killed in T, respectively. Then Dy = {f € D4 : f(0) =0} and
A°f(x) = Af(z), for v € R*. Furthermore, A°f(x) can be written as:

R+

Afw) = o [saniaes )+ [ 1) = 1) = o (@) = D gaye " )

+Lc_sg”(””)a_1/_[f(a:u) — f(@))¢°(w)du, =€ R*, (1.27)

[

where
VO () = w(sgn(z)(u—1)), u>0, ¢"(u)=a(l—u)™" u<0,

and v is given by (1.23).
The proof of the latter theorem will be given at the end of this subsection. The following
corollary characterizes the Lamperti-Kiu process associated to the a-stable process killed at its

first hitting time of zero and its proof is an immediate consequence of Volkonskii’s theorem and
the formulas (1.13) and (1.27).

Corollary 1.12. Let £%% (9% U%E the random objects in the Lamperti representation of X°.
Then, the characteristic exponent of %% is given by

YOEN) = dat\ + /[ew —1—iA(e¥ — D1gev_1jeny)m 5 (dy), N ER,
R

20



where a* = +a, with a as in (1.22), and 7% (dy) = e¥v(£(e¥ — 1))dy. The parameters of the
exponential random variables (**F are cFa™' and the real random variables U%* have density

e
g(U) = W, u € R.

Note that as expected, the Lévy process €% is the one obtained in [10]. Furthermore, the
downwards change of sign rate, which is the death rate in [10], is ¢"a~!. From the triples of
£%F and £%~ we can observe that both belong to the Lamperti-stable family. In the particular
case where X is a symmetric a-stable process with a € (0, 1), the description in Corollary 1.12
coincides with the one in [13], see (1.26). Note that U%*, U%~ are identically distributed and

they are such that U%* £ log V', where V follows a Pareto distribution with parameter «, viz.,

f(x) == ﬁ, x> 0.

In order to prove the main theorem of this subsection we need the following two lemmas.

Lemma 1.13. Let X be an a-stable process, a € (0,2). Then, for any x € R*,
1
lim -P,(T <t, X, € R*) =0. (1.28)
tlo t

Proof. Since for a € (0,1] the point zero is polar, then (1.28) is clearly satisfied. Suppose
a € (1,2). For § > 0, write

P (T <t X; e R") =P, (T <t,|X¢| €(0,0]) + P, (T < t,|Xy| > ).
First, we verify the following: for 0 < § < |z| it holds

—

1
lim P, (|X.| € (0,0]) = sgn(z) (0 — ™% — [0 + 7). (1.29)

For this aim, we will use the fact that for every K > 0, (1/t)Py(X; € dz) converges vaguely to
v(z)dz on {z : |z| > K}, as t | 0; see e.g. exercise .1 in [5]. We only show (1.29) in the case
x < 0, the case x > 0 can be proved similarly. For x < 0, we have § + z < 0 and

1 .1

— /_i: v(z)dz

= —((=0-2)"" = (0 —2)"),

«

which proves the claim. Now, from (1.29) we obtain

1 —sgn(z)
lim sup ;IF’:E(T <t Xy €(0,4]) <
£10

sgn(x) (|0 — x|~ — |0 + z|7%). (1.30)
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On the other hand, by the strong Markov property
t
P.(T <t,| Xy >6) = / Po(| X¢—s| > 0)P.(T € ds).
0

Since (1/t)Py(X; € dz) converges vaguely to v(z)dz on {z : |z| > K} for every K > 0, there
exists a constant C' such that, for sufficiently small ¢:

Ct
Po(| Xi—s| > 0) < S for all s € (0,¢).

Then ot
P.(T <t,|Xy| >9) <P, (T < t)é_“

The latter inequality and (1.30) imply the result. O

Lemma 1.14. Let z € R*, and a € (0,2). We will denote by I\") and IS the following
integrals

(u = D)X gu-t<1y = Ljo-1)<1y)v(sgn(z)(u — 1))du,

+

WS
B8
Il
%\ %\

_(u — D) 1p@-1)<ny¥(sgn(z)(u — 1))du.
The identity
]1(a:) — I = sgn(z)a(l — |z|*™),  holds.

Proof. We will show the case z < 0, and « # 1, the other cases can be proved similarly. First,

observe that |u — 1| < 1if only if 0 < u < 2. Thus, if z = —1, then I\") = I{") = 0 and the
lemma is satisfied. Now, suppose that —1 < x < 0,then 1 +27' <0<2<1—271,

1

1—z~
I(if):_/ - — 1) "%y = 1—(— a—1
Pe= [l a= - (o)
and o .
I = —/ (1 —w)Odu = ———[1 — (—2)*71].
14z—1 -«
Hence, Ifm) — ]2(“7") = —a[l — (—z)*"!]. Finally, suppose that * < —1. In this case, we have

O<l+dal<l<l—z'<2 I{”=0and

14z~ 1 2
1) = _/ ct (1 —u) “du +/ ¢ (u—1)"%u = —a[l — (—z)*"].
0 1—z—1
This ends the proof. O]

Proof of Theorem 1.11. For any f bounded function such that f(0) = 0, we have for x € R*
E.[f(X)) = f(2)] = Eu[f(X2) — f(2)] = Eulf(Xi) Lirany]-
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On the other hand, by the Lemma 1.13,
lim VB, [£(X,)1 (<] = 0.
t—0 ¢
Then o 1
lin I, [F(X7) — f(@)] = lim S [£(X,) — f(2)]

Hence, Do = {f € D4 : f(0) =0} and A°f(z) = Af(x).
Now we will obtain (1.27). By the first part of the theorem we have that for z € R*, A°f(x)
is given by

Af@) = af @)+ [ [Fla+9) = o) = o (@) Lren )y (1.31)
Let I be the integral in (1.31). Then, with the change of variables y = z(u — 1) we obtain
1= o L) = @) = a7 @) = DL goenjenlotsnta) (e — D)
= o L) = @) = o @)= DL spen o lsgn(a) = 1)
#o @)= D e = Lsenien o(sen(a) u = 1)du
#om [ ) = £(@) = 2 @) = 1oy lsnte) = D)

With the help of Lemma 1.14, we can write [ as follows

= ﬁ [sgn(fv)aﬂcf/(fv) + / ) = f) = af () (0= DL a5 <u>du}
1 zu) — f(2)]"%@ (w)du — af (x
o [ e = @R @ = af (@),

Hence, we have

A () = #{sgn(m)axf’(xH / [f(arU)—f(:v)—wf’(x)(u—1)1{u_1|<1}]v°’sg“(x)(u)du}

R+

b | [ 1) - s ).

Finally, note that

VO,sgn(z) (’LL) 0

This ends the proof. O
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1.4.2 The a-stable process conditioned to avoid zero

In [48] symmetric Lévy processes conditioned to avoid zero were studied. One of the main
results in [48] can be stated as follows. Let X be a Lévy process with characteristic exponent
1. Consider the following assumptions

H.1 The origin is regular for itself and X is not a compound Poisson process.
H.2 X is symmetric.
Then, under H.1 and H.2 the function h, given by

1 (1 —cos)\z
hiz) = — ———d\ R
@ =1 [ S aeR

where (\) = —Re(x)(\)), is an invariant function with respect to the semigroup, P?, of the
process X killed at 7', the first hitting time of 0. Note that if X is an a-stable process with
a € (0,2), H.1 and H.2 are satisfied if and only if X is symmetric and a € (1,2). In this case,
the characteristic exponent is given by ¢(\) = —|A|%, h has an explicit form, namely

h(z) = Cla)lz[*", 2 €R,

where I )
-« arm
Cla) = ——=sin —.
() Ta=1) sin —
In chapter 2 a generalization of the latter fact is considered. There it is proved that for X
a-stable process with 1 < o < 2, the function h given by

h(z) = K(a)(1 — Bsgn(z))|z|*?, =z R, (1.32)
where
B ['(2 — a)sin(ar/2)
K@) = e =D+ Fran’(ar/2)’
and
()2 —q) cos(am =
o= AEEIE coanz), 5= S (1.33)

is an invariant function for the semigroup of X°. In fact this result is a consequence of a more
general result that has been proved in chapter 2 under the sole assumption H.1. Since A is
invariant for the semigroup P? and h(z) # 0, for z € R*, then we define the semigroup P/* on
R* by
Pz, dy) = MPto(yc,aly), x,y € R*t > 0.
h(x)

We denote by P the law of the strong Markov process with starting point z and semigroup
Pl P" is Doob’s h-transformation of Py via the invariant function h as defined in (1.32). Since
under the measure P" it holds P*(T = oo) = 1, then the process X" can be considered as the
process X conditioned to avoid (or never to hit) zero, this has been proved in chapter 2. We use
the notation X?¥ instead of X" to emphasize this fact. Thus, as was mentioned at the beginning
of the section, X7 is the a-stable process conditioned to avoid zero, when a € (1,2). In the
following lemma we summarize properties of the function h, which follow straightforwardly
from its definition and so we omit their proof.
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Lemma 1.15. The function h defined in (1.32) satisfies the following properties
(i) h(z) > 0, for all = € R*, h(0) = 0;
(i) h(uz) = |ul*" h(sgn(u)z), for allu € R;
fiii) (hf)(x) = h(z)[(@— Dz f(z) + f(2)], f € C1, w € R
(iv) h(—z) = h(z) + 2K (a)Bsgn(z)|z[*"", for all z € R.

Using (i) of Lemma 1.15 and (1.1) it is possible to verify that the semigroup of the process
X1 satisfies the self-similarity property. Hence X? is real-valued self-similar Markov process.
The following theorem provides an expression for the infinitesimal generator of X+.

Theorem 1.16. Let AY be the infinitesimal generator of X*. For x € R*, AYf(x) can be
written as

Atf(a) = |x1|a {aﬂsg"(m)xf'(xw / [f(zu) = f(x) = 2" () (u = 1) uoyenr™" (u)du

R+
1 sgn(zx) ., —1 0
e e | ) — @)t . (1.34)
where
L a=1_ 1 L] )11
s [y P
0 (1 0 ue
and

pho0@) () = 4y (sgn(z)(u — 1)), ©w>0; ¢*u) =a(—u)* {1 —u)"*, u<O.
The following corollary is also a consequence of Volkonskii’s theorem and the comparison of
(1.13) and (1.34).

Corollary 1.17. Let ¢4+ Ub* b+ the random objects in the Lamperti representation of X*.
Then the characteristic exponent of £F is

PPEN) = dab A + / [N — 1 —iX(e¥ — Dlge_1n]mtE(dy), N ER,

R

where a** is given by (1.35) and 4% (dy) = e*Vv(£(e¥ — 1))dy. The parameters of the expo-

nential random variables (¥ are cta~! and the real random variables Ub* have density
aeau
u)=-——"-"-— uek
g( ) (1 + eu)a+1

As in the first example, the Lévy processes £+, ¢b~ belong to the Lamperti-stable family.
Furthermore, their Lévy measure, satisfy the relation: 7%*(dy) = e(*~D¥70%(dy). Note that
g(u) can be written as

ae
g(U) = W, u € R.

Hence, UM+ £ —U%* £ _logV, with U%* as in Corollary 1.12 and V is a Pareto random
variable.
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Proof of Theorem 1.16. Recall that A?f(x) = [h(x)] ' A°(hf)(z), x € R*. Thus, by (1.27) we
can write for x € R*

()] Y| * A°(h f) () = [h(x)] (sgn(@)az(hf) () + T + T57),

7Y = / 1)) = () () = 2(hf) (@) (= D guren]v(sen(@) (= 1))du
20 = [ (b)) = (h))v(snta)(u — 1))
Now, by (7i) of Lemma 1.15,

[h(2)] 'sgn(x)az(hf) (z) = sgn(z)azf (z) + sgn(x)a(a — 1) f(z). (1.36)

Also, using (7i) and (4ii) of Lemma 1.15, we have

)7 = [ () = Fla) = o f (@) = DLyl visgn(e) (e~ D)du

+ /]R+ (u*" = 1) (u— D)o 1j<nyv(sgn(@) (u — 1))du x x f'(z)
+ . [t —1— (= 1)(u— D 1qp—1j<1y)v(sgn(z)(u — 1))du x f(z)
= 194 1 f () + I8 f () (1.37)

where
I = / U ew) = f(@) = af (@) (= DLguojen]u® v(smn(@)(u — 1))du,
= [ @ = )= D)o - D)du

1 a—1 1 a—1
_ ngn(x) / (]' + u) — 1du - C—sgn(z) / (1 — u) — 1du,
0 0

u u

Y = /R+ [ =1 = (a = 1) (u = DLjuy<y]rsgn(@)(u — 1))du.

And by (i), (iv) of Lemma 1.15 and since [p (—u)*'v(sgn(z)(u — 1))du = ¢@a~!, we
obtain

ez = (Lt

1 — Bsgn(x)
2psgn(x
1o Psgn(x)

Substituting the values of a and § given by (1.22) and (1.33) in the latter equality, it follows

) /R [f (zu) — f(2)](—u)* v(sgn(z)(u — 1))du

c—sgn(x)a—lf(x) .

[h(2)] 28 = @ [ — oo — 1)sgn(z)af (2), (1.38)

26



where I{”) is the integral

[ 1) = g
Thus, the expressions (1.36), (1.37) and (1.38) imply
A f(@) =2l [(sen(@)a + B7)af (@) + 17 + e 1|
+ 2] ™[a7 (@ = 1*sgn()a + 17 f ().

Finally, since h is an invariant function for the semigroup of X then f = 1 belongs to D 4
and it follows that a~'(a — 1)%sgn(z)a + I8” = 0. This ends the proof. O
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Chapter 2

The Lévy processes conditioned to
avoid zero

2.1 Introduction

The main purpose of this work is to construct Lévy processes conditioned to avoid zero. This
question is relevant only when 0 is non-polar. Then the event “not hitting zero” has zero proba-
bility and hence a standard analytical approach consists on finding an adequate excessive func-
tion for the process killed at the first hitting time of zero and then use Doob’s h-transformation
technique. A good understanding of the associated excessive function allows us to establish an-
alytical and pathwise properties of the constructed process. This is the approach that has been
used by Yano [48], under the assumption that the Lévy process is symmetric. So, our results
can be seen as a generalization of the results obtained by Yano. A probabilistic approach for
constructing Lévy processes conditioned to avoid zero bears on the idea that the construction
can be performed by conditioning the process not to hit zero up to an independent exponential
time with parameter ¢, and then make ¢ — 0, so that the conditioning affect the process all
over the time interval [0, c0). This is a generic approach that has been used in several contexts.
See for instance Chaumont and Doney [17] and the reference therein, where the case of Lévy
processes conditioned to stay positive is investigated. We will prove that in our setting this
procedure gives a non-degenerate limit and that both constructions coincide.

2.2 Preliminaries and main results

2.2.1 Notation

Let D|0, co) be the space of cadlag paths w : [0, 00) — RU{A} with lifetime ((w) = inf{s : ws; =
A}, where A is a cemetery point. The space D[0, 00) is endowed with Skorohod’s topology and
its Borel o-field, F. Moreover, let P be a reference probability measure on D[0, 00), under which
the coordinate process X = (X;,t > 0) is a Lévy process. We will denote by (F;,t > 0) the
completed, right continuous filtration generated by X. As usual P, denotes the law of X + x,
under P, for x € R. For notational convenience, we set P = P;. We will denote by 6 the shift
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operator and by k the killing operator, i.e., for w € D[0, 00), fw(s) = w(s +t), s > 0, and

w(s), s<t,
kw(s) =
A, s>t.

For t > 0, we use X o 6;, X o k; to denote the functions in D|0, co) given by 6;w(-) and kuw(-),
w € D|0,00), respectively. Throughout the paper ¢ : R — C will denote the characteristic
exponent of (X, P), which is defined by

1 4 2 .
() = — log(E[e**]) = ia) + %)\2 + /R(l — ™+ idzlyy<y)m(dr), N ER,

where a € R, 0 > 0 and 7 denotes the Lévy measure, i.e., 7 is a measure satisfying 7({0}) =0
and [, (1 A 2?)m(dz) < oo. We denote by P, and U, the transition kernel at time ¢ and the
g-resolvent of the process (X, P).

We assume throughout the paper that

H.1 The origin is regular for itself.

H.2 (X,P) is not a compound Poisson process.

We quote the following classical result that provide an equivalent way to verify conditions
H.1 and H.2 in terms of the characteristic exponent .

Theorem 2.1 (See, e.g., [9] and [32]). The conditions H.1 and H.2 are satisfied if and only if

1
AR@(m)d)\<OO, q>0

either o >0 or / |z|m(dx) = oo.

lz|<1

and

It is known that under these hypotheses, for any ¢ > 0, there exists a density of the resolvent
kernel that we will denote by u,(z,y):

Unf(z) = / ug(z,9)f(W)dy, z € R,

for all bounded Borel functions f. The density u,(x,y) equals u,(y—x), where u, is a continuous
function. We refer to chapter II in [5] for a proof of these results. Furthermore, from the
resolvent equation

U,—-U.+(q—r)UU. =0, ¢ >0,
it can be deduced that the family of functions (u,, ¢ > 0) satisfies, for all ¢,r > 0 with ¢ # r,

1
q—r

[up(z — ) —uy(z — )], forall z,z € R. (2.1)

[t = oyt~ )y =
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Let Ty be the first hitting time of zero for X:
To = inf{t > 0: X; = 0},
with inf{@} = oo. The process killed at Ty, X° = X o kg, is given by

X;, t< Ty,
X =

A, t>Ty.

)

For every z € R, we will denote by PV the law of the killed process X° under P,. We use the
notation PY, Ug for its transition kernel and g-resolvent, respectively. From [5, Corollary 18,
p. 64], it is known that,

E,[e~90) = UZE(_O:;) g>0,z€R. (2.2)

Hence, with help of the following well known identity:

Uyf (x) = Up f(2) + Eq[e™"°]U, £(0),

for all bounded Borel functions f and ¢ > 0, we obtain the resolvent density for X°, namely,

ug(x,y) = ug(y — ) — z,y € R (2.3)

By I/P\> we will denote the law of the dual process X := — X under P_,, 2 € R. We will use the
notation ~ to specify the mathematical quantities related to the dual process X. For instance,
(Pt,t > 0), (Uq, g > 0) are the semigroup and the resolvent of the process X respectively. It is
known that the name “dual” comes from the following duality identity. Let f, g be nonnegative
and measurable functions. Then, for every ¢ > 0

/B dw—/f \Bg(z
/Uf dx—/f .9z

For the semigroup and g-resolvent of the killed process we have as a consequence of Hunt’s
switching identity (see e.g. [5, p. 47, Theorem 5]):

[ ota)R s = [ 5@ Pigla)da
[ swiswys = [ 1000

We observe that ()A( ,I/Es) satisfies also the hypotheses H.1 and H.2. Thus, for any ¢ > 0,
there exists a continuous density u, of the resolvent U,. Furthermore, u, and u, are related by

and for every ¢ > 0

and for every ¢ > 0
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the equation: u,(x) = u,(—x), x € R. Thereby, for any ¢ > 0, E, [e=970] and the density of (78
can be written in terms of u, as follows

Iﬁx[e’qTO] = y ¢g>0,zeR (2.4)

and
ug()ug(—y)
ug(0) ’

Since the point zero is regular for itself, there exists a continuous local time at 0 (in fact, at
any point x € R). We denote by L = (L;,t > 0) the local time at zero, which is normalized by
E( fooo e tdL;) =1, and by n the excursion measure away from zero for X. The measure n has
its support on the set of excursions away from zero:

Ug(,y) = gz —y) — z,y €R. (2.5)

D’ ={e € D[0,00) : e(t) #0,0 < t < ((€),0 < ((e) < c0}.

A nice relation between the excursion measure n and the Laplace transform of the law of T
under P, can be found in [50, Theorem 3.3] for Lévy processes and in [27, eq. (3.22)], [19, eq.
(2.8)] for general Markov processes. This is stated as follows, let f be a nonnegative measurable
function, then

/ T et (X))t < O)dt = / F(@) B[] dz. (2.6)
In particular, if f =1, : . )
/0 e n(¢ > t)dt = a(0)’ qg>0. (2.7)
2.2.2 Main results
Under the assumptions H.1, H.2 and
H.3 (X,P) is symmetric,
Yano [48] showed that the function i defined by
h(xz) = lim[u,(0) — u,(z)], z€R (2.8)

q—0

is a well defined invariant function for the semigroup of the Lévy process killed at its first
hitting time of zero. Furthermore, Yano proved that the function h can be expressed in terms
of the characteristic exponent of X as

1 1 —cos\z
h(z) = — | —————dA\ R 2.
@) =5 | i weR, (29)

where 6(\) = Re(N). Our first main result generalizes (2.8) and (2.9).
Throughout the rest of this paper we assume that H.1 and H.2 are satisfied.
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Theorem 2.2. For ¢ > 0, let h, denote the function defined by
he(x) = ug(0) —uy(—z), ¢>0, zekR (2.10)
Then, the function h : R — R defined by

h(z) =limh,(z), z€R (2.11)

q—0

1s such that

(i) for every x € R, 0 < h(z) < 0o. Furthermore, under the condition

1

h(z) = % /_Z Re (1;&;) d\, z€R, (2.13)

(i1) h is subadditive, continuous function, which vanishes at the point x = 0.

it holds

(7i) h is invariant with respect to the semigroup of the Lévy process killed at Ty, i.e.,
P’h(z) = h(x), t>0, x€R; (2.14)

furthermore
n(h(X),t <) =1, Vt>0.

The proof of (i) and (ii) in Theorem 2.2 will be given in section 2.3.2, as a consequence of
analogous results for the sequence of functions (h,),~0. In order to establish (iii) and other
results, and due to technical issues, we will introduce an auxiliary function A*. The function h*
dominates h and satisfies some integrability conditions. This function, as its name indicates, will
help us to prove the main results acting as a dominating function in the dominated convergence
theorem. The function h* is closely related to the local time of the Lévy process (X, P), namely,
we have the expression

Ty
h*(z) =E(Lz,) = limE (/ e_qtst) , xR
0

q—0
The function h* arises as a particular case of a general function A(-,-) defined by
h(z,y) = By (L7,) = Eo(L7, ,) = h(0,y — 2) = h"(y — z),

where L7 denotes the local time at the point = for the process (X,P,). The function h(-,-) is
used to establish continuity criteria for local times of Lévy processes, see [2, 3| for this case and
[24] for a general Borel right Markov processes.

Besides, in the present context, both Yano’s and our results extend the theory of invariant
functions for killed Lévy processes that can be found in Section 23 of the treatise by Port and
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Stone [42] on the potential theory for Lévy processes in locally compact, non-compact, second
countable Abelian groups. The relations with this work will be described in Section 2.3.3 below.

Having constructed the invariant function h, in the following definition, we introduce the
associated h-process. We will show that the resulting probability measures are such that the
canonical process X never hits the point zero, and thus that we refer to them as the law of
the Lévy process conditioned to avoid zero. Theorem 2.5 below summarises these properties.
Before to state it, we introduce some notation. Let H and H, be the sets given by positive

H={xeR:h(x) >0}, Ho=HU{0}.
On the set Hy will be constructed the law of the Lévy process conditioned to avoid zero.
Definition 2.3. We denote by (IED%, x € Hp) the unique family of measures such that for x € H,,
1

h(x)E"”(lAh(Xt))’ rE€H,

Pi(A) =
n(lAh(Xt>1{t<C}), r = O,
for all A € F;, for allt > 0. We will refer to it as the law of X conditioned to avoid 0.

Remark 2.4. Note that from this definition, IP’%(TO >t) =1, forall t >0, z € Hy. Hence,
IP’%(TO =o0) =1, for all x € H,.

Theorem 2.5. The family of measures (]P’i)xeR 18 Markovian and satisfies
(i) Pi(Xo=2) =1, Va € H,.
(ii) Py(Ty = 00) = 1, Va € Ho.

The semigroup associated to (P%)reR is given by

h
Pti(ac,dy) = %Pto(x, dy), ze€H, t>0.

The entrance law under IP’% 15 given by

PH(X; € dy) = n(h(y)1(x,can L<c)):

We propose an alternative construction of the law of the Lévy process conditioned to avoid
zero. Our construction is inspired from [4, 16, 17, 18|, where Lévy processes conditioned to
stay positive are constructed. Lévy processes conditioned to stay positive are constructed in
the following way. Let L, be the local time of the process X reflected at its past infimum,
that is, X — X, where X, := inf{X, : 0 < s < t}. Let n be the measure of its excursions
away from zero and let 7(_ ) be the first hitting time of the negative half-line. Denote by
(Qi(x,dy),t > 0,2 > 0,y > 0) the semigroup of the process killed at 7(_o ). In [17, 18] is
proven that the function [ defined by

I(z) = E (/ 1{Xt2_$}dgt) a0, (2.15)
[0,00)
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is an excessive or invariant function for the semigroup (@, ¢t > 0). The function [ is actually
an invariant function whenever X does not drift towards infinity. Furthermore, they obtained
[ as a limit of certain sequence of functions. To be precise, if e, is an exponential random time
with parameter ¢ > 0 and independent of (X, P), then for x > 0,

P (7(—o00) >
I(z) = lim (7000 eQ),
=0 ng + Q(C > eq)

(2.16)

where 7 is such that [) 1(x,—x ds = 7L, and n(¢ > e,) = [ ge~%n(¢ > t)dt. They also
showed that the law of Lévy processes conditioned to stay positive can be obtained as a limit,
as ¢ — 0, of the law of the process conditioned to stay positive up to an independent exponential
time with parameter ¢ (see Proposition 1 in [17]).

The following theorem states that for z € H, IP’% is the limit, as ¢ — 0, of the law of
the process X under PP, conditioned to avoid zero, up to an independent exponential time
with parameter ¢ > 0. Since an exponential random variable with parameter ¢ converges
in distribution to infinity as its parameter converges to zero, then this result confirms that,
starting at x € H, we can think of X under IP’%, as the process conditioned to avoid zero on the
whole positive real line.

Theorem 2.6. Let e, be an exponential time with parameter ¢ > 0, independent of (X,P).
Then for any x € H, and any (Fi)i>o-stopping time T,

imP,(A, T < e, | Ty > e;) = PL(A), VA€ Fr.
q—

In the case x = 0, the law Pg can also be obtained as a limit involving an independent
exponential time. Before stating the result, we point out that for s > 0, we will denote by
gs = sup{t < s: X; = 0}, the last zero of X before time s.

Proposition 2.7. Let e, be an exponential time with parameter ¢ > 0, independent of (X,P).
Let P2 be the law of X o ke, 0 0y, under P. Then, fort >0,

—Jeg

lim P (A, < () = PHA) = n(1ah(X)1geq), VA€ F.

Another important property of the h-process is its transiency. This is given in the following
proposition.

Proposition 2.8 (Transiency property). The process (X, IP%):CEHO is transient.

In Lemma 2.25 we will prove that for any € H, the point x is regular for itself under ]P’i.
Therefore, there exists a local time at any point x € H, and we will denote by n£ the excursion
measure away from z for the process (X, IP’%) In the following proposition we establish a
relationship between the excursion measure away from zero for (X, P) and the excursion measure

away from z for (X,P%), z € H.

Proposition 2.9. Forx € H, let ni be the excursion measure out from x for (X, IP’;E) and n the
excursion measure out from zero for (X,P). Then, for any measurable and bounded functional
H:D° >R,

¢ 1 ¢
n}c </o H(ey,u < t)Qeqtdt) = _h(x)n (/0 H(ey+ z,u < t)h(X; + Q;)]_{T{z}>t}q€qtdt> .
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2.3 Proofs

2.3.1 A preliminary result
In order to prove the finiteness of h, we need the following lemma.

Lemma 2.10. Let (X, P) be a Lévy process with characteristic exponent ¢. Assume that (X, P)
satisfies the hypotheses H.1 and H.2, then, 1(\) # 0, for all X # 0 and

|/\1|i£>noow()\) e

Furthermore,

/R(1 A X*)Re (ﬁ) d\ < . (2.17)

Proof. The first part follows from the fact that (X, P) is not arithmetic (see e.g. [20, Theorem
6.4.7]). Now, since 1/(1 + ) is the Fourier transform of the integrable function u;, then from
the Riemann-Lebesgue theorem it follows limy|_,o0 1(A) = o0.

Using that limy o 1(A) = 00, we deduce

Re (ﬁ) ~ Re (ﬁ) R,

The latter and Theorem 2.1 imply that for all Ay > 0,

1
Re <—) d)\ < o0. 2.18
foon e (ot (215)
On the other hand,

w ()] =

(1 — cos \y)
> 02—|—L|<1 Tﬂ'(dy)

— o2 +/ y’m(dy) >0, asA— 0.
lyl<1

The latter limit implies that there exists a Ag such that,

A2 >
Re < C, for all |A] < Ao, 2.19
for some constant positive C'. Then, from (2.18) and (2.19), we obtain (2.17). O
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2.3.2 Some properties of i, and h

In order to establish some properties of h, we write h, in an alternative form, namely in terms
of T and the excursion measure n, as follows. Let e, be an exponential random variable with
parameter ¢ > 0 and independent of (X,P). Using (2.2) and (2.7), we can write

Ty > e,) (2.20)

where

1
ug(0)°

The expression (2.20) helps us to prove the following lemma, which summarizes some im-
portant properties of the sequence (hy)g>o-

Lemma 2.11. For every q > 0, the function h, is subadditive on R and it is excessive for the
semigroup (PPt > 0).

Proof. By Proposition 43.4 in [45], we have that for any ¢ > 0 and z,y € R,
Eppy(e710) > Ey(e™M0)E, (e77). (2.21)

Now, since
(1 =Eu(e™™))(1 — Ey (7)) 2 0,

then using (2.21), it follows
1—E,(e7™) +1-E,(e ) > 1 - E,p, (e 7).

Hence, by (2.20)
hQ(‘r_'_y) Shq(x)—i_hfI(y)? x7y€R

This shows that h, is subadditive on R.

In order to show that h, is excessive for P}, we claim that
Po(Ty >t + €4) = By (Limysthe,) = Eo (Px,(To > €)1panyy) - (2.22)

Indeed, we note that for ¢ > 0 fixed, To 0 0, +t = Ty, on {Ty > t}. From this remark and the
Markov property, we obtain the following identities

P.(To >t +e,) = / Ey(1ny>ttsy)ge Pds
0
_/ E.(Lirysetsy Lym>ey)ge ds
0

(o)
B / Eu(Liny>sy 0 O11(my>ey)qe” ds
0

» (Limy>e,) © O:l(my>t1)
T (IP)Xt (TO > eq)]-{To>t}) .

37



The identities (2.22) and (2.20) imply

1 e
E.(hy(Xy),t <Tp) = E, (M)

n(¢ > e,)
< E, <—1{T°>e‘*} >
n(¢ > e,)
= hy(z).
The above expression also implies that lim; .0 E,(h,(X:),t < Tp) = hy(x), for € R. This
shows that h, is excessive for the semigroup (P?,t > 0). O

Before we proceed to the proof of (i) and (ii) in Theorem 2.2 we make a technical remark.

Remark 2.12. Proceeding as in the proof of Theorem 19 p. 65 in [5], it can be shown that

uy () = %/RRe <qi—@;@)) i\ zeR (2.23)
Then,
200y (0) — [y () + g (—2)] = % /R (1 cos \z)Re <Q+;¢(>\)) dx.

On the other hand, making use of the inequality |1 — cosb| < 2(1 A b?) and (2.17), we obtain

/R(1 — cos Az)Re (ﬁ) d\ < 0o, x€R.

Therefore, for all x € R,

lim (2ug(0) — [ug(z) + uy(—2)]) = ! /R(l — cos \x)Re (ﬁ) d\ (2.24)

q—0 ™

is finite.

Proof of (i) and (ii) in Theorem 2.2. That h is subadditive and excessive follow from Lemma
2.11 (since these properties are preserved under limits of sequences of functions).

To obtain the finiteness of h, we note that for all ¢ > 0, x € R,
1 [ 1
hy(z) < 2u,(0) — |u,(z) + u,(—z :—/ 1—cos/\a:Re<—)d/\.
o() q(0) = fug() + ug(—2)] 7Tioo( ) PRGN
Then, by (2.24),

hz) < %/_00(1 _ cos \x)Re (ﬁ) d\ < oo, VreR. (2.25)

o0

This proves the finiteness of h.
Now, using (2.23), we obtain

1 [ 1 — e
=g [ ()



and
2

‘Re<1_ei/\x) -

q+v(N) /|~ a+ Re(y(N)

Then, letting ¢ — 0 and using the dominated convergence theorem, (2.13) is obtained.
Note that

qg>0, MNzreR.

(1 — cos \z)Re (ﬁ) <201 A N)Re (ﬁ) <1, AeR

Then, by (2.17) and dominated convergence theorem, it follows

o0

.1 1
ilir(l) - (1 — cos Ax)Re (W) d\ = 0.

Hence, by (2.25), lim,_,o h(x) = 0. This proves that h is continuous at zero. Furthermore, since
h is subadditive on R, the continuity of A at the point zero implies the continuity on the whole
real line (see e.g. [29, Theorem 6.8.2]).

o0

]

2.3.3 Another representation for /, and the behaviour of /1 at infinity

In this section we make the connection with the results from Section 23 in [42], but before we
introduce further notation. For a Borel set B, let Tg be the first hitting time of B, that is,
Tg = inf{t > 0: X; € B} (with inf{0)} = 00). Let (PP,t > 0) be the semigroup of the Lévy
process killed at T and Ug(x, A) = fooo P.(X; € A;t < Tg)dt. For f : R — R an integrable
Borel function, we denote

J(f) = /R f@)dz, fN) = /R flz)e™dz, X eR.

Let § be the class of non-negative, continuous, integrable functions f, whose Fourier transform
has compact support and satisfies the following property: there exists a compact set K, a
positive and finite constant ¢, and an open neighbourhood of zero V' such that

~

J(f) — Ref(A\) < emax(1 — (27) 'cosAz), A€V.

rzeK

Let §* be the collection of differences of elements of §. Now, for ¢ > 0, let A, and H, g be
given by
Agf(@) = ¢ (f) = Ugf(x), Hyf(z) = fO)E(e™), z€R, (2.26)
where ¢, is a positive constant. As in [42], the constant ¢, is taken to be equal to U,g(0), with
g a symmetric function in F+ satisfying J(g) = 1.
It is said that a function f is essentially invariant if for each ¢t > 0, f = PBf a.e. Port

and Stone proved that the only bounded essentially PP-invariant functions are of the form
CP,(Tp = ) a.e., with C' a positive constant (see Theorem 23.1). Furthermore, in the case X
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recurrent, if B is such that Ug(z, A) is bounded in x for any compact sets A, then the function
Lp(z) given by

Lp(xz) = lim ch/ P, (Tg > t)e dt, =z €R, (2.27)
0

q—0

is a PP-invariant function. Port and Stone proved furthermore that the constant ¢, above
introduced is such that for all z € R, the limit lim, o A, f(x) exists, for f € §*.

The following lemma establishes an identity for h, in terms of certain classes of functions.
This identity is inspired from [42].

Lemma 2.13. Let f € §*. Then,
Af (@) = HiAf (x) = =U; f(x) + ¢g(1 — Hy1(x)) I (f), (2.28)

where 1 denotes the constant function equal to 1. If J(f) =1, the following holds for x € R,

Agf(x) = Agf(O)E,(e™7) = —U° f(x) + %hq(x). (2.29)

Proof. By the strong Markov property, we have

Ez (/ eiqtf(Xt>dtaTO < OO) = ]Em (eqTO/ eiquf(XquTo)duu TO < OO)
Ty 0
=E, (e_qTO,TO < oo) E (/ e_q“f(Xu)du)
0

= H)1(x)U, f(0).
Thus,
U,f(z) =E, ( e~ f(X,) dt) +E, ( e~ f(X,)dt, Ty < oo) (2.30)
= U, f(2) + Uy f(0)Hy1(x).
On the other hand, since HYA, f(z) = ( )H?1(z), we have
H}Aqf(x) + Uy f(0)HI1(2) = J(f)cgHJ1(x). (2.31)

Using (2.30), (2.31) and the definition of A, f we obtain
Agf(x) = HjAgf(2) = ¢ J (f) = Ujf () = Ug f(0) HyL(w) — HyAyf ()
= U, f(x) + (1 — Hy1(x))J (f),

which is (2.28).
Now, suppose that J(f) = 1. To obtain (2.29), we use the expression (2.26) and (2.28). [

Remarks 2.14. (i) Let £ = limy0 - ( 7. From the identity,
E,[e ] =1— ——h,(z), ¢>0, z€R,
making ¢ — 0, it follows P, (7y = o0) = kh(z), v € R.
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(ii) In general by (2.20), we have that h,(z) can be written as
hy(x) = uy(0)P,(Th > e,) = uq(O)/ P.(Ty > t)ge %dt, ¢>0, z€R.
0
Letting ¢ — 0 and taking B = {0} in (2.27), we obtain
h(z) = kLgy(x), =z €R,

. Since 0 < h(zy) < oo and 0 < Ly (o) < 00, for some zp € R

(Theorem 2.2 and Theorem 18.3 in [42]), it follows that 0 < k < co. Now, taking limit
as ¢ — 0 in (2.29), we obtain

%h(m) — Af(2) — AF(O)PL(Ty < 00) + U°f(x), z€R, feF (2.32)

where Af(x) = limg_,0 Ay f(2) and U°f(z) = limg_o U f(2), x € R.
To end this section, we establish the behaviour of h at infinity.

Lemma 2.15. Let k := hmqﬁo . We have the following

(i) Suppose that X is transient. [fO < p:=E(X;) < oo, then
1 1
lim h(z) =—, lim h(z)=-—

1
T—00 K T——00 K ol

while if —oo < pu < 0, then

1 1 1
lim h(z) = —+—, lim h(z)=—.
T—00 K M T—r—00 K
(ii) Suppose that X is recurrent, then either
. 1 . 1
:Eh_{go h(z) = L o x1_1>r_nooh(:c) =

Remark 2.16. The case where X is transient and E(X;") = E(X; ) = oo is not covered in the
latter lemma.

Proof of Lemma 2.15. We start by proving (i) in the case 0 < pu < oo, the other case can be
proved similarly. Set f(z) = u(z), € R. Note that uo(x) =3, [*(z). Indeed,

Zf*"(:c)d:c = Z/ (nS e °P(X, € dx)ds
= /oo Si nn—_l (X5 € dx)ds

n=1

_ / P(X, € dr)ds

0

= wo(x)dx.

Furthermore, the Fourier transform of f is given by f(A) = 1/(1 + ¥(}))), A € R. Since
h(z) = up(0) — ug(—x), it is suffices to compute the limit at infinity of Y >~ f*"(z). To that
aim, we use the main result in [46], which states that if
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(a) limmﬁoo f(ZE) = 0,
(b) fisin Ly, for some € > 0,

then
S 1
E fM(x) - —, as ¢ — o0, E f™(x) =0, as x — —o0.
i
n=1

The condition (a) is obtained from the Rlemann—Lebesgue theorem. To show that (b) is satisfied

we use the Plancherel’s theorem (see [44, p. 186], [47, p. 202]). Thus, we will show that fis in
L. Thereby,

foroora= [ e < [Tt e = L () 2 <

This concludes the first part of the lemma.

To prove the second part of lemma, we consider the function h* which is defined in Section
2.3.4. There, it is shown that h*(z) = h(x)+h(—z) = E(Lyz,) (see (2.38) and (2.39) for details).
We will prove that h*(z) tends to infinity as x — oo when X is recurrent and thus obtain (ii).
The proof is as follows. Let e, be an independent exponential time. Observe the elementary
inequality

h*(x) = ]E(LTCD) 2 E(LTzl{TzZeq}) Z E(Leql{TzZeq})?
take limit inferior
liminf *(z) > E(Le, ligiolgf L7, >e4})-

Tr—r00
Now, observe that T, converges towards oo in distribution and hence in probability as  — oo,
because by the Riemann-Lebesgue Theorem we have

lim E(e=) = lim W) oy

T—00 T—00 uq(O)

We have so proved that
ligg)lf h*(z) > E(Le,) = uq(0), Vg >0.
We now make ¢ tends to 0 to get
liggglf h* () > up(0).

The claim follows because up(0) = oo in the recurrent case. [

2.3.4 An auxiliary function

Let (h})4>0 be the increasing sequence of functions defined by

Ty
hy(r) =E (/ eqtst> , ¢>0, xzeR,
0

where T, = inf{t > 0 : X; = x}, the first hitting time of & for X. The sequence (h} )0 has the
properties listed in the following proposition.
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Proposition 2.17. For any q > 0, the function hy is a symmetric, nonnegative, subadditive
continuous function, which can be expressed in terms of the q-resolvent density as

b () = ug(0) — % z €R. (2.33)

Proof. By definition, hj is a non negative function. The continuity and symmetry of hy is
obtained from (2.33). Thus, it only remains to prove (2.33) and that h} is subadditive.

First, we recall an expression that establishes a relation between resolvent densities and local
times, (see Lemma 3 and commentary before Proposition 4 in [5, Chapter V]):

uy(—z) = E, (/0 eqtst> =E (/0 eqtdL(:c,t)) ., ¢>0, zekR, (2.34)

where (L(z,t),t > 0) is the local time at point z for (X,P). Thus, using the latter expression,

we have - -
uy(0) =E (/ e_qtst) = h;(aj) + E </ e "dL,, T, < oo) ) (2.35)
0 :c

On the other hand, by Markov and additivity properties of local time, it follows

E (/ e "dL,, T, < oo) = E (eqTI/ e "dLyyp,, T, < oo>
v 0

= E(e",T, < 0)E, (/ eq“dLu)
0

= IAEI(e’qTO,TO < o0)E, (/ eq“dLu> )
0

Then, using (2.4) and (2.34), the equation (2.35) becomes

= h'(z uq(x)u — T
UQ(()) _hq( >+ uq(()) Q( )7 GR'

Hence, (2.33) is obtained.

Now, we prove the subadditivity of h;. The procedure is similar to the one used to prove
the subadditivity of h, in Lemma 2.11. We repeat the arguments for clarity. First, by (2.2)
and (2.4) we can write (2.33) as

hy () = ug(0)(1 — Ey(e™T0)E, (e7970)). (2.36)
Since, for any = € R, Ex(e’qTO),]Ex(e’qTo) < 1, it follows
(1= Ey(e )E,(e))(1 — E (e )E, (™)) >0, x,y<cR.
The latter relation and (2.21) imply
1 —Ey(e")E,(e9) + 1 — Ey (e ™)K, (e797) > 1 — (e~ ), (e 1)K, (e 1)K, (e~4™0)

>1- E$+y<6_qTo)Ew+y(6_qTo)7
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for all x,y € R. Hence, by (2.36)
hy(x) + hy(y) > hy(z +vy), z,y €R.
This ends the proof. m

Remark 2.18. With help of the expression (2.33), h; can be written in terms of the function
hg as:

ho(x) = hy(z) + he(—7) — —=he(x)he(—2), 2z €R. (2.37)

Now, define h* by
h*(x) = (111_I>I(1)hq<l'), r eR.

Since h is finite, then (2.37) implies that h*(z) is finite for all € R. Furthermore, since

Ty 00
h;(l‘) = E (\/0 e_qtst) = E (/0 e_qsl{Xu¢_I,0<u<5}dLs) y

h*(l‘) = E(LTQ:) =E (/ 1{Xu7é—x,0<u<s}dLs) , xzeR. (238)
0

It is known that Lp, is an exponential random variable. Thus, h*(x) is the expected value of
an exponential random variable. We also note that by (2.37), in the recurrent symmetric case,
h* correspond to 2hY, where hY is the invariant function given in [48].

then

Before we give some properties of the function A*, we have the following technical lemma.

Lemma 2.19. (i) For any x € R, lim,_,o qu,(x) = 0.

(ii) For any q,r >0, x € R,

Proof. Recall the identity
UlT) _f ey g eR.

Hence, qu,(z) ~ ]T”x(TO < 00)quy(0) as ¢ | 0. Thus, it is suffices to prove the case z = 0.

Thanks to (2.23), we have
1 q
uq(0 :—/Re(—)d)\
T S VERTeY

For every ¢ > 0, let j, be the function being integrated in the latter display. Now, we observe

the following
. q
! q+¥(A)

q(q + Re(p(N))

[q + Re(¥(N)]? + [Im(x(N)]?
Retp()) N (Imyp(N))?

q q(q + Re(\
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Hence, j, 1 0, as ¢ } 0. Thus, 0 < j,(A) <ji1(A), 0 < ¢ <1, A € R and since j; is integrable by
Theorem 2.1, the dominated convergence theorem implies lim, o qu,(0) = 0. This shows (i).

Now, let f be a positive, bounded, measurable function. We have

//uq — ), (y)dy f (x dx—//f y — 2)ug(2)dzu, (y)dy

(f(Xer - Xeq))

Ry
1
= B (X, = X1 ee,)
1
B (- (Xey = Xo)Ljeye)

where e, e, are independent exponential random variables with parameters ¢ > 0 and r > 0,
respectively, which are independent of (X, P). The first term in the latter equation becomes

1 = * —rt o e % ds
B (f(Xo, = Xe o) = [ [ TR = X))t

/ / F(X,_y))dte” D3

i /0 e

= q(/ +f(0).
In the same way, it can be verified that
1E(f( (X, Xe,))1 )—— ! U f(0)
rq €q er))Heq>er} r+q ¢ :

Thus, we have

[ [t = ovutiinre = [ (EED) o,

for all positive, bounded, measurable function f. By the continuity of w, and wu,, we conclude

/R“q(y — z)u,(y)dy = ) T uq(_x>,

T+ q

for any ¢q,r > 0, x € R. n

Some properties of the function h* are summarized in the following lemma.

Lemma 2.20. The function h* is a symmetric, nonnegative, subadditive, continuous function
which vanishes only at the point x = 0 and lim,_,o h*(x) = k7' Furthermore, h* is integrable
with respect to semigroup of the process killed at Ty, i.e., PPh*(z) < oo, for allt >0, z € R.
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Proof. From the definition of A7 and (2.33) the non negativity and symmetry of h* follows. The
subadditivity of h* is obtained from subadditivity of the sequence (h})s~0. We observe that
from (2.37), we can write h* in terms of h as

h*(x) = h(z) + h(—z) — kh(z)h(—2z), (2.39)

T 1 % = .
where k£ = lim,_ Ok Hence, h* is continuous.
1

Now, we prove that limj, . h*(z) = £7'. In Lemma 2.15 has been proven that if X is
recurrent then lim, .., h*(x) = co. Since h* is a symmetric function, the same limit is obtained
as © — —oo. Then, lim, o h*(z) = k~1 when X is recurrent. Suppose that X is transient.
In Lemma 2.15 also is obtained that

liminf h*(z) > u,(0), V¢ >0,

T—r00

without further assumption. Hence, letting ¢ tends to 0, we obtain, liminf, .., h*(z) > k1.
On the other hand, for an exponential independent time with parameter ¢, e,, we have

E(Lr,) = E(Lz, 17, 2e,}) + B(Lz, 17, <e,})
<E(Lg, (1 —e 7)) + E(Le,)
=E (Ly, (1 —e%)) +u4(0), VzeR.
Then, since X is transient, E(Ly,) < co. Thus, by the dominate convergence theorem
h*(z) = E(Lg,) < k1.
Hence, limsup, . h*(z) < k~!. Therefore, lim, o, h*(x) = £~ 1 if X is transient. Since h*(z) is

a symmetric function the same limit is obtained as  — —oo. Therefore, im0 h*(x) = KL

From defintion, h*(0) = 0. To prove that x = 0 is the only point where h* vanishes, we
proceed by contradiction. Suppose that h*(xy) = 0, for some 25 # 0. Using the subadditivity of
h* and making induction we get that h*(kzy) = 0 for all k € Z. Since limjy_,oo h*(z) = 71 > 0,
the claim h*(kxg) = 0, for all k € Z is a contradiction. Therefore, h(z) > 0, for all = # 0.

Finally, we prove that h* is Pl-integrable. For x € R, we write ?Lq(]?) = hy(—x), ¢ > 0,
and h(z) = lim, 0 Eq(x). Let S be the function defined by S(z) = h(z) + h(z). By (2.39),
h*(z) < s(x), x € R. Thus, it is suffices to show that s is P’-integrable.

Now, by (2.1), the following identities hold for 0 < r < ¢ ,

Uyho(z) = / gy — ) (y)dy

_ /R ug(y — 2){uy (0) — u, (—y) by

- w0 [ty = 2=y

u,-(0) 1

(2.40)



Thanks to Lemma 2.19 (i), h,.(x) — h(z) as  — 0 and Fatou’s lemma, we obtain

U,h(z) < M) —|—quq(—x)’ ¢g>0, zeR. (2.41)

On the other hand, by Lemma 2.19 (ii), we have

Ughr(z) = | ug(y — 2)(ur(0) — ur(y))dy

0) _ ur(z) + ug(=2)

q T+q

)
£ 5=

r+q q(r+q r+g

Using again Lemma 2.19 (i), ﬁr(x) — /f;(x) as r — 0, and Fatou’s lemma, it follows
~ hz) — u(—
Uh(z) < () = uq :1:)’ g>0, zekR (2.43)
q

Adding (2.41) and (2.43), we obtain that for any ¢ > 0, 2 € R,

qU,S(x) < S(x). (2.44)
Hence, the function s is Pi-integrable and therefore P’-integrable. O]

Remarks 2.21. (i) From (2.44) it is deduced that the function S is excessive for the semi-
group (P,,t > 0). Since S is a nonnegative function, then S is an excessive function for
the semigroup (PP, t > 0).

(ii) By (2.20) and (2.36), we have hy(z) < h;(z) < h*(z) < S(z), for all ¢ > 0, z € R. On
the other hand, the Lemma 2.20 and its proof ensure that h* satisfies

PPh*(z) < S(x), qU,h*(x) < S(z), ¢>0, xeR. (2.45)

These inequalities will be useful in the proofs of Lemma 2.22; assertion (iii) in Theorem
2.2 and Proposition 2.7 .

Lemma 2.22 ensure that the inequality obtained in (2.41) in fact is an equality. This result
was established in [48] in the symmetric case.

Lemma 2.22. For any q > 0, z € R,

h(x) + ug(=2)
p :

Proof. Remark 2.21 (ii) states that the function h* satisfies h,(z) < h*(x), U,h*(x) < oo, for
all ¢ > 0, z € R. Then, by the dominated convergence theorem and (2.40), it follows

U,h(z) = Tim Uy (z) = 0+ Ua(=2)

r—0 q

Uh(z) =
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2.4 Proofs of the main results

Proof of (iii) in Theorem 2.2. The first part of the proof is inspired in the proof of Lemma 1
in [17]. Let e, be an exponential random variable with parameter ¢ > 0 and independent of
(X,P). We claim that for ¢ > 0, x € R, it holds,

t
E.Z‘(]P)Xt (TO > eq)l{TO>t}) = th (]Px(TO > eq) — / ]P)x(To > s)qe_qsds) . (246)
0

Indeed, by (2.22), we have
B, (]P)Xt(TO > eq)l{t<To}> =P.(To > t +e,).

Now, making the change of variable u =t + s, we obtain

P.(Th >t+e,) = / P, (Th > t+ s)g”¥ds
0

= eqt/ P.(Ty > u)ge”™du
t
e’} t
= et (/ P.(Ty > u)ge” ™du — / P, (Ty > u)qeq“du>
0 0

t
=t (IP’I(TO >e,) — / P.(Ty > u)qeq“du) :
0

Hence, (2.46) follows.

By Remark 2.21 (ii) and Lemma 2.20, we have that the sequence (hg),~0 is dominated by
h* and h* is integrable with respect to PP for any ¢ > 0. Then, using dominated convergence
theorem, (2.20) and (2.46), it follows

E, (h(X,),t < Ty) = E, (hrr(l) ho(X)),t < TO)
q—

Py, (T;
— limE, (—Xt( 0~ eQ)l{KTO})

=0 n(¢ > eg)
_ 1 qt PGU(TO > e ) . ¢ Pz(TO > U) —qu
=lime (—n<<>eq; /0 e du)
1 t
= h(x) — @/0 P.(Ty > u)du,

where n(¢) = limgo [, e %n(¢ > t)dt. On the other hand, Lemma 2.19 and (2.7) imply
n(¢) = limy0[quy(0)] ! = co. Therefore, we conclude

E, (h(X,),t < Ty) = h(z), t>0, z€R.

Now, we prove the second part of (iii) in Theorem 2.2. From (2.6) and Lemma 2.22, we
obtain that the Laplace transform of n(h(X;),t < () is given by

/0 et (h(X), t < ()it = /R W) B[]y — /R h(x)ZZE‘é"; do = uqt Uik 0) = %

Hence, the claim follows. O
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Proof of Theorem 2.5. The only thing which has to be proved is the fact that IP% is a Markovian

probability measure with the same semigroup as under PL, = € # and that ]P’g(XO =0) = 1.
Since n is a Markovian measure (o-finite) with semigroup (P2, ¢ > 0). Let g be bounded Borel
function and A € F; and t, s > O:

Eg(lAg(Xt-‘rs))

S

(Lah(Xess)9(Xers) Lgts<cy)

= n(1,E%, (h(X:)g(Xs))1i<cy)

= n(1AA(X)EY, (M(X)g(X:)1<cy)
= ES(1AEY, (9(X.))).

This shows the first part. Now, we prove that IP%(XO = 0) = 1. Since X is right continuous at
0, it is suffices to prove that for any z > 0,

PH(|X.| < z) =1,
as € — 0. The latter is equivalent to prove

lim n(1gx, >3 Xe) Le<gy) = 0.

e—0

Since n(h(Xs),s < ¢) =1, Qs(-) := n(-,h(X;),s < () defines a probability measure. Then,
from the Markov property, for all € < s, Pg(|X€| < z) = Qs(1yx.|<=})- Since the excursions of
the Lévy process (X, P) leave 0 continuously, we have 1yx.<.; — 1, Qs-a.s. as € — 0. The
result follows from the dominated converge theorem. O]

Proof of Theorem 2.6. We proceed as in [17]. Let = € H, T a (F;)i>o stopping time and
A € Fp. With the help of the strong Markov property and since e, is independent of (X, P),
we can deduce the following

E, (1a1{r<e ) l{myse,}) = / E. (1al{r<n}lir<splimy>s}) ge~%ds

= / E. (Ialir<nylir<stBo (Linyssy © 07 | Fr)) ge”%ds
0
[o¢]

= » (Ial(r<rynsiPxy (To > 5)) ge™%ds
0

= E, (1A1{T<To/\eq}]P)XT (Tp > eq))
= n(( > eq)Ew (]-A]-{T<T0/\eq}hq(XT))
1

= ——E, (1x1 e hy (X P, (7; .
hq(a:) ( AH{T<Toreq} Q( T)) ( 0 >eq)

The latter shows that for A € Fr, T stopping time finite a.s.

P.(A,T <e, | Ty >e,) = E. (1ahg(X7)1ir<tyne,}) - (2.47)

b
he()
Now, recall that h,(z) < h}(z) < h*(z), ¢ > 0, z € R. Thus,

Lirennehe(Xr) < Lipenyh*(Xr)  as.
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On the other hand, the first inequality in (2.45) also it is satisfied for stopping times, i.e.,
E.(h*(X7), T <Tp) < S(x). Then, letting ¢ — 0, with the help of the dominated convergence
theorem in (2.47), we obtain the desired result. O

Proof of Proposition 2.7. For every s > 0, we consider dy = inf{u > s: X, = 0}, g, = sup{u <
s: X, =0} and G ={gy : gu # du,u > 0}. By definition, for every ¢ > 0, A € F;, we have

Pe(At <¢) = E(1a 0 ke,—go, © 0o, Lit<e,—ge,})

-k (/ 10 kyy, © 6)gu1{75<u—9u}qe_qudu)
0

ds
= E (Z e_qs/ qe_q(“_s)lA oky_s0 051{t<u_s}du> )

seG

Now, using the compensation formula in excursion theory (see e.g. [5], [38]) and the strong
Markov property of n, we obtain

ds o
E (Z e_qs/ qe_q(“_s)l/\ oky_so 951{t<u—s}dU> =K (/ €_qdes) n(l/\l{t<eq<§})
s 0

seG

=FE (/ e_quLs) n(1aPx, (To > e4)1ji<cy)-
0

Using (2.7) and (2.35) we deduce

E ( /0 h eqdes) — 1, (0) = n(%wq)

Per(A,t <€) = n(1ahe(Xi)licqy)- (2.48)

Thus, we see that

Now, we prove that n(S(X;),t < () < oo, for all t > 0, where S(z) = h(z) + h(—z). First,
note that since S is excessive for the semigroup (P, ¢ > 0) and n fulfils the Markov property,
then ¢t — n(S(X,),t < () is decreasing. This is verified from the following equalities: for
u,t > 0,

n(S(Xegu), t +u < () = n((S(Xu)ljucey) 0 0, t < ()
=n(Ex,(S(X.),u < (), t <)
(P)S(Xy),t < ¢)

; n(S(Xy),t < ().

S

On the other hand, by (2.6) and remark 2.21 (i), we have

ur(z) , 1 1
TN R () R )

Therefore, n(S(X;),t < () is finite for every ¢ > 0.

/0 T etn(S(X,),t < C)di = /R S(x)
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Finally, since 1phy(X;) < S(X;) and n(S(X;),t < () < oo, we can apply the dominated
convergence theorem in (2.48) to conclude that for ¢ > 0 fixed

lim P (A, < ) = n(Iah(Xe) 1<)

q—0
]

Let qu be the g-resolvent for the process X+ = (X, P%)me%, with Ut = Ug. To prove that
X1 is transient, we compute the density of Ut. For z,y € H and ¢ > 0, we have

ug(:c, y) = Mug(x, ). (2.49)

h(x)
From (2.6) it can be deduced that for y € H, ¢ > 0,

ug(0,y)dy = / e~ n(h( X)L x,capy, t < C)dt
0

A~

= h(y)E, e ™]dy

A (2.50)

Finally, by Theorem 2.5 (ii), ug(x, 0) =0, for all z € Hg. Thus, from the above equations, the
density of U? can be obtained . This is stated in the following lemma.

Lemma 2.23. Let ug x,y) = lim, g ug(a:,y), x,y € Ho. Then ug(a:, 0)=0, forallz € H,

0 < (o) = ) + hy) ~ bl =) = h(oh(-y), sEHyEH, (25

and fory € H,
us(0,) = h(y)(1 — kh(—y)) = h*(y) — h(~y)- (2.52)

Proof. An easy computation gives

Uy (—x)ug(y) _ hy(2)he(=Yy)
u4(0) ug(0)

Using this and (2.3) it follows

— hy(x) — hy(—y) +uy,(0), ze€H,yeH.

u2(£7 y) = he(z) + he(—y) — he(x —y) — —hq(fz)qu%()—y),

Letting ¢ — 0 in (2.49) and with help of (2.53), we obtain (2.51). The first equality in (2.52) is
obtained from (2.50) recalling that for all y, lim,_o[u,(y)/ue(0)] = lim,o[1—(uy(0)) " hy(—y)] =
1 — kh(—y). The second one follows from (2.39).

reH,yeH. (2.53)

[
Remark 2.24. Note that from (2.37) and (2.53) we have ug(x,x) = up(x,z) = hi(z), © € H,
which implies ug(x, x)=h*(z), € H.
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Proof of Proposition 2.8. To obtain the transiency property of X*, we use Theorem 3.7.2 in
[21], which states the following. If the conditions:

(i) Utg is lower semi-continuous, for any non negative function g with compact support;

(ii) there exists a non negative function f such that 0 < Uf < oo on R;

are satisfied, then the process XV is transient.

Since h is continuous, from Lemma 2.23 it follows lim, u%(x, y) = u(i)(x’ ,y), for all y € H,.
Let g be a non negative function with compact support K. By Fatou’s lemma, we have

liminf/[{g(y)ug(%y)dy > /Rg( ) lim inf[u i(56,y)1z<]cly=/Kg(y)ug(%’,y)dy-

r—x! r—x!

This shows that for any ¢ non negative with compact support, the function

s / gyl

is lower semi-continuous. Thus, condition (i) is satisfied.

Now, we will find a non negative function f : R — R* such that 0 < Ut f(z) < co. Let f be
given by

NS

O
fly) = X

FrmE Yt

Since f is continuous and lim, . h*(z) = £, then f, fh* and f(h*)? are integrable with
respect to Lebesgue measure. On the other hand, h is dominated by the symmetric function
h*, then the integrability of fh* and f(h*)? imply

/f y)dy < oo, /f —y)dy < 0.

Furthermore, since h is subadditive and f is symmetric, it follows,

/R F@)h(z - y)dy < /R F(y)h(z)dy + / F()h(y)dy < oo.

Thus, for x € H,
Ut f(x) /f uoxy)dy<oo

Finally,
Utf(0) /f Yo ydy—/f )W (y) — h(y))dy < oc.

This concludes the proof. O
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The Lemma 2.25 below states that any = € H is regular for itself under PE. The latter implies
the existence of a continuous local time at point x € H for the process (X, IP’}C), see [8, Theorem
3,12, p. 216]. We will denote by (L*(z,t),t > 0) the local time at point x aforementioned and
by t(z, ) the right continuous inverse of L(z,1), i.e.,

w(z,t) = inf{s > 0: L¥(x,s) > t}, t>0.

It is well known that (tH(z,t),¢ > 0) is a subordinator killed at an exponential random time
independent of T¥(z,-) with Laplace exponent ®*¥ satisfying

E$(€—qTi(m,t)> _ e—t@x’i(q) _ e_t/u},(m,z)’ t >0, (2'54>

see e.g. [8, Theorem 3.17, p. 218]. Furthermore, using the compensation formula in excursion
theory we can be establish that for any ¢ > 0,

1
27(q) = ——— = nl(C > e,) +a'q
ug(z, v) (2.55)
(¢ =o0)+atg+ [ (- mmd(C e )
0
where a® satisfies .
/ 1ix.—nyds = a"L¥(x,1). (2.56)
0

By Remark 2.24, lim,_,o ug(:c, x) = h*(x) > 0, for x € H, then (t*(z,t),t > 0) is a subordinator
killed at an exponential time with parameter 1/h*(z) > 0. This also confirms the transiency of
(X, IP’%), since by (2.55), there exists an excursion of infinite length.

To state the following lemma, we introduce additional notation. For every x € R, define
d® =inf{u > s: Xy =z}, g* =sup{u < s: Xy =z} and G* = {g* : ¢° # d®,u > 0}.

Lemma 2.25. (i) For x € H, x is reqular for itself for (X, P};)

(11) Let e, be an exponential random variable with parameter ¢ > 0, independent of (X, (Pg)ﬁo).

Then, for every x € H, the processes (X,,u < g;”q) and X o kequgq o 993{1 are IP’% indepen-
dent. Furthermore, their laws are characterized as follows: let F' and H be measurable
and bounded functionals, then

E! (F(Xu, u < ggq)) —E! (/Ooo F(Xu,u < 8)e®dL¥(z, s)) [n}(C > e,) +a%q] (257)

and

¢
E! <H(X 0 Ke,—gz, © Qggq)> = ug(x,x) {ni (/0 H(ey,u< t)qe_qtdt) + aqu(x)} :

(2.58)
where a® is the constant in (2.56).
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Proof. Let x € H. By Fatou’s lemma and the definition of IP’}C, we have

PLT, =0) = liminfPY(T, < 1)
t—0

1 . .
> _h(x)]Ez <hftfi>1glf1{TzSt<To}h(Xt)>

1
= EE;C (1,03 Lm0y (X))

= 1,

where the latter equality was obtained using the facts that {z} is regular for itself under P,
and P, (7o > 0) = 1. This proves (i).

Before to prove (ii), we recall the following. Since t¥(x,-) is the inverse of the local time
(L¥(x,t),t > 0) with Laplace exponent given by (2.54), then

£ ( / e—qtdLi(;c,o) —E! ( / e“”i(“c’t)dt) = / EL (e @) dt = ul(z,2).  (2.59)
0 0 0

We will denote  the path which is identically equal to x and with lifetime zero. Thus, for
F and H measurable and bounded functionals, using the compensation formula in excursion
theory (see e.g. [5], [38]), it follows

E! <F(Xu, U < go ) H(X 0 ke, gz © Hggq)>

ds
=E (Z F(Xy,u < s)e™ / H(X oky_yo 95)q€_q(t_s)dt>

s€G®
+E (/OO F(X,,u< t)H(x)qe_qtl{Xt:x}dt)
0
—E! (/000 F(Xy,u < s)e”®dL¥(z, 5)) [n}c (/0C H(ey,u < t)qeqtdt> + aqu(E)} ., (2.60)
where a” is the constant in (2.56). Taking H =1 in (2.60), it follows
E! (F(Xu,u < gf_fq)) —E! (/OOO F(Xu,u < s)e~®dL¥(z, 5)> (n}(¢ > e,) +a%q] .

In the same way, if we take F' =1 in (2.60) and we use (2.59), we can obtain

¢
E! <H(X © ke,—gg, © Qggq)> = ug(x,x) {ni (/0 H(ey,u< t)qe_qtdt) + a””qH(x)] .

The latter two displays are (2.57) and (2.58), respectively.

Finally, by (2.55), ug(x,x) = [ni({ > e,) + a”q]™". Using this fact, (2.57) and (2.58), we
conclude

E} (F(Xu, < g VH(X 0 ke, gy 0 eggq)) —E! (F(Xu, u < ggq)) E} (H(X 0 koy—gz, © eggq)> .
This shows the independence property in (ii). H
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Now, we will prove that the drift coefficient in (2.55) does not depend on z, and is equal to

J.

Lemma 2.26. Let ¢ be the drift coefficient of the inverse local time at the point zero for the
Lévy process (X,P). Then for all x € H, Pﬁ—a.s., fot lix,—oyds = §LY(z,t). That is, a® = 6,
for all x € H.

Proof. 1f both §, a® are zero, the claim holds. Suppose that a* # 0. Using (2.59), the definition
of a® and IP’%, we obtain

amug(x,x) = E! (/ e_qtd[awLi(x,t)])
0
= / E}C (1{Xt::v}) e 9 dt
0
o0 1 _
= E, (/ 1{To>t}€qt1{Xt:v}dt) : (2.61)
0

Using that (X, P,) is equal in distribution to (X + x,P), the definition of 6 and the symmetry
of hy(x), it follows that the right-hand side in (2.61) is

E (/ 1{T{_m}>t}€qtl{xt:0}dt) = E (/ 1{T{_m}>t}€qtd[/t) = (5hf1(9€).
0 0

To conclude the proof recall that hy(x) = ug(x, x). O

Proof of Proposition 2.9. Let H : D° — R a bounded and measurable functional. To simplify
we write X9 for the path X o kequgq ) Hggq. Using the definition of Pi, we obtain

h(z)EL (H(X9) =E </OOO H((X 4+ x)oki_g 008,)h(X, + x)l{T{_x}>t}qeqtdt> . (2.62)

We note that 1ir,_ > = Lir_j00,, >t—g} L4y >0 and h(X;+2) = h((X;—g, +2)00,,). Then,
with the help of the compensation formula in excursion theory ([5], [38]), the right-hand side
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in (2.62) can be written as
E (/ 1{T{_z}>gt}H((X + {B) ° kt—gt o egt)h’((Xt—gt + $> o egt)l{T{_z}Oegt>tgt}qe_Qtdt)
0

ds
—E <Z 1{T{_z}>8} / H<<X + .CC) © kt_S © es)h((Xt—s + .73) o 93)1{T{_1}095>ts}qe_qtdt>
seG s

+E ( /0 N 1{T{x}>t}H(E)h(x)qeqtl{Xto}dt)
=K (/000 l{T{_z}>t}e_qtst> n (/; H(ey, +x,u < t)h(X; + a:)l{T{_z}>t}qe_qtdt)
+ qdH (Z)h(x)E (/000 1{T{_x}>t}eqtst>
= h;(z) [n (/OC H(ey,+z,u < t)h(X; + I)l{T{I}>t}q€_qtdt) + q5H(x)h(x)] , (2.63)

where § is such that f(f lix,—0} = 6L; under P. Using Lemma 2.26 and h*(z) = ug(x,a:) in
(2.63), we verify

1 ¢
EL (H(X?)) = ul(z, ) {mn ( / H(ey+ x,u < t)h(X, + x)l{T{M}qeqtdt) + aqu(:E)] .
x 0
(2.64)
Comparing (2.64) with (2.58), the result follows. O

2.5 Two examples

The expression (2.13) in Theorem 2.2 (i) allows us to compute explicitly the function A in the
particular case when (X, P) is an a-stable process.

Example 2.27. Suppose that (X,P) is an a-stable process. Then, (X,P) satisfies H.1 and
H.2 if and only if @ € (1,2]. It is well known that the resolvent density of Brownian motion
is u,(z) = (v/2¢)te V24l hence h(z) = lim,_,0[uy(0) — uy(—2)] = |z|. Now, let a € (1,2). In
this case the function h takes the following form

h(z) = K(a)(1 - Bsgn(x))|z|*~, (2.65)
where P2 — o) sin(ar/2)
K(e) = cr(a —1)(1 + B2 tan?(am/2))
and
(P (2-a) ot —c
c=— oo =1 cos(arn/2), [ = e (2.66)

Indeed, recall that the characteristic exponent of (X, P) can be written as
P(A) = ¢[A[*(1 —ifsgn(A) tan(am/2)),
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where ¢ and f§ are as in (2.66). Now, we have

1—e?\ 1 —cos(Az)+ ftan(am/2)sgn(N) sin(Ax)
fie ( (A) ) B c|Al*(1 + B2 tan®(ar/2))

Since the function sgn(\)sin(Az) as function of A is even, we have

B 1 5 1 (% sin(A\z)
he) = T TS (h () + B tan(om/2) /0 o d/\),

where h*(z) is the function h obtained in the symmetric case (see example 1.1 in [48]), namely

Bo() = FET Y G am2) ]

m(a—1)
On the other hand, with the help of formulae (14.18) of Lemma 14.11 in [45], we obtain

/ Sln()\x)d)\ = sgn(z)|z|* / 2 = _T(Z——loz) cos(am/2)sgn(x)|z|* .
0 0

e ue

The latter two equalities imply the claim.

Recall that Ly, is an exponential random variable with parameter [h*(z)]™!, then by (2.39),
in the case when (X,P) is an a-stable process with a € (1,2], Ly, is an exponential random
variable with parameter 1/[2K (a)|z|*™!].

When |f| = 1, the function h in (2.65) is equal zero for some values of z. This correspond
to a spectrally negative (or positive) alpha-stable process.

The example of a spectrally negative Lévy process will be studied in the following example.

Example 2.28. Suppose that (X,P) is a spectrally negative Lévy process. Let W be the
Laplace exponent of the process (X, P), i.e.,

2

‘IIO‘) = _¢(_i/\) = —a\+ %A + / (6)@ —1-— )x:cl{|x‘<1})7r(dq:)
(_0070)

It is well known that ¥'(0+) = E(X;) € [—00, 00) determines the long run behaviour of X. To
be precise, if ¥/ (0+) > 0 then lim; ., X; = oo, if ¥/(0+) < 0 then lim; ,,, X; = —o0, while
U’(0+) = 0 the process X oscillates.

Now, for ¢ > 0, let ®(q) be the largest root of the equation W(A) = ¢, i.e.,

®(q) =sup{A = 0: ¥(A) = q}.

For the spectrally negative Lévy processes (X,P) with Laplace exponent W, we consider the
g-scale functions {W(@ ¢ > 0}, the family of functions satisfying the following: for every ¢ > 0,
W@ =0, for x < 0 and W@ > 0, for > 0. Furthermore, W is determined by its Laplace
transform in the following way

o 1
e "W (2)de = ———, 0> B(q).
/ (@)s = G5 (@)
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For notational convenience, we set W = W), For a complete account on g-scale functions for
spectrally negative Lévy processes see [23].

An important fact on spectrally Lévy processes is that the resolvent density, u,, can be
written in terms of the g-scale function W@ as follows

uy(z) = ®'(q)e ** —WW(—z), ¢>0, zcR

Furthermore, if (X, P) has unbounded variation, W@ (0) = 0, see Corollary 8.9 and Lemma 8.6
in [35] for details. The latter facts imply that

ho(z) = ug(0) — ug(—z) = ®'(g)(1 — e®@*) 1 WD (), ¢>0,z€R.

Thus, letting ¢ — 0, we obtain

T (1 — 20z if li ——
@07 (1 —e®O%) + Wi(x), if tlggo Xy 00,
h(z) = 705 + W(z), if hrtrlilp X =— hgé}gf X = o0,
W(z), if tlim X; = 0.
—00
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